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Visualization of the adjacency matrix enables us to capture macroscopic features of a network
when the matrix elements are aligned properly. Community structure, a network consisting of
several densely connected components, is a particularly important feature, and the structure can be
identified through the adjacency matrix when it is close to a block-diagonal form. However, classical
ordering algorithms for matrices fail to align matrix elements such that the community structure is
visible. In this study, we propose an ordering algorithm based on the maximum-likelihood estimate
of the ordered random graph model. We show that the proposed method allows us to more clearly
identify community structures than the existing ordering algorithms.

I. INTRODUCTION

In a structural analysis of networks, extracting macro-
scopic structures from network data is a central task.
For instance, there is a plethora of studies on extract-
ing a community structure, which is commonly defined
as a network that consists of several sets of densely con-
nected vertices [1-7]. A banded structure is another type
of macroscopic structure, in which the vertices with close
indices are more likely to be connected. Extraction of
the banded structure is referred to as the linear arrange-
ment or graph layout problem in graph theory [8-15],
also termed envelope reduction problem [9, 16-18].

The alignment of adjacency matrix elements, or the or-
dering of vertices, is critical for the visual identification
of macroscopic structures in networks [19, 20]. Let us
demonstrate two examples. In Fig. 1(a), the network has
a community structure. Whereas the community struc-
ture is not visible when vertices are not carefully aligned
as shown in the left matrix, the adjacency matrix exhibits
a nearly block-diagonal structure when vertices are prop-
erly aligned as shown in the right matrix. In Fig. 1(b),
the network has a banded structure. Again, the banded
structure is not visible in the left matrix. However, when
vertices are properly aligned as shown in the right matrix,
nonzero elements are rendered to concentrated around
the diagonal part.

Importantly, a network may exhibit both commu-
nity and banded structures simultaneously. However,
as demonstrated in Sec. V, previous linear arrangement
methods often fail to capture community structures,
whereas they allow for the identification of banded struc-
tures. In this study, we propose a linear arrangement
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FIG. 1. Networks with (a) a community structure and (b) a
banded structure. Each network is visualized using adjacency
matrices with different alignment. We define 7 in Sec. II. For
both networks, we align matrix elements according to two
vertex sequences (w1 and s for (a), and 73 and 74 for (b)),
where vertex 4 corresponds to the 7;th column (or row) of the
adjacency matrix. The (m;, ;) element is filled with black
when vertices ¢ and j are connected. The numbers attached
to the matrices represent the raw indices of the vertices.

method that allows us to capture community structures



in addition to banded structures. It is an inference
method based on the maximum-likelihood estimate in
which we use the ordered random graph model (ORGM)
[21] as a network generative model.

The rest of the paper is organized as follows: In Sec. II,
we introduce the basic terminology and related work.
Following the introduction of the ORGM in Sec. III,
we formulate the inference method and a greedy algo-
rithm for the optimization of vertex sequence in Sec. IV.
Section V describes the results of the application of the
proposed algorithm to synthetic networks and real-world
datasets. Finally, Sec. VI is devoted to a discussion of
the proposed inference method.

II. DEFINITIONS AND RELATED WORK

Let G = (V, E) be a network, where V (|V| = N) is
the set of vertices and F (|E| = M) is the set of edges.
Throughout this study, we consider undirected networks
without multi-edges and self-loops. We denote the or-
dered set of raw vertex indices as {0,1,...,N —1} =: 7.
We assign each vertex to a raw vertex index ¢ € Z. We
define the vertex sequence w = (mg, 71, -+ ,Tn—1) by a
permutation of the raw vertex indices Z, where we use
one-line notation [22, 23] to represent the permutation.
For example, the raw vertex index ¢ € Z is mapped to
m; € Z by w. We denote the inferred vertex sequence by
7. We let A be the adjacency matrix of a network, where
A;; = 1 if there exists an edge between vertices ¢ and j,
and 0 otherwise. Herein, A is a symmetric and binary
matrix in which the diagonal elements are all zero.

Matrix reordering is considered in a variety of contexts.
In the minimum linear arrangement problem, we search
for the optimal vertex sequence that minimizes the fol-
lowing cost function [8]:

N—-1
> Aglmi — . (1)

4,7=0

The exact minimization of Eq. (1) is N'P-complete [24],
and several lower and upper bounds of the cost function
and associated vertex ordering have been discussed in
the literature [9, 11-15]. Reordering of symmetric ma-
trices is considered in the context of envelope reduction
problem for the efficient computation of sparse matrices.
Several methods to reduce the size of the envelope, which
is defined as a banded region around the diagonal part in-
volving all nonzero elements in [16], have been proposed
[9, 16, 17, 25, 26]. Reordering of rectangular matrices
has been established as a seriation problem, which has its
origin in archaeology [27, 28]. For example, the so-called
consecutive ones problem considers the reordering of bi-
nary matrix such that the ones in each row are aligned
consecutively [29-32]. Ranking of vertices is studied as a
reordering problem of directed networks [33, 34]. Clus-
tering methods associated with the ranking are reported

FIG. 2. Schematic of the ORGM. (a) The adjacency matrix
is divided into the shaded region close to the diagonal (Qin)
and the rest (Qout) by the envelope function F' represented
by red dashed lines. (b) An example of a network generated
by (a) with pin = 0.5 and pout = 0.1.

in [35-37]. Recently, the reordering problem is also stud-
ied using neural networks [38, 39]. The ordering of ver-
tices can also be considered in the context of latent space
network model, as a way of one-dimensional embedding
[40].

In this work, we employ two of the envelope reduction
algorithms as a comparison with our method; spectral
ordering and reverse Cuthill-McKee algorithm. Spectral
ordering [9, 16-18] employs the eigenvector of the Lapla-
cian matrix to find a vertex sequence that approximately
minimizes the cost function

N—1
> Ay (mi— ). (2)

4,7=0

We sort vertices in the ascending (or descending) order
of the eigenvector associated with the second-smallest
eigenvalue of the Laplacian matrix. We employ the nor-
malized Laplacian £ = D=2 (D — A) D=/2 where D is
the degree matrix defined by D = diag (do,d1, -+ ,dn—1)
and d; = Ej A;j is the degree. The reverse Cuthill-
McKee algorithm [25, 26, 41] heuristically finds a vertex
sequence. This algorithm permutes vertices using the
breadth first search. See [41] for a detailed explanation.

III. ORDERED RANDOM GRAPH MODEL
AND LIKELITHOOD FUNCTION

A. Ordered random graph model

The ORGM [21] is a random graph model that has
heterogeneous connection probabilities between vertices
based on the planted (or preassigned) vertex sequence 7.
After the vertices are reordered based on 7, as illustrated
in Fig. 2(a), we divide the upper-right elements of the
adjacency matrix into two regions, i, and (. These
regions are separated by an envelope function F(i) € Z,
which is a discrete function with respect to the matrix



row index ¢ € Z, i.e.,

Qin = {(mi, mj) | |mi — 75| < Fm), m <7},
Qout = {(mi, mj) | |mi — ;| > F(mi), m <7} (3)

Note that the envelope function is distinct from the en-
velope in the envelope reduction problem.

The vertices ¢ and j are connected with probability pi,
when the vertices satisfy (m;, 7;) € i, and are connected
with probability poys when the vertices satisfy (m;,7;) €
Qout- If we set piyn > pout, vertices with close vertex
indices are more likely to be connected. The envelope
function F' defines whether the vertices are deemed to be
“close.” Therefore, as illustrated in Fig. 2(b), the ORGM
can generate networks with a complex structure that is
not restricted to a banded structure, which is referred to
as the sequentially local structure [21].

The probability distribution for the set of the adja-
cency matrix elements {A;;};<; being generated by the
ORGM is expressed as follows:

=117

i<j

P ({Aij}i<j ‘ﬂ'vpinypoutv

where
Jij = Prob [A” = 1]

pin  if (m, ) € Qi or (75, m;) € Qiy, (5)
Pout i (w3, 75) € Qout or (75, 7;) € Qout-
While the probability distribution by the Bernoulli distri-
bution is straightforward, we hereafter assume a Poisson
distribution instead as

P ({Aij}i<ilm, ps F J” T (6
({ z]}z<]‘777p1napoutv )* A e ( )

i<j

because it is easier to work with especially in the
maximum-likelihood estimate. Although the Poisson dis-
tribution possibly generates multigraphs, in the sparse
limit when J;; = O(1/N) with N > 1, we can assume
that pi, and poyt are sufficiently small, and thus Egs. (4)
and (6) are asymptotically identical.

In the inference problem, the vertex sequence 7 is the
latent variable to be inferred and we estimate the enve-
lope function F' and the connection probabilities, p;, and
Pout- For the maximum-likelihood inference of the ver-
tex sequence 7, we consider the log-likelihood function
corresponding to Eq. (6):

L(Tnpinvpoutv F|A)

i<j
(Tr,; T ) €Q4n or (7\'j ,7T,',)€Qin

+ >
i<y
(7‘—1? 77Tj)€Qout or (Trj 77ri)EQout

(Aij 1ngin - pin)

(Aij IOg Pout — pout) ) (7)
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FIG. 3. Schematic of the ORGM parametrized by the con-
tinuous envelope function b(Z) (b(x)) represented by a red
dashed line, which is the boundary of the shaded ;, and un-
shaded regions Qous.

where we neglected the terms that are independent of the
vertex sequence 7 and model parameters pi,, pout, and
F. The maximum-likelihood estimate of the ORGM for
a given adjacency matrix A is defined as

argmax  L(7, Pin, Pout, F'|A). (8)
T, PinsPout , F
The exact solution of Eq. (8) would be obtained by con-
sidering all possible vertex sequences, the discrete integer
values of envelope function for each row, and connection
probabilities. However, this is extremely expensive com-
putationally.

To efficiently solve the maximum-likelihood estimate,
we modify the definition of the envelope function F'.
Instead of a discrete envelope function on the matrix,
as illustrate in Fig. 3, we treat the matrix as a two-
dimensional plane such that (i,j) element of the matrix
corresponds to the (7, j) coordinate and consider a con-
tinuous envelope function b(z) on this plane. We let the
upper-left corner of the plane be the origin, (0,0). Given
a point on the diagonal line, # (0 < & < V2 (N — 1)) is
the distance between (0,0) and the point, while b() rep-
resents the distance from the point to the boundary of €2,
and Qg in the direction perpendicular to the diagonal
line. When coordinate (m;, ;) is projected to the diag-
onal line, the distance between the origin and projected
point is @r,x,, where Z;; = (i + j)/v2. The distance
between (7;,7;) and the projected point is |m; — 7;|/v/2.
Using the continuous envelope function, we redefine the
regions Q, and Qqyus as

Qin = { (71, 75) | 17 = 75| < V2bim,m,), i < 75 }

Qout = {(’/Ti,’/Tj) | |7Ti —7Tj| > \/ﬁi)("fﬂiﬂ—j), T < 7Tj} .
(9)



_ Specifically, we define the continuous envelope function
b(Z) as a superposition of sine-squared functions:

K
T . 9 mk 5
b(z) = ,;:1 ay, sin (ﬂ N_1) > , (10)

where K is a hyperparameter specifying the limit of com-
plexity of the envelope function, which is treated as a
fixed constant. R

Hereafter, we rescale b(Z), &, and Z;; such that

‘Hz

Tij = T Z+‘7. (11)

b(z) = V2b(&), == =3

\/57
Therefore,
Qin = {(mi, 15) | Imi — 75| < 0(@m;m;), T < 75},
Qout = {(mﬂfj) s — 5] > b(Tmim; )5 i < Wj}a (12)

b(z) = \@éak sin? (A;T_klx> (13)

where 0 < 2 < N—1. The coordinate (z;;, x;;) represents
the projected point of (7,7) on the diagonal line.

The envelope function satisfies that b(z) = 0 at the
both ends of the diagonal line, x = 0 and x = N — 1.
The envelope function is parametrized by the set of real-
valued coefficients {ax} := {a1,...,ax}. We restrict the
set {ay} such that the envelope function should not leak
out of the upper-triangle of the matrix; that is 0 < b(z) <
min{2z,2(N —1—2)} for 0 <z < N —1.

This modeling of the envelope function enables us to
capture the community structures from the inferred ver-
tex sequence. Note that, while the number of superposi-
tions K may represent the number of groups, as demon-
strated in Sec. V, it is not always the case. Although
the inference will be computationally infeasible when K
is considerably large, empirically, we found that K < 2
is often sufficient to identify community structures.

By using the continuous envelope function and the
Heaviside step function

1 ifz>0
O(z) = ’ 14
(@) { 0 otherwise, (14)

the log-likelihood function Eq. (7) is expressed as
L(ﬂ-apinvpoutv {ak}‘A)

= (1ngin - 1ngout) ZAij@ (b(xﬂ'iﬂ'j) - |7Ti - 7rj|)
i<j
— (pin — Pout) Y O (b(wiz) — |i — 1)
i<j
N(N -1
+ M log pout — %pouh (15)

In the second term of Eq. (15), we used the fact that m;
and m; can be replaced with ¢ and j because this term
is invariant under the permutation of vertices. As stated
in Sec. IV B, this formulation renders the update of the
vertex sequence more efficient.

IV. MAXIMUM-LIKELIHOOD ESTIMATE

In this section, we estimate model parameters as well
as the vertex sequence 7. We denote the estimated model
parameters as Pin, Pout, and {ax}. We iteratively con-
duct the inference of the vertex sequence together with
model-parameter learning until convergence. We show
the pseudocode of this iterative process in Algorithm 1.
It is usually infeasible to find the exact vertex sequence
that maximizes the log-likelihood function by searching
all possible solutions. Thus, we employ a greedy heuristic
to infer the vertex sequence. For the efficient search of
the optimal solution, we use the results of spectral order-
ing [18] as the initial vertex sequence, where nonzero ele-
ments have already been aligned near diagonal elements.
We continue iteration until the variation of L gets smaller
than a threshold ¢;. To avoid being trapped into a lo-
cal optimum, we conduct the entire optimization process
several times with randomly chosen starting points with
respect to {ax}.

A. Parameter learning

Given an inferred vertex sequence 7, we update pi,
and Pous based on the saddle-point conditions of L. As a
result, we obtain the following updating equations:

b = Dic; AijO (b(wr,z,) — |7 — 75) (16)
" Dicj O (b(wij) = li—jl)
. Al@ —b(xs4.)+ |7 — 75

oy = ZK] J ( (Tr7;) + |7 7TJ|) (17)

2ic; O (=blwis) + i = jl)

Before considering the update of the set of coefficients
{ar}, we note that the log-likelihood function L is not
differentiable with respect to {aj} because the Heaviside
step function is discontinuous on the boundary of €2;,, and
Qout- Instead, we approximate the log-likelihood func-
tion as follows:

LB(ﬂ-apinapouta {ak}‘A)
= (log pin — log pout) ZAij@ﬁ (b(iﬂmﬂj) — | — 7Tj|)

1<j
- (pin - pout) Z @5 (b(xij) - |7’ - ]D
i<j
N(N -1
+ M logpout - %pouta (18)

where 3 is a hyperparameter and ©(x) is a sigmoid func-
tion defined as
B 1
14 e P’
which approaches the Heaviside step function as 5 — oo.
To obtain the saddle-point condition for the set of co-
efficients {ay}, we solve the set of equations
OLg  OLg _ OLg
Bay  day  Odarx

O4(z) (19)

0. (20)



Algorithm 1: The pseudocode of the maximum-likelihood estimate of the vertex sequence 7

Input: G

Output: 7, Pin, Pout, {ak }
Parameters : K, 5, n, €1, €2, N;
T4 T spectral

{ar} + {ak}init ;

0L < oo ;

Lo+ —0;

while |§L] > €; do

{Pin; Pout } < {Pin; Pout } ;
while |V,, Lg| > e2 do
for k=1 to K do

‘ a e&kJrnZif ;
end

end

for s =1 to Ns do

Randomly choose a pair of vertices {¢,m} ;
ALgm < AL, 3
if ALy, > 0 then
‘ {ﬁf’ﬁm}%{ﬁ—mvﬁf} )
end
end
L+ L;
6L+ L— Lo ;
Lo+ L ;
end

> Initialize 7 by spectral ordering
> Initialize {Gr} with random value
> Initialize
> Initialize

> Update pin and pout by Eq. (16),(17)

> Iteratively update {ar} by Eq. (22)

> Calculate AL by Eq. (25)

> Update 7 by greedy algorithm

> Calculate L by Eq. (15)

V20 sin? (A}Tfl

xmﬂj)

The derivative OLg/day is expressed as

V283 sin? (1\7;51%])

+ Pin — Pout

aL,B _ _logpin - logpout Z
8ak 4

Unfortunately, the set of equations Eq. (20) is implicit
with respect to {ax} and, thus, is not easy to solve.
Therefore, we employ the gradient descent method. That
is, we maximize Lg by iteratively updating each aj as

OLg

ar < ar +n

where 7 is the learning rate that determines the rate of
update. We iterate the update until the convergence
specified by |Va,Lg| = />_,(0Lg/0ay)? < ez, where
€5 is a predetermined threshold. For the efficient search
of the saddle point, we decrease the learning rate as iter-
ation goes on as i = 1y /t, where 7 is a hyperparameter
and t is the iteration step.

Even when we use the gradient descent method, the
update for {ap} is still computationally expensive be-
cause we need to evaluate with respect to N(N — 1)/2

ij
= cosh? (80(@nn,) ~ Imi — )

= cosh? (§(b(aiy) — li = i)
(21)
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FIG. 4. Density plot of 8/ cosh? (8 (b (z:;) — |i — j|) /2) with
respect to i and j when 8 = 1. Here, we set N = 100, K = 2,
and a1 = a2 = 5. The values are almost equal to zero except
for the band around the envelope function.




pairs of vertices in the second summation in Eq. (21),
\/iﬁ sin2 (1\;1161 l‘i]‘)

i=; cosh® (?(b(xw) — i —j|)) .

(23)

However, when [ is sufficiently large, the contribu-
tion from a term in this summation is negligible when
|b(zij) — |i — j|| > 0 because B/cosh®(Bz/2) ~ 0 if
|Bz| > 1, as shown in Fig. 4. In other words, this term
is well-approximated by the sum over the elements near
the envelope function:

i<j

ALgy = (log pin —10g houe) | > Agj (0 (b (@
>l
J#Em

+) A (O (b (@

i>m

I,

Here, we used the fact that only the first summation in
Eq. (15) is relevant to the variation of the log-likelihood
function in terms of the vertex sequence as we mentioned
before. For each pair of vertices (¢,m), if ALy, > 0, we
update the vertex sequence to be 7, = 7, and 7, = 7.

We summarize how this iterative process identifies
an optimal solution. In the optimally aligned matrix,
the density of nonzero elements in €2;, is high, and the
densely aligned nonzero elements are tightly surrounded
by the envelope function such that zero elements are
likely to be excluded from €);,. The combination of up-
dates of the vertex sequence and the model parameters
realizes such an alignment. First, piy, and poys are up-
dated to the densities of nonzero elements in €, and
Qout, as shown in Eq. (16) and (17), respectively. Sec-
ond, we consider the update of the shape of the envelope
function {a}. Let us assume that one of the nonzero el-
ements moves from Q. to i, by altering the envelope
function. In this case, Eq. (15) shows us that L increases
by (log ﬁin - log ﬁout) - (ﬁin 7ﬁout)' Therefore, when Qout
is sufficiently sparse, the nonzero elements are more likely
to be included in ©;,. In contrast, when a zero element
moves from 2, to Qout, L increases by pin — Pout- LThus,
zero elements are more likely to be excluded from €.
Finally, L is increased by updating 7 such that more

s

wiie) = [T = 7el) = O (0 (2:4,,) — [T = Toml))

where § is the width of the band around the envelope
function in which we count the elements; we set d such
that §/cosh? (86/2) < 1075. The number of pairs of
vertices to be taken into account is now reduced to O(N).

B. Inference of the vertex sequence

We solve for the optimal vertex sequence by randomly
choosing a vertex pair and exchanging their indices when
the log-likelihood function increases. Considering all pos-
sible pairs is computationally expensive when the net-
work size is large because the number of pairs increases
with O(N?). We then randomly choose Ng = ngN pairs
of vertices for each iteration, where ng is a hyperparam-
eter. When exchanging the indices 7, and 7,,, the vari-
ation of the log-likelihood function is given by

ffj) = |Tm _ﬁjD -0 (b (mffﬁf]‘) = |7 _ﬁjD)

(25)

(

nonzero elements are included in ;, when pi, > Pout,
as observed in Eq. (15) . Thus, the vertex sequence is
updated so that more nonzero elements are included in
Qin.-

V. RESULTS

A. Synthetic networks

We examine the performance of the maximum-
likelihood estimate of the ORGM by applying to syn-
thetic networks. In this section, we set the hyperparam-
eters to be 3 =10,19=0.1, e, = 1076, ¢, = 0.1, § = 2,
and ns; = 10, and we consider 100 initial states for {ay}
and employ the solution with the largest likelihood.

First, we apply the maximum-likelihood estimate to
the networks generated by the ORGM and examine
whether the algorithm can correctly infer the model pa-
rameters. We generate networks by setting the model pa-
rameters of the ORGM to be N =100, K =1, p;, = 0.8
with various values of a; and poyt. Figure 5 shows the
model parameters estimated by the maximum-likelihood
estimate with K = 1. We observe that the estimated
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FIG. 5. The estimated model parameters of the ORGM by the maximum-likelihood estimate with K = 1.

We generate

networks by the ORGM with N = 100, K = 1, pi, = 0.8 with various values of a1 and pout. The dashed lines represent the
cases where the estimated values coincide with the true values of the model. Each symbol and bar represent the average and

standard deviation over 20 network instances, respectively.

model parameters are highly accurate when pout = 0.
AS pout increases, the estimated parameters divert from
the true values for smaller values of a;. This experi-
ment implies that the maximum-likelihood estimate of
the ORGM can estimate the model parameters correctly
when the number of nonzero elements in €, is large. In
Appendix A, we investigate how the performance of the
estimate gets deteriorated through the experiments with
smaller pi,.

Next, we examine to what extent our algorithm can
infer the community structure. To this end, we ap-
ply the maximum-likelihood estimate to the networks
with community structure generated by stochastic block
model (SBM) [42]. The SBM generates a network as
follows. We first define the number of group B, and
assign the group memberships to the vertices o =
(0—070—17"' 5O—N—1)70-i € {0717 7B - 1} Thena ver-
tices ¢ and j are connected with the probability ¢, when
0; = o; and with the probability go. when o; # oj.
Hereafter, we assume that the size of each group is equal.
The strength of community structure is represented by
the ratio of the probabilities € = gout/qin. The adjacency
matrix exhibits a block-diagonal structure when ¢ = 0
while the network is uniformly random when € = 1. Note
that ¢, and gout are uniquely determined when N, B, €
and the average degree ¢ = 2M /N are given.

We generate networks by setting the model parameter
of the SBM to be N = 50 and ¢ = 6 with various val-
ues of € and we consider 20 network instances for each
€. We perform the maximum-likelihood estimate with
K =1 and K = 2. We consider the spectral ordering
[18] and the reverse Cuthill-McKee algorithm [25, 26] for
comparison. Figure 6 shows the estimated model param-
eters {ax} of the ORGM and the heatmaps of the ad-
jacency matrix based on the estimated vertex sequence.
We observe that as decreases as the strength of commu-

nity structure becomes weaker when K = 2. This result
indicates that the envelope function has two peaks cor-
responding to the groups when ¢ is smaller, while these
peaks decay as € increases and the community structure
becomes weaker. When ¢ = 0.05, the community struc-
ture is visible through the heatmap using the maximum-
likelihood method with K = 1. Furthermore, we can
observe that the network exhibits a mixture of the com-
munity and banded structures when K = 2 is used. Note
that it is natural that the instances of the SBM also ex-
hibits a banded structure because a sparse uniform ran-
dom graph often exhibits a banded structure when the
vertices are properly aligned [21]. The banded structure
is also visible in the heatmap using the spectral order-
ing. The reverse Cuthill-McKee algorithm fails to exhibit
the banded structure whereas the community structure
is visible. In contrast, when ¢ = 0.25, we cannot find the
community structure in all the four heatmaps while we
can observe the banded structure in the heatmap using
the spectral ordering.

Let us numerically evaluate how the estimated vertex
sequence 7 is consistent with the preassigned group mem-
bership o. We use normalized label continuity error [43],
which is defined by

(26)

where 0 (z,y) is the Kronecker delta and o (77'(4)) is
the group label of the vertex i’ whose vertex index is
7y = 4. The normalized label continuity error takes zero
when all vertices in each group are aligned maximally
consecutively. In other words, the result of ordering is
consistent with the group labels. It takes a higher value
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FIG. 6. (Left) Estimated {ax} with the maximum-likelihood estimate when applied to the networks generated by the SBM
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FIG. 7. The normalized label continuity error between the
estimated vertex sequence and the preassigned group labels
of the SBM using the maximum-likelihood estimate (MLE)
(K=1), maximum-likelihood estimate (MLE) (K=2), spec-
tral ordering (Spectral), and reverse Cuthill-McKee algorithm
(RCM). The number of groups are (a) two and (b) five re-
spectively. In both cases, we set N = 50 and ¢ = 6, and each
symbol and bar represent the average and standard deviation
over 20 network instances, respectively.

when the neighboring vertices often belong to different
groups.

In Fig. 7(a), we show the normalized label continu-
ity error for the estimated vertex sequences when the
number of groups is two (B = 2); this is the case we

considered in Fig. 6. When ¢ is small, we find that the
vertex sequences from the maximum-likelihood estimate
with K = 2 and the spectral ordering are highly consis-
tent with the preassigned group labels, while the reverse
Cuthill-McKee algorithm is less consistent (larger nor-
malized label continuity error). We consider the SBM
with five groups (B = 5) in Fig. 7(b). In this case, the
vertex sequence of the maximum-likelihood estimate with
both K = 1 and K = 2 are more consistent with the
group labels than that of the spectral ordering contrary
to the case with two groups. These experiments show
that the maximum-likelihood estimate aligns vertices so
that the community structure is visible even when the
number of planted peaks in the envelope function K is
smaller than B.

B. Real-world datasets

We demonstrate the performance of the maximum-
likelihood estimate of the ORGM using three real-world
network datasets that are often used in network science;
the networks of Political Books [44], Les Misérables [45],
and Football [1, 46] (Table I).

The visualization of the adjacency matrices based on
the inferred vertex sequence is shown in Fig. 8. We show
the results with K = 1 and K = 2, and set the parame-
ters to be B =10, 1 = 0.1, e = 1075, e = 0.1, § = 2,
and ns = 10. For each case, we consider 1000 initial
states for {ax} and employ the solution with the largest
likelihood. Our results are compared with those of the
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FIG. 8. Heatmaps of the adjacency matrices of three real-world datasets ordered by the four algorithms. The matrix element
filled with black represents A;; = 1. The red dashed line represents the estimated envelope function. The top, middle, and
bottom panels represent the results for the networks of Political Books, Les Misérables, and Football, respectively. Each column
represents the results of different algorithms: our maximume-likelihood estimates of the ORGM with (a) K =1 and (b) K = 2,

(c) spectral ordering, and (d) reverse Cuthill-McKee algorithm.

Dataset N M Data description

Co-purchase network of
books on US politics.
Character co-appearance
network of Les Misérables.
Network of American

115 613 football games between
Division IA colleges.

Political Books [44] 105 441

Les Misérables [45] 77 254

Football [1, 46]

TABLE I. Description of empirical datasets. All the data can
be loaded from graph-tool [47].

spectral ordering [18] and the reverse Cuthill-McKee al-
gorithm [25, 26], which are also shown in Fig. 8.

The maximum-likelihood estimate allows us to capture
the sequentially local structure through the linear ar-
rangement for all three datasets. The envelope functions,
illustrated as red curves, are inferred relatively close to
the diagonal elements, and the nonzero elements, illus-

trated as black elements, are more likely to be placed
inside the envelope function for both cases when K =1
and K = 2. The maximum-likelihood estimate of the
ORGM exhibits a block-diagonal structure more clearly
compared with the results of the spectral ordering and
the reverse Cuthill-McKee algorithm. We also show the
results with K = 3 and K =4 in Appendix B, where we
observe that larger value of K does not necessarily allow
us to capture clear community structures.

The result on the Political Books network with K = 2
exhibits two groups corresponding to the two peaks of the
envelope function. We can also confirm that the Political
Books network has a sequentially local structure that is
a mixture of the community and banded structures. For
the Les Misérables and Football networks, we can identify
several clique-like groups even when K = 2 is employed.
In contrast, the spectral ordering and the reverse Cuthill-
McKee algorithm often focus more on banded structures.

We next examine whether the optimized vertex se-
quences are consistent with an existing community de-
tection method. We use the Markov-chain Monte Carlo
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FIG. 9. Heatmaps of adjacency matrices that reflect the results of community detection. Matrix elements filled with the same
(non-gray) color represent the vertex pairs belonging to the same group, while other nonzero elements are filled with the gray
color. For the alignment of matrix elements, we use the same vertex sequence as in Fig. 8.

algorithm based on non-degree-corrected version of the
SBM [48, 49], which is implemented in graph-tool [47].
This algorithm automatically determines the number of
groups. We obtained five groups for the Political Books
network, seven for the Les Misérables network, and 10
for the Football network. We can visually confirm from
Fig. 9 that the vertices in the same group are more closely
aligned, indicating that the vertex sequence obtained via
our linear alignment algorithm is consistent with the re-
sults of the community detection algorithm.

Interestingly, in the Political Books network, the op-
timal vertex sequence shows that the two large groups,
which are respectively represented by red and green, are
connected via a small number of vertices, while such ver-
tices in the middle are regarded to be forming another
group, which is represented by blue, in the community
detection method. That is, the group in the middle
serves as a bridge at the ambiguous boundary of two
large groups. Note that, if we inferred the group labels
only and aligned the vertices based on those labels, we
would simply conclude that the network has a commu-
nity structure with two large groups and one small group.
However, a careful alignment of the vertices allows us to

interpret that the small group is in fact a subgraph that
smoothly connect the other large groups. Therefore, we
can obtain a better understanding of a dataset by ap-
plying both linear alignment and community detection
algorithms when the results of these two algorithms are
consistent with each other.

VI. DISCUSSION

In this study, we proposed a linear arrangement al-
gorithm based on statistical modeling. We employed the
ORGM as a generative model of networks and performed
its maximum-likelihood estimate. Our statistical frame-
work to infer the sequentially local structure provides a
new perspective to the community detection in a net-
work. While we employed the maximum-likelihood es-
timate in this work, our framework can be extended to
Bayesian inference.

Our modeling is more flexible than the classical lin-
ear arrangement methods that are based on a cost func-
tion, such as Eq. (1), and thus, our method allows us
to capture a sequentially local structure that is a mix-



ture of community and banded structures. For example,
in the Football network, the community structure is not
observed in the results of the spectral ordering and the
reverse Cuthill-McKee algorithm. This is because these
methods strongly penalize the nonzero elements far from
the diagonal part. In contrast, our method is not prone
to such a problem because it penalizes matrix elements
in a more flexible manner.

Our linear arrangement algorithm can detect commu-
nity structures with ambiguous boundaries, as we ob-
served from the result of the Political Books network
(Fig. 9). In contrast, many of the previous commu-
nity detection methods perform “hard clustering”, in
which the detected groups have clear boundaries because
a group label is assigned to each vertex. Such a hard
clustering method is not suitable for some networks, and
several other flexible methods were proposed in the litera-
ture. Overlapping community detection methods [50, 51]
deal with ambiguous boundaries by assigning multiple
group labels to each vertex. Bayesian inference meth-
ods [5, 52] infer a probability distribution of group as-
signment for each vertex. Although the interpretation
of ambiguous boundaries of groups in these methods
is not identical, they achieve “soft clustering” using a
higher-order group membership. Our algorithm simply
estimates the vertex sequence and allows us to visually
identify the fuzziness of community structures without
introducing higher-order group memberships.

Another advantage of our approach is that we neither
need to give nor infer the number of groups. For exam-
ple, in clustering methods, such as an inference method
based on the maximum-likelihood estimate of the SBM
[53] and spectral clustering [54], the number of groups
needs to be provided as input. In some methods, such
as the Bayesian inference, the number of groups is deter-
mined in a nonparametric manner [5, 52]. In contrast, as
observed in the results of the Les Misérables and Football
networks (Fig. 8), we can visually estimate an appropri-
ate number of groups when the vertices are optimally
aligned. There are pros and cons to our method. Speci-
fication of the number of groups is ambiguous compared
with the clustering methods. On the other hand, our ap-
proach is more flexible for detecting the mixture of the
community and banded structures because the specifica-
tion of the number of groups in the clustering methods
restricts the structures to be detected.

In our method, it is important that py, > pout is sat-
isfied. When pi, > pous, as described in Sec. IV B, the
nonzero elements tend to be included in €2;, as the ver-
tex sequence is updated. In contrast, when pi, < Pout,
the nonzero elements tend to be excluded from €2, as
the vertex sequence is updated. Conducting the spec-
tral ordering as a preprocess helps us prevent this prob-
lem, in addition to the efficient search of the optimal ver-
tex sequence, because the spectral ordering aligns more
nonzero elements near the diagonal elements.

We characterized the envelope function as a superposi-
tion of the sine-squared functions. This modeling makes
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FIG. 10. Computation time of the maximum-likelihood esti-
mate for a single initial value of {ar}. We consider regular
random networks with ¢ = 6, and perform the maximum-
likelihood estimate with K = 1 and K = 2. Each symbol and
bar respectively represent the average and the standard devi-
ation of the 100 samples of the initial value, and the dotted
lines is the fitted curve by y = ax® using the least squares .
When K =1, a =1.33x1072 and b = 1.66, and when K = 2,
a =5.85% 1072 and b = 1.55. For the calculation, we use the
2020 Macbook Pro with Apple M1 chip.

computation efficient because we have only to tune {ax}
and is effective for identifying community structures.
However, other modelings are also possible, and explor-
ing a better modeling for the envelope function would be
a possible research direction. In addition, identifying the
optimal number of sine waves K is another task. In this
study, although we have treated K as a hyperparameter
and successfully found the sequentially local structures
with K = 1 and K = 2, a good model selection method
can potentially find an optimal value of K. For example,
it can be done by considering a Bayesian framework and
adding a prior distribution of K.

Finding an optimal vertex sequence generally requires
a large computational cost. To make the optimization
tractable, we restricted the envelope function to a su-
perposition of sine-squared functions in the proposed
method. We also applied the transformation in Eq. (15)
and the approximation in Eq. (21) to the log-likelihood
function. Furthermore, we employed a greedy heuristic to
realize a fast optimization. Despite these treatments, the
maximum-likelihood estimate of the ORGM is still com-
putationally expensive. However, our method at least im-
proves the efficiency of the optimization compared with
the brute-force method which requires O(N!) operations.
In Fig. 10, we show the computation time to find the
optimal vertex sequence when we apply the maximum-
likelihood estimate to the regular random networks. We
find that the computation time increases polynomially as
the number of vertices increases, with the exponent less
than two. In addition, although the computational cost
increases when we use a larger value of K, the exponent
is almost same between the cases with K = 1 and K = 2.
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FIG. 11. The estimated model parameters of the ORGM by
the maximum-likelihood estimate with K = 1. The networks
are generated by the ORGM with N = 100, K = 1 and
pin = 0.6. The symbols, bars, and dashed lines are used in
the same manner as in Fig. 5.

Appendix A: Accuracy of the ORGM parameters

In the main text, we observed that the maximum-
likelihood estimate correctly infers the true model param-
eters of the ORGM for larger values of a; when p;,, = 0.8.
Here, we examine how the performance of the maximum-
likelihood estimate gets deteriorated as we make p;, and
Pout closer to those for uniformly random networks. Fig-
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ure 11 shows the performance of the ORGM parameter
estimation. Herein, we set py, = 0.6 for the true param-
eter and considered various values of pout. As observed
in the case with p;, = 0.8 in the main text, a; is over-
estimated when the true value is small; we confirm that
this tendency is enhanced as p;, becomes smaller. For
the networks with pous < 0.2, the estimates pi, and Poug
are accurate whenever a; is accurate. However, for the
networks with larger values of pous, Pin and poyut are not
accurate even when a; and a; apparently coincide, im-
plying that the maximum-likelihood estimate may have
reached its performance limit.

Appendix B: Maximume-likelihood estimate with
K =3 and K =4 on real-world datasets

In the main text, we showed the result of the
maximum-likelihood estimates with K = 1 and K =
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FIG. 12. Heatmaps of adjacency matrices aligned accord-
ing to the results of our maximume-likelihood estimates of the
ORGM with (a) K = 3 and (b) K = 4. The red dashed line
again represents the estimated envelope function. The filling
colors of each element represent the same results of commu-
nity detection as in Fig. 9.



2. Here, we show the results with of the maximum-
likelihood estimates with K = 3 and K = 4 in
Fig. 12. We observe that, except for the result of the
Les Misérables network with K = 4, the inferred vertex
sequence is similar to the results with K = 2, while the
envelope functions are more complicated. In contrast, in
the result of the Les Misérables network with K = 4,
the clique-like structure is no longer visible because the
log-likelihood function is larger when the elements asso-
ciated with a hub at the center of the matrix are included
in €;,. This example illustrates that a larger value of K
does not always exhibits a finer community structure and
implies the existence of an optimal value of K.
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