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Inspired by experiments on topologically linked DNA networks, we consider the connectivity of
Borromean networks, in which no two rings share a pairwise-link, but groups of three rings form
inseparable triplets. Specifically, we focus on square lattices at which each node is embedded a loop
which forms a Borromean link with pairs of its nearest neighbors. By mapping the Borromean link
network onto a lattice representation, we investigate the percolation threshold of these networks, (the
fraction of occupied nodes required for a giant component), as well as the dissolution properties: the
spectrum of topological links that would be released if the network were dissolved to varying degrees.
We find that the percolation threshold of the Borromean square lattice occurs when approximately
60.75% of nodes are occupied, slightly higher than the 59.27% typical of a square lattice. Compared
to the dissolution of Hopf-linked networks, a dissolved Borromean network will yield more isolated
loops, and fewer isolated triplets per single loop. Our simulation results may be used to predict
experiments from Borromean structures produced by synthetic chemistry.

INTRODUCTION

Mechanically interlocked molecules such as linked-ring catenanes and shish-kebab rotaxanes have chemical com-
ponents that are non-covalently connected through non-trivial topological linkages [1]. Such molecules have been
proposed as the basis for switches and motors for nanoscale machines. One such exotic molecular topology is the
Borromean rings, which consist of three mutually entangled loops for which no two loops share a binary entanglement.
Borromean rings were originally the heraldic symbol of the House of Borromeo and feature prominently in centuries
of art, can be constructed from organometallic synthesis [2] or DNA origami [3], and serve as an analogy for certain
bound states in nuclear physics [4].

The framework of mechanically interlocked molecules may be extended to mechanically interlocked networks or
lattices, sometimes referred to as molecular chainmail [5]. Space-filling “topological crystals” have been synthesized,
using Hopf linking to connect two repeating chemical motifs [6], and disordered space-filling Olympic gels have been
created by using enzymes to Hopf link circular DNA molecules [7]. Large, regular, planar structures with Borromean
connectivity are referred to as Borromean networks, or Borromean lattices or chainmail, which are depicted with square
lattice symmetry in Figure 1. Borromean networks extend the existing concept of the Olympic gel, a network of Hopf-
linked molecular rings [8], into a system with only Borromean connectivity. Borromean lattices are not Brunnian in
that the removal of a single component may remove several other but will not dissolve the network entirely. Physical
Borromean lattices have been created by synthetic chemists [9-12], and the crystallographic symmetry of Borromean
lattices has been discussed [13, 14].

As the relationship between molecular topology and bulk material properties become better understood and our
ability to synthesize tailored topological crystals improves, it will become necessary to experimentally determine
whether the designed topology of a material has been realized. Real-space techniques such as atomic force microscopy
and transmission electron microscopy can image these structures at the molecular scale, but it is difficult to map
molecules in three dimensions to verify, for example, whether one molecule passes over or under another in order
to verify a specific knot topology. Spectroscopic and crystallographic techniques may determine the proximity of
individual atoms but do not directly probe topology and are unsuitable for systems that lack rigid crystalline order
such as polymer-based topological structures. An assay that can directly probe the topology, rather than the geometry,
of a material will be useful when topological chemistry is more widespread.

Although the synthetic capabilities for extended topologically linked molecular structures is relatively recent, such
structures occur in nature: the HK97 virus consists of topologically linked proteins forming an icosahedral capsid
[16] and kinetoplasts are complex topologically linked networks of DNA molecules found in the mitochondria of
trypanosome parasites. Each kinetoplasts consists of about 5000 linked DNA “minicircles” which decode the RNA
produced by a few dozen linked “maxicircles” [17]. Each minicircle in a kinetoplast is Hopf-linked to its spatial
neighbors. The topology of kinetoplast networks is estimated in experiments that dissolve the network using enzymes

2 alex.klotz@csulb.edu



n).(i'i). | 5_'5 ‘_ v -

u s\./¢ I |

. ‘..‘, a‘,- ?- 7 ?
I

n).> 4).» 4)] |
[- 4. 4.5‘ Y, £

'/'\‘ '/'\‘ - | < —

-).(u <).(> 4) IIrgPillTay

FIG. 1. Left: Stylistic rendering of a Borromean chainmail square lattice by Luc Devroye [15]. No two rings share a direct
topological link, but no ring can be removed from the network. Middle: A fully symmetric Borromean lattice, in which any
three of the four colored components will remain in Borromean connection if the fourth is removed. This is the primary network
of investigation in this study. Right: a traditional Hopf-linked chainmail network with square lattice symmetry.

that break individual minicircles, and measure the relative frequency of different topological structures, the topological
spectrum, by gel electrophoresis [18, 19]. The network topology is determined by comparing the relative frequency
of different components (the ratio of 2-catenanes to single loops, for example) to the predictions from graph theory
models. A similar assay could be developed for solid state catenated materials using mass spectrometry to size the
topological links released as a crystal is broken down. Such experiments will only be useful if it is known how a given
molecular or crystalline topology will dissolve and what the predicted topological spectrum is. This is known for
traditional lattice geometries with pairwise connectivity, and the purpose of this manuscript is extend that knowledge
to Borromean connectivity, such that the topology of future materials may be understood.

The electrical and mechanical properties of future topological materials may be modified by the removal of con-
stituent molecules from the networks, in analogy to the modification of two-dimensional material properties by the
perforation of molecular sheets [20]. Such modification has recently been demonstrated for kinetoplast DNA, in which
the networks were softened by the partial removal of minicircles from the network [21]. Links can only be stochastically
removed from a network up to a certain fraction, after which the percolation threshold is exceeded and the network is
no longer cohesive. The percolation threshold of most crystal lattices is well established, but such calculations assume
pairwise connectivity between nodes, which is not the case for Borromean networks. This work is concerned with
estimating the percolation threshold of the Borromean square lattice.

A lattice with regular geometry may be regarded as full if each geometric site on the lattice is occupied by a node
in a network or graph that shares edges with its geometric neighbors. A full lattice has a single component that spans
the entire length scale of the network, known as the giant connected component. As nodes or edges are removed from
the network, smaller clusters will be isolated when none of their nodes share edges with the giant component. If a
sufficient fraction of edges or nodes is removed, the largest component in the system will no longer span the length
scale of the system, and the giant connected component will cease to exist. The minimum fraction of filled nodes
or edges in a graph that allows a giant connected component to exist is known as the percolation threshold [22] and
depends on the topology of the graph (for example, a square lattice requires 59.27% of its sites occupied to reach
percolation [23]). Systems at the percolation threshold have universal properties (such as a cluster size distribution
exponent and a fractal dimension) that depends only on space dimensionality but not graph topology [24].

In this work we aim to develop a means of predicting the results of future experiments on Borromean materials such
as those developed by Thorp-Greenwood et al [9]. Through computational graph theory, we will predict topological
spectrum and the percolation threshold of Borromean networks with square lattice topology. We compare these
results to the dissolution of a traditionally connected graph, which serves as an analogy to Hopf-linked topological
lattices like kinetoplast DNA. Although this work is primarily concerned with the mathematical analysis of Borromean
networks, it may prove useful in future experiments in determining whether a topological material contains Borromean



or Hopf-linked connectivity.

MODEL AND ALGORITHM

We will first describe the spatial structure of Borromean networks, before introducing a simplying graph model.
Figure 1 depicts three topological networks with square lattice symmetry; the square lattices are recovered if the
center of mass of each loop is replaced with a point. The figure on the left is an artistic rendering of Borromean
chainmail by Luc Devroye. Readers not familiar with Borromean networks may inspect which colored rings pass over
and under each other, verifying that no two rings are connected, but also that no ring may be pulled out from the
network. They can picture the effect of, for example, removing the blue rings and seeing that red, green, and yellow
still form Borromean links, but that if red is removed then no other color is bound. In this sense, this network does
not have full symmetry: different components have different effects when removed from the network. As a historical
note, a similar structure with triangular lattice symmetry was drawn in a letter from James Clerk Maxwell to Peter
Guthrie Tate [25].

The center diagram has a significantly more complex crossing structure but is fully symmetric: if any color is entirely
removed from the network, the other three colored components remain in Borromean linkage with each other. This
leads to redundant linking between components and their lattice neighbors. For example, the red hourglass-shaped
curve in the middle of the diagram forms Borromean rings with the green to its left and the blue above, with the blue
above and the yellow to the top-left, and the green to its left and the yellow to its top left, and forms similar three
linkages in the other three quadrants. Each loop is topologically identical as part of twelve Borromean ring triplets.
In principle, Reidemeister moves may be used to transform all of one class of components into the shape of another
(e.g. the reds and yellows can be smoothed into rectangles at the expense of the greens and blues becoming hourglass
shaped), which is not the case for the diagram on the left. While it is more likely that Borromean materials have a
simpler structure like that of Devroye, we focus our computations on the fully symmetric case.

The diagram on the right of Figure 1 shows traditional square lattice chainmail (known as 4-in-1 in the armor
community), where each ring is Hopf-linked to its four nearest neighbors. Each ring is geometrically and topologically
identical, the two colors are used as a visual aid. The connectivity of this Hopf-linked network is exactly the same as
that of any square lattice with nearest-neighbor connections, a well-studied system with a known percolation threshold
that is used as a comparison to our analysis of the Borromean system.

It is, in principle, possible to generate Cartesian coordinates for a large Borromean network, remove certain compo-
nents to simulate an incomplete network, and calculate three-body knot invariants [26] between every subset of three
loops to determine the overall connectivity. An easier test is possible using the Gauss linking number on a Hopf-linked
network. This, however is prohibitively inefficient computationally. Instead, we take advantage of the square lattice,
in which every right triangle formed by neighboring loops will share a Borromean linkage. That Borromean links
form a 3-hypergraph and can be represented as a closed triangle on a graph was pointed out by Zapata-Carratala
and Arsiwalla [27]. We represent topologically linked networks as a square lattices with each node representing an
individual loop, similar to Figure 1. With “standard” connectivity rules, two occupied sites on a lattice are considered
adjacent (sharing an edge in a graph) if they are orthogonally next to each other. This can be taken as analogous to
two loops sharing a Hopf link. Unlike a Hopf-linked network with standard pairwise connectivity, Borromean lattice
contains no pairwise adjacency, at least three loops are required to establish connectivity. Instead, we define Bor-
romean connectivity, where groups of three occupied sites are considered mutually adjacent if they form the smallest
possible right triangle on the lattice, such that the three loops represented by the appropriate space curves at these
sites would form Borromean rings. Nodes that are not part of a triangle share no edges with other nodes.

Our goal is determine the cluster size distribution of incomplete Borromean networks, e.g. with some fraction
removed from the square lattice of loops. A cluster is a subset of nodes that form a connected graph with each other
(such that a path exists from any node along edges to any other), but not with any other nodes in the network. The
size of a cluster is the number of nodes it contains, and the cluster size distribution refers to the relative frequency
that a cluster of a certain size occurs.

Figure 2 shows the mapping between a network of Borromeanly-linked rings (a), the square lattice representation
(b), and the graph representation (c¢). The ring network contains a 10-ring component, a 3-ring Borromean component,
and three unlinked rings in spatial proximity. On the lattice, each occupied site in the large component can form
a right triangle with at least two of its neighbors, as can each component in the Borromean triplet, but the three
singlets cannot. In the graph representation, edges are not shared between the unlinked components. Fig. 2d shows
the three representations as a single image.

The mapping between ring network, lattice, and graph allows an efficient simulation of incomplete Borromean



FIG. 2. Mapping between the Borromean lattice and our graph theory representation. a. A Borromean network with a large
cluster of ten rings, a triplet of traditional Borromean rings, and three isolated rings. Middle: Representation of the Borromean
network on a square lattice where black sites are unoccupied and occupied sites are color-coded with the ring they represent.
Right: Graph representation in which each node corresponds to an occupied lattice site, and three nodes share edges if their
corresponding lattice sites form a right triangle with unit-length sides, meaning their corresponding rings are Borromeanly
linked. d. A portion of the Borromean lattice in Figure 1, with squares at the center of each loop representing lattice sites,
and the twelve Borromean connections represented by triangles, showing the three layers of our mapping.

networks. Networks are initialized as random binary matrices of width L representing a square lattice with unoccupied
and occupied sites, and can be converted to the 3D representation by substituting a space curve at each lattice site,
or converted to the graph representation by calculating which occupied sites form triangles.

Our computations are motivated by experiments that measure the cluster size probabilities of degraded kinetoplasts,
and our methods are conceptually similar and involve measuring the cluster sizes of incompletely-filled lattices. To
perform our computational measurements, we initialized partially occupied square lattices as random binary matrices,
varying the fraction of occupied sites, ¢, also known as the site occupation probability. We implemented two algorithms
to determine the Borromean cluster size distribution based on a binary matrix, and a third to determine the cluster
size distribution under Hopf connectivity rules.

Our first algorithm scanned each node of an NxN binary matrix in a for-loop and checked whether the neighboring
nodes required to form each of the twelve triangles were occupied. If they were, three bits were flipped in an N2xN?
binary adjacency matrix, indicating that the three nodes are involved in a Borromean connection, and an additional
three were flipped to keep the matrix symmetric under transposition. To distinguish between unoccupied sites and
occupied but isolated sites (which would not register on an adjacency matrix), the rows and columns corresponding
to empty sites were removed from the adjacency matrix before cluster size calculation.

An adjacency matrix can be converted into a list of clusters by starting with a list containing the first node, checking
whether a column in its row of the adjacency matrix is occupied, and if so adding the index of that column to the list.
Then, the list of nodes in the cluster is iteratively grown by checking for occupied columns in the rows corresponding
to nodes already in the list. When no new nodes are found, a new list for the next cluster is started on the first node
not in the first list. This can be made faster by re-ordering the row and column indices of non-zero elements with a
reverse Cuthill-McKee algorithm [28, 29] to be located closer to the diagonal. The result of this is a list of clusters,
each containing a list of nodes in that cluster.

A lattice with L? sites requires an adjacency matrix with L* total elements. For larger lattices, the Borromean
clustering algorithm becomes computationally unfeasible as the adjacency matrices cannot be accommodated in
system memory. Our second algorithm for Borromean lattices builds cluster lists without generating an adjacency
matrix. It iterates through each unvisited node, checking a given node for triangular connections with its neighbors
and marking the given node as visited in a parallel NxN matrix. If neighboring nodes share a Borromean connection,
those nodes are idempotently added to a growing list of components connected to the original node. The triangular
search procedure is repeated for each node that is added to the list, until no more new connections are found. The
algorithm then returns to the initial outer iteration and repeats the connected component search for the next unvisited
node. This avoids the need for a large adjacency matrix, and is faster on a laptop than our first algorithm for full
lattices above L ~ 50 and percolating lattices above L ~ 200.

The third algorithm, for traditional square lattice connectivity, representing Hopf-link connections, a graphics
processing algorithm that uses a flood-fill technique exists to quickly determine connected components (“bwconncomp”



in MATLAB), which is asymptotically faster than the adjacency matrix cluster calculation used for the Borromean
lattices. In practice, the Borromean calculations can be sped up by first finding the components with the traditional
Hopf connectivity rule, then creating a sub-matrix of each square component and applying the Borromean clustering
algorithm to it. At percolation, where the largest cluster size is ~ 0.45 x LY, this reduces the memory requirements
for the adjacency matrix from L* down to roughly 0.2 x L8,

MATLAB scripts that implement these algorithms may be found at https://github.com/ramenbytes/borro.

Our computations are motivated by experiments that measure the cluster size probabilities of degraded kinetoplasts,
and our methods are conceptually similar and involve measuring the cluster sizes of incompletely-filled lattices. To
perform our computational measurements, we initialized partially occupied square lattices as random binary matrices,
varying the fraction of occupied sites, ¢, also known as the site occupation probability. We calculated the cluster
size distribution for Borromean and Hopf connectivity rules from size L = 12 up to L = 1000. Our algorithms were
implemented in MATLAB, and periodic boundary conditions were not used.

The knot-lattice-graph mapping and algorithm in which each node may be Borromean linked in various ways with
its eight lattice neighbors represents a fully symmetric square lattice with Borromean connectivity. This corresponds
to the network in Figure 1b. The network in Figure la allows an easier visualization of the Borromean connectivity,
but each blue and yellow component is only Borromean linked with their neighboring green or red components, such
that the removal of all the red components would result in the yellow components no longer being connected. We
primarily explore the fully symmetric lattice, but discuss results for Devroye’s lattice in the Appendix.

RESULTS AND DISCUSSION
Identifying the Percolation Threshold

Above the percolation threshold, almost all occupied lattice nodes are within the largest cluster, while below the
threshold almost none are. The sharpness of this transition increases with the size of the lattice. The size of the
second-largest cluster is maximized at the percolation threshold [30], which is our primary method of determining it
from our computations. Figure 3 shows the largest and second largest cluster sizes as a function of the occupation
probability for Borromean and Hopf-linked square lattices of width L = 400. The largest component size varies
with occupation probability as expected, with the jump associated with percolation occurring at a higher occupation
probability for the Borromean lattice. Examining the second largest component provides more evidence that the
Borromean lattice has a higher percolation threshold. We observe that the standard square lattice has a second-
largest component that is maximized near the expected value of 0.5927 [23]. Under Borromean connectivity rules, the
percolation threshold is slightly but significantly higher. It is difficult to precisely locate the peak with finite numerical
precision and a finite-sized lattice, but we estimate the peak at approximately 0.606. A more precise analysis of a
regularly-connected square lattice at L = 400 finds a second-largest component peak at ¢ = 0.5917, 0.16% below
the asymptotic value, suggesting that the Borromean percolation threshold is slightly higher than 0.606. Analysis
based on the size-independence of the ratio of the two biggest clusters, and the universality of the fractal dimension
at percolation (below) puts our estimate at 0.6075.

At the percolation threshold, the ratio of the second largest cluster to the largest cluster is independent of the
system size [31-33]. This quantity generally decreases with increasing occupation probability as more and more of
the occupied nodes are found in the largest cluster. Below the percolation threshold, larger systems have a larger
second-to-first ratio than smaller systems, but above the percolation threshold, smaller systems will have a larger
ratio. At the percolation threshold, the ratio is independent of system size. Figure 4 shows this ratio for the Hopf
and Borromean square lattices at N=>50, 100, and 200. For the Hopf-connected system, each system has a common
second-to-first ratio close to the expected value of 0.5927. The Borromean systems converge on a similar ratio,
approximately 0.38, but at an occupation probability between 0.6067 and 0.6078, consistent with the measurement
of the second-largest cluster size. Networks of size N=400 were simulated at a finer range of occupation probabilities
and weighted linear fits to the N=50 and N=400 data were performed to find their intersection and its uncertainty.
From this we arrive at a percolation threshold of .6074840.00005. This method of detecting the percolation threshold
requires higher precision; in Figure 3b the peak in the second largest cluster could be identified with 80 unique lattices
per site, whereas finding the size-independence point requires over 1000.

The higher occupation ratio required for percolation with Borromean connectivity is illustrated in Figure 5. The
largest cluster at the square lattice percolation threshold will span the entire system (in this case defined as touching
the four edges of the lattice), but consist of regions where the cluster forms “bridges” only one site wide and several sites
long. These can be seen at the green-yellow boundaries in Figure 5. Under the Borromean connectivity rule, the giant
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FIG. 5. Square lattices of sizes 50, 100, 200 and 400 with an occupation probability of 0.5927. Dark blue sites are unoccupied
and light blue sites are occupied. The largest component under Hopf connectivity rules is shown as the union of the yellow and
green sites, and in each case spans the system by touching all four sides. The largest component under Borromean connectivity
rules is green, and does not span the system. At the interface of the green and yellow sites are bridges that are connected by
Hopf adjacency rules but not Borromean connectivity rules, best seen in the N=50 lattice.

cluster does not span these bridges, and forms additional smaller Borromean clusters. Extra occupied sites adjacent
to these bridges are required to keep them in the giant cluster, which is why a slightly higher occupation is required
for a Borromean network to percolate. Another argument, put forth by Robert Ziff in a personal communication, is
as follows: at the square lattice percolation threshold of g = 0.5927, the probability that two adjacent sites are filled
(and form a cluster) is ¢% = 0.3513. However, for the sites to form a Borromean triplet, one of the four sites adjacent
to the doublet must be occupied, which occurs with probability ¢?(1 — (1 — ¢)*). If we assume that the two-node
cluster formation probability on a square lattice must equal 0.3513, gg must have a value of 0.6004, slightly higher
than 0.5927 but slightly slower than what we observe.

Results from the modified connectivity rules that describe the network in Figure la are presented in the Ap-
pendix. We note that the difference between Borromean and Hopf connectivity in that case is much stronger, and the
percolation threshold is located at approximately 0.66.

Universal Behavior

Although the connectivity of the Borromean lattice is not pairwise, it is still local, and at percolation is expected
to obey the expected universal behavior of percolating systems. In two dimensions, this includes a fractal dimension
for largest cluster size of 91/48 ~ 1.89 [34], and a cluster size distribution that decays with a -187/91 ~ 2.05 power
law [35]. The largest component size at ¢ = 0.6075 is plot against the system size in Figure 5, along with data for
the Hopf lattice at 0.5927, which is essentially identical. The best fit value for the fractal dimension is 1.893+0.002,
or (90.940.1)/48. If the largest cluster size from systems that are not at the percolation threshold is examined, it
is expected to slightly deviate from power-law behavior, and display a best-fit exponent that is not the universal
value. At ¢ = 0.606, we observed an exponent of 1.8240.02, and at 0.609 we observed 1.96+0.02. We interpret this
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it.

as additional evidence that the percolation threshold of the Borromean square lattice is at approximately 0.6075.
The cluster size distribution at percolation is seen in Figure 6 for both Borromean and Hopf connectivity rules.
The distribution is slightly different for the smallest clusters, notably due to the lack of Borromean dimers, but they
converge to a similar form for large clusters. We measure best-fit exponents for these distributions as -1.883+0.001
for Borromean and -1.906+0.001 for Hopf connectivity, inconsistent with the Fisher exponent of -187/91. The cluster
size distribution exponent is more sensitive to finite-size effects: Ding et al. observed a power-law consistent with a
-1.92 exponent on square lattices 1000 sites wide [36], while in an earlier study Hoshen et al. observed data consistent
with a -1.78 exponent on triangular lattices 4000 sites wide [37]. Only on lattices 2 million sites wide have precise data
consistent with the -2.05 exponent been observed [35]. Although finite-size effects persist, we find that Borromean
lattices at the percolation threshold display the same universal properties as those with traditional connectivity.

Dissolution Spectrum

An experiment to determine the topology of a hypothetical Borromean material may break down the network in
a similar way that kinetoplasts are broken down by enzymes, and examine the topology of the smaller clusters that
are released from the network (for example with atomic force microscopy). How might a Borromean material be
distinguished from a Hopf-linked catenated network?

Chen et al. [18] discuss the probability of isolated rings as well as Hopf-linked doublets and triplets being released
from kinetoplast networks during enzyme digestion, assuming different lattice geometries. The isolation probabilities
depend on the linearization probability p of a minicircle being cut by the enzyme, equivalent to a node being removed
from a graph, as well as the co-probability ¢ = 1 — p, which is equivalent to our lattice occupation probability. We may
calculate similar probabilities for Borromean connectivity on the square lattice. To find the probability of isolating
a single ring from the network, we consider a 3x3 lattice with the central node occupied, and find that 34 of the 28
possibilities for the surrounding nodes being occupied lead to the central node being isolated. A visual demonstration
of this appears in Figure 9 in the Appendix. Summing the probability of each configuration yields:

Pip =p'q® +8p°¢* + 16p°¢* + 8p"¢* + p°q. (1)

To find the probability of a Borromean triplet being released from the network, we consider three occupied sites in
an L-shape in the center of a 4x4 grid, and find that 100 of the 2'3 possibilities lead to the links being released. The
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total probability is:

PSB =4 (p7q9 + 8p8q8 + 24p9q7 + 24p10q6 + 24p11q5 + 8p12q4 +p13q3) , (2)

the factor of 4 admitting rotations of the triplet. For comparison, the probabilities for finding an isolated component
or a triplet with regular square lattice Hopf connectivity are Pz = gp* and Psg = 2¢°p7 (2 + p).

Figure 7 shows the expected mass fraction of different sized components as a function of the undissolved fraction
q, for Borromean and Hopf networks. A greater proportion of the mass is found in single loops under Borromean
connectivity, in part due to the absence of 2-component links which occupy part of the mass in dissolved Hopf systems.
There are subtle differences in the relative mass found in 3- and 4-component links between the two connectivity rules.
The ratio of triplets to singlets, a parameter that could in principle be measured experimentally (and has been, for
kinetoplast DNA), is shown on the right, with the ratio for Borromean networks peaking close to 20% near ¢ = 0.4,
but only 10% for Hopf networks. The exact expressions describe the computational data well, with some finite-size
edge discrepancies at large q.

CONCLUDING REMARKS

This analysis is possible because the square lattice structure allows us to map a knot theory problem, the Borromean
connection of three loops, to a graph theory problem, the continuity of connected triangles. More general linked-ring
systems cannot necessarily rely on geometry to impose topology, but invariants have been derived which can detect
triplet-wise Borromean connectivity when pairwise linking connectivity is absent [26]. A number of studies have used
the Gauss linking number to calculate the graph structure of densely packed circles [38, 39] or ring polymers [40, 41],
but the linking number cannot detect Borromean connectivity. Building upon these results, future work can examine
the Borromean networks that form within dense packings once Hopf connections have been accounted for, which
may be present in dense solutions of ring polymers or of DNA Olympic gels created through topoisomerase activity
[7]. A topological network with both Borromean and Hopf connections between loops is suitable for analysis using
hypergraphs, in which multiple degrees of connectivity may be encapsulated within the network. This analysis need
not end at square lattices, nor at Borromean connectivity: networks, on- or off-lattice, may be constructed of any
N-connected Brunnian link, which may present a range of percolation phenomena.

While this work is motivated by mechanically interlocked molecular networks, it may apply to any network with non-
bipartite connectivity. Borromean connectivity has been discussed, for example, in the context of telecommunication
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and cryptography, in which non-bipartite information transfer may be required. Notably, the Borromean ring signature
has been proposed and utilized for key verification and e-voting [42—-44]. As such algorithms become more widespread,
an understanding of percolation phenomena in distributed key networks may prove necessary.

In summary, we have simulated the dissolution of Borromean square lattices to calculate their percolation threshold,
which we find to be 2.4% higher than that of the traditional square lattice. We have also made predictions about the
population of simple links released from a network during dissolution, finding marked differences from Hopf lattices
due in part to the lack of Borromean dimers. Our analysis, although focusing on graph theory, makes predictions for
potential future experiments to determine and verify the topology of Borromean materials [9] and understand their
topology-function relationship.
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APPENDIX

For completeness, we present results for the second-largest component of Borromean lattices that correspond to
Figure 1, in which red and green loops share Borromean links with each other mediated by yellow or blue loops, but
blue and yellow loops do not share Borromean links mediated by red or green loops. Compared to the generalized
lattice mapping we describe in the main text, this version breaks translational symmetry. To count connectivity
between between sites, green and red sites must form a triangle with one nearest neighbor and one next-nearest
neighbor, while blue and yellow sites must form a triangle with two nearest neighbors. As can be seen from Figure 7,
the deviation from the square lattice is stronger, with the percolation threshold occurring at approximately ¢ = 0.66.

Figure 9 depicts 3x3 grids with the center square filled, and the ten unique ways that the surrounding squares can
be filled without binding the central square into a Borromean link. With the black squares occupied with probability
q and the white squares with probability p=1-q, each grid contributes ¢ p™ to the probability of a single square being
unbound. Most of the configurations have degeneracy due to rotation and reflection, which contribute to the total
singleton probability.
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FIG. 8. The second largest component size for 200x200 square lattices corresponding to the network in Figure la. The vertical
lines are at 0.5927 and 0.6075, the percolation thresholds for traditional square lattice connectivity, and fully symmetric
Borromean square lattice connectivity. The peak is located close to 0.66.
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FIG. 9. A visual derivation of Equation 1, showing the ten unique 9x9 grids that will release the central occupied square.
The numbers in each grid indicates their degeneracy under rotations and reflections, and the expressions on top indicate the
contribution of that column to the total probability of a singleton being released.



