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Abstract
In attempts to manage spatio-temporal transient chaos in spatially extended systems, these systems
are often subjected to protocols that perturb them as a whole and stabilize globally a new dynamic
regime, as for example a uniform steady state. In this work we show that selectively perturbing only
part of a system can generate space-time patterns that are not observed when controlling the whole
system. Depending on the protocol used, these new patterns can emerge either in the perturbed
or the unperturbed region. Specifically, we use a spatially localized time-delayed feedback scheme
on the one-dimensional Gray-Scott reaction-diffusion system in the transient chaotic regime and
demonstrate, through the numerical integration of the resulting kinetic equations, the stabilization
of spatially localized space-time patterns that can be perfectly periodic. The mechanism underlying
the observed pattern generation is related to diffusion across the interfaces separating the perturbed

and unperturbed regions.
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I. INTRODUCTION

Spatio-temporal patterns [1, 2| are ubiquitous in nature and are found at scales ranging
from the very small, bacterial colonies [3] and developmental biology [4], to the very large,
as for example galaxy superclusters [5] or the Sloan Great Wall [6]. The spontaneous for-
mation of patterns, a hallmark of systems far from equilibrium, has captivated the interest
of researchers from a vast variety of disciplines. Common to many mechanisms yielding
space-time patterns is the closeness to an instability (for example a chemical or hydrody-
namics instability). Chemical reaction-diffusion systems [7] have been at the center of the
investigations of pattern formation since Turing’s seminal work [8], as they underpin many
phenomena observed in nature and allow for both numerical and analytical approaches when
cast in terms of coupled partial differential equations. Very rich space-time patterns, from
chemical oscillations and Turing patterns [9] to spatio-temporal chaos [10], can be found in
reaction-diffusion systems in open flow reactors that keep the systems far from equilibrium.

Controlling and designing space-time patterns has many potential applications. The goal
is often either to design patterns and influence traveling waves [12-16] or to move a chaotic
system to a steady state or to an oscillatory behavior [18-24]. Experimentally, this control
is achieved by exerting some external perturbation, involving for example photochemical
energy transfer or temperature variations when dealing with chemical systems. Successful
control protocols include the Ott-Grebogi-Yorke scheme [18] as well as time-delayed feedback
control [19].

In this work we demonstrate that new space-time patterns can be generated in systems
with (transient) chaos when using spatially localized invasive perturbations in the form of a
time-delayed feedback scheme applied to a specified region of the system. We illustrate this
through the creation in the one-dimensional Gray-Scott model of novel spatially localized
time-dependent patterns. Our work differs both in the goals and in the scheme from other
studies aiming at control of (transient) chaos in a spatially extended system. For example,
in [23] time-delayed feedback control was used in order to control the transient chaos [10]
regime and replace it in the whole system with other types of dynamic behavior, whereas
for the pinning control of spatio-temporal chaos [25], a finite number of spatial pinning
sites, arranged in optimal ways, are controlled in order to drive the whole system into a

homogeneous steady state. Controlling the whole system or a finite number of specially



arranged pinning sites does not result in the formation of new space-time patterns in a
specified spatial region.

One remarkable finding of our work is that patterns can be stabilized locally that have
periods orders of magnitude longer than the delay time used for the spatially localized
perturbations. This is very different to reported [26-28] stabilizations of complex spatio-
temporal dynamics near a subcritical Hopf bifurcation using global feedback control as
for these systems the time delay is a multiple of the period of the newly stabilized periodic
pattern. In our systems with spatially localized perturbations it is the interplay between time
delay and spatial boundaries separating perturbed and unperturbed regions that generates
the long-period patterns discussed in the following study.

In Section II we briefly remind the reader about some relevant aspects of the Gray-Scott
model before discussing the application of time-delayed feedback scheme to this type of
reaction-diffusion systems. Section III presents the novel space-time patterns that emerge
when applying in the chaotic regime the time-delayed feedback scheme to part of the system
only. Two scenarios are discussed, leading in one case to perfect periodic patterns, whereas in
the other case the pattern is impacted by noise generated from diffusion across the boundaries
separating the perturbed and unperturbed regions. In Section IV we conclude and provide

an outlook on broader applications of the scheme discussed in this paper.

II. MODEL AND METHOD

The Gray-Scott model [29] is a reaction-diffusion system that displays very rich and
complex space-time patterns in one [30-35] and two [36-38] space dimensions. This cubic

autocatalytic system in an open flow reactor is governed by the reactions
uv+2v —3v, V—P, (1)

where the substrate U is continuously supplied and the inert product P is removed. The
corresponding deterministic kinetic equations for the space- and time-dependent species

concentrations u(x,t) and v(x,t) are often cast in the form

% = D,V*u —uv? + A(1 — u) (2)
ov 9 9
E:DvijLuv —(A+ B)v (3)
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FIG. 1: The different dynamic regimes encountered for D, /D, = 2, with D, = 2 x 10~° and
D, = 107, and an inhomogeneous initial state with (u,v) = (0.5,0.25) in a small central region
and (u,v) = (1,0) otherwise. Space-time plots for u are obtained through numerical integration
of the discretized versions of Egs. (2) and (3), using periodic boundary conditions. The time
increment is chosen as At = 0.05. The width of the system is L = 10, and 1024 grid points are

used for the spatial discretization.

with the species-dependent diffusion rates D, and D, as well as the rate B of converting
V into the inert product and the rate A of feeding U into the reactor and of removing the
different species from the reactor. Whereas for D, > D, propagating pulses and pulse
splittings dominate, for D, 2 D, a variety of regimes, including traveling pulses, spatio-
temporal chaos, and self-replicating patterns, are encountered, depending on the values of
the rates A and B.

In this work we restrict ourselves to the ratio D,/D, = 2 which is known to yield
(transient) chaotic space-time patterns as a result of an inhomogeneous initial state. We
follow previously published work and select as initial state the state with (u,v) = (0.5,0.25)

in a small central region and (u,v) = (1,0) everywhere else. The resulting dynamic phase
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FIG. 2: (Left) Spatio-temporal chaos in the one-dimensional Gray-Scott model that results from
an inhomogeneous initial state. Shown is u(z,t). The parameters are D, /D, = 2, A = 0.0234,
and B = 0.05. The initial state is (u,v) = (1,0), with the exception of the region in the middle
where (u,v) = (0.5,0.25). (Right) When controlling the whole system using time-delayed feedback
control, spatio-temporal chaos is suppressed and a non-trivial steady state with v % 0 and v # 0
can be stabilized [23]. The perturbation, which starts at ¢ = 6,000, is characterized by the strength

K = —0.02 and the delay time 7 = 0.5.

diagram and the corresponding space-time plots for u are shown in Fig. 1. Regime 1 is
characterized by individual traveling pulses that either die out quickly, yielding the trivial
steady state (u,v) = (1,0), or continue to propagate. In regime 2, pulse splitting results
in the generation of additional lines and the formation of domains that evolve temporally.
Regime 3 is the transient chaotic regime that results from the interaction between a Hopf
instability and a Turing instability [31-33]. This transient chaotic regime, which sees the
appearance and disappearance of small regions where the densities v and v take on values
close to those of the trivial steady state, is confined to a rather narrow region in parameter
space. Finally, for large inflow rates A the system settles into a non-trivial steady state with
u# 0 and v # 0 (regime 4).

The left panel in Fig. 2 shows more clearly the transient chaotic regime that emerges for
D,/D, =2, A =0.0234, and B = 0.05. The controlled patterns obtained in [23], where
time-delayed feedback control was applied to the system as a whole, included a non-trivial
steady state with u # 0 and v # 0, shown in the right panel of Fig. 2 for the same parameter

values as for the left panel, as well as coarsening patterns and traveling waves. As discussed



in the following, when applying a time-delayed feedback scheme to only parts of the system,
spatially localized ordered patterns can be stabilized. These patterns are not encountered
when controlling the whole system [23].

In our protocol of perturbing the substrate in a spatially localized way, Eq. (2) is replaced

in some region C with [39]

+K (u(x,t — 1) —u(x,t)) (4)

with the perturbation strength K and the delay time 7. We present below numerical results
for the value 7 = 0.5. When the region C is the whole system, we of course recover the
situation studied in [23].

Kyrychko et al. [23] pointed out that the effective perturbation strength is | K'|7 when this
scheme is applied to the system as a whole. In our work we perturb the system only locally,
and, while the effective control strength is still provided by |K|r, different local patterns
are stabilized depending on the sign of K. As a result, additional constraints are imposed
on the values of the delay time for which these patterns can be stabilized. For K = —0.03,
which is the negative value we focus on in the following, periodic patterns are stabilized in
the unperturbed region for 0.45 < 7 < 1.75. For K = 0.025, the positive value explored
later in this work, we observe the appearance of approximate periodic patterns for a very
wide range of delay times, with 0.45 < 7 < 10, where 7 = 10 is the longest delay time that
we investigated.

Applying periodic boundary conditions, the discretized versions of the differential equa-
tions given above are integrated using the fourth order Runge-Kutta algorithm and an eight
order finite difference method for the diffusion terms. This results in a very stable integra-
tion scheme. Still, the symmetry imposed by the initial condition used for Fig. 2 is lost
in the chaotic regime at very long times (for ¢ of the order of 1.5 x 10* in the left panel of
Fig. 2) due to the accumulation of numerical errors. We checked that the loss of right-left

symmetry sets in much earlier when using a lower order discretization of the diffusion term.
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FIG. 3: (Top left) Using time-delayed feedback for species U everywhere in the system with the
exception of the central region of width W,,,, = 0.625 induces a periodic pattern in the unperturbed
region. The period of the resulting oscillations in the unperturbed region is many orders of mag-
nitude larger than the delay time 7 = 0.5. For this plot the strength K = —0.03 was used and the
perturbation started at ¢ = 6,000. (Top right) The same as in the top left panel, but now the un-
perturbed region has been shifted by 0.83 to the right when compared to the case on the left. The
time needed to establish the periodic pattern depends on the state of the system at the location of
the unperturbed region just before the localized time-delayed feedback scheme sets in. (Bottom)
The same as in the top left panel, but now with the perturbation starting at ¢ = 7,500. Even so
the state at the onset of the perturbation differs from that at ¢ = 6,000, the same periodic pattern
is stabilized. For all figures the parameter values are D, /D, =2, A = 0.0234, and B = 0.05.



III. RESULTS

The two scenarios discussed in the following for the one-dimensional Gray-Scott model
have in common that we let the system shown in the left panel of Fig. 2 evolve for some
time and then perturb in a specified region the substrate using time-delayed feedback. For
the first case discussed below, we show that applying a perturbation to a broad region the
system with K < 0 may yield in the unperturbed region a perfectly periodic pattern. On
the other hand, if the feedback strength parameter is positive, K > 0, then noisy repeating
patterns can be stabilized in the perturbed region, where the noise results from diffusion
across the boundary separating the perturbed from the unperturbed, and therefore chaotic,

region.

A. K<0

As shown in the right panel of Fig. 2, controlling the whole system with K < 0 results in
the suppression of spatio-temporal chaos everywhere and in the global stabilization of the
non-trivial steady state. This is the only non-chaotic regime that can be stabilized globally
for negative K [23]. Restricting this protocol to a part of the system suppresses chaos only
locally so that this non-trivial steady state is not established everywhere. Instead, as shown
in the top left panel of Fig. 3, in the unperturbed region the system spontaneously organizes
into a perfectly periodic structure, dominated by periodically appearing space-time regions,
shown as red triangles, where the trivial steady state (u,v) = (1,0) is approximated. This
periodic pattern has a remarkably long period T' ~ 2,700, almost four orders of magnitude
larger than the delay time 7 = 0.5 used in the feedback. Inspection of the time-dependent
species concentration u in the middle of the unperturbed region, see Fig. 4, reveals that
within one period the concentration u displays two pronounced maxima, corresponding to
two red triangles in the space-time plot. As shown in Fig. 5 the amplitude |a,| of the Fourier
transform of u(t) in this part of the system also reveals this complex periodic pattern and
exhibits as a function of the frequency f sharp peaks at the relevant frequencies.

The emergence of this periodic pattern is independent of the location of the unperturbed
region. The top right panel in Fig. 3 shows that the same structure emerges when the

unperturbed region is off-center. However, the time needed to establish the pattern can
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FIG. 4: Time-dependent concentration w in the middle of the unperturbed region for the three
perturbation times ¢, = 6,000 (black lines), ¢, = 7,500 (red lines), and ¢, = 60,000 (dashed blue
lines), see top left and bottom panels in Fig. 3 for the corresponding space-time plots: (a) t between
65,000 and 70,000; (b) t between 95,000 and 100,000. When applying the time-delayed feedback
outside of the middle region, the species concentration after some transient behvior (visible for
t, = 60,000 in panel (a)) locks into a periodic pattern with a period T~ 2,700. This periodic
pattern, once established, is independent of the perturbation time, the only difference being an
overall time shift as the periodic pattern sets in at different times for the different perturbation

times. The parameters used in this figure are the same as in Fig. 3.
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FIG. 5: Frequency-dependent amplitude of the Fourier transform of the time-dependent concen-
tration u in the middle of the unperturbed region of width W,, = 0.625, see Fig. 4 for the
corresponding time series. The very sharp peaks in the Fourier transform indicate that within the
unperturbed region the pattern is repeated perfectly. The shown data for three different pertur-
bation times (¢, = 6,000, t, = 7,500, and ¢, = 60,000) exhibit the same prevailing frequencies, as
revealed by the identical positions of the peaks. This indicates that the emerging periodic pattern

is robust and independent of the perturbation time.

vary substantially, which reveals a dependence on the state of the unperturbed region at the
moment the perturbation sets in. The width W, of the unperturbed region is a relevant
quantity, as the perfect periodic pattern is not observed for all widths of the unperturbed
region. Indeed, for W, 2 1.1, the unperturbed region maintains the chaotic property of
the original system. On the other hand, if W,,, < 0.2, spatial and temporal inhomogeneities
die out in the unperturbed region and the system as a whole is pushed into the non-trivial

steady state. The range of widths W,,,, of the unperturbed region for which periodic patterns
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FIG. 6: Dependence of the period T of the repeating pattern when changing the feedback strength
K (main image), the flow rate A (lower left inset) or the rate B of converting V' into an inert product
(upper right inset). We explore the parameter range around the values K = —0.03, A = 0.0234,
and B = 0.5, used in the Figs. 3, 4, and 5, and indicated by the red dot in each panel. For each
plot, two parameters are kept constant, as indicated in the panels, and the third is varied. As for

the earlier figures, D,,/D, = 2, whereas the width of the unperturbed region is W,,,, = 0.625.

can be induced is independent of the linear extent of the system.

We also remark, see the bottom panel in Fig. 3 as well as the corresponding time-
dependent concentration in Fig. 4, that the emerging pattern is independent of the per-
turbation time itself (provided that chaotic behavior is present when the perturbation sets
in). This is clearly visible in Fig. 4 when comparing the time-dependent concentrations for
different perturbation times. The observed overall time shift is a consequence of the fact

that the periodic patterns set in at different times for the different situations.
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Fig. 6 explores how the period T of the repeating pattern changes when the system
parameters are changed. In the main image we show the period as function of the feedback
strength K, keeping the other parameters constant at the values used for Figs. 3, 4, and
5. In the two insets, we show how the period changes when varying the flow rate A (lower
left inset) or the rate B to produce the inert product (upper right inset), while keeping all
other parameters constant. These plots also provide an indication of the extent to which
the parameters can be varied around our standard set K = —0.03, A = 0.0234, and B = 0.5
while still generating a periodic pattern. Increasing the rate B yields a substantial increase
of the period. On the other hand changing the flow rate A yields changes in the form of
an approximate linear decrease for increasing A. Keeping A and B constant while merely
changing the value of K means that any change to the period is exclusively due to the details
of the feedback scheme. It is then interesting to note that an increase of the magnitude of
K increases the time between successive repetitions of the pattern. We also remark that
values |K| < 0.028 do not allow to stabilize the periodic pattern, but that instead chaotic
patterns persist in the unperturbed region. On the flip side, large negative values, with
K < —0.042, tend to destabilize the periodic pattern, once established, resulting in an
intermittent behavior where time intervals with repeating patterns are interrupted by time
intervals where the behavior is no longer fully periodic. Therefore outside of the interval
—0.042 < K < —0.028 no period can be measured due to the absence of repeating patterns.

At first look it might seem that the periodic pattern emerging in the unperturbed region
is mainly a consequence of exposing a region of the right size to a fixed boundary condition
provided by the adjacent steady-state region. A closer inspection, however, reveals that the
feedback scheme is the necessary ingredient to generate periodic patterns. This is illustrated
in Fig. 7 for the system with our standard parameters. With the feedback scheme in place,
the pattern remains perfectly periodic for as long as we follow the time evolution of the
system (left panel). In the right panel, we remove the time-delayed feedback (by setting K =
0) at t = 25,000, indicated by the dashed horizontal line. Without the continuous application
of the time-delayed feedback, the periodic pattern is immediately lost and replaced by the
random appearance of small red triangles in the space-time plot. The absence of periodic
pattern is also noted in Fig. 8 where instead of switching on the time-delayed feedback
scheme at ¢ = 6,000 we make in the same region an instantaneous change of A from 0.0234

to 0.03, a value for which an unperturbed system settles into the global non-trivial steady

12
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FIG. 7: (Left) The same system as in the left panel of Fig. 2 in the time interval between t=20,000
and t=45,000. (Right) The same system, but now with the time-delayed feedback switched off at
t = 25,000, indicated by the dashed line. This results in the loss of the periodic pattern in the

unperturbed region.
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FIG. 8: Space-time plot where at t = 6,000 we change in the 'perturbed’ region the value of A
from 0.0234 to 0.03, which drives that part of the system into the non-trivial steady state. This

protocol, however, does not yield a periodic pattern in the 'unperturbed’ region.

state, see Fig. 1. Clearly, periodic patterns are not emerging when patching together a
chaotic region with a region that displays a steady state, i.e. when imposing on the chaotic
region fixed boundary conditions that result from the adjacent steady-state region.

A zoom of the space-time pattern that results from using locally the time-delayed feedback

scheme, see Fig. 9, reveals the formation of a transition region that straddles the boundary
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FIG. 9: A zoom into the periodic pattern from the left panel of Fig. 7 that reveals complex pattern
in the perturbed part of the system close to the boundaries (indicated by the vertical dashed lines)
with the unperturbed part. Without these features extending into the perturbed part, periodic

pattern can not be established in the unperturbed region.

separating the perturbed and unperturbed regions. These features die out further away from
the boundary which results in the local establishment of the homogeneous steady state. It
is the presence of the diffusion term that, in conjunction with the time-delayed feedback,
generates the formation of this transition region necessary for the emergence of periodic

patterns with periods orders of magnitude larger than the delay time.

B. K>0

A second protocol for perturbing only part of the system is explored in Figs. 10 and
11. We choose the same parameter values as for the results presented above, with the one
change that the strength K = 0.025 is now positive. Using these parameter values for a
time-delayed feedback control of the whole system, one observes that the system is pushed
into the trivial steady state with (u,v) = (1,0). However, applying this scheme to only
part of the system yields a very different behavior, as shown in Fig. 10. Whereas in the
unperturbed region spatio-temporal chaos persists, in the perturbed region an approximate
periodic pattern is established where successive maxima are separated by a time interval
T =~ 440, which is three orders of magnitude larger than the delay time. One way to look at

this pattern is a succession of pulses that are generated at both interfaces with the chaotic
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FIG. 10: Time-delayed feedback applied to only a part of the system with K > 0 yields non-trivial
patterns in the perturbed region, while spatio-temporal chaos persists in the unperturbed region.
The values of the rates and of the delay time used for these panels are the same as for the panels
in Fig. 2, with the exception of the strength which is K = 0.025. The width W of the perturbed
region is W = 0.625 in the left panel, while in the right panel half of the system is subjected to

time-delayed feedback scheme.

regime, which acts as provider of a temporally fluctuating boundary condition. These pulses,
after progressing through the perturbed region, undergo pair annihilation upon encounter.
Inspection of the Fourier transform, see Fig. 11, reveals the imperfect oscillations in the
form of a wide noisy peak at a frequency close to f = 0.0023, but the imperfect nature
of the repeating pattern is also readily seen from the time-dependent species concentration
shown in the inset.

The two panels in Fig. 10 differ by the width of the perturbed region. In fact, the
approximate periodic pattern is observed for most widths, with the exception of very small
regions (W < 0.3), for which no persisting regular pattern can be established, and very
large regions (L — W < 0.3) which end up in the trivial steady state, similar to the fully
controlled system. It follows that for this case the range of widths for which approximate
periodic pattern emerge in the perturbed region scales linearly with the system size. The
formation of this pattern needs a strength K > 0.015, as for very small K a regular pattern
can not be stabilized and the system remains in the chaotic regime. For cases that result
in the imperfect oscillations, the average time elapsed between successive maxima depends

slightly on the value of K.
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FIG. 11: Frequency-dependent amplitude of the Fourier transform of the time-dependent concen-
tration u in the middle of the perturbed region, see the left panel in Fig. 10 for the corresponding
space-time plot. The time series u(t) shown in the inset reveals an imperfect repeating pattern

with successive maxima separated by a time interval T ~ 440.

IV. CONCLUSIONS AND OUTLOOK

Systems with transient chaos can be forced into different dynamic regimes through an
external intervention. Protocols proposed for this include spatially arranged pinning sides
as well as time-delayed feedback control. The latter method has been applied in the past
23] to the one-dimensional Gray-Scott model in order to generate other global dynamics.

In this work we have shown that applying time-delayed feedback to only part of the
system may create novel spatially localized space-time pattern. We discussed two cases, one
leading to perfect periodic pattern in the unperturbed part of the system, the other leading
to imperfect oscillations in the perturbed region. The creation of these patterns turns out

to be robust and is encountered for a broad range of system parameters. Our study reveals
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FIG. 12: Some snapshots for the two-dimensional Gray-Scott model with periodic boundary con-
ditions and an inhomogeneous initial state with (u,v) = (0.5,0.25) in a small square central region
and (u,v) = (1,0) everywhere else. The common parameters are A = 0.0238 and B = 0.05,
whereas the time increment is At = 0.05. (Top) The unperturbed system at ¢ = 5,000 (left)
and the system subjected to global control with K = —0.25 at ¢t = 5,000 (right). (Bottom) The
system at ¢t = 5,000 (left) and at t = 18,750 (right) for the case where, with the exception of a
small square region of size 0.3125 x 0.3125, indicated by dashed lines, the system is subjected to
spatially localized perturbation with strength K = —0.25. Both for global and spatially localized

perturbations, time-delayed feedback is switched on at ¢ = 250.

that the needed ingredient is the diffusion across the boundaries separating the perturbed
and unperturbed regimes which yields a transition region, straddling the boundary, that is
necessary to stabilize the spatially localized oscillations.

As shown in earlier work, in order to stabilize complex spatio-temporal dynamics near a

17



subcritical Hopf bifurcation using time-delayed feedback control, the delay time 7 has to be
chosen as a multiple of the period of the periodic pattern to be stabilized [26-28]. This is
very different from what we have discussed in this work as a local time-delayed perturbation
stabilizes spatially localized patterns with periods orders of magnitude larger than the delay
time. It is the interplay between time delay and boundaries separating perturbed and
unperturbed regions that is the driving mechanism for the generation of these patterns with
very long periods.

Our scheme is not restricted to the one-dimensional Gray-Scott model and similar results
can be obtained in other situations as well as in other systems, including systems with truly
chaotic behavior like the complex Ginzburg-Landau model [40]. Fig. 12 illustrates this
for the two-dimensional Gray-Scott model where new patterns are locally created in the
central region that is unperturbed. A detailed discussion of this situation will be presented
elsewhere.

Time-delayed feedback has been used experimentally to stabilize unstable periodic orbits
of chaotic systems [41-45], but we are not aware of an attempt to do this in a spatially
localized way as discussed in this work. As we have shown, new spatially localized pattern
can be stabilized through spatially localized time-delayed feedback. We hope that our work
paves the way for experimental implementations of this scheme and for the investigation of

the resulting spatially localized patterns.
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