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We analyze a one-dimensional XXZ spin chain in a disordered magnetic field. As the main
probes of the system’s behavior we use the sensitivity of eigenstates to adiabatic transformations, as
expressed through the fidelity susceptibility, in conjunction with the low frequency asymptotes of the
spectral function. We identify a region of maximal chaos – with exponentially enhanced susceptibility
– which separates the many-body localized phase from the diffusive ergodic phase. This regime
is characterized by slow transport and we argue that the presence of such slow dynamics highly
constraints any possible localization transition in the thermodynamic limit. Rather, the results are
more consistent with absence of the localized phase.

INTRODUCTION

Searching for non-ergodic/non-thermalizing systems,
stable to perturbations, has been a long quest since the
seminal work by Fermi, Pasta, Ulam, and Tsingou [1, 2].
In low dimensional setups it is known that such systems
exists due to KAM theorem [3]. However, in extended
systems whether classical or quantum, existence of such
stable non-ergodic systems largely remains an open prob-
lem. There are several known situations when integrable
systems remain perturbatively stable, i.e. they do not
thermalize within any order of perturbation theory in a
small parameter. Just to name a few examples we men-
tion periodically driven (Floquet) systems, which ther-
malization time is exponential (non-analytic function) ei-
ther in the inverse frequency [4–8] or to the amplitude of
perturbation [9, 10]. Numerically it was found that cer-
tain Flqouet quantum systems are exceptionally robust
against heating even in the absence of obvious small pa-
rameters [11–14], however it is still not known what is
their fate in the thermodynamic limit. All the models
analyzed in these papers are perturbatively stable. In
two seminal papers [15, 16] it was argued that disordered
systems in the insulating regime are perturbatively stable
against adding small short range interactions. As such
they should have strictly zero conductivity at finite tem-
peratures in the thermodynamic limit. This phenomenon
was termed many-body localization (MBL). In Ref. [17]
it was proposed that MBL is stable beyond the perturba-
tive regime in one-dimensional systems and therefore the
MBL phenomenon might persist in thermodynamic limit.
In Ref. [18] J. Imbrie proposed a proof for existence of
MBL regime in a disordered Ising model using some extra
assumptions. After the initial discovery, MBL attracted
a lot of attention both theoretical and experimental and
we refer to recent reviews [19, 20] for further information
and references.

Recently, several numerical studies have raised doubts
about the stability of a localized phase in the ther-
modynamic limit.Systems with quasi-periodic potentials

have been argued to be unstable against interactions by
Žnidarič and Ljubotina [21]. Refs. [22, 23] while argu-
ing there is still a transition, revised the critical dis-
order strength to a significantly higher value then pre-
viously thought. Two recent papers by J. S̃untajs et
al. [24, 25] provide numerical evidence for the drift of
the localization transition point with the system size
towards infinitely large disorder strength in the ther-
modynamic limit, by studying the spectral form factor.
These findings were challenged in a number of works,
including Refs. [23, 26, 27]. The main critique being
that one can not reliably extrapolate the information ob-
tained on small systems to the thermodynamic limit. In
Ref. [28] an example of a disordered integrable model was
found, which does not show localization at any disorder
strength. Finally, Kiefer-Emmanouilidis et al. [29, 30]
provide evidence for slow growth of the number entropy
at strong disorder; critique on [29] was formulated in
Ref. [31], arguing that no transport is associated with
the increasing entropy. One of the goals of the present
paper is to analyze the stability of the localized phase to
increasing the system size using the sensitivity of eigen-
states to infinitesimal local perturbations and the low
frequency behavior of the spectral function. Combin-
ing both measures, we provide further arguments for the
idea that there is no truly localized phase in the ther-
modynamic limit in one dimensional disordered systems,
at least in the particular disordered XXZ model we are
studying here. These conclusions are supported by a gen-
eral argument that proposed earlier Griffith type scenar-
ios of the MBL transition are inconsistent with the spec-
tral sum rule in generic local interacting models. The
ultimate physical reason behind this conclusion is the
existence of an intermediate maximally chaotic region,
found earlier in clean systems [32] and a disordered cen-
tral spin model [33], which separates the localized and
ergodic regimes in finite systems and prevents the sys-
tem from localization in the thermodynamic limit.
In the last decade it was realized that fidelity suscepti-

bility χ, or more generally the quantum geometric tensor,
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is a very efficient measure for detecting zero-temperature
quantum phase transitions (see for example Refs. [34–
37]). Fidelity susceptibility defines the sensitivity of the
(ground) state to small perturbations. Near the phase
transition this sensitivity is usually amplified, leading to
singular behavior of χ; often a divergence. Physically χ is
determined by the low-frequency tail of the spectral func-
tion, which is enhanced near phase transition boundaries
due to the critical slowing down. At finite energy densi-
ties the utility of the fidelity susceptibility was less obvi-
ous because of its exponential divergence with the system
size in ergodic systems [37]. We note that the there are
finite-temperature generalizations of the fidelity suscep-
tibility measuring distance between density matrices like
the Bures metric, which in turn is related to the Fisher
information (see e.g. Refs. [38, 39]). However, the latter
are not sensitive to chaos or integrability rather probing
equilibrium thermodynamic properties of the system.

In recent work we have shown that the he norm of
the adiabatic gauge potential (AGP), which is equiva-
lent to the fidelity susceptibility χn averaged over differ-
ent eigenstates n, can serve as a very sensitive probe of
quantum chaos [32]. The AGP norm is able to pick up
tiny (exponentially small in the system size) integrability
breaking perturbations, which are not necessarily visible
to traditional measures of quantum chaos like the level
repulsion [40], the spectral form factor [24], or the sur-
vival probability [41]. This sensitivity comes from the
fact that the low frequency tail of the spectral function
defining χn can detect changes at very (exponentially)
long time scales, where small perturbations should leave
the most pronounced effect. In particular, dependence of
the AGP norm on the system size changes from polyno-
mial for integrable systems to exponential for chaotic sys-
tems and this change is very easy to detect numerically.
One of the key findings of that work was that the transi-
tion from the integrable to ergodic phase across various
models happens through an intermediate phase, where
the fidelity susceptibility diverges even faster than in the
ergodic regime and this divergence is accompanied by ex-
ponentially long in the system size relaxation times. In
another recent work [33], based on a similar analysis, it
was further argued that in a particular disordered central
spin model this chaotic behavior coexists with nonther-
malizing nature of the individual eigenstates, and hence
to non-ergodic behavior of the system even in the absence
of small parameters.

In this work we adopt the approach of Ref. [32] to
analyze properties of a disordered one-dimensional XXZ
spin chain and specifically analyze the fate of the many-
body localization transition and the nature of the non-
ergodic regime there. We use the standard Hamiltonian

H = 1
W

∑
j

(Sxj Sxj+1 + Syj S
y
j+1 + ∆Szj Szj+1) +

∑
j

hjS
z
j ,

(1)

where Sx,y,zj are the spin 1/2 operators and hj are un-
correlated random numbers uniformly distributed in the
interval [−1, 1]. We assume periodic boundary conditions
and we fix the anisotropy parameter at ∆ = 1.1 such that
the model is close to the extensively studied Heisenberg
spin chain [24, 42] and at the same time has broken SU(2)
symmetry even in the absence of disorder. It is expected
that these minor modifications of the model do not affect
any results related to the MBL transition apart from a
small shift of the critical disorder strength.

FIDELITY SUSCEPTIBILITY

The fidelity susceptibility, or equivalently the diago-
nal component of the quantum geometric tensor, with
respect to some coupling λ of a given eigenstate n is de-
fined as [34, 37]

χn = 〈n|
←−
∂λ∂λ|n〉c ≡

∑
m 6=n

|〈n|∂λH|m〉|2

(En − Em)2 (2)

The Hilbert-Schmidt norm of the AGP is defined as an
average over the eigenstates of χn. In order to avoid large
eigenstate to eigenstate fluctuations, but keep exponen-
tial sensitivity of this probe, it was proposed in Ref. [32]
to additionally regularize χn by introducing an energy
cutoff µ that is exponentially small in the system size.
As a probe λ we will use the local longitudinal magnetic

field acting on a single spin, i.e.

H → H + λSzl , ∂λH = Szl (3)

All calculations will be done at λ = 0, i.e. we will analyze
sensitivity of eigenstates to an infinitesimal increase of a
Z-magnetic field on a single site. By direct inspection it
becomes clear that the disorder average fidelity suscepti-
bility exponentially diverges with the system size as long
as W <∞. At large W , this divergence comes from rare
resonances where |Em − En| � 2−N , which dominate
the average χn in the absence of level repulsion. In con-
trast, since the resonances are rare, the typical fidelity
susceptibility does not diverge with the system size at
sufficiently large W . As such, it should become small
since eigenstates are almost polarized along the Z-axis
and adding an extra magnetic field does not affect them.
For this reason, it is much more convenient to analyze
the scaling behavior of the typical χn obtained by aver-
aging its logarithm. We will define the typical log-fidelity
susceptibility as

ζ = 〈〈 log(χn) 〉〉, (4)

where 〈〈. . . 〉〉 stands for averaging over both different
disorder realizations and different eigenstates. We note
that, in the ETH regime, ζ is equivalent to the logarithm
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FIG. 1. Typical scaled fidelity susceptibility: exp[ζ]/2L

(main plot) and the unscaled one: exp[ζ] (inset) as a func-
tion of disorder for different system sizes L = 12, 14, 16, 18
(yellow to blue). The dashed line shows the ETH prediction.
The dotted line shows the predicted peak drift with the sys-
tem size: χmax = c exp[αW ∗], where W ∗ = L log(2)/α (see
Eq. (11)). Yellow, green and blue shaded regions correspond
to ergodic, glassy and localized phases. As the system size
increases the green blue crossover boundary drifts to stronger
disorder values.

of the AGP norm analyzed in Ref. [32] since the suscep-
tibility is concentrated around the mean (see e.g. Fig. 6
A).

It is a simple exercise to extract asymptotes of ζ at
weak and strong disorder. At small W the system is
expected to be ergodic and fully obey ETH [43]. Then,
see e.g. Ref. [32], one expects

ζ = L log 2 +A, (5)

The constant A generally depends on the couplings in the
Hamiltonian but is insensitive to the system size (up to
possible logarithmic corrections). In the opposite regime
of strong disorder it is easy to show using perturbation
theory in 1/W that (see Appendix )

ζ = B − 8
3 logW, (6)

where B is another purely numerical constant, which nei-
ther depends on the system size nor on the couplings. In
Ref. [32] we found that in non-disordered models there is
a new robust intermediate regime separating integrable
and ergodic limits, where

ζ = 2L log 2 +A′, (7)

and the constant A′ is also independent of the system
size. Such scaling of ζ saturates its upper bound. Physi-
cally, it corresponds to presence of exponentially slow in

the system size relaxation times in the system or equiv-
alently exponential concentration of the spectral weight
at frequencies of the order of the level spacing (see next
section for more details).

In Fig. 1 we show ζ as a function of the disorder
strength W for different system sizes L = 12, 14, 16, 18.
The main plot shows the fidelity scaled by the expected
ETH asymptote: exp[ζ]/2L, while the inset shows the un-
scaled susceptibility exp[ζ]. The small and large disorder
behavior of ζ agree with general expectations. Thus for
W < 1/2 all curves collapse into the expected ETH pre-
diction shown in dashed line. It is easy to understand the
dependence of the constant A in Eq. (5) on disorder from
the dimensional analysis: A ∝W 2. Likewise from the in-
set it is evident that at large disorder all curves become
system size independent perfectly with the slope close to
8/3, in the perfect agreement with the perturbation the-
ory (see Appendix). In the intermediate disorder regime
0.5 . W . 10 we see clear deviations from both asymp-
totes. In particular, there is a clear maximum in exp[ζ]
developing at intermediate values of disorder W ∈ [2, 4].
This maximum drifts to higher values of disorder as we
increase the system size, gradually approaching the upper
bound (7). As we discussed above, such scaling implies
exponentially long in the system size relaxation times and
correspondingly exponentially large values of the spectral
weight at frequencies of the order of the level spacing.
Simultaneously with the drift of the maximum to higher
W with increasing L, the curves tend to sharpen and the
main plot even suggests that there could be a transition
to a new phase (MBL) at disorder W ∼ 4.5. However, as
we discuss later, this conclusion would be premature and
a large part of this work will be devoted to understanding
that drift. In the next section we will analyze what goes
on by directly looking into the spectral function.

SPECTRAL FUNCTION

To get more insight into the behavior of the system
we analyze the spectral function, whose low frequency
nature sets the scaling of the fidelity susceptibility [32].
Our work is by no means the first work to look into the
dynamical behavior of disordered systems through linear
response probes. Ample works have numerically inves-
tigated the two-point spin correlator as well as the op-
tical spin conductivity [44–50], either through real time
dynamics or in Fourier space. This spectral function is
defined as a Fourier transform of the symmetric correla-
tion function of the local magnetization Szl ≡ ∂λH (to
simplify notations we suppress the site index l in the no-
tation for the spectral function). In this paper we will
only consider the spectral function averaged over eigen-
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states:

|f(ω)|2 = 1
D
∑
n

∫ ∞
−∞

dt

2π eiωtGnz (t), (8)

where D = 2L is the dimension of the Hilbert space and
Gnz is the connected correlation function:

Gnz (t) ≡ 1
2 〈n|S

z
l (t)Szl (0) + Szl (0)Szl (t)|n〉c

with

〈n|Szl (t)Szl (0)|n〉c ≡ 〈n|Szl (t)Szl (0)|n〉 − 〈n|Szl |n〉2.

The spectral function satisfies a simple f-sum rule, which
immediately follows from integrating Eq. (8) over fre-
quency ω:

∞∫
−∞

dω |f(ω)|2 = 1
D
∑
n

〈n|(Szl )2|n〉c

= 1
4D

∑
n

(
1− 4〈n|Szl |n〉2

)
, (9)

which is nothing but the average (over eigenstates) fluc-
tuations of the local magnetization, which are in turn
equivalent to the averaged non-conserved (decaying) part
of the local magnetization. In the MBL phase it is ex-
pected that part of the local magnetization is conserved,
implying that 0 < 〈n|Szl |n〉c < 1/4. In contrast, in the
ergodic phase 〈n|(Szl )2|n〉c → 1/4 as L→∞.
The top panel of Fig. 2 shows the averaged over disor-

der realizations spectral function |f(ω)|2 for low to inter-
mediate values of disorder which incrementally changes
from W = 0.5 (bottom blue line) to W = 2.5 (top red
line). Note that all these values of disorder are in the de-
localized regime corresponding to the shaded green color
in Fig. 1. One can observe a clear crossover from dif-
fusive to subdiffusive behavior of the magnetization. In
the diffusive regime the correlation function Gnz (t) de-
cays as ∼ 1/

√
t at long times, which is reflected in the

|f(ω)|2 ∼ 1/
√
ω scaling of the spectral function, which

eventually saturates at low frequencies below the inverse
Thouless time. Such diffusive scaling is clearly seen at
W = 0.5. As disorder increases the spectral function
crosses over to 1/ω asymptote, which corresponds to
much slower, logarithmic in time decay of the local mag-
netization: Gz(t) ∼ A−B log(t) with A and B constants.

A sharp transition from diffusion to subdiffusion was
previously reported in Ref. [47] based on a study of the
stationary state of a large (400 spin) boundary driven
XXZ chain. Subdiffusion at these values of disorder was
also reported before in Refs. [44–46, 50] with a varying
dynamical exponent as a function ofW , which diverges at
some critical disorder attributed to the MBL transition.
The latter support a Griffiths phase interpretation [52] of
the ergodic side of the transition. Recent works however
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FIG. 2. Spectral function I. The spectral function |f(ω)|2
defined according to Eq. (8) is shown for various values of
the disorder W in a L = 16 chain. Panel A Shows disorder
increasing logarithmically, i.e. equally spaced, from W = 0.5
(blue) to W = 2.5 (red). The level spacing, or inverse Heisen-
berg time, is indicated by the black circles and an estimate
of the Thouless energy is shown by the black squares [51].
The inset shows an exponential fit of the Thouless energy as
a function of disorder. Panel B Shows the average spec-
tral function with disorder increasing logarithmically equally
spaced from W = 2.5 (blue) to W = 15 (red). The typical
level spacing is again shown by the black circles. Panel C
Instead shows the typical spectral function, defined by aver-
aging log |f(ω)|2 over different disorder realizations, for the
same disorder values as in panel B. The dashed line is a guide
for the eye and shows asymptotic inverse frequency scaling of
the spectral function: |f(ω)|2 = C/(Wω).

suggest that the subdiffusion might be transient [53, 54]
and ordinary diffusion might govern the late time behav-
ior of the system in the thermodynamic limit.
Although no firm statements can be made based on the

present numerics, the data might support the latter. At
weak disorder W < 0.5 we observe a stable 1/

√
ω regime

which becomes flat at the Thouless energy and whose
exponent doesn’t drift with system size (see Fig. Fig. 3).
At larger disorder it is much harder to identify a stable
power law regime and the spectral function clearly has



5

10-4 10-3 10-2 10-1 10010-2

10-1

100

101

102

W=1.75

W=0.5

Sp
ec

tra
l F

un
ct

io
n 

Frequency Wω

FIG. 3. Spectral function II. The Fourier transform of the
infinite temperature connected two-point correlation of the
local z−magnetization is shown for two values of the disorder
W = 0.5 andW = 1.75 for chains of size L = 12, 14, 16 in blue
dots, yellow dash-dot and full red respectively. Heisenberg
time is indicated by the black circles. The black dashed lines
show 1/

√
ω and 1/ω asymptotes.

a smaller exponent at smaller frequencies. Moreover, at
intermediate frequencies the exponent increases with the
system size L approaching one, as can seen from Fig. 3,
where we show the spectral function for two different
realization of disorder: W = 0.5 andW = 1.75 and three
different system sizes: L = 12, 14, 16.
We thus propose the following interpretation of the

data, beyond a critical value of disorder W ∼ 0.5, corre-
sponding to the border between yellow and green regions
in Fig. 1, the exponent of the spectral function crosses
over from 1/2 to 1 and further increase of disorder simply
leads to increasing range of frequencies with 1/ω asymp-
totic behavior, which after some possibly diffusive part
is ultimately cutoff by system size at small frequencies.
Our numerical results, at the present system sizes, do not
support existence of a stable disorder dependent interme-
diate exponent but don’t rule it out either. We note that
this inverse frequency scaling of the spectral function was
found earlier in random regular graph models [55, 56].

As disorder increases beyond W = 2.5 (bottom panel
in Fig. 2, the slope of the spectral function decreases
again. Simultaneously, a difference between typical and
average spectral functions starts to develop signaling er-
godicity is broken. The typical spectral function (right
panel) stays closer to the 1/ω scaling with a rapidly de-
creasing coefficient as a function of W . This change in
behavior occurs when the Thouless energy ωTh becomes
comparable the typical level spacing [51]. From conser-
vation of the spectral weight (9) we conclude that the
system goes into the localized (MBL) regime. This con-
clusion is further supported by analyzing the conserved

part of the local magnetization (see Fig. 4). Remarkably,
even at strongest disorder shown W = 15 there is a clear
tail down to zero frequency, which is well below the mean
level spacing. So the localized phase consists of a mixture
of localized and delocalized degrees of freedom. It is this
low frequency tail, which is responsible for a noticeable
system size dependence of the fidelity susceptibility even
at strong disorder (see Fig. 1)

DYNAMICAL OBSTRUCTION

Let us now estimate the Thouless energy, and argue
about its fate, as well as about the fate of the localization
transition as we increase the system size. First let us note
that, as disorder increases, crossing a threshold of the
order of W ∼ 1, the onset of 1/ω scaling of the spectral
function starts at a high frequency ωuv ∼ 0.1/W , which
is system size independent. This observation immedi-
ately implies that, in this scaling regime, |f(ω)|2 ≈ C/ω
with the prefactor C independent of the system size. Nu-
merically we find that C is inversely proportional do the
disorder strength such that in this regime

|f(ω)|2 ≈ 0.0179
Wω

, (10)

where the constant was extracted from the data in
Fig. 2 [51]. One can check that frequencies above this
scale: ω > ωuv give small and approximately disorder in-
dependent contribution to the spectral weight. Therefore
it is the subdiffusive 1/ω scaling regime of the spectral
function, which dominates the total spectral weight. Be-
cause the integral of 1/ω diverges, and in order to satisfy
the sum rule (9), there must be a low frequency scale ωth,
where the spectral function either saturates or potentially
crosses over to a lower power of the inverse frequency
corresponding to faster dynamics, for example diffusion.
Assuming that L is very large, this scale can be found
from:

2
∫ ωuv

ωth

0.0179dω
Wω

≈ 1
4 → ωth ≈ ωuve−αW ,

with α ≈ 6.98. Note that the factor of 2 multiplying the
integral stems from the equal contribution coming from
negative frequencies. As we start decreasing L at some
point this scale hits the level spacing, after which the
spectral weight has to condense and the system goes into
the localized MBL regime. This happens when

ωuve−αW ≈ Ωuve−L log 2,

where Ωuv is set by the many-body bandwidth and hence
is bounded by Ωuv < cL. This gives the approximate
relation between the critical disorder strength and the
system size at the transition point:

W ∗(L) ≈ L log 2
α

− log(Ωuv/ωuv)
α

(11)
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At large L the critical disorder increases linearly in L,
since log(Ωuv/ωuv) only generates logarithmic correc-
tions, such thatW ∗ ≈ 0.099L+c. The latter is consistent
with the prediction of Ref. [24], in which the critical dis-
order strength was found to shift like W ∗ ≈ 0.098L + c
based on a scaling analysis of a many-body version of the
logarithmic Thouless conductance.

Note that we extract a lower bound on the Thou-
less energy by using the f-sum rule, since we assumed
all of the spectral weight to be in the 1/ω regime of
the spectral function. Numerically we find for L = 16
that the UV part of the spectral weight, defined as∫∞
ωuv

dω|f2(ω)|, ωuv ≈ 0.1/W takes up a significant frac-
tion of the spectral weight, slowly reducing with W from
74% at W = 1.5 to 46% at W = 2.5. It is expected
that as W increases this UV part goes down to zero and
Eq. (11) is asymptotically exact. But for available system
sizes, in which the range of accessible disorder strengths
showing 1/ω scaling regime is limited, the constant α is
significantly renormalized by this spectral weight reduc-
tion. If we instead identify the Thouless energy as the
point of maximal curvature on Fig. 2, we extract a differ-
ent estimate for the exponent α: α′ ≈ 3.43 for a system
of L = 16 (see the inset in Fig. 2). This is approximately
half the maximal value extracted from the sum rule (11)
and it is in good agreement with the α′′ = 1/0.29 ≈ 3.45
estimated in [24]. It should be noted that the Thou-
less energy has previously been numerically extracted
from the spectral function (up to L = 20) by Serbyn
et al. [50]. Whereas the data is consistent with ours, it
is analyzed differently and the authors had a different
interpretation, supporting the Griffiths phase picture on
the ergodic side, leading up to the critical fan where the
Thouless energy decays exponentially with the system
size ωth ∝ exp(−κL).
Let us end this section by noting that the commonly

accepted Griffiths picture, with a critical point at finite
disorder, is not internally consistent. The argument re-
quires only three inputs: locality, conservation of energy
and bounded norm of local operators. Consider a Grif-
fiths scenario [52] where local correlations, of a conserved
operator like magnetization or simply an operator cou-
pled to the energy, decay in time like C(t) ∼ t−1/z, where
the dynamical exponent z depends on disorder W . In
the Griffiths picture, z would be proportional to the cor-
relation length z ∼ ξ(W ). Since energy is conserved,
decaying correlations imply spreading of this magnetiza-
tion in space like ∆x ∼ t1/z and the spreading stops at
the Thouless time when the dynamics detects the bound-
aries, i.e. the Thouless energy obeys ωth ∼ L−z. In order
for ergodicity to be broken one needs the Thouless energy
to reach the level spacing, which implies z & L/ logL. In
the Griffiths picture, this condition is equivalent to say-
ing that the correlation length ξ(W ) > L has to exceed
the system size, and as such the system is critical. In
frequency space the spectral function for general subdif-

fusion with dynamical exponent z simply reads

|f(ω)|2 = C

ω1−1/z ,

where C = |f(ω = 1)|2 is defined by the UV spectral
weight. Note that, thus far, this scenario would also yield
exponential enhancement of the susceptibility in the crit-
ical region. However, it suffers from the same problem as
before, namely the total amount of spectral weight must
be conserved. The latter directly implies

Cz ≤ 1.

This inequality can be satisfied for any finite z, but for
the system to become critical z has to diverge with L
implying C has to decay to zero at least like log(L)/L.
Not only is this inconsistent with the numerical data (see
Fig. 3), it is simply impossible by locality. Recall that C
is the UV spectral weight at the onset of the asymptotic
hydrodynamic scaling behavior. As such it can not possi-
bly know about the system size L. Of course the spectral
weight can be a function of disorder W , and while we ar-
gued that C ∼ 1/W such that W ∗ ∼ L faster decay will
simply result in a slower drift of the critical point.

This argument is consistent with the observed exis-
tence of the localization transition in the non-local mod-
els like the random regular graphs [55, 56]. Note that
in principle one can imagine other scenarios, where the
exponent z for example would be frequency dependent,
approaching unity at the critical point only in the limit
ω → 0. Such a scenario could correspond to logarithmic
corrections to the 1/ω scaling:

|f(ω)|2 =


C

ω loga(1/ω) ω > e−az

C′

ω1−1/z 0 < ω < e−az,

where a > 0 is some constant and the constants C and
C ′ are related by the continuity of the spectral func-
tion. For example, such a spectral function with a = 3
describes the zero temperature disordered model ana-
lyzed in Ref. [57] and with a = 3/2 describes an in-
finite temperature disordered spin model on a random
regular graph [58]. Then as z diverges near the critical
point the sum rule is satisfied as long as a > 1. While
this behavior of the spectral function is possible, it im-
plies that the dynamical exponent near the transition:
z(ω) ≡ 1/(1 + d log |f(ω)|2/d log |ω|) = log(1/ω)/a in-
creases as ω becomes smaller. Physically this behavior
of z(ω) implies that already on the ergodic side, the sys-
tem’s dynamics is getting slower and slower with time
instead of accelerating as the system “realizes” that it is
in the ergodic regime. Also, such scenarios are inconsis-
tent with existing numerical results both reported here
in Fig. 2 and in other works [53, 54]. The only remaining
possibility to satisfy the spectral sum rule with the sys-
tem size independent C(W ) at z →∞ is when C(W )→ 0
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at some critical disorder Wc. This scenario corresponds
to opening a spectral gap in the system. Such a spectral
gap is present in normal Bethe-ansatz integrable mod-
els [32], suppressing the exponential divergence of the
fidelity susceptibility with the system size. However, this
gap usually exists only for special classes of perturba-
tions, which keep the system integrable. There is no
numerical indication that a spectral gap opens up in dis-
ordered systems.

FIDELITY SUSCEPTIBILITY REVISITED

For the sake of completeness we now revisit the fidelity
susceptibility, as there are a few more interesting points
to make. From Fig. 1 we clearly discern three different
scaling regimes of the typical fidelity susceptibility de-
noted by three different colors. These regimes can be
loosely labeled as i) Completely ergodic or ETH type,
ii) Glassy with slow relaxation and iii) localized. In this
section we will analyze these three regimes in more detail.
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FIG. 4. Conserved Z-magnetization. Conserved part of
the local Z-magnetization defined in Eq. (12) as a function of
disorder for L = 10, 12, 14, 16 (blue to green). The main plot
shows the magnetization in the log-linear scale and the inset
does in the log-log scale. The dashed line shows the prediction
of perturbation theory in 1/W : Z = 1− c/W .

First we analyze the total conserved part of the local
Z-magnetization, which is directly related to the integral
of the spectral function (see Eq. (9)). We define the latter
as

Z = 4 exp
[
〈〈log(〈n|Szl |n〉2)〉〉

]
(12)

We choose the normalization such that Z = 1 in the fully
localized regime and Z ∼ 2−L in the ergodic regime in
the zero magnetization sector. To avoid effects of the
tail of the distribution of magnetization we first take its

logarithm, then average it over different eigenstates and
disorder realizations and then exponentiate. In Fig. 4 we
show 1−Z, measuring the non-conserved part of the local
magnetization. It is evident that as disorder increases
the magnetization starts to localize. As we increase the
system size the transition to the localized regime happens
for larger and larger values of disorder and the observed
drift is consistent with the drift of the peak in the fidelity
susceptibility (see Fig. 1). At very large W all curves
collapse into one and thus the conserved magnetization
becomes insensitive to the system size. The black line is
shown for reference representing the leading perturbative
correction to the infinite disorder limit.
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FIG. 5. Ergodicity breaking. The scaled fidelity sus-
ceptibility is shown as a function of disorder for chains of
length L = 12, 14, 16, 18 (yellow, red, green, blue). In con-
trast to figure 1, we show both the typical (circles) and mean
(squares). Moreover, by using a linear scale for the disorder
W it becomes directly apparent that both the typical and the
mean grow exponentially at small disorder. After the peak in
the typical susceptibility the mean susceptibility keeps grow-
ing, resulting in an exponentially large separation between
the two. The dashed line shows the predicted drift of the
maximum: χmax = c exp[αW ∗], where W ∗ = L log(2)/α (see
Eq. (11))

Next in Fig. 5 we show the mean scaled fidelity suscep-
tibility χ̄/2L ≡ 〈〈χn〉〉/2L and the typical one exp[ζ] ver-
sus disorder. The plot of the latter (solid lines black with
circles) reproduce the data from Fig. 1 except disorder is
now shown in the linear scale. In the ergodic regime at
low disorder the mean and the typical susceptibilities are
parallel to each other with only a constant offset between
them, which comes from small Gaussian fluctuations of
χn around the mean. As disorder increases the typical
susceptibility reaches the maximum and goes down, while
χ̄ keeps growing until it saturates at large W . As we dis-
cussed earlier the saturated value is determined by rare
resonances in Eq. (2), where |En − En±1| � 2−L. Such
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resonances inevitably occur due to absence of level repul-
sion (see also Fig. 7). As a result the mean fidelity sus-
ceptibility fluctuates much more at strong disorder than
the typical one.
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FIG. 6. AGP distribution. The distribution of the fidelity
susceptibility is shown for a chain of L = 16. The make
the structure more apparent we have divided disorder range
in 3 intervals. Panel A Shows the disorder increasing from
W = 0.5 (blue) to W = 1.75 (red) Panel B Shows the dis-
order increasing from W = 2.1 (blue) to W = 4.3 (red) and
Panel C Shows the disorder increasing fromW = 5 (blue) to
W = 15 (red). The disorder is logaritmically equally spaced.
Various exponentials are shown by dashed lines for compari-
son. The different panels are also labeled on Fig. 7.

One can extract additional information about the sys-
tem by analyzing the tail of the probability distribution of
χn as it was first discussed in Ref. [32]. Both in ETH and
localized regimes this tail is determined by anomalously
small nearest energy differences |En − En+1| and thus
contains additional information about the level statis-
tics. For random matrix ensembles the distribution has
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FIG. 7. AGP exponent. The tail of the distribution of the
logarithmic fidelity susceptibility decays with a characteristic
exponent. This figure shows the exponent extracted from the
distributions shown in Fig. 6 where the different panels are
indicated on the top. The fitted exponent is shown by the
blue circles. For comparison, the red squares show the level
spacing ratio.

been derived in [59] and a numerical survey on disor-
dered systems has been presented in Ref. [60]. To avoid
exponential factors, it is more convenient to deal with
the distribution of ζn ≡ log(χn). The probability that
ζn = z at large values of z can be estimated as

P(z) ≡ Pr(ζn = z) ≈ Pr
(
log(|f2(s)|/s2) = z

)
,

where s is the smallest of |En −En+1| and |En −En−1|.
Assuming that |f(s)|2 = c|s|−α at small s such that
s = c exp[−z/(2 + α)], we find

P(z) ∝ exp
[
− z

2 + α

]
Q
(
c exp

[
− z

2 + α

])
,

where Q(s) is the probability to have the level spacing
s. At small values of s, corresponding to large z, this
probability usually takes a universal power law form:
Q(s) ∝ sβ with β = 0 indicating Poisson statistics, β > 0
corresponding to the level repulsion and β < 0 corre-
sponding to the level attraction. Combining all these
factors together one finds

P(z) ∝ exp
[
−z 1 + β

2 + α

]
. (13)

In the ETH (random matrix) regime we have β = 1
and α = 0 such that P(z) ∝ exp[−z], in agreement
with the RMT result [59]. In the localized regime, with
no level repulsion (β = 0) and a GOE random opera-
tor ∂λH with no selection rules α = 0, we would find
P(ζn = z) ∝ exp[−z/2]. Note that this asymptote gives
the slowest decay of the tail of the distribution for ran-
dom operators in the absence of level attraction. Any
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exponent smaller than 1/2 for such operators would nec-
essarily imply β < 0, i.e. the levels attract. However,
for (normalized) operators with diverging spectral func-
tion |f2(s)| at s → 0 with a positive exponent α the
exponent in the tail of the distribution can be lower
than 1/2. Instead it is bounded from below by 1/3, i.e.
P(z) ∝ exp[−z/3], which is realized at β = 0 and the
maximum possible value of α = 1. Any exponent less
than 1/3 would necessarily imply level attraction irre-
spective of the operator ∂λH.

In Fig. 6 we show the distribution functions of the log-
fidelity susceptibility ζn: P (z) for different disorder re-
alizations. We divided the disorder realizations in the
three intervals. The first interval (panel A) corresponds
to disorder increasing fromW = 0.5 toW = 1.75. In this
interval the level spacing distribution is well described by
the Wigner-Dyson statistics with β = 1 (see Fig. 7) and
α = 0 as the spectral function is flat at frequencies of
the order of level spacing (Fig. 2). So from Eq. (13) we
anticipate that P(z) ∝ exp[−z], which perfectly agrees
with the numerical results. As we keep increasing disor-
der the system starts to lose level repulsion (Fig. 7) and
accordingly the slope in the tail distribution of ζn goes
down. Panel B shows the results for disorder increas-
ing from W = 2.1 to W = 4.3, where this slope clearly
changes between 1 and 1/2. As disorder gets even larger
(panel C) the slope of the tail keeps going down until it
saturates at a value close to 1/3, clearly below the bound
1/2 for random operators, which we discussed in the pre-
vious paragraph. This exponent can be explained either
by level attraction β < 0 or by divergence of the spec-
tral function α > 0. An independent check on the level
statistics shows that the latter explanation is correct, i.e.
β = 0 and α > 0. In Fig. 7 we show the extracted ex-
ponent as a function of disorder and contrast it with the
level spacing statistics. Clearly the two curves qualita-
tively follow each other very well. The exponent is a bit
noisier because there are higher sample to sample fluc-
tuations in the distribution tail. As we emphasized at
large disorder the exponent goes below a naive Poisson
ratio, highlighting exponential enhancement of the ma-
trix elements of magnetization at small energy differences
compared to the matrix elements of random operators.

It is remarkable that analyzing the tail of the fidelity
susceptibility we come to the same conclusion as ana-
lyzing the spectral function. Namely a simple cartoon
representation of the localized phase as a set of weakly
coupled ergodic boxes seems to be invalid. This represen-
tation was, for example, underlying the renormalization
group treatment of the MBL transition [61, 62]. Instead
at small frequencies there is an exponential enhancement
of the matrix elements of local operators as the local
magnetization is not special in this respect. It is this en-
hancement that prevents the system from localization in
the thermodynamic limit. At this point it is worth noth-
ing that, while phenomenological RG’s [61, 62] support

the Griffiths phase, they are not consistent in that they
do not predict the associated enhancement of the suscep-
tibility. However, it is the same susceptibility which ac-
tually controls the RG. More microscopic constructions,
such as those in [63], are also controlled by the fidelity
susceptibility and similar issues could emerge there as
well.

CONLUSION

We analyzed the sensitivity of eigenstates of a disor-
dered one dimensional XXZ chain to small perturbations
of a local longitudinal magnetic field. Specifically, we an-
alyzed the typical fidelity susceptibility as a function of
disorder strength and the system size. We found that
this susceptibility exhibits a maximum near the local-
ization transition, where the susceptibility is exponen-
tially enhanced in the system size. We observe a sig-
nificant drift of this peak to larger disorder with in-
creasing system size, supporting the conclusions of recent
work [21, 24, 25, 29, 30].
We further analyzed the low frequency dependence of

the spectral function (auto-correlation function) of the
local magnetization and found that for disorder larger
than W ∼ 1 it rapidly crosses over from a diffusive
|f(ω)|2 ∝ 1/

√
ω to a subdiffusive regime with a universal

exponent |f(ω)|2 ∝ 1/ω. For the present system sizes,
we did not find any evidence for existence of robust in-
termediate disorder-dependent exponents. We argued,
based on simple physical principles, that this regime is
inconsistent with localization in the thermodynamic limit
because of conservation of the total spectral weight.
Finally we identified an issue with earlier analytic

treatments of the MBL transition. Namely, the maxi-
mally chaotic critical region separating the ergodic and
localized regimes is characterized by a strong divergence
of the matrix elements of local operators at small en-
ergy differences of the order of the level spacing. This
enhancement is not captured by phenomenlogical RG’s
and, according to our arguments, leads to instability of
the localized phase at large system sizes. Despite finding
evidence against localization in the thermodynamic limit,
we confirmed existence of a very slow, nearly localized
subdiffusive regime with logarithmic in time spreading
of correlations.
The predictions of our work can be readily tested ex-

perimentally. In particular, the spectral function can be
extracted as a Fourier transform of the connected part
of the auto-correlation function of the local magnetiza-
tion, which was measured already for over three decades
in state of the art cold atom experiments [64]. One can
also extract it from transport measurements analyzing
spreading of an initially localized spin or charge like it
was done in Anderson localization experiments [65]. In
time, one might also consider extracting it using a quan-
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tum computer [66, 67]. While extracting the very low
frequency part of the spectral function might be chal-
lenging, the universal 1/ω scaling starts at accessible fre-
quencies and should be measurable.
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Appendix: Strong Disorder scaling

Here we will have a look at the behavior of the typi-
cal fidelity susceptibility ζ for W → ∞. Recall, we are
investigating the susceptibility with respect to changing
the local magnetic field, such that

χn =
∑
m6=n

|〈n|Szl |m〉|2

(En − Em)2 , (14)

and ζ = 〈〈 log(χn) 〉〉. When W → ∞ the Hamiltonian
becomes diagonal in the Sz basis, consequently the sus-
ceptibility tends to zero. As long as there are no (many-
body) resonances, which do not affect the typical suscep-
tibility anyway, we can do perturbation theory in 1/W .
To first order we find

χ(1)
n = 1

W 2

∑
m 6=n

(snl − sml )2 |〈zn|HXX |zm〉|2(
E

(0)
n − E(0)

m

)4 , (15)

where |zn〉 are z-polarized product states, snl = ±1/2 is
the value of Szl in this eigenstates, i.e. Szl |zn〉 = snl |zm〉,
and the energy E

(0)
n =

∑
i his

n
i . Finally, the flip-flop

Hamiltonian HXX is defined as

HXX =
∑
j

(Sxj Sxj+1 + Syj S
y
j+1). (16)

It’s directly clear from eq. (15) that all contributions to
the susceptibility in which m and n have the same value
of the spin on site l vanish. Since HXX simply swaps
neighbouring spins, the only states that contribute to
the sum in expression (15) are those which have at least

one of the neighbours of l anti-aligned with l, i.e.

χ(1)
n = 1

4W 2

[ (snl − snl+1)2

(hl − hl+1)4 +
(snl − snl−1)2

(hl − hl−1)4

]
. (17)

Considering all 8 possible combinations of sl and sl±1,
there are four states for which one has a contribution of
1/4W 2∆h4, two states for which both neighbours con-
tribute and we have 1/2W 2∆h4, and two states states
for which we get 0. The latter, which are completely po-
larized states |· · · ↑↑↑ · · · 〉 and |· · · ↓↓↓ · · · 〉, need to be
handled with care in computing the typical susceptibil-
ity ζn = logχn, as this would diverge. For those states we
need to consider higher order corrections in perturbation
theory, since the first order contribution vanishes. Fortu-
nately that is straightforward to do, as long as there are
no resonances such that we can neglect renormalization
of the denominators. To first order we had

ζ = 3
4 logW−2 + 1

4 logO(W−4) +B, (18)

where B is some universal constant that is independent
of L,W and comes from the disorder average over h. In
order for the polarized states to contribute in the next-
order, they need move an anti-aligned spin to the center
by an extra application of the flip-flip Hamiltonian HXX .
Consequently, either the left or right must have opposite
spin to the polarized region, otherwise also the O(1/W 4)
contribution vanishes. Once again, we have a probability
of 1/4 for both of the ends to be aligned with the cen-
tral piece. This argument can be applied ad infinitum,
resulting in

ζ = 3
4 logW−2 + 1

4

(
3
4 logW−4 + 1

4 logO(W−6)
)

+B

= −
∞∑
i=1

3
4

(
1
4

)i−1
2i logW +B = −8

3 logW +B (19)

The typical eigenstates susceptibility thus decays to zero
like W−8/3 for sufficiently strong disorder, in contrast to
the average over eigenstates which behaves as W−2. Fi-
nally, let us briefly look at finite size L effects. Given that
we are growing the polarized region from both sides in
every order of perturbation theory, finite L effects can be
estimated by replacing the upper bound in (19) by L/2.
The latter would result in corrections of order L2−L,
hence convergence to the thermodynamic limit is fast.
However, since the Hamiltonian under consideration con-
serves total magnetization, we have been primarily con-
cerned with the zero-magnetization sector of the problem.
The latter modifies the probabilities in a finite size sys-
tem L from our previous argument, as it becomes more
and more unlikely to have have an all polarized region
since the total magnetization ultimately needs to sum up
to zero.
Consider the ith step, in which we are looking at the

faith of a polarized region consisting of 2i− 1 spins. The
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probability that both the left and right neighbours have
the same polarization is

pi = (L/2− (2i− 1))
L− (2i− 1)

(L/2− 2i)
L− 2i . (20)

One can go through exactly the same argument as before,
resulting in a generalization of expression (19):

ζ = −
L/4∑
i=1

i−1∏
j=0

[pj ] (1− pi) 2i logW +B, (21)

where one should set p0 = 1. The result is plotted in
Fig. 8, showing how the exponent increases from 2 to 8/3
with increasing system size L. Due to the constraint, the
convergence to the thermodynamic limit is only algebraic
and corrections are of O(1/L). Note that this causes a
pronounced and rather counter-intuitive phenomenon for
small systems, that in this asymptotic scaling regime the
susceptibility of larger systems decays to zero faster than
that of smaller systems.

Finally note that, expression (15) applies more gener-
ally in the MBL regime, as long as one simply replaces
snl = ±1/2 with the non-zero expectation values of the
local z-magnetization in the dressed l-bit eigenbasis. It
is easy to see that irrespective of the assumptions about
the matrix elements this perturbation theory is exponen-
tially divergent with the block size at small energy differ-
ences unless (snl −sm) vanishes with the energy difference
(En−Em). As long as the latter is not true, this pertur-
bation theory is unstable, leading to the spectral weight
generation at small frequencies and decay of conserved
magnetization. Further details of this instability will be
reported elsewhere.
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