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Information theory has become an increasingly important research field to better understand quan-
tum mechanics. Noteworthy, it covers both foundational and applied perspectives, also offering
a common technical language to study a variety of research areas. Remarkably, one of the key
information-theoretic quantities is given by the relative entropy, which quantifies how difficult is to
tell apart two probability distributions, or even two quantum states. Such a quantity rests at the core
of fields like metrology, quantum thermodynamics, quantum communication and quantum informa-
tion. Given this broadness of applications, it is desirable to understand how this quantity changes
under a quantum process. By considering a general unitary channel, we establish a bound on the
generalized relative entropies (Rényi and Tsallis) between the output and the input of the channel. As
an application of our bounds, we derive a family of quantum speed limits based on relative entropies.
Possible connections between this family with thermodynamics, quantum coherence, asymmetry and

single-shot information theory are briefly discussed.

I. INTRODUCTION

Since its formulation decades ago by Shannon [1], in-
formation theory has played a major role in both applied
and fundamental science, ranging from neuroscience [2]
to quantum gravity [3, 4], and along the way has im-
pacted thermodynamics [5], finance [6], and evolution-
ary biology [7]. A central element in this theory is the
Shannon entropy, which measure how much informa-
tion is contained in a probability distribution. Shan-
non entropy also plays a role on the speed of evo-
lution of classical stochastic processes [8]. However,
when the basic assumptions of the theory do not hold,
e.g., extensivity or very large data set (non-asymptotic
regime), another information measures appear as gene-
ralizations of the Shannon entropy. Indeed, such family
of information-theoretic measures include the paradig-
matic cases of Tsallis [9] and Rényi [10] entropies.

Each of these developments is based on the idea that a
physical process could be understood as an information
processing protocol. In such tasks, distinguishing clas-
sical probability distributions or quantum states plays a
fundamental role. The relative entropy [11], also called
divergence [12], stand as a remarkable information-
theoretic distinguishability metric, thus exhibiting dis-
tinct operational meanings in several fields. For ins-
tance, relative entropy quantifies the dissipated work in
a driven evolution [13], the amount of entanglement [14]
and quantum coherence in a given state [15, 16]. More-
over, it unveils the role of entropy production in thermal
relaxation processes [17-19], and also the asymmetry of
a state or process [20].

Rényi relative entropy (RRE) determine an entire fam-
ily of second laws of thermodynamics in the quan-
tum regime [21], which also applies to black hole
physics [22], and cut-off rate in the hypothesis testing
theory [23], quantum Gaussian states [24], just to name

a few results. Furthermore, RRE is linked to an entropic
energy-time uncertainty relation for time-independent
systems [25], also being related to the concept of multi-
ple quantum coherences [26].

Tsallis entropy is mainly considered in the field of
non-extensive statistical mechanics [27]. However, im-
portant applications of this theory also appear in several
other areas [28]. Interestingly, it has been shown that
Tsallis relative entropies (TRE) define a bona fide quan-
tum coherence quantifier [29]. Furthermore, TRE satis-
fies a class of bounds derived from Pinsker and Fannes
type inequalities [30].

Here we consider the fundamental problem of boun-
ding the change in the generalized relative entropies un-
der an arbitrary unitary process. Specifically, we de-
rive an upper bound on both asymmetric and symmetric
versions of RRE and TRE, between the initial and final
states. As an application of this result, we show that
this upper bound implies an entirely family of quantum
speed limits (QSLs).

The importance of our results is twofold. First, it es-
tablishes a bound on entropic quantifiers that are em-
ployed in distinct fields, from quantum communication
to biology [31, 32]. In general, since the computation of
relative entropies are usually difficult, our main result
can directly be applied in all of these fields by providing
bounds on central quantities. Secondly, our family of
QSLs provide non-asymptotic bounds on the time evo-
lution of quantum systems in the sense of the so-called
single-shot information theory [33]. Furthermore, due
to the broadness application of RRE, it provides a bridge
among the speed of quantum evolution, thermodynam-
ics [34] and quantum resources, e.g., entanglement, co-
herence and asymmetry [35]. Importantly, since our re-
sults apply to TRE, it also provides a non-extensive ver-
sion of the QSL, which can found several applications,
both on fundamental and practical aspects [36].



The paper is organized as follows. In Sec. I we briefly
review the main properties of Rényi and Tsallis relative
entropies, which in turn can be recasted in terms of a
generalized entropy. In Sec. III, we introduce the phys-
ical setting and present an upper bound on those gen-
eralized entropies. Next, in Sec. IV we discuss an entire
family of QSLs derived from the referred upper bound
on Rényi and Tsallis relative entropies. In Sec. V we
illustrate our findings via the prototypical case of the
single-qubit state, thus presenting analytical results for
the family of QSLs, and also discussing the tightness of
the main bound on generalized entropies. Finally, in
Sec. VI we close the paper discussing these results and
comment on possible applications.

II. GENERALIZED RELATIVE ENTROPIES

Let us start by defining our physical system, which is
described by a finite-dimensional Hilbert space H, with
d = dim(#). In general, the state of the system will be
given by a density matrix p € ©, where Q@ = {p € H |
pl = p, p >0, Tr(p) = 1} defines the convex space of
density operators. In this setting, given two states p, w €
(2, the Rényi (RRE) and Tsallis (TRE) relative entropies
are defined, respectively, as [37]

Ru(pllw) = —— Inlga(p.w)] . 0

and

Holplo) = [ —galpel] . @

where g, (p,w) = Tr (p*w'~*) is the a-relative purity,
also called Petz-Rényi relative quasi-entropy [24], with
the parameter o € (0,1) U (1,+00) labelling the fami-
ly of quantum relative entropies [38]. Equation (1) is
also called Petz-Rényi relative entropy [39], standing
as the first quantum extension of the classical RRE. In-
deed, due to the noncommutativity of quantum states,
the non-uniqueness of quantum information-theoretic
quantifiers has triggered the search for a plethora of
quantum entropies, e.g., sandwiched Rényi relative en-
tropy [37, 40-42], and «a-z-relative Rényi entropy [43].

Importantly, relative purity satisfies the property
ga(w,p) = g1—a(p,w), ie., it is skew symmetric with
respect to a. In particular, when p = w we have
ga(p,p) = 1 for all a, and thus one gets R, (p|lp) =
H.(pllp) = 0. Noteworthy, for &« = 1/2 one recov-
ers the so-called quantum affinity, which is related to
Hellinger angle [44]. In turn, Hellinger angle is asso-
ciated to Wigner-Yanase skew information metric, and
characterizes the length of the geodesic path connecting
states p, w € Q [45, 46].

In the following we summarize the main proper-
ties of RRE and TRE. A more complete presentation
can be found in Ref. [47]. Starting with RRE, the

limit @« — 1 recovers the well-known quantum rela-
tive entropy Ri(p|lw) = S(p|lw) = Tr(plnp — plnw).
For @« = 0, RRE reduces to the min-relative entropy
Ro(p|lw) = —InTr(Il,w), with II, being the projector
onto the support of the state p [48]. Noteworthy, for
0 < o < 2, RRE satisfies the data-processing inequa-
lity, i.e.,, Ry (A(p)[[A(w)) < Ra(p|lw), thus being mono-
tonic under any completely positive and trace preser-
ving map A(e) [49]. This is a fundamental inequality
not only within information theory, but also for physics
(see, for instance, Ref. [50] where the second law of ther-
modynamics is obtained from such inequality). Moving
to Tsallis relative entropy, it has been shown that, for
0 < a < 1, TRE is (i) nonnegative, i.e., Hy(p|lw) > 0
for all p,w € €2, with the equality holding if and only if
p = w; (ii) jointly convex; (iii) nonaditive; and (iv) con-
tractive under completely positive and trace preserving
maps [28, 51, 52]. Importantly, TRE also recovers the
standard quantum relative entropy in the limit o — 1,
ie., Hi(pllw) = S(p|lw).

We shall stress that RRE and TRE are asymmetric with
respect to states p,o € (). However, a bona fide dis-
tance measure within the information geometry theory
is usually symmetric. For instance, the so-called quan-
tum Jensen-Shannon divergence, i.e., the square-root of
symmetrized quantum relative entropy, was proved to
be a metric on the space of density matrices [53]. For
the case at hand, the aforementioned entropies can be
symmetrized as

Oulp: w) = Oalpllw) + Oalwllp) , ®)

where index O = {R,H} labels RRE and TRE, respec-
tively. We are now ready to present our main result.

III. BOUNDS ON GENERALIZED RELATIVE
ENTROPIES

The dynamics of our system is governed by a time-
dependent Hamiltonian H, € B(H), with B(H) being
the set of bounded operators acting on H. In general,
the Hamiltonian H; is not self-commuting at different
times, ie., [Hs, H;] # 0 for s # t. The initial state
po € Q undergoes the unitary evolution p; = Us pOUtT,
for t € [0,7], where U, = Te iJodsHs js the time-
ordered unitary evolution operator satisfying the equa-
tion —i(dU;/dt) = HU;. From now on, we will work in
natural units, i = kg = 1.

Based on this physical setting, our goal is to provide
a class of nontrivial upper bounds for RRE and TRE. In
Appendix A.2 we have proved that, for o € (0,1), RRE
and TRE satisfy the inequality

(G2 (1)

l—al

Oa(pTHPO) < (4)

where (o)), = 77! [ o di stands for the time average,



and
g3 (t) == @ lpg~ I, IH p6 11l ©)

with ||Alls = /Tr(AtA) being the Schatten 2-norm.
Here, @ is an auxiliary function which reads

o 1, forO=H, ©)

30 — {|1 + (1 —a)In(Amin(po))|~t, forO=R
where Amin(po) sets the smallest eigenvalue of the input
state pg. Noteworthy, Eq. (4) is the first main result of
this article. Remarkably, the bound mostly depends on
po and H,. Naturally, a similar bound can be obtained
for the case in which the arrangement of states py and
pr in Eq. (4) is swapped, which is given by (see Ap-
pendix A.2)

(G2 )

Oualpollpr) <

Furthermore, the corresponding inequality for sym-
metrized forms of RRE and TRE is then obtained,
roughly speaking, by combining the two non-symmetric
upper bounds, and reads (see details in Appendix A.3)

T (G0(1) + G2 ()
1-af |

Oalpr = po) < 8)

Remarkably, such bounds do not depend on the time-
ordered evolution operator U;, neither on the evolved
state of the system. Thus, for states py and p, of a given
closed quantum system, our results provide a route to
estimate both RRE and TRE entropies which will de-
pend mostly on the spectral properties of the initial state
po and the driving Hamiltonian.

Importantly, Eq. (4) can be recasted in terms of the
Frobenius norm of the initial state of the system, while
being a function of the time-average of the Schatten 2-
norm of the Hamiltonian. To see this, we first point
out that for two arbitrary complex matrices X and Y,
it has been proved the Schatten 2-norm fulfills the ine-
quality [|[X,Y]|l2 < V2| X|l2]|Y |2 [54-56]. Hence, from
Eq. (5) one readily obtains the upper bound G9(t) <
V2p5~ Uy 1p§ |2 || He||2- Therefore, the bound in Eq. (4)
can be recasted as

V278 |lpo s lleg ll2 (Il Hell2)) -
1 —al '

Oalprllpo) < 9

In particular, note that {( || H;||2))- = || H||2 for the case in
which the Hamiltonian is time-independent, i.e., H; =
H. Overall, the bound in Eq. (9) does requires minimal
information about the system, e.g., its initial state py and
the energy levels of the Hamiltonian H;. Indeed, the lat-
ter comes from the fact that, given the spectral decompo-
sition H; = Z]d':1 €j(t)]9;(t)){(¢;(t)|, with d = dim H the
dimension of the Hilbert space, where the eigenvalues

3

{€;(t)};j=1,....a and eigenstates {|¢;(t))},=1,... 4 are time-
dependent, thus one obtains || H;||3 = Z?:l €;(t)2.
Finally, regardless of the simplicity and usefulness of
the bound in Eq. (9), we shall point out the original
bound in Eq. (4) might stand as the general and tighter
one. Before discussing the physical significance of this
bound, we will make use of it to obtain a family of QSLs.

IV. QUANTUM SPEED LIMITS

The quantum speed limit (QSL) signals the mini-
mum time of evolution between two quantum states
undergoing an arbitrary dynamics. Indeed, Mandel-
stam and Tamm addressed this question around 75
years ago for closed quantum systems, thus show-
ing the QSL time for orthogonal states is given by
Tos. = hm/(2AE), where (AE)? = (o|H?|tbo) —
(Yo|H|1)? stands for the variance of the Hamilto-
nian with respect to the initial state |¢)g) of the sys-
tem [57]. Later on, Margolus and Levitin derived the
QSL time 7qgr, = hm/(2(o|H|1bo)) for the same phys-
ical setting, i.e., closed quantum systems evolving be-
tween orthogonal states [58]. Importantly, both lower
bounds can be combined accordingly onto a tighter one
as 7 > max{hin/(2AE), hr/(2(o|H|t))} [59]. In the
last decade, several bounds were introduced in the lit-
erature covering the QSL time for different physical set-
tings, e.g., addressing pure and mixed states, for closed
and open quantum systems [60-72].

Here we will present a family of QSLs by time ave-
raging the right-hand side of Eq. (4), thus followed by
a rearrangement of the resulting inequality. Indeed, the
time 7 required for an arbitrary unitary evolution driv-
ing a closed quantum system from py to p, is lower
bounded as

7> 18 = max{rS (prllpo), 7 (pollpr). 75 (po : pr)}

(10)
where
e} 1= a|Oalprllpo)
Ta (prllpo) := o Saerl) a
and
0 (pollps) = =01 Oalpolipr) .

(G @)

while the QSL time due to symmetrized relative en-
tropies reads [see Appendix A.3]

|1 —a|Oalpo : pr)
Got) + G2 () )

Equation (10) stands as our second main result, thus
establishing a family of entropic QSLs, i.e., RRE and
TRE provide lower bounds on the time of evolution be-
tween the initial and final states of the quantum sys-
tem. Recently, a related family of QSLs, based on

(o < pr) = i (13)



the relative entropy, were derived bounding the time
it takes to generate or consume a given quantum re-
source such as entanglement, asymmetry, and athermal-
ity [73]. These bounds, dubbed as resource speed limits
(RSL) were shown to be tighter than QSLs in several
instances. However, as RSLs are constructed using the
standard relative entropy (o — 1), thus being only mea-
ningful in the asymptotic limit. RSLs for single shot sce-
narios requires working with Rényi relative entropies.
Here, we have taken the first step in this direction.

We shall stress that the previous discussion is valid
for a € (0,1). In the following, we will discuss the li-
miting cases & — 1 and a — 0, which crucially reduce
to the standard relative entropy and the so-called min-
relative entropy, respectively. Importantly, these results
cannot be simply obtained from the results above. While
the case o — 1 is clearly delicate from the definition of
RRE and TRE given in Egs. (1) and (2), respectively, the
case @ — 0 must be carefully considered since simply ta-
king o = 0 in Eq. (4) would provide us a trivial bound,
independently of the initial state and the dynamics.

A. Limiting case of @ — 1

Let us start by considering the limit o — 1, in which
both RRE and TRE recover the quantum relative en-
tropy, i.e., limy—1 04 (0]|w) = S(o||w). In this case, it can
be proved that the following upper bound applies (see
details in Appendix B)

S(prllpo) < 7l pollz ([[[Ht, pe]ll2))+ - (14)

In this case, the corresponding QSL family reads

7 > 8 = max {1 (pr||po), T (pollpr ), 1 (po < pr)}
(15)
where
S(A|B)

RE =
C@AB) = L ARy, O

and

RE(p0 ) S(prllpo) +S(eollp-) _
' T ool (CNLH, ol + II[Hupo]IIz))zm

In particular, when the Hamiltonian is time-
independent, i.e., H, = H, one obtains ||[H, pi]|l =
IIH, polll2 = 2+/Zr(po, H), where we have used the
fact that Schatten 2-norm is unitarily invariant. Here
Ty (po H) = (1/4)[IH. pol 3 = —(1/4) Te([po, H]?) de-
fine a time-independent quantum coherence quantifier
which sets a lower bound on Wigner-Yanase skew
information [74, 75]. Now, since Z7,(po, H) < (AH)?,
where (AH)? = Tr(poH?) — [Tr(poH)]? is the squared
deviation of the Hamiltonian, thus Eq. (16) implies the
lower bounds TRE(pollp,) > S(pollp,)/(2 AH | In polls),
and 71" (pr[lpo) > S(p-llpo)/ (2 AH [|1n po2).

B. Limiting case of  — 0

Considering now the case @ — 0, in Appendix C we
have proved that Rényi min-relative entropy is upper
bounded as

Ro(prllpo)| < 7 (Q6(pos pe) )+ (18)
with
A2 |[Uf H,Uy, B)||»
E(A, B) = I ) 19
%(4,8) ITe(AU, BU])| (19)

Here 11, is the projector onto the support of the initial
state pg. From Eq. (18), we can derive the QSL time as

7> 75 = max{rg (pr ]| o), 75 (pollp7) 70 (o : pr)}

(20)
where
R _ _Rolprllpo)l
0 (prllo0) = Tt g 10,7 @b
and
Rpollpr) = oneoler) 22)

<<Q€)(HP0’ p0)>>T ’

while the QSL related to the symmetric min-entropy is
given by

R, . . IRolprllpo) +Ro(pollp-)l
70 (P02 Pr) = an L)+ G0 (M)

(23)

Noteworthy, the ‘speed” contribution Qf is closely re-
lated to the QSL derived with respect to Euclidean dis-
tance in the Bloch sphere [76, 77]. Importantly, when the
density matrix pg has full-rank, i.e., dim(po) = supp(po),
thus Rényi min-relative entropy vanishes and implies

that TIEO) = 0. To see this, let py = Z‘Z:lpg\wg}(wd
be the spectral decomposition of the input state, with
d = dim(H). Note the projector II,, onto the sup-
port of the full-rank state py is equal to the identity,
oy = > pp,z0 [Ve)(¥e| = L Hence, it is straightfor-
ward to verify the symmetric min-entropy is identically
zero because Ro(p-||po) = —In[Tr(UlpoU,)] = 0 and
Ro(pollpr) = —In[Tr(U, poUl)] = 0. Furthermore, from
Eq. (19) one readily gets Qf(po, I1,,) = 0, while the func-
tional Q(I1,,,p0) = Vd||[U; HUs, pol||2 remains finite
fort € [0, 7].

V. EXAMPLE

We now provide an analytical example in order to
make clearer the physical implications of our results.
Let us consider a single-qubit state, whose Bloch sphere
representation is written as pp = (1/2)(I + - &), where
G = (04,0y,0.) is the vector of Pauli matrices, 7 = r 7 is



TABLE I. Theoretical-information quantifiers related the single
qubit state po = (1/2)(I + 7 - &), evolving under the Hamilto-
nian H; = wl+ 7, - &. Note that ji; := f; — sin(2|@|) (G %
ﬁt) + 2sin2(|11't|) [(ﬁt . ’ﬁ,t)ﬂt — ’ﬁ,t}, Wlth ﬂt = ﬁt/|ﬁt\, and
iy = f(f dsfs. If the Hamiltonian is time-independent, i.e.,
7y = 7, one must apply the changes 4; — 7, |4:| — t, and
fit — 7 into the listed quantities.

Quantifier Analytical value

(e, 03]z € VI~ (- 7))

(e, pol 1 V2~ (e 7))

(e o)l V2= (e 7))
S(pclloo) i (E2) (1 (i 7)%) sin* (%))
ln pol VYin? (355) +n? (457

16l Vb

the Bloch vector, with # = {sin 6 cos ¢, sin 8 sin ¢, cos 6},
0<r<1,0€][0,n]and ¢ € [0,27], while I is the 2 x 2
identity matrix. Particularly, for 0 < o < 1, the operator
p§ respective to the initial single-qubit state is written as

EI+¢,(7-7)] (24)
where

& =21 +r) 1 -1, (25)

The dynamics of the system is governed by the
time-dependent Hamiltonian H; = wl + 7 - 7,
where 7, = {n¥,n},n;} is a time-dependent unit
vector, |7l = 1, and w € R. In this case,
the time ordered evolution operator becomes U; =
e‘”w [COS(|ﬁt|) I— ’LSII’I(|’L_I:t|) (’llt . 5)], where '&t = ﬁt/‘ﬁt|
is a unit vector, with #; := fg dsns. In particular, if
H; = H is time-independent, i.e., 7; = 7 is a constant
unit vector, we directly obtain 4; = 7. Next, by per-
forming a lengthy but straightforward calculation, one
may verify the evolved single-qubit state becomes

1 Cn o
pr=UipiUl = S [T+ (3] (20)

with the unit vector oy = 7 + sin(2|u]) (4 x 7) +
2 sin®(|d@|) [(4 - #)@i; — 7. Hence, by considering the
range 0 < a < 1, from Egs. (24) and (26) we thus have
that a-relative purity reads

Ga(pspo) = 1= €56 o (1= (g - 7)) sin®(|T@e]) . (27)

0.03
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FIG. 1. (Color online) Density plot of QSL (a) 7R, and (b)
7 as a function of time 7 and «, for the time-dependent
Hamiltonian H; = 7, - &, with 7, = v7'{A,0,vt}, and v :=
VA2 + (vt)2. Here the initial state is defined by {r,0,¢} =
{1/4,7/4,7/4}, and the ratio A/v = 0.5.

Interestingly, since relative purity is skew symmet-
ric over the index «, Eq. (27) implies that g, (pi, po) =
91—a(pt, po) = galpo,pt). In turn, both RRE and TRE
will satisfy the constraint O, (p:|[po) = Oa(pollp:) for
single-qubit states. Furthermore, from Eq. (27), note that
a-relative purity is equal to 1 for |@;| = nw, withn € Z
and ¢t € [0,7]. Furthermore, g, (pt, po) = 1 if vectors 4,
and 7 are parallel. Conversely, a-relative purity becomes
Galpe,po) = 1 — €& sin’(|iy]) if vectors @, and 7 are
orthogonal. In Table I we summarize the quantities re-
quired to evaluate the QSL bounds 72, ¢, and 7§, for
the case of a single-qubit state.

For simplicity, let us focus on a Hamiltonian with
w = 0and iy = v HA,0,0vt}, with v := /A2 + (vt)?,
where v stands as a ‘level velocity’ of the energies of the
system, and A is the level splitting [78]. Figure 1 shows
the QSL 7 and 7! as function of time 7 and the param-
eter a, for the initial single-qubit state with {r,0,¢} =
{1/4,7/4,7/4}, also setting the ratio A/v = 0.5. In Ap-
pendix D we provide a complementary numerical study,
thus exploiting in details the qualitative behaviour de-
picted in Fig. 1 for RRE and TRE.

Finally, we will investigate the tightness of our
bounds for non-symmetric and symmetric relative en-
tropies. Overall, the tightness of the bounds is related
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FIG. 2. (Color online) Density plot of the normalized figure of merit 62(a, 1) = 62 (e, 7)/max [5{9 (o, 7)], with I = {1,2,3}
[see Egs. (28), (29) and (30)], for Rényi relative entropy (a) gﬁ{(a, 7), (b) ?s“;(a, 7), and (c) 5~§(a, 7); and for Tsallis relative entropy
(d) 0% (a, 7), (€) 65 (cx, 7), and (f) 8 (cx, 7). Here we set the initial single-qubit state with {r,0, ¢} = {1/4,7/4, 7 /4}, and also the

ratio A/v = 0.5.

with the tightness of the QSL. To see this, we introduce
the following figures of merit for non-symmetric RRE
and TRE

0f (a,7) =7 (G5 (1)) — [1 — alOalp-llpo) ,  (28)

and
05 (0, 7) := 7 (G o (8))r — 1 = alOalpollpr) ,  (29)
while for the symmetrized relative entropies one gets
69 (a, 1) = 09 (a0, 7) + 65 (a, 7) (30)

with O = {R,H}. We note that Egs. (28), (29), and (30)
will quantify how much the bounds deviate from the
actual value of RRE and TRE entropies, for both non-
symmetric and symmetric cases. Hereafter, we will set
the initial single-qubit state parameterized as {r,0, ¢} =
{1/4,7/4,7/4}, and also fixing the ratio A/v = 0.5.
Figure 2 shows the plot of the normalized quantity
62 (a,7) = 0P (e, 7)/max [6° (a, 7)], with I = {1,2,3}.
On the one hand, Figs. 2(a) and 2(b) show that, for 0 <
a < 1, both quantities 6% (a, 7) and 0%(«, 7) approaches
zero for short times (0 < 7 < 2). On the other hand,
Figs. 2(d) and 2(e) indicate that, as the time increases,

the figure of merit 6(a, 7) will remain close to zero as
long as a < 0.4, while 65! («, 7) approaches a small value
for a 2 0.4 during the range 0 < 7 < 4. Finally, Figs. 2(c)
and 2(f) suggest that, for the chosen initial parameters,
both quantities 6% (e, 7) and 65 (v, ) behave similarly,
being slightly tight in the time window 0 < 7 < 2, for

0 < a < 1. Nonetheless, we stress that a more general
analysis requires varying those parameters to include a
larger class of initial states and Hamiltonians. Of course,
this subject should deserve further investigation, also
including a detailed study of Egs. (28), (29) and (30), as
well as the family of QSLs bounds presented in Sec. IV,
for higher-dimensional systems.

VI. DISCUSSION

The main contribution of this paper is to provide an
upper bound on generalized entropies when the phys-
ical system undergoes a unitary transformation. As
the first application of our bound, we derived a fam-
ily of QSLs in Egs. (11), (12), and (13). From this re-
sult, the minimum time required for the state transfor-
mation is inversely proportional to a quantity that in-
volves the average energy of the system [see Eq. (5)].
In turn, this determines the evolution speed, while be-
ing directly proportional to O,, and thus implying the
entropies play the role of distances. Furthermore, our
derivations of QSLs, based on RRE, is first step toward
resource speed limits quantifying consumption of resource
in single shot scenarios [73].

Another interesting connection can be built based on
asymmetry monotones (AMs), which in turn character-
ize conservation laws for general quantum systems, in
the sense of Noether’s theorem [20]. In short, AM is a
function f : B(H) — R that quantifies how much the
state of the system breaks a given symmetry. Mathemat-



ically, the action of a symmetry group G on a quantum
system is described by the operation U,(p) = U, pU],
where the variable g labels the group elements. The
key idea behind AMs is to recognize the orbit of each
quantum state as an encoding process, while the map
Uy (po) — Uy(pr) is viewed as data processing. This im-
plies that we can employ any contractive information
measure to characterize the orbit of each state, which
leads to an AM satisfying f(U,(p)) < f(p) [20].
Considering the range of a in which RRE and TRE
are contractive under the action of a completely-positive
and trace-preserving map, we immediately see the sym-
metrized relative entropies in Eq. (3) (as well as its non-
symmetric versions) define an entire family of AMs. In-
deed, the standard relative entropy (a« — 1) was previ-
ously considered as an asymmetry monotone [79].

Next, since Egs. (4), (7), and (8) are valid for unitary
transformations encoding any unknown parameter into
the state of the system, i.e., it goes beyond the paradig-
matic case of time evolutions, thus we can replace ¢ by
the group variable g. Indeed, this is due to the fact the
unitary representation of the symmetry group leads to
the evolution equation dp,/dg = —i[K, p,], with K be-
ing the generator of the transformation. Therefore, our
results provide upper bounds on how much the state
breaks the symmetry generated by K. This sets up-
per bounds of how much the conservation of the asso-
ciated physical quantity can be broken. In the specific
case of QSLs, this implies the minimum evolution time
is determined by the asymmetry measure respective to
non-symmetric and symmetric RRE and TRE, which in
turn stands as a measure of how much the initial state
breaks the time-translation symmetry [see Egs. (11), (12),
and (13)].

Finally, we will discuss the relation between our re-
sults and the concept of non-equilibrium entropy pro-
duction. We begin by setting the initial state of the sys-
tem as a thermal one, py = pg = exp{—FHo}/Z, where
Z is the partition function, and Hj is the ‘bare” Hamil-
tonian of the system, i.e., [Hy, H;] # 0 for all ¢ # 0.
From Eq. (16), one may verify the lower bound on the
time of evolution is proportional to S(p,||pg), which in
turn stands as the entropy production associated with
the process under consideration. Therefore, a natural
question arises about the extension of this connection
to general entropies and systems. Indeed, such a gen-
eral picture could be addressed by exploiting the en-
tire family of second laws of thermodynamics based on
RRE [21, 34]. This may open an avenue for the com-
prehension of QSLs [57, 58, 60-62, 80, 81], asymmetry
monotones [79], and quantum thermodynamics [19, 82—
84], based on a strictly geometric framework.

The results presented here raise another questions.
First, we could consider the extension of our results to
open quantum systems. Moreover, given the link be-
tween quantum coherence and TRE [85], we could in-
vestigate the trade-off among entropy production, QSL
and quantum coherence in this scenario. Furthermore,

since our results also apply for the min-entropy, i.e., the
limit @ — 0 regarding to RRE, they can be employed in
the single-shot information theory, where the relations
among asymmetry, QSL, and thermodynamics can be
further developed into the non-asymptotic regime.
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APPENDIX
A. BOUND ON RELATIVE ENTROPIES

In this Appendix we will present in details the deriva-
tion of the results discussed in Sec. II.

A.1. Bounding a-relative purity

Here we will derive a non-trivial lower bound on the
a-relative purity, which will be useful throughout this
Supplementary Material. Let p1, p2 € 2 be two arbitrary
density matrices, with Q@ C H, where Q = {p € H | pf =
p, p >0, Tr(p) = 1} sets the convex space of quantum
states, while H is a d-dimensional Hilbert space, with
d = dim(H). The Tsallis relative entropy (TRE) is de-
fined as Hu(p1p2) = (1 —a) ' [1 = ga(p1, p2)] where
9u(p1,p2) = Tr(p§pi~®) stands for the a-relative pu-
rity [37]. In particular, for 0 < a < 1, it has been proved
that TRE is upper bounded as follows [86]

Hao(p1llp2) < S(p1llp2)

where S(p1||p2) = Tr[p1(Inp; — In py)] is the ‘standard’
quantum relative entropy. Interestingly, from Eq. (A1),
we readily derive the lower bound on a-relative purity

(A1)

galp1,p2) 21— (1 —=a)S(p1llp2) - (A2)



Noteworthy, bound in Eq. (A2) exhibits two important
features. On the one hand, for o = 1, it trivially satu-
rates since g1 (p1, p2) = 1 for all states p1, pa € Q. On the
other hand, for a = 0 one recovers the Klein’s inequality,
S(p1llp2) = 0, due to the fact that go(p1,p2) = 1 for all
p1,p2 € §, thus stating the quantum relative entropy is
non-negative. Next, quantum relative entropy satisfies
the following lower bound [87, 88]

S(p1llp2) < —In(Amin(p2)) ,

where Apin(®) sets the minimum eigenvalue of the re-
ferred density matrix. Importantly, authors in Refs. [87,
88] have derived a plethora of lower and upper bounds
on S(p1|p2), which in turn depend on some distance
measures as the operator norm, Schatten 1-norm, and
Frobenius norm. However, we shall stress the bound in
Eq. (A3) is more suitable for our purposes, mostly be-
cause it stands as one of the simplest non-trivial lower
bounds on quantum relative entropy. Therefore, by
combining Eqgs. (A2) and (A3), we thus have that

ga(p1,p2) > 14 (1 — a) In(Amin(p2)) 5

which implies the following upper bound on «a-relative
purity
[9a(p1,p2)] 7" < [1+ (1= @) In(Amin(p2))] " -

(A3)

(A4)

(A5)

A.2. Bound on non-symmetric relative entropies

Here we will address the upper bound for non-
symmetric quantum relative entropies. From now on,
we will focus on both Rényi, R, (p:||po), and Tsallis,
H, (pt|lpo), relative entropies, where py is the initial state
of the system, and p; = U; poUtT its respective evolved
state, with U; = Te /o 45 H: being the unitary time-
ordered evolution operator. The absolute value of the
time-derivative of Rényi relative entropy (RRE) of states
po and p; is given by

1
11— alga(pt, po)

In Appendix A.1 we have derived an upper bound on
the inverse of the a-relative purity, which in turn will
exhbit a logarithmic dependence on the smallest eigen-
value of the initial state of the system. Indeed, by sub-
stituting Eq. (A5) into (A6), one obtains the following
inequality

d
%ga (P, po)| - (AB)

d
iRalonlm)

| < g0(pt, po)|
al [T+ (1 — a) In(Amin(po))| '
(A7)
For completeness, the absolute value of the time-
derivative of Tsallis relative entropy (TRE) of states pg
and p; is given by

d
— <
‘dtRa(ptlpO) = |1_

1 d
m ‘ %ga (pts o) (A8)

d
iHaloil)

Next, the time-derivative of relative purity
galptspo) = Tr(pf po~*) is evaluated as follows.

Because p: evolves unitarily, it is possible to verify

the operator p¢ = U, pf U: satisfies the von Neumann
equation dpf/dt = —i[H,p?], where we used the
identity U, (dU] /dt) = —(dU,/dt)U} = —iH,. Hence, we
thus have that

(A9)

d - « —
—9alpr,p0) = =iTr (pf [y, Hi])

where we have used the cyclic property of trace. By
taking the absolute value of Eq. (A9), and applying the
Cauchy-Schwarz inequality, [Tr(A1.Az2)| < || A1]l,][ A2l

with [|A]|, = \/Tr(ATA), one readily gets

d (0% —x
e )| < W1 b2l (A10)
where we have used that ||p%||l2 = |UpgU) |2 = [1p%]l2,

i.e., Schatten 2-norm is unitarily invariant. Hence, by
substituting Eq. (A10) into Egs. (A7) and (AS8), one finds
the generalized upper bound

d _
0uloiln)| < -l 7080, (a1
where we define the functional
G5 (8) = 16 1o [ He 5"l (A12)
while the auxiliary function reads
60 _ |11+ (1 =) mOin(p0))| 7", for O =R
« 1, forO=H.
(A13)

Just to clarify, in the remainder of the paper the index
O = {R,H} will label RRE and TRE, respectively. Fi-
nally, by integrating Eq. (A11) over the interval 0 < ¢ <
7, we thus obtain the upper bound

Oulprllpo) <1 —af ™! / agot),  (Al9)
0

where we have invoked the inequality |[dxzf(z)| <

Jdz|f(z)], and used the fact that both RRE and TRE are

nonnegative, real-valued, information-theoretic mea-

sures.

Importantly, an analogous bound can be derived for
the case in which the states py and p, are swapped.
We will briefly sketch the proof since the calculations
are similar to the previous discussion. The property

9a(pospt) = g1—a(pe, po) for the relative purity impli-
cates the skew symmetry

(1 =) Oalpollipr) = o O1—alptllpo) ; (A15)

which holds for all pg,p; and 0 < « < 1. In turn, the
identity in Eq. (A15) allow us to write down the time-
derivative

d
aoa(pollpt)

«

d
= m ’dt@a(mﬂpo) (Ale6)




Invoking Eq. (A11) and mapping o — 1 — «, one obtains
|dO1—a(pellpo)/dt] < =G (t). Hence, by inserting
this expression into the right-hand side of Eq. (A16), we
thus have that

d
0l <l -al02,0, aw)
which implies the upper bound
Oulmllor) <1 -a ™ [ 4162, (A18)
0

A.3. Bound on symmetric relative entropies

Here we will address the upper bound for symme-
tric quantum relative entropies. We shall begin with the
symmetric relative entropy

Ou(pr : po) == Oalptllpo) + Oalpollpr) » (A19)

where py is the initial state of the system, while p, =
UpoU] is the evolved state. Let |[dO4(py : po)/dt| be

J

the absolute value of the time-derivative of Eq. (A19).
Hence, by applying the triangle inequality |a; + ag| <
|a1| + |az|, one obtains

Oa (Pt : PO)

4
dt

d
+ ‘dth(pollpt)
(A20)

d
< R
< ‘dtoa(ptllpo)

Based on Egs. (A11) and (A17), it follows that

Oalpr i po)| <1 —al 1 [G(t) + 67 ,(1)] . (A21)

4
dt

Finally, by integrating Eq. (A21) over the interval ¢t €
[0, 7], and using the fact that | [da f(z)| < [dz|f(z)|, one
finds the upper bound for symmetric relative entropies

Oalor sl <la =17 [ at[69()+62.(0]
’ (A22)

B. RECOVERING RELATIVE ENTROPY

In this Appendix we present the details in the calculation of the limit & — 1. The idea here is going back few
steps and pinpoint the main features needed to properly address such nontrivial limit. For the two states py and

pr = Ugpo UtT, we shall begin evaluating the limiting case o — 1 of the time-derivative of symmetric relative entropy

defined in Eq. (A19), i.e,,
d

: . d .
lim = Oa(pe : po) = lim = Oa(prllpo) + lim (

a—1 dt «

« d
ma(’h-a(ptllpo) , (B1)

where we have used the fact that O, (pol|p:) is skew symmetric [see Eq. (A15)]. Next, by taking the absolute value of
Eq. (B1), then applying the triangle inequality |a; + az| < |a1| + |az|, and finally integrating the resulting expression

over interval ¢ € [0, 7], we thus have that

T d T d T a d
. d _ < . d .o d
/0 dt | lim = Oa(pt : po) _/O dt | lim — Oa(ptllpo) +/O dt | lim i—a) 7101 pillpo) (B2)
Based on the definition of the relative entropy, S(A||B) = Tr[A(In A — In B)], note that one may write down
. T d T d
IS(prllpo) +S(pollp-)| = | im Oa(pr po)‘ =| [ dtlim —Ou(ps:po)| < [ dt|lim —Ou(p: : po) (B3)
a—1 0 a—1 dt 0 a—1 dt

Just to clarify, here we assume that RRE and TRE are continuous real-valued functions over the set o € (0, 1)U(1, 4+00)
and ¢ € [0,7]. In this sense, we are formally able to switch the limit on parameter o with the integration sign over
variable ¢t. Thus, by combining Eqs. (B2) and (B3), one readily obtains

T go 7 d
1S(p-lp0) + S(pollor)] S/o gt O (pe, po)

a=1 (1—a) dt

where we have used that

o d
lim %Oa(pthO)

lim ——=—==—ga(p¢, po)

li
a—

EC o (pe,po) d

+ /0 e L I 0] I D)
E9(pt, po) d
(1(p_t(5)0)dtga(/)t,po) ) (B5)
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and

. o d
lim m@ol—a(m“ﬂo)

a—1

. 510—(1(pt7p0) d
ilinl W%gl—a(ptapo) ) (B6)

with the auxiliary functional £ (A, B) defined as

[9s(A,B)] ", forO=R

B7
1, forO=H. (B7)

(A, B) = {
Interestingly, one may verify the right-hand side of Eq. (B4) exhibits an indeterminacy in the limit o — 1. Indeed,
since (dp; /dt) = —i [Hy, pi], it follows that
lim [dga(pr, po) /dt] = (i) lim Tr (o~ [Hz, ) = 0, (B9)
a—1 a—1
and also
lim [dg1—a(pt, po)/dt] = (=i) lim Tr (P§[Hepy 1) = 0. (B9)
Similarly, one readily verifies that lim, 1 (1 — a)[EQ (ps, po)] ™t = 0 and lim,—1 (1 — @)[EC (o1, p0)] "t = 0, where

we used the fact that lim,, 1 [E9 (ps, po)] ™! = 1, and lim, 1 [P, (pt, po)] "' = 1, for all O = {R, H}. In this case, one
obtains

ES (pe, po) d 0
lim Sa\PP0) @ - B10
i =G =gy @gdelrero) = (B10)
and
EC (piypo) d 0
lim Salepo) d oy 2 (B11)

a=1 (1—a) dt 0

which in turn suggests the right-hand side of Eq. (B4) is not well-behaved. We note, however, this such issue is
readily circumvented by applying the L'Hospital rule, leading us to
li 5(? (pt7 PO) d

— 3 d[dga(pr, po)/dt] /da
ST a0 = I G ) B9 ()] ) e (512

and

EQ ,po) d dldgi—o(pe, dt] /d.
i S1a (P po)fgka(pupo): lim [dg1—a(pt, po)/dt] /da

o (1-a) d a1 d((1— ) (2 o (prrpo)] ) Jdar

In the following, we will discuss in details each contribution in the right-hand side of Eqs. (B12) and (B13). Let us
start by evaluating the following derivatives

(B13)

a—1 do

_d (d . d I
Jim —~ (dtga(pupo)> = =i lim == (Tr (po* [He pf']))

d
= —i lim — (p;fap?) (| [Hy, Ut|¢e><¢£‘Utf] ;)

a—1 it do
= —i Y pe(lnpe — Inpy) (5| [Hy, Urle) (el US] 145)
VR4
=iTr (ln Po [Ht’ pt]) ) (B14)

and

d d .. d «a —a
m — (Cﬁma(m,po)) = i lim == (Tr (o [Hipp "))

i
a—1 do a—1

d
= —i lim T (05pp =) (wj| [He, Ut o) (el U] [4b)
J»e

=i pi(npe —Inp;) (5] [He, Urltbe) (el U] 5)

3t

— Ty (Ut In poUJ [H,, po]) : (B15)
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where we have used that d (p}*apl?‘) /doo = (Inpg — In pj)p}*o‘p‘;. Moving forward, note that

(= @) E (e po)] ) = ~1ES o o)l ™+ (1= @) 26 )] (B16)

and

(1= @) 2o ) ) =~ (P p0)] ™+ (1= ) [ (1, po)] (817)

From Egs. (B16) and (B17), we point out that lim,_1 [ (ps, po)] > = 1, and lima_s1 [EZ  (pr, po)] L = 1, for all
O = {R,H}. Hence, from now on it suffices to proceed by showing the derivatives d[£9(p:, po)]~!/de, and
d[EC . (pi, po)] "' /da, are indeed well-behaved for & — 1. On the one hand, for Tsallis relative entropy the auxi-
liary functional becomes £ (ps, po) = EFL (i, po) = 1, for all o, and the aforementioned derivatives are identically
zero. In this case, from Egs. (B16) and (B17), one obtains

(= @) [ o)) ) = 2 (= ) [ s po)] ) = 1. (B18)

On the other hand, for Rényi relative entropy the auxiliary functional behave as [ER(p:, p0)] ™! = ga(pt, po) and
[ER (Pt p0)] ™1 = g1—a(pt, po), and the calculation is more involved. To see this, let pg = Y, pe|tbe) (10¢| be the spectral
decomposition of the initial state, with 0 < p, < 1and >, p, = 1. In this case, given the evolved state p, = U, poUtT,
we thus have that p@ = 3, p¢ Us|¢e) (40¢|U;, and the relative purity becomes g, (p;, po) = Do p;*o‘p}f‘ [(15| Ut |abe) |2
Hence, the derivative with respect to the parameter « is simply given by

l1—a

. d _ d
lim ——[E3(ps, o))" = lim R G

a—1 dao a—1

= lim Zw (Inpe — Inp;) | (&b; U4 )

(ptHPO) : (B19)
and
lim 7[51 o(pt,00)] 7t = lim iTr(p,} % pa)
asl d o
- _il—>ml pr pj(Inp, —Inp;) | (0| U|tbe) |2
= S(PO”Pt) : (B20)

Hence, by combining Egs. (B16), (B17), (B18), (B19), and (B20), we get the result

lim, (1= ) [£9 (perpo)] ") = lim - (1 ) £, (e, po)] ) = 1. (B21)

a—1 a—1

Therefore, by inserting Eqs. (B14), (B15), (B18) and (B21), into Egs. (B12) and (B13), we conclude

. EL(pt.po) d :
ti S0 L (o1 p0) = —iTe o i, i) ®22)
and

li gga(ptaPO) d
m ————F

a1l (1—a) dtgl alpe,po) =1Tr (Ut In poU, [ano]) . (B23)

Finally, by substituting Eqs. (B22) and (B23) into Eq. (B4), and then applying the Cauchy-Schwarz inequality,
ITr(A1A2)| < || A1, Azllo, with || A, = \/Tr(ATA), it yields the result

S(p=llpo) +S(pollp-)] < Hlnpo||2/0 dt ([[Hz, pe]ll2 + [[[He, polll2) - (B24)
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C. RECOVERING MIN-RELATIVE ENTROPY

In this Appendix we will discuss the case & = 0 for symmetric Rényi relative entropy, which is related to the
min-relative entropy

Ro(p : w) :=Ro(pllw) + Ro(w]p) , (C1)

where Ry (p|lw) = —InTr(II, w), with I, being the projector onto the support of the state p. Here we will focus on

the time-independent initial state po, and its evolved state p; = U;poU, . By using the triangle inequality |a; + aa| <
|a1| + |az|, the absolute value of the time-derivative of Eq. (C1) is written as

d

—Ro(p: : po)

o (C2)

d
< |—R
S 0(Pt||ﬂ0) dt

d
+ ‘Ro(pollpt)

From now on we will discuss the evaluation of each contribution in right-hand side of Eq. (C2). In order to do
so, let pg = > i pe|te)(1e| be the spectral decomposition of the initial state py into the basis {|1¢)}¢=1,....4, With
0 <p¢ <1land ) ,p, = 1. By hypothesis, the support of py has dimension d,, := dim[supp(po)], and is given by
supp(po) = span{[ty) : pe # 0}. Thus, the projector onto the support of state p is defined as Il,, := 37, o [¥¢) (¢e.
The evolved state is given by p, = UypoUf = 32 5 pelp) (g, with [¢7) = Uylie), and its support is defined as
supp(pt) = span{|¢}) : p # 0}. Noteworthy, since the unitary evolution does not change the purity of the initial
state, i.e., both states py and p; share the same set of eigenvalues, we thus have dim[supp(p;)] = dim[supp(po)]. The
projector II,,, onto the support of p, read as

M, = > Wil

£:pe#0
= > U@l
£:pe#0
= U, 11, U] . (C3)
Interestingly, starting from Eq. (C3), the projector II,, fulfills the von Neumann-like equation (dII,, /dt) =

—i [Hy,I1,,], where we applied the identity U,(dU/ Jdt) = —(dU,/dt)U} = —iH,. Thus, the time-derivative of min-
relative entropy Ro(p:[|po) = — InTr(I1,, po) read as

d _ iTr(po [Hy, 11,,])
at R = )
_ATe(Uf po Uy[UF Hy Uy, T, )) (C4)
Tr(HpOUtTpo Uy) 7

where we have explicitly used the property obtained in Eq. (C3). By taking the absolute value of Eq. (C4), and thus
applying the Cauchy-Schwarz inequality, |Tr(A;.A2)| < || A1 |5l Az2]l,, with [|A]|, = \/Tr(Af.A), one obtains

d Ul H,U,, 11
RO(Pt”po)’< llpoll2 [[[U} f( t ﬂo]H2.
|Tr(Ip, Uy po Ut

dt )

Let us now move to the the second term in the right-hand side of Eq. (C2), which is related to the time-derivative
of Ro(pollpt) = —InTr(IL,, p;). In this case, one readily obtains

B 1 Tr(II,, [Ht, pt])
dt RO(pOHPt) - Tl‘(HpOPt)
_ATr(U{TL,, U, [U] H Uy, o))
Tr(I1,, UspoUf)

) (C6)
where we used the fact that p, fulfills the von Neumann equation (dp;/dt) = —i [H, p]. By taking the absolute value

of Eq. (C6), and thus applying the aforementioned Cauchy-Schwarz inequality, one obtains

L, |12 )| [UF H U, o] |2
|Tr(HpoUtPOUtT)‘

4 Rl < )

dt
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Hence, by substituting Egs. (C5) and (C7) into Eq. (C2), we thus have that

d

% Ro(pt : po)

where the functional Qg (py, p) is defined as follows

T
oi(a,B) o= IAIII0LET Bl )
ITr(AU, BU})|

S QB(PO, HPO) + QB(HPU’pO) ) (CS)

Finally, by integrating Eq. (C8) over the interval ¢ € [0, 7], and thus applying the inequality | [dz f(z)| < [dx|f(z)],
one gets the inequality

Ro(pr : po)| < /O dt [Qh(p0.T,y) + Qb (T, po)] - (C10)

D. EXAMPLE: SINGLE-QUBIT STATE
D.1. Tsallis relative entropy (TRE)

We shall begin showing that, for an initial single-qubit state evolving unitarily according the physical setting
presented in Sec. V, the Tsallis relative entropy is given by

Ha(prllpo) = Ha(pollpr)

_ 1 — ga(pr, po)
l—«a
§aéioll — (0r 72)2| Sin2(|ﬁ7|)
=== = : (D1)

where the first equality follows from the property g (po, p-) = gi—a(pr, P0) = ga(p+, po) which holds for single-qubit
states po and p; [see Eq. (27)]. From Egs. (5) and (6), we thus have that [see details in Table I]

(G @O 7 = @4 g™ 12 ClILHe, p5]l12) -
— et [T, ©2)
and
(Gila®))r = 44 105 ll2 ClI[He oo~ VN2
—Vadu€iag [ /TG (o)
Based on Egs. (D1), (D2) and (D3), the QSL time for TRE in Egs. (11) and (12) can be written, respectively, as

€1_a |1 — (ir - 7)?| sin®(|i-])

T (prllpo) = — 7 (D4)
V280 (2 dtyT= 777
and also
o 11— (@, - 7)?| sin®(|a-
Tg(po”p‘r) _ ga | ( . ) | (| |) , (DS)
V2 (215 dtvT= G- 77)
while the QSL time for symmetrized TRE in Eq. (13) reads
V26,6, 11 = (ar - 7)?|sin® ([, ) (D6)

o (po < pr) = :
( & aba + &jaf;a) (3 Jo e/ T=Gar 72

In Fig. 3 we plot the QSL time 721 = max{7(p-|/p0), 75 (pollp+), 75 (po : pr)}, as a function of time T and «, for the
initial single qubit state py = (1/2)(I+7- &) with {r,0, ¢} = {1/4,7/4,7/4}, and also varying the ratio (a) A/v = 0.5,
(b) AJv=1,(c) A/v=5,and (d) A/v = 10.
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FIG. 3. (Color online) Density plot of QSL time 7.}, as a function of time 7 and «, respective to the unitary evolution generated
by the time-dependent Hamiltonian H; = #; - &, with iz = N™'{A,0,vt} and N := /A2 + (vt)2. Here we choose the initial
single qubit state po = (1/2)(I+ 7 &) with {r, 0, ¢} = {1/4, 7/4, w/4}, and also setting the ratio (a) A/v = 0.5, (b) A/v =1, (c)
A/v=5,and (d) A/v = 10.

D.2. Rényi relative entropy (RRE)

We shall begin showing that, for an initial single-qubit state evolving unitarily according the physical setting
presented in Sec. V, the Rényi relative entropy is given by

Ra(prllpo) = Ralpollpr)
_ Infga(pr, po)]
a—1
In (1-¢76, (1= (ir - 7)?) sin® (|- )

= a—1 ’ (D7)

where the first equality follows from the identity g (po, p-) = g1—a(pr, P0) = ga(p+, po), which holds for single-qubit
states pg and p; [see Eq. (27)]. From Egs. (5) and (6), we thus have that [see details in Table I]

_ oo™ l2 €Iz, pg]ll2))-
11+ (1 — o) In(Amin(po))|

26 ] de T 72

‘1+(1—a)ln(1gr)} ’

(Ga(t))

(D8)

and

& ooy _ I8l QI 28lo)
e = T o i (o0)

_ TN 265, 60 [y dt /1 — (R - 7)? | 09)

[1+aln (457)]
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FIG. 4. (Color online) Density plot of QSL time 7R as a function of time 7 and «, respective to the unitary evolution generated
by the time-dependent Hamiltonian H; = #; - &, with iz = N™'{A,0,vt} and N := /A2 + (vt)2. Here we choose the initial
single qubit state po = (1/2)(I+ 7 &) with {r, 0, ¢} = {1/4, 7/4, w/4}, and also setting the ratio (a) A/v = 0.5, (b) A/v =1, (c)
A/v=5,and (d) A/v = 10.

Based on Egs. (D7), (D8) and (D9), the QSL time for RRE in Egs. (11) and (12) can be written, respectively, as

7a (prllpo) = [in (1= &0 &g (1= (ar - 7)) sin®(fi )| (D10)

V26 67 (107 dt /T 7?)

|1+(17a) In(l_TT)|

and

(- g, (1 (i, - 7)?) sin’(JiT )|

) ) D11
o (pollpr) VoL, 6 (L0 dt /T )? ) o
|1+a ln( 1;T)|
while the QSL time for symmetrized RRE in Eq. (13) reads
V2[In (1 - 6760, (1= (@ - 7)?) sin?(|i,])) | (D12)

Ta(po : pr) = — e .
2_2q Sa 20 €1 o (l T \/ﬁ)
<|1+(1o¢)1n(1;r) * |1+a1n(1—2r)|>  Jo dt /1= (R - 7)

In Fig. 4 we plot the QSL time 78 = max{7X(p-|/p0), TR (pollp+), TR (po : p-)}, as a function of time 7 and «, for the
initial single qubit state py = (1/2)(I+7- &) with {r,0, ¢} = {1/4,7/4,7/4}, and also varying the ratio (a) A/v = 0.5,
(b) AJv=1,(c) A/v=5,and (d) A/v = 10.
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FIG. 5. (Color online) Density plot of QSL time 71, as a function of time 7 and the ratio A /v, respective to the unitary evolution
generated by the time-dependent Hamiltonian H; = #; - &, with 4, = N™'{A,0,vt} and N := /A2 + (vt)2. Here we choose the
initial single qubit state po = (1/2)(I + 7 - &) with (a) {r,0, ¢} = {1/4,7/4,7/4}, (b) {r,0,¢} = {1/4,7/3,7/4}, (c) {r. 0,0} =
{1/2,7/4,7/4}, and (d) {r,0, ¢} = {1/2,7/3,7/4}.

D.3. Relative entropy (RE)

For the case of single-qubit states py and p, discussed in Sec. V, it is possible to show that relative entropy fulfills
the identity S(p-||po) = S(pol|p-), with [see Table I]

1+7r
ammwzrm(l

—T

) (1 — (i - 7)?) sin® (|- |) - (D13)
Next, by using the results in Table I, one readily obtains the time averages

CNE pdll2 e = wf/dmﬁf“‘* (D14)

and

MWWMMF:hf/ﬁﬁi447 (D15)

Based on Egs. (D13), (D14) and (D15), the QSL time related to the relative entropy in Eq. (16) implies that

In(2) (1-— -7)?) sin®(|d,|)
- (prllpo) = () . ) (D16)
V2/in? (357) + 1 (1 )(;fodt = (- 7)?)
and by swapping the arrangement of states py and p, it follows
In (32 (1 — (@, - 7)?) sin?(|d,|)
1 (pollpr) = - <1 ) - - : (D17)
V2 /n? (552) +1n? (32) (L Jydt /T= (e 7))
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while the QSL time for the symmetrized relative entropy in Eq. (17) reads

V2 In (H2) (1= (4, - 7)?) sin®(|a-])
™ (po : pr) = ( ) . (D18)

VIn® (35) + 10 (42 [£ fat (VI= G- 77 + VT (- 77 )]

In Fig. 5 we plot the QSL time 7F = max{rFE(p; [ po), TR (po | p-), TRE (po : pr)}, as a function of time 7 and A /v, for
the initial single qubit state py = (1/2)(I + - &) with (a) {r, 8, ¢} = {1/4,7/4,7/4}, (b) {r,0,¢} = {1/4,n/3,7/4},
(C) {7”, 0, (b} - {1/23 71—/4’ 7T/4}, and (d) {7”, 0, ¢)} - {1/2a 7T/3, ’/T/4}

D.4. Min-relative entropy

Here we will present the details of the QSL time related to the min-relative entropy, with the latter defined as
Ro(p|lw) = —InTr(Il, w), with II, being the projector onto the support of the state p. From now on, we will choose
the initial state py being a pure one, i.e., a non full-rank density matrix. In particular, for a single-qubit state such
a condition is equivalent to imposing the purity value r = 1, i.e., pg = (1/2)(I + # - &), which in turn implies the
spectral decomposition pg = >, pe|1e) (Y|, with eigenvalues p, = 1 and p_ = 0, and eigenstates [1),) = |0, ¢)
and [¢p_) = |0 —, ¢), with |6, ¢) := cos(6/2)|0) + e % sin(6/2)[1). Just to clarify, here [0) = (1 0)" and |1) = (0 1)
define the standard states of the computational basis. In this case, the projector onto the support of py read as
II,, = |[¢¥4)(¥+]. Moving forward, one may proceed the calculation as follows

Tr(M,, Uy, poUS) = Tr(poU, 11, U)

PO~ T
= (4 |U- 94 ) 2
=1 — (1= (i - #)?) sin?([iz;]) - (D19)

Next, by using the result of Eq. (D19), the min-relative entropy becomes

Ro(prllpo) = Ro(pollpr)
=—In(1— (1= (it - #)?) sin®(|e])) - (D20)

Furthermore, given that (1, [(U] H,U;)2 |1y ) = 1+ 4 2w(fi; - #) and also (¢ |U] HyU,[¢o,.) = @ + fi; - 7, one obtains
[T H Ut polll3 = U HUs, T3
=2 (s lOF U2y ) = (s U] HU4)?)
=2(1— (i - 7)?) . (D21)

From Egs. (D19), and (D21), and also using the Schatten 2-norms ||pgll2 = [[II,,||2 = 1, we thus conclude that
Qb (po,11,,) = Q(I1,,, po) [see Eq. (19)], which implies the following
(Q0(po, Tpy )N+ = (Q4(THpy, p0))

T _ N 2
V2 [T VIZ (i) (D22)
T Joo 1= (1= (@ - 7)?) sin”([a,])|
Based on Egs. (D20) and (D22), the QSL time for min-entropy defined in Eqs. (21) and (22) satisfy the following
constraint

70 (prllpo) = 70 (pollp+)
|ln(1 — (1= (g - 7)?) sin2(|ﬁt|))|

= N , (D23)
1 [T 1—(fe-7)2
\/Q ('r fO dt [1—(1—(a¢ 7)2) sin?([w@])] )
while the QSL time for the symmetrized min-relative entropy reads [see Eq. (23)]
In(1— (1 — (@ - #)?) sin®(|@

1T V1= (e#)? '
V2 <T Jo U ==ty s qE )
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FIG. 6. (Color online) Density plot of QSL time 73, as a function of time 7 and the ratio A /v, respective to the unitary evolution

generated by the time-dependent Hamiltonian H; = 7, - &, with A = N™'{A,0,vt} and N :=

v/ A% + (vt)?. Here we choose

the initial pure single qubit state po = (1/2)(I + # - &) with r = 1 and (a) {0, ¢} = {n/4,7/4}; (b) {6, ¢} = {n/3,7/4}; (c)

{00} = {n/4,7/3};and (d) {0, ¢} = {r/3,7/3}.

In Fig. 6 we plot the QSL time 7§ = max{7&(p-|/p0), 7&(pollp+), 7&(po : p-)}, as a function of time 7 and A /v, for the
initial pure single qubit state pg = (1/2)(I + 7 - &) withr = 1 and (a) {0, ¢} = {n/4,7/4}; (b) {0, ¢} = {n/3,7/4}; (c)

{0, 0} = {r/4,7/3}; and (d) {0, ¢} = {7/3,7/3}.
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