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Starting from the Bogoliubov diagonalization for the Hamiltonian of a weakly interacting Bose
gas under the presence of a Bose-Enstein Condensate (BEC), we derive the kinetic equation for
the Bogoliubov excitations. Without dropping any of the commutators, we find three collisional
processes. One of them describes the 1 <+ 2 interactions between the condensate and the excited

atoms.
themselves.

I. INTRODUCTION

Classical Boltzmann kinetic theory is the way to con-
nect the macroscopic properties of gases of many parti-
cles to the fundamental interaction by collisions between
those particles. Shortly after the establishment of quan-
tum mechanics for bosons and fermions, Nordheim (cf.
[1]) wrote the kinetic equations for dilute gases of quan-
tum particles, that takes into account statistical effects
linked to the possibility or not of overlaps of wave func-
tions after a two body-interaction, relying on the assump-
tion that the strength of the interaction is small. The re-
sulting Boltzmann-Nordheim kinetic theory is correct in
principle for describing dilute quantum gases. However,
it has to be changed for Bose gases at low temperatures
to include a condensate. As being shown long ago by
Bogoliubov [2], the existence of this condensate changes
the fundamental notion of what a particle is. Because of
the interaction with the condensate, the notion of par-
ticles has to be modified by the one of quasi-particles,
as guessed by Landau before. Even at equilibrium (see
reference [3]) a fully coherent theory of quasi particles is
already a fairly non trivial issue. Of course, it is even
harder to derive a valid kinetic equation for quasi par-
ticles. However, this kinetic theory is not too strongly
changed if the difference between particles and quasi par-
ticles is restricted to a relatively small population of those
particles, which is the case if the kinetic energy per parti-
cle is still much larger than its interaction energy with the
condensate. If the average kinetic energy per particle is
of the order or less than interaction with the condensate,
one must take fully into account the Bogoliubov renor-
malization of the particle energy, something that brings
a lot of terms in the kinetic equation. A major issue then
is to derive what was called by Reichl and collaborators
[4] the 1 +< 3 interactions between the excited atoms,
that makes the main purpose of the present work.
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The other two describe the 2 <+ 2 and 1 <+ 3 interactions between the excited atoms

In the work [5, 6], Kirkpatrick and Dorfman started to
tackle the complex problem of writing the kinetic equa-
tion for the gas of particles out of the condensate, cou-
pled with those inside the condensate, something that
began with references [7, 8]. In this work, the authors
derived a mean field kinetic equation for a dilute con-
densed Bose gas that describes the relaxation in terms
of “collisions” between excitations. The work of Kirk-
patrick and Dorfman was then extended by Zaremba,
Nikuni and Griffin [9], where they introduced the full
coupling system of a quantum Boltzmann equation for
the density function of the normal fluid/thermal cloud
and a Gross—Pitaevskii equation for the wavefunction of
the BEC. Independently, the same model was also de-
rived by Pomeau, Brachet, Métens and Rica in [10], using
the quantum BBGKY hierarchy argument. In a series of
papers [11-13], Gardiner, Zoller and collaborators intro-
duced a different model, which, at the limits, becomes
the model of Zaremba et al. and Pomeau et al. We refer
to [3, 14] for further discussions on the topic. In all of
these kinetic equations, there are two types of collisional
processes:

e The C45 collision operator describes the 1 ++ 2 in-
teractions between the condensate and the excited
atoms.

e The Cy, collision operator describes the 2 <+ 2 in-
teractions between the excited atoms themselves.

In [4], Reichl and Gust proposed the third, previously
missing, collisional process, which takes into account
1++3 type collisions between the excitations, in addition
to the 12 and 242 type collisions already known to
occur. They called it the collision operator Cs; .

However, the derivation of the new collision opera-
tor (31 is very complicated, since the process generates
around 40000 individual terms and one will need to do
a combinatorics problem for all of them. As a result, a
concise mathematical justification for the existence of the
missing collision operator C's; remains to be a challenging
open problem over the years.



The aim of our work is to verify the validity of the colli-
sion operators C12, Cag, C31 by a fairly simple framework.
To this end, we focus only on the spatial homogeneous
system. Our spatial homogeneous kinetic equation for
the evolution of the density function f(¢,p) of the ther-
mal cloud takes the form

af(p) = Cufl(p) + Clfllp) + Csilfl(p), (1)
and the forms of C2, Cas, C31 are given explicitly below
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in which n is the density of the condensate, ¢t € R} is the
time variable, p € R4\{O} is the d-dimensional non-zero

momentum variable, V' is proportional to the volume of

the periodic box [—%, %]d, w is the Bogoliubov disper-

sion relation defined in (24), g is the interacting constant.
We have normalized the Plank constant to be 1.
In the above collision operators, the kernels are defined
as follows
K12 0 =ty Uy Uy, — Up, Up,y Upy — U, Upy U
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with u, and v, being defined later in (23).

To derive (1), we start with the Bogoliubov diagonal-
ization process for the Hamiltonian of a weakly interact-
ing Bose gas under the presence of a BEC, then focus on
the derivation of the kinetic equation for the Bogoliubov
excitations. In this process, we compute all of the com-
mutators of the Bogoliubov excitations and do not drop
any of them. We discover special mathematical struc-
tures of the commutators that allow us to reduce signif-
icantly the number of terms and the amount of compu-
tations. Especially, the computations of C3; reduce from
40000 to only around 30 terms. Therefore, the combina-
torics problem can simply be done and checked by hand.

Moreover, our framework provides a unified point of
view for the different models, as it gives a simple expla-
nation for the origins of the different collision operators
based on the Bogoliubov diagonalisation. To see this, we
note that after the Bogoliubov transformation, the non-
linearity a'a'aa of the Hamiltonian of the quantum sys-
tem contains several types of nonlinearities including the
following 3 special ones: (i) bbb and bibb; (i) bTbTbb;
(iii) bTbtbth and bTbbb; where @', are bosonic creation
and annihilation operators and I;T, b are their Bogoliubov
transformations. The 3 types of collision operators then
appear naturally as combinations of commutators of each
type as follows.

e The (5 collision operator arises from commutators

e The Csy (Boltzmann-Nordheim/Uehling-Ulenbeck)
collision operator arises from commutators of the

e The (31 collision operator AaArisAesA fr(g{r} com-
mutators of the types [bTbTbTb, [bTh, bTbbb]] and

The above argument provides a concise mathematical
confirmation of the existence of Cs;. For the experimen-
tal confirmations of C3q, we refer the readers to [3, 15].

To conclude the introductory section, we remark that,
when the temperature of the system is lower but closed to
the Bose-Einstein condensation transition temperature,
the Bogoliubov dispersion relation can be approximated
by the Hatree-Fock energy. In this case, u, ~~ 1 and
vp v 0. As a result, the kernel K 11223 « 1 and the kernel
K344 < 1. On the other hand, the kernel K77 5 4 « 0.
As a result, in this temperature regime, the two collision
operators C12 and Cy2 dominate the collisional processes.
The contribution of third collision operator C3; becomes
significant when both u, and v, are large, corresponding
to lower temperature regimes.



II. THE QUANTUM SYSTEM AND THE
BOGOLIUBOV TRANSFORMATION

To begin our quantum description, since we are study-
ing an interacting many body quantum system, in which,
dealing with the wavefunction for each individual parti-
cle becomes cumbersome, we introduce the boson field
operator W(z), and its conjugate U'(z). These operators
satisfy the the commutation relation

[¥(2), ¥(a)] = [¥(x),¥(z")] = o0,
and [¥(z), ¥7(a")] = oz —a').
The Hamiltonian of the system is now written

R R 2
bés :/ dx\lﬁ(:c)[—h—

+ Uz) + %/'er d:v’\i/T(:v)V(x,x’)\i!(:C’)}\i/(x),

(9)
where ’IFdL is the d-dimensional periodic torus [—%, %] d; h
is the Planck constant; m is the mass of the particle; U is
a externally applied potential; V(x,2’) is the interaction
potential between two particles at locations z, z’. To
simplify our settings, we will not discuss particles in an
external trapping potential, and set U = 0. We also take
V(z,z') = gé(x—1'), where g is the interacting constant.
Inserting these two forms for the external and interaction
potentials into (9), we find
i a|-Eitwvie
= [ o |- i) + 4

(8)

v2

(10)
Writing the wave function ¥ in terms of annihilation and
creation operators, we obtain

a = ! xe P (t,
) = oy L, e,
and
T 1 ipT 5
Vo) = e S a0, (1)

peEZL

where Z¢ = (Z/L). For the sake of simplicity, we em-
ploy the shorthand notations

/ / Zd Z and V = (2rL)%. (13)

The annihilation and creation operators a, and &; then
satisfy the commutation relations
[;7 p]_o a’nd [a’p7 p]_5(p p) (14)

The Hamiltonian of the above system is then

H=> ¢,
p

[ap, ap] =

2V Z S(p+p1—pa—p3)alal, ap,ap,,
p,pP1,P2,P3

(15)

Q@T(a:)\iﬁ(x)\i/(x)\i/(x)] .

in which €, = % and the function 0(p + p1 — p2 — p3)
means that we sum over p, p1, p2,ps € Z% such that p +
p1 = p2 + p3. We set h =1, for the sake of simplicity.

The Bose-Einstein condensation occurs when a large
number of cold bosons enter the same quantum state
having zero momentum. According to the Bogoliubov
theory [2], since the lowest energy state is occupied by
macroscopic number of particles in the condensate, one
can neglect the quantum fluctuation of this state and re-
place its annihilation operator with a c-number v/ N, with
N being the number of condensate atoms

ao = V'N.

We now split ag and a, (p # 0) and decompose the

(16)

Hamiltonian H as

0 = I’:Il + ﬁz + ff37 (17)
with
N 9 .t .
H, = Zepapap + Wagagaoao
p#0
+ % [alafaod, + afal aoae + ajafara ).
p#0
(18)
5 gVYN it
Hy vV Z {5(171 — D2 — p3)a}:1%2%3
P1,p2,p370 (19)
+0(p1 + p2 —p3)d;1d};2dp3},
3 g At At oA A
Hs = o Z 8(p1 + p2 — s — pa)al, Gl ap, dp,
P1,P2,P3,Pa7#0
(20)
Defining the density n = <, we then find
N e gnN
=2 iy + S5
+ T3 [2afa, + afal, + anas,).
p#0

which can be diagonalized using the Bogoliubov trans-
formation

ip = upb, — vpr_p, EL; = upl;L — vplALp, (22)
with
1
Up, Uy = <%2+T,,gn + %) . (23)
where w,, is the Bogoliubov dispersion relation
o, 2\ 3
wp = [Ep + (%)] . (24)



After being diagonalized, H; takes the form

I’:Il = prfﬂl;p + Ej, (25)
p#0
with
_ gnN p>  mgn)®
EO—T—I——Z{wp—gn—%n p2
p#0
(26)

III. NEW FORMS OF H, AND H;
A. New form of ﬁg
By the calculations to be detailed in Appendix A, we

arrive at the following form of Hy in terms of the new
operators b and bf

Hy = Hip + Hsp, (27)
where
F n 1,2
Hio = g4/ v Z S(p1 —p2 —p3)K53
p1,p2,p37£0
X (bl‘?l bp2bp3 + b;gbL2bP1)’ (28)
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and
” n

Nv

&
I

d(p1 +p2 + p3)

P1,p2,p370 (29)
X {ngg([ﬁ b}, b} +EPIBP2BP3) )

p3 P2 "P1

KS,O _ _
1,2,3 — Up, Vpy Ups Upy Upy Ups -

The Hamiltonian H 1,2 contains strings of annihilation
and creation operators of the types bibb and l;Tl;Tl;, that
indicate the processes of one/two Bogoliubov excitations
being created while two/one Bogoliubov excitations be-
ing annihilated. On the other hand, the Hamiltonian
Hs o contains strings of annihilation and creation opera-
tors of the types bbb and bibt I;T, representing the process
of the creation or annihilation of three excitations simul-
taneously. From a physical point of view, we can see that
H3 ¢ does not contribute to the collision integrals, while
the main contribution comes from IA{LQ. We will show
later in Section IV, by explicit computations, that this is
indeed the case.

B. New form of ]':[3

Similarly, we also find a new form for Hj. The details
of this computation will be given in Appendix B

Hy = ﬁ2,2 + Hiq + H§72 + fl3,1 + I;[Lé,’l + Hyp, (30)

where
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We remark that the Hamiltonian 1?[2,2 contains strings of
annihilation and creation operators of the types Z;TETEZ;,
indicating the processes of two Bogoliubov excitations
being created while two Bogoliubov excitations being an-
nihilated. Similarly, the Hamiltonian Hs ; represents the
processes of three/one Bogoliubov excitations being cre-
ated while one/tree Bogoliubov excitations being annihi-
lated. From a physical point of view, the main contri-
bution to the collision integrals comes from Hs s, Hs 1
since the effects of ]?14,0, ]?15_2, ]?Ié_’l, I—fll,l are similar with
that of the Hamiltonian ﬁg_]o discussed above and can be
ignored. In Section IV, this prediction will be shown by
a more precise mathematical argument.



IV. THE QUANTUM LIOUVILLE EQUATION
AND ASSUMPTIONS

The full state of the system is described by the full
density matrix p(t) which obeys the quantum Liouville
equation

In order to derive the quantum kinetic equation, there
are two key points:

op = (40)

e First, due to the uncertainty principle, we cannot
specify exactly the number of particles at positions
and momenta. We can only describe the number
distribution of particles in a quantum state. As a
consequence, the average number of quantum par-
ticles in quantum states with wave vectors can be
considered to be analogous of the average number
of classical particle with momenta.

e Second, in order to derive the quantum Boltzmann
equation, we impose the Bogoliubov assumption
that for a system that is out of equilibrium, the
relaxation to equilibrium can occur in many differ-
ent stages in which the stages’ timescales are totally
different from one stage to another. During the re-
laxation process, in each successive stage, the set of
relevant parameters (expectation values and mean
fields) used to describe the evolution is reduced.
The Bogoliubov assumption is very similar to the
molecular chaos assumption which implies that the
system can be described by a reduced number of
parameters, for example, the single particle phase
space distribution function.

Employing the standard elimination process (cf. [7, 8]),
we get the following spatial homogeneous equation for the
single particle phase space distribution function f(p) =

(biby) = T (pobiy )

o = /_OoodsTr(ﬁo[ﬁ,[f,ﬁ@)n), (a1)

where EI has exactly the same form with H(s), except
that z}ll the operator b, b' are replaced by e**“b and
e~ ™pf. And following [7, 8]

Po =eXp< Z§pbb )

with © = log Tr (exp (— >, &by ))
We set Ep = 0 and Hj 5 = 0, since they are constants,
and approximate the right hand side of (41) as

(42)

[ asm(atie, 5o, o)

— 00

~ Lo+ Lo + Lo + L3 + Lo + L1 + Lap.

(43)

Notice that in [6], the authors used an equivalent process,
but only kept £ 2 to get the 1 <+ 2 collision operator for
the low temperature regime, while we keep all of the 7
terms.

The forms of £1 2, £30, £2.2, £3,1, £4,0, £1,1, L£20 are
computed as follows. A

The form of £1 2. This quantity comes from H; o

S0 = / ’ asTr (ol 2, 1. H1(5)]). (44)

where ﬁ1,2 has exactly the same form with ﬁu(s), ex-
cept tAhat all the operator 5, bt are replaced by e“h and
e~"wpt. Adapting the procedure in [6-8], we write
2
QV” 3 / Qs (@1 —w(p2)—w(ps))

31,2 N
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1,2 . . 12 . .
K%y 4 has the same formulation with K’ 5, in which

p1, P2, ps are replaced by pl, ph, ps. We approximate (cf.
7, 8])

0
/ dse?@P)=wP2)=wP)) ~ 7§(w(py)—w(p2)—w(ps)),

(46)
and write
2TL7T
Lz~ gV Z K11,722,3K11;,22’,3'
P1,D2,03,0] 0%, P5 70
X 6(w(p1) — w(p2) —w(p3))d(pr — p2 — p3)d(py — P — p3)
><Tr( {[bLbT by (04D 1 B b
+ (8], By (01 55,01, 11] ).
(47)

The form of £3¢. Similarly, this quantity comes from
ff3,0

0 ~

fa0 = [ (ol |f. Bao(s))
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3,0 7-3,0
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(48)

+ [y by by, (01, B, B3 B ]]D

1 P> ¥p3 P p27p1

K13/’702,)3/ has the same formulation with K13:g,37 in which
P1; P2, p3 replaced by pi, p, ph.



Since w(p) > 0 for p # 0, the equation w(p1) +w(p2) +
w(p3) = 0 does not have any solution. The quantity £3¢
is then 0.

The form of £92. This quantity comes from 1?[2,2

oo = /0 dsTr(ﬁo[sz,[faﬁzz(s)]])

— 00
2
gm 2,2 2,2
~ e > K123,4807 0 30 a0
P1,P2,P3,04.P} Db, P, Py #0 (49)
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X 0(p1 + p2 — ps — pa)d(p} + ph — Pl — ply)

X Tl’(ﬁo [i);;,l [A);L),z l;p; l;pju [i));i)p, BLI 82;2 I;;DS 8;04]]) '

K12}722,)3/)4/ has the same formulation with K1232273y4, in
which p1, p2, ps, ps are replaced by p}, ph, ps, pj-
The form of £3 1. This quantity comes from Hgﬁl

0 ~
L£31 = / dSTr(ﬁo[H&l, [fs Hs,l(S)]])
2

~ 97T

~ e )
P1,02,D3,P4,P] ,Ph P50y 70
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X 8(p1 — p2 — p3s — pa)d(py — Py — Py — D))
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3,1 3,1
K1,2,3,4K1f,2',3/,4'

B T
+ 165, by by by (05, b1, 05,1, b, ]]} ) ,
K13}712,)3/)4/ has the same formulation with Kio’:2173y4, in
which p1, p2, p3, ps are replaced by p, py, p3, pj.
The form of £4,0. This quantity comes from Iﬂ,o

0 ~

Sio = [ 45T (pol a1 Fro()])

~ O 3
42

P1,02,D3,P4,P] ,Ph P50y 70

4,0 4,0
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x Tr (ﬁo [[6;;4 bbbl BT, (B 5y, By b b by

+ [i)p’l Bp’ggp’l; 4

by, [01by, 5, B B3 B ]]]).

p47PpP3 P2 P1

Kf}?z,)3/)4/ has the same formulation with Kf’g)&47 in
which p1,pa,p3,ps are replaced by pl,ph,ps,p). Since
w(p) > 0 for p # 0, the equation w(p1) +w(p2) + w(ps) +
w(p4) = 0 does not have any solution. The quantity £4¢
is indeed 0.

The form of £2. This quantity comes from I—flzyo

20 = [ asTe(pulfa 11, Haolo))

2

~ 97

e Z /
P1,p2,p7,P570

X Tr(ﬁo [[5;/1 l;Jf_p,l, [Bl:épv by bp ]

o+ [y by 03By 51,01, 11])-

1 —P1

K19 K D% 6(w(pr) +w(—p1))
(52)

K f,g, has the same formulation with K 12 :20 , in which py, p2
are replaced by p},p5. Since w(p) > 0 for p # 0, the
equation w(p1) +w(—p1) = 0 does not have any solution.
The quantity £ is again 0.

The form of £11. This quantity comes from 1?[1,1

ta = [ aste(ldin . ato))

— 00
Y
4V2 ~

P1,P2,p],P57#0

x /0 asTv (o B}, by B3y 85,55 ).

— 00

1,1 71,1
Ky p Kyl (53)

K 11} 12, has the same formulation with Ky, in which py, po

are replaced by p}, p5. This quantity is also 0 due to the
fact that

(B8, bog s (55, B8, By | = 0.
We finally obtain the spatial homogeneous equation

2
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1,2 7-1,2
K1,2,3K1/,2/,3'

+ (05, by (01 55,08, 11 )

p3 - p2 - P1
27T
+ % >
P1,P2,D3,P4,P D ,Ph 0470
X 0(p1 + p2 — p3 — pa)d(p) + Py — Py — D)
x 0(w(p1) + w(p2) — w(ps) — w(pa))
b1, by by (55 B8, 51, 1]

p P17p2
g
+ 7 >

P1,02,D3,P4,P] ,Ph P50y 70
§(w(p1) — w(p2) — w(ps) — w(pa))
d(p1 —p2 —p3 — p4)5(]9/1 - p’g - Pé - Pil)
x <[[EL;41;L/31;L'26p3, [525 b} l;ml;psi’m]]

P> ¥p1

2,2 2,2
K1,2,3,4K1',2',3’,4'

—

3,1 3,1
K1,2,3,4K1/,2',3/,4'

B, by by by (55 B8, 51,0, B 1) -

3 P47 p3 p2-P1

(54)



V. THE KINETIC EQUATION

The left hand side of (54) is split into three terms,
each contains special types of commutators. The first
term includes commutators of the types [bTbTh, [bTb, bTbb]]

The computations in Appendix
C show that thls term is indeed the Ci5 collision op-
erator. ’AH}eA sgcgnd term has commutators of the type
colhslon operator 022. The explicit computations of this
collision operator is postponed to Appendix D. The Cs;
collision operator comes from the last term, which in-
volves commutators of the types [bTbTbb, [bTh, bTbbb)] and
tail in Appendlx E. In conclusion, by computing explic-
itly the commutators on the right hand side of (54), we
finally arrive at the kinetic equation (1). We emphasize
that the density of the thermal cloud f(t¢,p) is defined
only for p # 0 due to the fact that the condensate has
been factored out in the Bogoliubov diagonalization (16).
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d(p1 + P2 — P3)Up, Up, Up, bPIBPQB
—6(p1 + P2 —p3)vp, upzupsb—m I;pgg —0(p1

_5(]91 P _pB)upl Upzup?’bplb—:ﬂzgps - = 5(]91

o(p1 + p2 — pg)vplvmupsl;,pll;,m Bp3 —0(p1 — p2

6(p1 + P2 — P3)Vp, Up, Upg lA’*mlA’vaz i’T—ps —0(p1

3(p1 + P2 — P3)Up, Vp, Up, 6;];18—17281113 = 8(m
—0(p1 +p2 — PS)UmUszpsé—pli)—Pzgtp ——d(m

—5(p1 + p2 — pS)u;DluP2vP3bp1 b;f?gb-r—ps - 5(p1

Notice that in the above computations, we used identities
like 6(p1 — p2 —p3)bpsz1bp3 =0(p1 —p2 —Ps)b bpszg +
6(p1 — p2 — p3)d(p1 — p2)b ps — 6(p1 —p2 — pB)bprsza

—P2— p3)up1 Upy Upg bpz b;l b

— P2 — pS)”ZH Upy Upg bpz bpl b;w - 5(

— P2 — pS)UmUpzvpsb bpsbzn =

VI. APPENDICES

A. Appendix A

Let us expand 6(p1 + po —p3)a;1d£2 Gp, in terms of b};l,
b;Dla b}:y bpza b}:y b;D'a

S(p1 + p2 — ps)al, b, ap,

=60(p1 +p2 — p3)[up1b;1 - vpllALpl][uml;;f)2 — Upyb_p]

X [U‘PS bps — Upg btpg]

~ t g
vPl upz ups b*Pl bp2 bP3

= 0(p1 + p2 — p3) [umumumbmbmb
— Upy Upy Upg bp1 b—Pz b:DS + Upy Upy Upg b—pl b—pz b;Ds

bi bt

P1”p2”—p3
7t
- UPIUPQUPSb_pl b_pr—pg .

(55)
pa — ]93)&2,1 (ip, G, IN terms

_uplu;vzvps.b b bT

P17p27—p3 + ’Uplumvpsb*

o
+ upl UPQ UPS bp1 b—Pz b—p3

Slmllarly, we expand d(p; —
of bf b, , bl | b, b

p1? “P1y Yp2r VP2 Ps’bp3

d(p1 —p2 — p3)&;1dp2 Qp,
:5(]91 — P2 — p3)[u171 b;];l — Upy b-m][upszz - ’Upzbtp2]

X [U‘PS bps — Upg bT—pg]

:5(171 — P2 — p3) [upl Upy Upg bln bpz b;Ds — Upy Upy upsb—m bpz b:DS

ot TR
= Up, Upy Ups bl b bps + Up, Up, Upy b—p, b—pz b

p17—Pp2

- uplumvpeb b b—p3 + vplupzvp?.b*mb 2b—

_UPIUPZUPSb—Plb pzb—PS
(56)

We perform the following change of variables, for

the terms in (55), taking into account the fact that

p1,P2, 03 # 0

+ Up, Vp, Upg bj, bt b —ps

p17—P2

5(171 — P2 — p3)up1u202up% bpsb;;z bpl’

= —0(p1 — P2 — P3)Up, Vp, Up, b;fnbpz bps

— P2 — pS)um Upy Upy bln bps bp,

- p3)u101 Upy Ups b*;Dl b;Dz bp3 ’

— P2 — p3)v;01 Upsy Upg bpl bpszS - 5(

— P2 — pS)Um Upy Ups bpa bpz bpl ’
— P2 — pB)U;Dl Upy Upg bp3 b;m bPl )

6(171 — P2 — pS)Um Upy Upg bp1 bpz bps )

ot
— P2 — ps)vplupz Ups bps bpzb—zn

(57)

due to the fact that all pq,po,ps are non-zero. Similar
computations can also be carried out for the terms in
(56)



—6(p1 — p2 — pg)umvp2up,gbplb_psz3 — —=6(p1 — p2 — p3)“p1“pz“p3bp3b;26 p1s
o0(p1 — p2 — pg,)vplvmumb,plbfml;p3 — d(p1 —p2 — pg)vplvmupgbml;pll; ps = 0(p1 — p2 — pg)vmvmumlﬁ)ll;ml;pg,
—d0(p1 — p2 —p3)up1up2vpsl;]‘;li)p21;tp3 — —0(p1 —p2 — p3)up1up21)p313p2l; l; = —0(p1 — p2 —p3)up1up2vp3bpgbp2bpl,
0(p1 — P2 — P3)Up, Up, Upyg lA),pllA) IBT —>5(p1 — P2 — P3)Vp, Upy Upg sz l;p3 Apl = 0(p1 — P2 — P3)Up, Up, Upg bp1 bp2 bpg,
o0(p1 — p2 — pg)uplvmvmbplbipzbip — d(p1 —p2 — pg)uplvmvmbpgbmbipl,

—6(]?1 —P2— p3)’UP1U;D2’UP3b—;D1b7p2bep3 i 6(]?1 —P2— p3)UP1U;D2UP3bP1bp2bp3 = —6(]?1 P2 — p3)UP1UP2UP3bpgbp2b
(58)

We finally do the change of variables

5(1)1 —p2— p3) [(upl Upy Ups — Upy up2up3)(bp3 bz)gb.r—pl + B*Pl 6;02 E;D'a)}

. (59)
= 5(]91 +p2 + p3) [(U‘Pl Upy Upg — Upy Upy Upg ) (b;j)g b:)z bi)l + bpl bpz b;DS )] .
Putting together all of the identities in (55)-(59) yields
the new form (27) of Hy.
B. Appendix B
Let us now expand 6(p1 +ps —ps — p4)a;[)1 a, i, ap, in
terms of bpl, bp17 b]‘;27 bpz, b};g, bps, b};, b
5(p1+p2 —p3 — P4)ap1 ;2 lpsQp,
=0(p1 +p2 —p3 — p4)[up1b;fn Uplbfpl][upz b;faz — Upy b*p2] [up3 bps — Ups bT—pg] [um by, — Up, bT—p4]
= 5( P1+p2 —Dp3 — p4) Upy Upy Upg Upy bp1 bp2 b b = Upy Upy Upg Upy b—Pl bim bps bp4
- upl vpz uP3 up4 bT b*;Dz b;D% bp4 =+ vpl vpz uP3 up4 b*Pl b*;Dz b;Ds b;D4 - upl up2 vp3 u;D4 bp1 bI)z bT—pg b (60)
T+ Vpy Upy Ups Upy b*pl bp2 b—p bp4 Tt Up,y Vpy Ups Upy b;zl b—p, bt psDpa — Upy Upy Upg Up, bfm b*Pz bT—p3 bp,
- uPl upz U‘PS UP4 bp1 bp2 b b + Upl upz ups UP4 b—Pl b bps b7p4 + upl UPQ ups UP4 b;];l b—Pz bps bT
- Upl Upz U‘PS UP4 b—Pl b—Pz bPS b—p4 + upl U‘PQ UPS U;D4 bp1 bz)g bT—pg bT—p4 Upl upz Ups U;D4 b—Pl bpz bT—pg bT—p4
- upl UPQ UPS UP4 bIn b—Pz b]:pg b1p4 + U;D1 Upz UPS UP4 b—;Dl b—;Dz b7p3 bth
[
Similarly as for Ho, we perform several changes of vari- ables, in combination with evaluating the commutators,

to obtain



5(]91 +p2—p3 — p4)up1 UP2UPSUP4BIH I;—Pzéipgi)m = 6(]?1 +p2—p3— p4)uplvpzvpsup4 [6;];161;036—;028174
+ d(p2 —p3)5:71i7p4}

SN 9 9t 3
— 0(p1 +p2 —p3 — P4)Upy Vp, Upg up4b;;1 b;)z bpsbp, + Up, Up, bih bps s

5(p1 +Pp2—ps— p4)u201 vp2u103’U;D4bI)1 b*Pz bpa bT—p4 = 5(1)1 +p2—p3— p4)up1’Up2 Ups Up,y [b;fn bT—p4b*ZDz bps

+(p2 — pa)bl, by, + 8(ps +p4)l3;18_p2}
— 8(p1 + P2 — P3 — Pa)Up, UpyUpy Vp, bl b bpu by, + (U3 V3, + tp, Vp, p, U, )BF by,
(S(pl +p2 —P3 _p4)’U;D1 upQUp3up4[;_p1 8;281p3i)p4 = 6(]?1 —|—p2 — p3 — p4)fup1 Ups Ups Up,y
x bzsz—pgb*Pl b:D4 + 5(p2 +p1)bip3bp4 + 5([21 — p3)b;;2bp4} (61)
— §(p1 + p2 — 3 — P4)Up, Up2Up3Up4bI,1bI,pr3()p4 + (u1271U1272 + uplvplupzvpz)b;;l bpy s
(S(pl + b2 —p3 — p4)U;D1 Upgumvmi)_pl 8;28:0381-_104 = 6(]?1 + P2 — p3 — p4)fup1 Upy Ups Up,y
x 8;2[;11148—1)181)3 + 6(171 +P2)i?p3i71p4 + 6(]?3 +p4)BL2B—P1 + 6(p1 — p4)ISL2I;p3

S 5 o A .
— 0(p1 +p2 —p3 — p4)vp1 Up2upavp4b;;1 bLZ bpsbp, + (uplvpg + Up, Vp, Up, vp2)b;falbp1 + Up, Vp, Up, Up, bplb;;la

5(p1 +p2 —p3 _p4)v:D1vpzvp3vp4l;*pll;*p2l;ip3i)ip4 - 5(p1 +p2—p3— p4)vp1Up2vp3vp4i)pll;p26;3i;;4
= 6(]?1 +p2—D3 _p4)UP1UP2UP3UP4 [I;T I;T I;Pli)l)z + 6(]?2 - PS)BmBLz; + 6(]?2 - P4)8p18:73 + 6(]?1 - p3)i);48pz

P3 P4
+d(p1 — P4)BL3 bp,

ot L1 2 271 7 2 27 7
— 5(1’1 +p2 —p3 — p4)vp1 Upy Ups Upy b;fnb;;gbm bP4 + 2”;)1 Up, b;;l bPl + 2vp1 Up, bplbin’

as well as

8(p1 + P2 — D3 — Pa)Vp, Up, Upy Up, bfmb;zz bps bp 3(P1 — P2 — P3 — Pa)Up, Vp, Upy Up, b, b;zlbpa bp,

bp, —
= 5(p1 — P2 —P3— p4)uplv;vzupsup4 Z;;L)ll;mgpsl;m + 5(p1 - pQ)E;DalA)m}

oA A A 9 A
- 5(]71 — P2 —P3— p4)up1 Upy Ups up4b};1 b;Dz b;Ds bp4 + Up, Ups Upy bpl b—P17

5(p1 +p2 —p3— p4)up1 Upy UpsUpy l;;j)l l;*pz 6;03 bp4
- 5(]91 — P2 —Pp3 — P4)Up1 Up, Upg up4b;;1 bpz b;DS bp47 (62)

6(]?1 +p2—p3— p4)u171u;02v173u174b;1 b;gbtpg,bpél - 5(]91 —P2—DpP3— p4)u171u102v;03up4b;;4b;j)3b;2bpl7

5(171 +p2 —Dp3 — p4)vp1 Upy Ups Upy b—p, O—p, bT—pg bp, — §(p1 —p2 —p3 — p4)“p1“p2 Upg Up, bp, bpy bllbm
= 0(p1 — P2 — P3 — P1)Up, Up, Vpy Up, E;li)p2 bpsbps +(p1 — p3)by, i’m +0(p1 — p2)bp, i’m

Mt L7 7 7 2
- 5(p1 — P2 —P3— p4)UP1vpzumvmb;;lbmbpsbm + 2bp1b*P1UP1 UpyUpys
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and

|
b1, b1 by B

P37 p2 7 P17pa

by bT_p — 0(p1 — P2 — P3 — Pa)Up, Up, Upy Uy,

6(]91 +p2 —p3 — p4)“p1 Upy Ups Up,y b;fn b;;z
= 6(]?1 — P2 —Pp3— p4)“p1“p2“p3”?4 [blml;;al;;szl + 5(]71 - p4)i)2‘£%b2’2}
IR I;pl + uilumvml};ﬁtm,

— 5(291 — P2 — D3 —p4)up1“pzvpsup4bp4 D3 P2
by, B, B

P1¥p2¥p3~pa

6(171 +p2—D3 _p4)vp1UPQUPS’UPALI;_plBZ)QBtp;;Bt[M — 0(p1 —p2 —p3 _p4)Up1up2Up3Up4
bi.bt, + d(p1— ps)BLEL +46(p1 —p4)i7;2i7;3}

bL4bL3b;2bP1 + 5(p1 _pQ) P3P

:];4b;];3b;];2b171 + b;lbipl [Uﬁlumvm + 2u1‘71v1’1v;§2]’
(63)

= 5(1)1 — P2 —P3 — p4)v;01up2v;03vp4 [
— 0(p1 — P2 — P3 — Pa)Vp, Upy Up, Up, b
6(171 +p2—D3 _p4)“p1Upzupsvmb—plb—pszsbtm — 6(pr —p2—ps3 _p4)Up1Up2up3Up4bp4bpzb b!

= 5(])1 — P2 —Pp3— p4)vplvp2u203vp4 [8;1{7?261036;04 + 5(p1 - p2)61036104 + 5(p1 - p3)61021;p4 =+ 5(1)1 - p4)6102i)p3

— 6(171 — P2 —Pp3 — p4)vp1 Upzupsvmb;;l bpybpsbp, + bp,b—p, [Uplupzvpz + 2“1)1“}?1%2]
5(1)1 +p2 —p3 — p4)uplvp2vpsvp4i);fnB*my—psy—m - 5(p1 —P2—P3— p4)vpl'l,l,p2vp3vp4l;;28pll;2‘)31;2‘)4
bL4bL3b;];2bP1 + 5(]71 - p3)b;252;4 + 5(]71 - p4)b;];2b2?3}
ot o7 NN 2
:Lb;f?s b:zz bpl + 2bI71 b—pl Up, Upy UPQ'

= 0(p1 — P2 — P3 — Pa)Vp, Up, Upy U,y [

— 0(p1 — P2 — P3 — D4a)Up, Upy Up, Up, b
[

We finally perform the change of variables

d(p1 + p2 — p3 — pa) UPIUPZ’UPSUPALBIHBLQ I;‘Lpg l;im + Uplvpzupsumg—mg—ngps I;m (64)
— 0(p1 + D2 + P3 + Pa)Up, Up, Vpy Up,y 132)1132)25;3 6;24 + i’pli’pz l;psl;m} .
Combining (60)-(64), we find the new form (30) for Hs.
C. Appendix C
Let us first compute
[l;;zl;pv legmgm] = I;LBPISLIISPZEPS - l;;f)ll;mi)p?j);i)p = (6(17/1 - pl) - 6(17 - pz) - 6(17 _pB))E; szgps' (65)
[
the computation  [b, 132),2 byt s [l;;f)l;p, l;:n bp,bps]]. To this end, we compute

We now perform

b} b, by by

PO TP
(b, by, by bl bpy by,
by

]

/ NI /
=0(p1 — Pl)bpébpfszszs —0(ps — pa)
—0(p2 — pé)l;;r)l Bléi’psi’p’l —6(p2 — p5)

(66)



Taking into account the fact p; = ps + p3 and p| = ph +
ph, it now follows straightforwardly from Wick’s theorem
that

<[13L313; by, bF by by, 13 (p1 — P2 — p3)3(p) — ph — )

= 6(p1 — p1)d(p2 — Ph)d(ps — p5)

x 8(p1 — p2 — p3)[f(p2) f(p3) — f(p1)f(p2)

- f(pl)f(]?a) - f(pl)]

+0(p1 — p1)d(p2 — p3)0(ps — ps)

X 0(p1 — p2 — p3)[f(p2) f(p3) — f(p1)f(p2)

= f(p1)f(ps) — f(p1)],

(67)

which implies
(65, b5, by s 05y, B, bypabps 11)3(p1 — p2 — p3)6(ph — py — p3)
= [6(p1 — p1)d(p2 — p2)d(p3 — p3)
+ 0(p1 — p1)d(p2 — P5)8(ps — p)]
X (6(p —p1) = 0(p —p2) — d(p — p3))0(p1 — P2 — p3)
X [f(p2)f(p3) — f(p1)f(p2) — f(p1)f(p3) — f(p1)]- -

In the above computation, for pj = p;, there are two
choices of p, and ph, ph = pa, p5 = ps and ph = ps,
P = Do

A similar procedure also gives

(b Y Doy by,  1B3b,, b5, b1 by, )0 (p1 — p2 — p3)d(ph — ph — )

= [6(p1 —p1)5(p2 — p5)d(ps — pf)

+0(p1 — p1)d(p2 — p5)0(ps — ph)]

x (0(p —p1) = 0(p — p2) — 0(p — p3))d(p1 — p2 — p3)

X [f(p2)f(p3) — f(p1)f(p2) — f(p1) f(p3) — fp1)]- )
69

Since in the above procedure, the nonlinearity

f(p2)f(pa)(f(p1)+1)—f(p )(f(pz)+1)(f(p3)+1) appears

4 times, we multiply the factor w42 by 4 and obtain the
first colhslon operator C1s.

D. Appendix D

We first compute

[b1by, 0% b bpybp,] = bibybT b1 byby, — bF B by, by, 010,
= (0(p—p1) +(p—p2) — (p —p3) —0(p — pa))
x bY bY by, by,
(70)
We now analyze the commutator
[bL,lbL,szb  [B3bp, 05, 05 bpybp,]l. To this end, we

11

compute

o — b bF byby, b7, B, b,y by

Pp1 - p2 P37P4 p p

bTbbbbTbb

P4 ”p1Vp2

+ 0(pl — p2)b;1 82)'28;1 by bps by,
+ 6(ps — 1 BL& 132),21;;2 lA)mlA)p,g by,
o S — B, L,
+ 0(ps — p1)o(p) —pZ)AL/ll;LéBpsz’m
+ 6(py — p1)d(ps — pQ)A;/l ZA’LIZ bps b,
— (py — ph)b}, b}, b1, by, by by,
— 8(ps — ph)bl bF BT, f)pgl;pgl;pg
(
(
(
(

(71)
Our next task is to perform Wick’s theorem to the 12
terms. We only analyze below one of them. The other
terms can be done in exactly the same way. We compute,

+ 8(ply — p) (bl by, ) (BT, by, ) (B, by

+ 00y — p2) (Bl by ) (B, by, ) (B, )

+ o(pl — p2)<i’;1 l;p3><i7;/2 bp,) (], Bpg>

+ 80l = p2) (b, bpa ) (0], by ) (BF, by

+ 6(1921 - p2)<8;/1 Ap4><i7;f2 8p3><i7;1 I;pg>

= 0(ply — p2)0(py — P5)8(py — p3)d(p1 — pa) f(PL) S (%) f (p1)
+ 0(py — p2)d(py — P5)8(p — pa)d(p1 — p3) f (1) f(0) f (p1)
+ 8(ply — p2)d(py — p3)d(ph — p3)0(p1 — pa) f(p1) f (Ph) f (1)
+ 6(p) — p2)d(p) — p3)d(py — pa)d(pr — p5) f(P1)f(P5) f(P1)
+ 0(p)y — p2)d(py — pa)d(py — p3)d(p1 — p3) f(p1) f(P5) f(p1)
+ 0(py — p2)d(py — pa)d(ph — p3)d(p1 — pé)f(p’l)f(p’g()f()pl)-

72

=

The six terms will be analyzed in the details below, wit

the notice that p1 + p2 = p3 + ps and p} + ph = ps + pj.
(i) The first term 6(py — p2)d(py — p3)0 (P — p3)d(p1 —
p)f(P1)f(p2)f(p1) appears when pj = p; =

p2 = p3, Py = p5, p1 = pa. This term will
cancel with a similar term coming from d(ps —
ph) (b b bl b b b AL

P17p2 7 pl

(ii) The second term §(p) —p2)d(p] —p5)d(py—pa)d(p1—



(iiii)

(vi)

p3)f(P1)f(P5)f(p1) appears when p) = p) =

p2 = pa, Py = P, p1 = ps3. This term will

cancel with a similar term coming from J§(ps —
S ap s oo

pl2) <b}:1 b;];z bp’l bps bp’g, bpﬁl )-

The fourth term 6 (p}y — p2)d(p] —p3)0 (ph—p5)d(p1—

pa)f(P1)f(P5)f(p1) appears when pj = p) =

p2 = p3, Pa = p1, Py = ph. This term will

cancel with a similar term coming from d(ps —
APV TEP e

p/z) <b;;1 b;faz bp/l bpa bpg bpil > .

The fourth term §(p) —p2)d(p} —p3)d (ph—pa)d(p1 —

p3)f (1) f(P5) f(p1) appears when p) = pa, ps = p5,

py = ps, p1 = ps. This produces the nonlinearity

6(p1+p2 — p3 — pa) f(p1) f(p3) f (pa)-

The fourth term §(py —p2)d(p} —pa)d(ph—p5)d(p1 —
p3)f(P1)f(P5)f(p1) appears when p) = p| =
p2 = pa, P3 = p1, ph = ps. This term will
cancel with a similar term coming from J§(ps —
pl2) <b}:1 b]];z b;’l bps bpg bpﬁl )-

The fourth term 6 (p)y — p2)d(p] —pa)o(ph—ps)d(p1—
p3)f(p1)f(05) f(p1) appears when p)y = p2, p3 = p3,
Py = pa, p1 = p5. This produces the nonlinearity
d(p1 +p2 —p3 —pa)f(p1)f(p3)f(pa).

As a result, the quantity d(p) — p2)<l;L,l bl b l;pél;p35m>

Py P1

produces 2 times the nonlinearity d6(p1 + p2 — ps —

pa)f(p1)f (p3)f (pa)-
Finally, in the end, the nonlinearity f(p1)f(p2)(f(p3)+

1)(f(pa) +1) = f(p3) f(pa)(f(p2) +1)(f(p1) + 1) appears

12

4 times in the forms

8(p1 + p2 — p3 — pa)d(p1 — P1)d(p2 — p5)d(ps — p)d(pa — ply)
X [f(p1)f(p2)(f(p3) +1)(f(pa) + 1)
— f(p3)f(pa)(f(p2) + 1)(f(p1) + 1)],

3(p1 +p2 — p3 — pa)d(p1 — pa)d(p1 — p3)d(ps — P)d(pa — p3)
X [f(p1)f(p2)(f(p3) + 1)(f(ps) + 1)
— f(p3) f(pa)(f(p2) + D)(f(p1) + )],

§(p1 +p2 — p3 — pa)d(p1 — P1)3(p2 — py)d(ps — p)d(ps — p3)
X [f(p1) f(p2)(f(p3) + 1)(f(pa) +1)
= f(p3)f(pa)(f(p2) + 1)(f(p1) + 1)},

and

3(p1 + p2 — p3 — pa)d(p1 — p2)d(p2 — p1)d(ps — P3)d(pa — ply)
x [f(p1) f(p2)(f(p3) + 1)(f(pa) +1)

= f(p3) f(pa)(f(p2) + 1)(f(p1) + 1)].
(73)
We then multiply the factor 2277; by 4 and obtain the
collision operator Cas.
E. Appendix E

Let us first compute

74)
We now analyze the commutator
[bLgbLébLébm  [65bp, b8 bpobpsbp,]l.  To this end, we
compute
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68,81, 51, Byt B bpabyaipa] = 0, B, by B By, — 5, by by, 1, B By

= — |0(pa — )b}, b, b, by, bys by, + (pa — )3(ps — ps)bh, bl bpuby, + (pa — p)3(pa — ph)bh, bl by by,

P17ph ph
+ 0(pa — ph)d(p2 — ph)bl, Bp/ bpsbpy, + 0(pa — p4)d(ps —pg)bplbp bpybyy + 0(pa — P4)3(p2 — P3)3(ps — Ph)bL, by,
+ 0(pa — p)d(ps — p5)d(p2 — )bT o+ 6(ps — )b, b; bp by by, by, + 3(ps — )3 (pa —pg)bllbl bpa by,
+ 8(ps — Pi)S(p2 — ph)bh, bl byubpy + 6(ps — Ph)3(p2 — P5)BY, B, B,y + S(ps — pi)(pa — p)B], bl by by
+8(p3 — )3(p2 = P5)6(pa — Py)b), by, + S(ps — py)8(pa — 1) (P2 — P5)b), by,
+6(p2 — Py)b}, bl B, by, by by + 5(p2 = P (ps — P3)b), L, B,y + 6(p2 — )3 (pa — ph)bh, BT, byyby,
+6(p2 — p)3(pa — p)b, Y, E;D'j) 1+ 8(p2 — Py)d(p3 —pz)bplb,, bp,by, + 6(p2 — P1)3(pa — )6 (ps — ph)b], by,
+0(pa = P4)3(ps — P5)S(pa — p)bh, by, + 8(p2 — P3)3(ps — py)bh, b, bpuby + 6(p2 — P)3(pa — P)), B, by,
+8(p3 — p)3(p2 — Ph)bh, b, byu by + 3(ps — p5)5(pa — Ph)bh, b, bpubyy, + (pa — p)3(ps — py)bh, b, by, by
+ 8(pa — ph)d(p2 — ph)b], 15; bps byt + 0(p2 —pg)bglbmb by by, by + 5(p3 — p)b], bT zST by by, by,
+6(pa —pg)églégaz};éz}mz} Jbyr + 0(p2 — Ph)bY, bT,b bpabp,byy 4 6(ps — p)b), b; bp Dy bp, byt
+ 6(]?4 _p2)b2)1b;; b; l; 28 i) } + 5(]91 pl)b; b; b; bpszsbp4
(75)
[
In the above structure, we can see that there are totally We provide below the detailed analysis for all of the 10
34 terms, classified into three categories terms in the first category. The treatment of the other
) pdppans terms can be done in similar manners. By Wick’s theo-
(i) 10 terms of the type b'b'6"bbb. rem applied to §(p; — p’l)b&b;ébl,zbm bpsbp,, we have
(ii) 18 terms of the type bibTho.
(iii) 6 terms of the type bibTbb.
5(]9/1 _p1)<b; bLSszb b b > 6(]?/1 _p1)<6;28174><I;L’SBP3><BL’26P2> + 5(]9/1 _p1)<6;28174><I;L’SBP2><BL’26P3>
+ 8 = pL)(BY, bpa) (B, by ) (B, bt + 8(0s = p1) (B, by ) (B, D) (B, B}
+ (= pL)(BY, by ) (B, ) (B, Bt + (0 — p1) (B, by ) (B, D) (B, B}
= 0(py — p1)d(ps — p4)d(Ps — p3)d (P — p2) f(p2)f (p3)f (pa) (76)
+0(py — p1)d(ph — pa)d(ps — p2)d(Py — p3)f (p2) f(p3)f (pa)
+0(ph — p1)d(py — p2)d(ps — p3)d (P — pa) f (p2) f(p3)f (pa)
+0(ph — p1)d(py — p2)d(ps — pa)d (P — p3)f (p2) f(p3)f (pa)
+0(py — p1)d(Py — p3)d(ph — p2)d(ps — pa)f(p2)f(p3)f (pa)
+0(py — p1)d(py — p3)d(ps — p2)d(Ph — pa) f(p2) f (p3) f (pa)-

Now, similar Wick’s theorem arguments can be used and
ot B b b Tn thi
for 5(pf4t p:)bplbpgbpfszszsbpl- n this case, we get the S(pr — p2)8(p3 + pa)d(pa — p)8(ps — D3 F(p1) f (p3) F ()
sum of two terms
+3(p1 — p3)d(p2 + pa)d(pa — p)d(p2 — p3) f(p1) f(p2) f (DY),
(78)
where, we have used the fact that p; = ps + p3 + ps4 and
0(p1r = p1)d(p2 — P5)0(ps — P2)0(pa = p2) f(P1) S (P2) f(D3)  pt = pty 4 pty + .
p

+0(p1 = p1)d(p2 — P2)d(ps — p3)d(pa — p4) f(p1)f(p2)f(ps), Taking the sum with respect to p,ph,p5,pj and
(77)  p1,p2,p3,pa the second term (78), with the kernel K% 5



we find

2 >
P1,02,DP3,P4,D] ,Ph P50}, 70
X 6(p1 — p2 — p3 — pa)d(p) — Py — Py — P3)d(p1 — p3)
X 6(p2 + pa)d(pa — p)d(p2 — p5) f(p1) f(p2) (D),

13 13
K1,2,3,4K1',2',3’,4'
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where K11,312,73,74, is K1% 5 4, in which p1,p2, p3, ps are re-
placed by pi,ph, p5,p) and we have used the symmetry
of po and p3, to get the factor 2 outside.

The other terms have exactly the same structure and
by taking the sum of all of terms like (77) and (79), we

(79)  arrive at two big terms
|
= 0y —p1)d®) — pa)d (P — p3)d(ph — p2)[f (p1)f (p3) f(pa) + f(01)f(p2) f(pa) + f(p1) f(p2) f (p3)]
+0(p) — p1)d (Pl — pa)d(ps — p2)d(py — p3)[f (p1) f(p3) f(pa) + f(P1)f (P2) f(Pa) + f(p1)f(p2) f(p3)]
+0(p1 — p1)d (P — p2)d(s — p3)d(py — pa)[f (p1) f(p3) f(pa) + (1) f (P2) f(pa) + f(p1)f(p2) f(p3)] (80)
+ 0(py — p1)d (Pl — p2)d(p3 — pa)o(ph — p3)[f (p1) f(p3) f(pa) + f(p1) f(p2) f(pa) + f(p1)f(p2) f(p3)]
+0(p1 — p1)d (Pl — p3)d(Ps — p2)d(p3 — pa)lf (p1) f (p3) f(pa) + (1) f (P2) f(pa) + f(p1)f(p2) f(p3)]
+0(p1 — p1)d(pl — p3)d(ps — p2)d(py — pa)[f (p1) f(p3) f(pa) + f(p1) f(p2) f(pa) + f(p1)f(p2) f(p3)];
2y = 12 Z K11,32,3,4K1132',3',4/5(p1 — P2 —Dp3 —p4)5(p11 —plz _p/3 - p2)5(p1 —p3)
P1,P2,P3,P4,P] ,P5:P5,P}, 70 (81)

X 6(p2 + pa)d(pa — p)d(p2 — 05) f(p1) f(p2) f (D),

in which, we have taken into account the symmetry of
P2, P3,Pa, to rearrange the terms and get the factor 12
in front of the sum in 2. This term is indeed negligible

due to the delta function 6(p — p1) — 6(p — p2) — 6(p —
p3) — 6(p — pg) in (74). To see this, we apply this delta
function to the left hand side of (81) and get

(6(p—p1) —6(p—p2) —0(p —p3) — 0(p — pa))A2
= (0(p—p1) —d(p—p2) —6(p — p3) — 6(p — p4))12

p1

X 6(p1 — p2 — p3 — pa)d(py — Py — p3 — Py)d(p1 —p

>

\P2,P3,P4,P] P PPy, 70

3)0(p2 + Pa)d(pa — )0 (p2 — p3) f(p1) f(p2) f(p})

K11?2,3,4K11§2',3',4/ (82)

=0.

The first quantity 20 can be combined with (76), yielding

5(py — p1)0(py — pa)d(py — p3)d(ph — p2)[f (p2) f (p3) f (Pa) — f(p1) f(p3)f(pa) — f(p1)f(p2) f(Pa) = f(p1)f(p2)f(p3)]

+0(p) — p1)d(py — pa)d(Ps — p2)d(py — p3)[f(p2) f(p3) f(pa) — F(p1)f(p3)f(pa) — f(p1)f(p2)f(pa) — f(p1)f(p2) f(p3)]
+0(p) — p1)d(py — p2)d(p5 — P3)d(py — Pa)[f (p2) f(p3)f(pa) — f(p1) f(p3)f(pa) — f(p1) f(p2)f(Pa) — fp1)f(p2)f(3)]
+ 0(p) — p1)d(ply — p2)d(Ps — pa)d(py — p3)[f(p2) f(p3) f(pa) — F(p1)f(p3)f(pa) — f(p1)f(p2)f(pa) — f(p1)f(p2) f(p3)]
+ 0(p) — p1)d(py — p3)d(ph — p2)d(ps — pa)[f(p2) f(p3) f(pa) — f(p1)f(p3) f(pa) — f(p1)f(p2)f(pa) — f(p1)f(p2) f(p3)]
+ 0(p) — p1)d(ply — p3)d(ps — p2)d(py — pa)[f(p2) f(p3) f(pa) — F(p1)f(p3) f(pa) — fp1)f(2)f(pa) — f(pl)f(pz)f(z(og?Z])-

Notice that in the above procedure, the nonlinearity

[f(p2) f(p3)f(pa) — f(p1)f(p3)f(pa) — f(p1)f(p2)f(ps) —
f(p1)f(p2)f(ps3)] appears 6 times.

By similar arguments, applied to terms of the
other two categories, we find the full nonlinearity

[f(p3)f (pa) f (p2)(f (p1) + 1) = f(p1)(f(p2) + 1)(f(ps) +
1)(f(psa) + 1)], which also appears 6 times. Now, due
T le bT,b ,

Py P3Py pl]]’ the

nonlinearity [f(ps)f(pa) f(p2)(f(p1) +1) = f(p1)(f (p2) +
1(f(ps) + 1)(f(pa) + 1)] appears 12 times in total. We
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multiply the factor éf—‘f by 12 and obtain the third colli-
sion operator Cl;.
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