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Abstract

We show that a mesoscopic coarse-grained dynamics model which incorporates the transient po-
tential can be formally derived from an underlying microscopic dynamics model. As a microscopic
dynamics model, we employ the overdamped Langevin equation. By utilizing the path probability
and the Onsager-Machlup type action, we calculate the path probability for the coarse-grained
mesoscopic degrees of freedom. The action for the mesoscopic degrees of freedom can be simplified
by incorporating the transient potential. Then the dynamic equation for the mesoscopic degrees of
freedom can be simply described by the Langevin equation with the transient potential (LETP).
As a simple and analytically tractable approximation, we introduce additional degrees of freedom
which express the state of the transient potential. Then we approximately express the dynamics
of the system as the the combination of the LETP and the dynamics model for the transient po-
tential. The resulting dynamics model has the same dynamical structure as the responsive particle
dynamics (RaPiD) type models [W. J. Briels, Soft Matter 5, 4401 (2009)] and the multi-chain
slip-spring type models [T. Uneyama and Y. Masubuchi, J. Chem. Phys. 137, 154902 (2012)].
As a demonstration, we apply our coarse-graining method with the LETP to a single particle dy-
namics in a supercooled liquid, and compare the results of the LETP with the molecular dynamics

simulations and other coarse-graining models.



I. INTRODUCTION

Soft matters such as polymers form various mesoscopic structures and exhibit various in-
teresting dynamics. Coarse-grained models are useful to study the mesoscopic dynamics of
such complex systems by simulations, especially at the long time scale. The coarse-graining
reduces the degrees of freedom of the system, and changes the characteristic time and length
scales. As a result, the computational costs required for simulations drastically reduce. For
some soft matter systems such as polymer melts, due to their long relaxation times, we can-
not study their long time relaxation behavior without coarse-grained models[1, 2]. Although
the coarse-grained models are useful for simulations, the validity of simulation results are not
always guaranteed. This is because the coarse-graining processes usually involve some ap-
proximations, and the validity of coarse-grained models strongly depends on the properties
of the employed approximations. Unfortunately, the properties of approximations are not
clear in some cases. Some coarse-grained models, such as the reptation model for entangled
polymers[3], are rather phenomenologically proposed, and not theoretically derived from the
underlying microscopic models. For such cases, the relation between the microscopic models
and mesoscopic coarse-grained models is not clear in general.

To study the properties of the coarse-grained models, theoretical methods based on sta-
tistical mechanics are useful. If the target system is not largely deviated from the equilib-
rium state, we can utilize the linear nonequilibrium statistical mechanics. The dynamic
equations for coarse-grained degrees of freedom can be expressed, for example, as the
Langevin equation[4] or the generalized Langevin equation (GLE)[5]. The transport co-
efficients can be related to the correlation functions of underlying microscopic dynamics, by
the fluctuation-dissipation relation[6]. The GENERIC (general equation for nonequilibrium
reversible-irreversible coupling) formalism [7-9] gives a general form of the effective dynamic
equations. The theoretical analyses of the coarse-grained models from such view points are
important to understand them in detail. For example, the dissipative particle dynamics
(DPD), which was originally introduced phenomenologically, has been theoretically justified
by using some statistical mechanical methods[10-12].

For entangled polymer melts which exhibit characteristic slow relaxation behavior, vari-
ous mesoscale phenomenological models have been proposed and utilized[3]. Among them,

some recently proposed models have interesting theoretical structures, from the view point of



statistical mechanics. Kindt and Briels proposed the responsive particle dynamics (RaPiD)
model[13-15], in which a single polymer chain is expressed as a single coarse-grained particle.
In the RaPiD model, the number of entanglements between different polymer chains is em-
ployed as a fluctuating dynamical variable. The system is expressed by the particle positions
and the numbers of entanglements between particles. Then the dynamics is described by the
dynamic equations for the particles and the numbers of entanglements. Chappa et al[16],
and Uneyama and Masubuchi[17] proposed the multi-chain slip-spring (MCSS) model. In
the MCSS model, polymer chains are modeled as Rouse chains, and chains are connected by
so-called slip springs. The slip springs move along the chains, and are dynamically recon-
structed at chain ends. In the MCSS model, the system is expressed by the positions of beads
which construct polymer chains, and the states of slip-springs. The dynamics is described
by the dynamic equation for beads and some stochastic transition rules for slip-springs.

The RaPiD and MCSS models have similar theoretical structures, and in fact, they can
be unified[18]. The important point is that both the RaPiD and MCSS models employ
some extra degrees of freedom (the numbers of entanglements or the slip spring states), in
addition to the usual coarse-grained degrees of freedom (the positions of centers of mass
or beads). If the system obeys the GLE, the state of the target system is fully described
by the coarse-grained degrees of freedom. We may interpret that the thermodynamic state
is uniquely determined by the coarse-grained degrees of freedom. In this sense, we may
call the coarse-grained degrees of freeedom as the thermodynamic degrees of freedom. (The
memory kernel does not affect the thermodynamic state and thus is qualitatively differ-
ent from the thermodynamic degrees of freedom.) In the RaPiD and MCSS models, in
contrast, the thermodynamic potential explicitly depends both on the coarse-grained and
extra degrees of freedom. In this work, we may call such extra degrees of freedom as the
“pseudo thermodynamic degrees of freedom”. The pseudo thermodynamic degrees of free-
dom dynamically modulate the effective potentials for the normal degrees of freedom. This
dynamic modulation is realized through interaction potentials which are called the “tran-
sient potentials”[14, 15]. The success of the RaPiD and MCSS models leads us to an idea to
generalize these models. If we can construct a general method which employs the transient
potential and pseudo thermodynamic degrees of freedom, it will provide various mesoscopic
coarse-grained dynamic equations for soft matter systems.

In this work, we show that we can actually construct a mesoscopic coarse-grained model



with the transient potential, starting from the underlying microscopic dynamics model. In
general, we cannot obtain the dynamic equation for the transient potential in an explicit
form. We propose a simple dynamics model for the transient potential by using the pseudo
thermodynamic degrees of freedom. We also propose some formal expressions for the dy-
namics of the transient potential. We show that, under some assumptions, we can derive
the dynamic equation models which are consistent with the RaPiD and MCSS models. To
study properties of our theoretical method in detail, we compare our method with the GLE
and the Langevin equation with the fluctuating diffusivity. Also, we apply our model and
the GLE to the dynamics of a single tagged particle in a supercooled liquid, and consider

whether these coarse-graining methods can reasonably describe the dynamics or not.

II. THEORY
A. Microscopic Model

When we consider the coarse-graining, the Hamilton’s canonical equations are employed
as microscopic models in most cases[5, 19]. However, for soft matters such as polymers,
the overdamped Langevin equations are reasonably utilized as the microscopic molecular
models[3]. In addition, by applying the standard coarse-graining procedure, one can obtain
a Langevin equation from the Hamilton’s canonical equations. Therefore, in this work,
we employ an overdamped Langevin equation as the microscopic model. We consider the
microscopic model which consists of NV particles in a three dimensional space, and we describe
the position of the i-th particle as r;. We employ the following Langevin equation as the
microscopic dynamic equation for the i-th particle:

dfr;lt(t) :_ZLU oU( {'r, Z T B, w1 0

J

where L;; is the mobility tensor, U({r;}) is the interaction potential energy, B;; is the noise
coefficient tensor which satisfies L;; = >, B - Bka (the superscript “T” represents the
transpose), kp is the Boltzmann constant, 7" is the temperature, and w;(t) is the Gaussian
white noise. From the Onsager’s reciprocal theorem, L;; is a symmetric tensor. The noise

w;(t) should satisfy the following fluctuation-dissipation relation:

(wit)) =0, {wi(t)w;(t)) = 16;;0(t —1'), (2)
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where (...) is the statistical average and 1 is the unit tensor. Since eq (1) is a stochastic
differential equation, we should specify the interpretation of the stochastic term[20]. We
employ the Ito interpretation in this work. (One can employ the Stratonovich interpretation
instead. In that case, we convert the Stratonovich type equation to the Ito type equation|20].
The result is the same in the current case.)

For the sake of simplicity, we introduce a short-hand notation for the positions as R =
[P12s T1ys 125 T2zs - - -, "N2] . The vector R can be interpreted as a 3N-dimensional vector.
We describe the mobility tensor, the noise coefficient tensor, and the Gaussian white noise
in a similar way. For the sake of simplicity, we also employ the short-hand notation for
the noise coefficient tensor, B = L'/?. (Here, L'/? represents the matrix square root which

satisfies L'/2 - (L'/?)T = L.) Then, eq (1) can be rewritten as

dR(t) _ OU(R(1)) 1/2
— =L TOR() + V/2kgTLY? - w(t), (3)
and eq (2) can be rewritten as
(w(t) =0,  (wt)w(t)) =15(t —1'). (4)

In what follows, we use eq (3) as the microscopic dynamic equation. The equilibrium

probability distribution for the position R is simply given as the Boltzmann distribution:

1
Peq(R) = E exp[_U(R)/kBT]v (5)
where Z is the partition function:
z= / dR exp|—U(R)/knT). (6)

For simplicity, we have assumed that all the particles in the system are distinguishable and
ignored the Gibbs factor.

The probability (of the realization) for the Gaussian white noise which satisfies eq (4) is
given as[21]

Plw] = N exp [—% /dt w2(t)] : (7)

where N®) is the normalization factor. Eq (7) can be interpreted as the probability of a
specific path, and thus we may call it as the path probability. The normalization factor

should be determined so that the functional integral (path integral) over w becomes unity:



[ DwPlw] = 1. (In this work, however, the normalization factor itself does not become
important and thus we do not consider it in detail.) By combining eqs (3) and (7), the path
probability for R(t) is given as

P[R] = N® exp [-S[R]], (8)

1 dR(t) OU(R(t))
S[R] = 2]{/‘BT/ClltCJ( o +L- IR[) ,L), 9)
Gz, C) = %a:T .C -z, (10)

where N is the normalization factor (and is generally different from N, due to the
Jacobian for the variable transform), S[R] is the action which gives the statistical weight
for a specific path (the Onsager-Machlup action)[22, 23|. In what follows, we express nor-
malization factors for the path probabilities by N**) in a similar way. Eq (10) represents
the Gaussian weight for a vector « and a covariance tensor C. The covariance tensor C' is
a second rank symmetric positive definite tensor and C~! is its inverse: C - C~! = 1. All
the information on the microscopic dynamics is given by the path probability (8).

Before we consider the coarse-graining of the microscopic dynamic equation, here we
briefly comment about the mobility model. In eq (3), the mobility tensor L is assumed to
be independent of the position vector R(t). Such a situation is realized, for example, if we
consider the situation where each particles feel the friction independently. The noise term
is statistically independent of R(t) (the additive noise), and the analyses can be simplified.
However, in general, the mobility tensor can depend on R(t), such as the case of the systems
with the hydrodynamic interaction. If the mobility tensor depends on R(t), then the noise
coefficient tensor L'/? also depends on R(t). In such a case, the noise term becomes the
multiplicative noise. The extension of our theory to the multiplicative noise is possible but
complicated. (We show the extension in Appendix A.) Thus here we limit ourselves to the

case of the additive noise.

B. Coarse-Graining

What we want to obtain here is the effective dynamic equation for some mesoscopic
degrees of freedom. We limit ourselves that the mesoscopic degrees of freedom which can

be given as the linear combinations the microscopic position, R(t). (The nonlinear variable



transform can be employed but the calculation becomes complicated. We show the extension
of the theory to the nonlinear variable transform in Appendix A.) For example, the centers
of mass of molecules and the end-to-end vectors of polymers can be expressed as the linear
combinations. We describe the i-th mesoscopic degrees of freedom as @);, and assume that
there are M mesoscopic variables. (The number of mesoscopic variables M is generally
much smaller than the number of microscopic degrees of freedom, 3N.) Then, without loss

of generality, we can transform the microscopic degrees of freedom R as

X = @ -V R, (11)

0
where Q = [Q1,Q2,...,Qu]" (an M-dimensional vector), 8 is a (3N — M)-dimensional
vector, and V is a transformation matrix (of which dimension is 3N x 3N). We can take
0 so that the transformation matrix is invertible. Then we can express R as follows, by
inverting eq (11):
Q
(7]

R=V1'. =V IX. (12)

From egs (11), a function of R such as the potential energy U can be interpreted as a
function of X (or, equivalently, a function of @ and ).

We rewrite eqs (8) and (9) as functionals of Q and 6:

PIQ, 6] = N9 exp [-S[Q, 6], (13)
1 dX(t) ., oU(X(t) .,
S[Q,H]_%BT/dtG( S L '8X7(15>7L)’ (14)

where L' = V- L- V! is the mobility tensor for X. The path probability for the mesoscopic

degrees of freedom can be obtained by eliminating the variable 6:

PlQ| = /DOP[Q,O]. (15)

Unfortunately, @ and @ are coupled in a complicated way. In general, we cannot evaluate
eq (15) analytically. We need to introduce some approximations to proceed the calculation.

Here, we recall that the vector 8 can be arbitrarily chosen as long as V' is invertible.
Because we are interested only on the mesoscopic variable @, the choice of 0 is still rather

arbitrarily at this stage. We choose 6 so that the action becomes a simple form. We employ



6 which gives the following mobility tensor

A 0
L'= : (16)
0 M

where A and M are the mobility tensors for Q and 6, respectively. (The dimensions of A
and M are M x M and (3N — M) x (3N — M), respectively.) In other words, we employ
6 which is L’-orthogonal to Q:

[QT@-U-Z —0. (17)

With this specific choice of 8, we can further rewrite eq (14) as

S[Q.0) = SVQ|o] + SV[9)Q], (18)
1 dQ(t) oU(Q(t),6(t))
“[Ql0)= sz/@tF< A )| 13)
0@ = i [ (2 ar QL0

In eq (18), the Gaussian Welght factor is split into two contributions (eqs (19) and (20)),
unlike that in eq (14). However, it should be noticed that two split weight factors are coupled
through the interaction potential U(Q, @). Thus we cannot simply eliminate the degrees of
freedom 6@ by performing the functional integral over 6.

The Onsager-Machlup action (18) gives the statistical weight for a certain path[24]. This
is in analogy to the free energy functional in the field theory[25]; the free energy functional
gives the statistical weight for a certain field. In the field theory, we often introduce some
auxiliary fields to obtain the approximate expression for the free energy. We expect that
the action can be approximated in a similar way. We introduce a transient potential as
an auxiliary variable. We interpret the potential at time ¢, U(Q(¢),0(t)), as a transient
potential ®(Q(t),t). This transient potential ® is a function of @ and ¢, and is independent
of 8. Following the standard procedure in the field theory [26, 27|, we use the following
identity for the delta functional:

1=/D@Mmaw—vwﬁ@n. (21)



Here, q represents the dummy variable which has the same dimension as Q. By inserting

eq (21) into eq (15), we have

_ / DODD 5 [B(q, 1) — U(G, 0(1))| N @9 exp [-S(Q, 6]]

(22)
= /D@N(Q’qh) exp [—S(Q) [Q|(I>]] P [@|Q)],
1 dQ(t) 02(Q(1),1)
VQ|o] = TenT dtG( dt +A'T@)7A)’ (23)
PO0|Q] = /DO(S (4, t) — U(q, 6(1))]
(24)

X exp {_%LT [ G (‘;‘t’ v gg()t’)"“”;m)} |

S@[Q|®] (eq (23)) can be interpreted as the action for @ under a given ®. Similarly,
75(‘1’)[<I>|Q] (eq (24)) can be interpreted as the path probability for ® under a given Q. For

convenience, we introduce the action for ® and rewrite eq (22) as
- / DON@Y exp |-S[Q|0] - SV [2]Q]] (25)

5¥[0]Q] = — PV [@|Q). (26)

So far, we have not introduced any approximations for the Onsager-Machlup action. Thus
eq (25) is exactly equivalent to eq (15). Of course, eq (25) is just a formal expression and
we have no simple analytic expression for the action S®. Nonetheless eq (25) is useful
for the coarse-graining. Eq (25) implies that, the transient potential ® can be employed as
additional degrees of freedom of the mesoscopic system. Instead of the path probability for

Q (as eq (15)), here we consider the path probability for Q and ®:

PIQ. ¢ = N @ exp [ -S@[Q|o] - S [0|Q)] . (27)

Clearly, we have [ DOP[Q,®] = P[Q]. Thus, if we eliminate the transient potential from
q (27), we recover the path probability for Q. Now we have two actions in eq (27). The
action for Q, S(@ (eq (23)), is simple and we need no further manipulation for it (as long

as @ is given). The Langevin equation which corresponds to the action (23) is

Q) _ . 93(Q(N).1)
- M Tagm T

where W (t) is the M-dimensional Gaussian white noise vector. The noise W satisfies

2kpTAY? - W (1), (28)

(W (t)) =0, (W)W (t')) =16(t — t'). (29)
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On the other hand, the action for ®, which is given by eqs (24) and (26), is not simple.
From eq (26), the transient potential ® obeys a stochastic time evolution equation (such
as the Langevin equation), and this equation depends on Q. We need to approximate
it by a simple and tractable form, in order to obtain a dynamic equation model which is
suitable for numerical simulations and theoretical analyses. Once we have the (approximate)
dynamic equation for the transient potential, we can combine it with eq (28) to describe the
dynamics of the mesoscopic degrees of freedom. Therefore, we find that the dynamics for
the mesoscopic degrees of freedom is described by the Langevin equation with the transient
potential (LETP). Eqs (27) and (28) formally justify the dynamics models with transient
potentials, which were originally proposed as phenomenological models.

We can derive a similar Langevin equation for the cases where the noise is multiplicative
and/or the variable transform is nonlinear. In general, the mobility tensor A becomes
time-dependent and fluctuating quantity, just like the transient potential ®. The detailed
calculations are shown in Appendix A. In what follows, for the sake of simplicity, we consider

only the case of the additive noise and the linear variable transform.

C. Dynamics Model for Transient Potential

We should notice that our procedure in Sec. II B does not give the information on the
dynamics of the transient potential. The derivation above is formal and one may criticize
that it does not fully justify the LETP and thus cannot be accepted as a concrete derivation.
Such a criticism is partly true. However, generally we cannot obtain the “exact” dynamic
equations for coarse-grained systems. We need to employ some approximations for the
full dynamics model to obtain a coarse-grained model, but approximations may not be fully
justified and are rather empirical. In this subsection, we consider some methods to determine
the effective dynamics model for the transient potential. We cannot determine the dynamics
model uniquely, but we show that we can construct physically reasonable models under given
approximations.

We start from a rather formal expression. The dynamics of the transient potential can

be formally determined by the action S®[®|Q]. From eq (27), we have

SP@|Q] = —InP[Q, P] — S9[Q|®] + (const.). (30)
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The explicit form of the action S(@[Q|®] is given by eq (23). Also, the path probability
P[Q, ®] can be obtained as the ensemble average as:

PIQ.#) = (5(@(1) ~ QURIN)) 5[ (a.1) — U@ 0(R())) " (31)
Here, R represents a trajectory (or a path) directly generated by the Langevin equation (3),
and the statistical average (... >(R) is taken for realizations of R. Therefore, in principle,
we can construct the action S(® [®|Q)] from the path probability calculated by the direct
microscopic simulations. Of course, the calculation of the path probability by eq (31) is
practically impossible since the path probability is the joint distribution functional for the
path and potential function in very high dimensions.

We consider to construct a dynamics model which can be used for practical simulations
and analyses, by introducing some approximations. Even if the resulting dynamics model for
the transient potential is not exact, the model which mimics the exact dynamics and gives
physically reasonable results would be still useful. We assume that the transient potential

can be approximately expressed as a function of a Z-dimensional auxiliary variable A(t):

©(q,t) =~ 0(q, A(t)). (32)

The auxiliary variable A(t) should be chosen so that it gives a reasonable approximation
for the dynamics of the transient potential. The dimension Z should be sufficiently smaller
than the dimension of 8, 7 < (3N — M). A(t) does not need to have the expression in
terms of 6(t). From eq (32), A(t) can be interpreted as a sort of the state of the transient
potential. Then we expect that it behaves in a similar way to the coarse-grained variable
Q(t). We further assume that, in equilibrium, the joint probability of @ and A should be
expressed as

Pu(Q. 4) = < expl-0(Q, A)/kT), (33)

where Z is the effective partition function:

Z- / dQdA exp|-b(Q, A)/kT). (34)

Eq (33) is the same form as the usual partition function. Thus our assumption for A
is that, it behaves as usual degrees of freedom. The thermodynamic state of the coarse-
grained model is usually determined by the coarse-grained variable Q. (As we stated, we

may call such coarse-grained variables as the thermodynamic degrees of freedom, in this

11



work.) In a similar way, we assume that the thermodynamic state can be now determined
by @ and A. Therefore we may call the auxiliary variable A as pseudo thermodynamic
degrees of freedom.

Since the pseudo thermodynamic degrees of freedom were introduced to approximately
describe the dynamics for the transient potential, they should never affect the equilibrium

statistics of the mesoscopic degrees of freedom. Thus we require

(@) = / JAP.(Q. A), (35)

or, equivalently,
expl=F(Q)/kyT) = [ dA expl-8(Q. A) kT, 30

where F(Q) is the free energy for the mesoscopic degrees of freedom Q:

F(Q) = —hyTn / 46 exp[—U(Q, 8)/knT). (37)
From eq (36), we can relate the forces by the transient potential and the free energy as

OFQ) [, 09(Q.A)
9Q ‘/ 400

The physical meaning of eq (38) is clear. If we average the thermodynamic force by the

Feq(Q, A). (38)

transient potential over the pseudo thermodynamic degrees of freedom, we just have the
thermodynamic force by the free energy F. Therefore, if the pseudo thermodynamic degrees
of freedom relax much rapidly compared with the mesoscopic degrees of freedom, we just
have a usual Langevin equation.

We want the dynamics model for A(t) to be simple and free from the memory kernel.
We assume that A(t) obeys a Markovian stochastic process. We express the probability
distribution of @ and A at time t as P(Q, A;t). For a Markovian process, the time evolution
of P(Q, A,t) can be formally expressed as follows.

W = [£L@ 4+ LW P(Q, A; 1), (39)
LOPQ,A) = % A [%Q’A)P(Q,A) + kBT%Q’A) ) (40)
LAPQ,A) = /dA’ [2(A]A, Q)P(Q, A) - QA'|A, Q)P(Q, A)). (41)
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Eq (40) is derived from the Langevin equation (28) with the approximate transient potential
(32). Q(A'|A,Q) is the transition rate from A to A’, and it should satisfy the detailed-

balance condition:
Q(A'|A, Q)P4(Q, A) = Q(A|A', Q) P4(Q, A). (42)

The dynamics of the coarse-grained system can be fully described by two hypothetically
introduced functions ® and . These functions can be interpreted as the trial functions[28].
The optimal forms of these functions should be determined so that they minimize the dif-
ferences between the approximate and exact dynamics. Therefore we can apply the vari-
ational method[28] to determine the functional forms of ® and €. The Kullback-Leibler
divergence[29] would be suitable to measure how different two models are[30, 31]:

. e o PlQID, Q2
K[®,0] = /DQP[Q\@,Q] m%,
where P[Q|®, Q] and P[Q] are the path probabilities for @ by the approximate and micro-

(43)

scopic models. (The path probability by the approximate dynamics model can be interpreted
as the functional of @, ®, and €2.) The Kullback-Leibler divergence satisfies K[®, Q] > 0 and
it becomes zero (K[®,Q] = 0) if two path probabilities are the same. Therefore, by min-
imizing the Kullback-Leibler divergence with respect to trial functions, we have the most
reasonable forms for ® and €. The most reasonable functional forms, ®* and Q*, satisfy the
following conditions:
D, Q) D, Q)

Unfortunately, the calculation of the path probabilities P[Q|®, )] and P[Q] and the mini-
mization with respect to ® and € are still not practical. We will need further approximations
and simplifications for the trial functions and the path probabilities. For example, we may
assume the functional form and perform the minimization with respect to several parame-
ters. We may approximate the path probabilities by the path probability for a single particle,
or we may employ the hypothetical path probability forms based on dynamical quantities
such as the mean-square displacement.

There are several possible simple yet non-trivial models for the dynamics of A. Among

them, the simplest model would be the following Langevin equation for A:

df;it) :_F_a¢(c§§)(,t;4(t)) 2R TTY . wo(t). (45)
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Here, I' is the mobility tensor and w is the Z-dimensional Gaussian white noise. As before,
we have simply assumed that the mobility tensor I' is independent of @ and A. The

fluctuation-dissipation relation should be satisfied for the noise w:
(w(t) =0, (w(t)w(t))=15(—1). (46)

Eqgs (28) and (45) give the dynamics which is consistent with eqs (41) and (42). This type of
coupled Langevin equations correspond to the RaPiD model for entangled polymers[13-15].
We can employ other dynamics models, as well. For example, if the transient potential
instantaneously changes, the simple transition dynamics models would be suitable. We
may employ a specific transition rate model such as the Glauber dynamics. Then the
transition rate will be explicitly given in terms of the difference of the transient potential
before and after the transition. This type of coupling of the Langevin equation and transition
dynamics corresponds to the MCSS model[17] and the transient bond model[18] for entangled

polymers, and the alternating diffusive state model for supercooled liquids[32].

ITI. DISCUSSIONS
A. Generalized Langevin Equation

We have proposed the LETP model by introducing the transient potential to approxi-
mately describe the mesoscopic dynamics. Also, we have proposed some possible approxi-
mate dynamics model for the transient potential by introducing the pseudo thermodynamic
degrees of freedom. This is not a unique way to describe the complex mesoscopic dynamics.
We may employ other methods to describe the mesoscopic dynamics. The most popular and
established way is to use the projection operator[5, 19]. The projection operator method
gives the GLE as the effective dynamic equation for the mesoscopic degrees of freedom.
The GLE involves the memory kernel which directly expresses the memory effect for the
mesoscopic degrees of freedom. In this subsection, we compare the LETP model with the
dynamic equation which incorporates the memory kernel.

We start from the same microscopic dynamics model as Sec. II, and consider the effective

dynamic equation for the degrees of freedom ). By eliminating the fast degrees of freedom,

14



we have the GLE as the dynamic equation for the mesoscopic degrees of freedom:

dQ(t) / Lo n OF(Q())

— s = — dt K(t—1t) ————== t 47
where K (t) is the memory kernel and &(t) is the colored noise. The fluctuation-dissipation

relation requires the noise to satisfy

(@) =0,  (€MEE)) = ksTK(|t —t')). (48)

The projection operator method gives eqs (47) and (48), but it does not tell us the detailed
statistical properties of the colored noise &£(¢). In most practical cases, the colored noise
&(t) is simply assumed to be Gaussian. (This assumption seems to be often employed
implicitly.) Then the dynamic equation for the mesoscopic degrees of freedom can be fully
specified. This Gaussian assumption cannot be justified a priori, and we should interpret
it as an approximation. In this work, we explicitly distinguish the GLE with the Gaussian
noise (GLEG) with the GLE with a general non-Gaussian noise. It would be reasonable to
consider that both the GLEG and the LETP can be obtained from the same microscopic
dynamics model with different approximations. We expect that the difference between the
GLEG and the LETP originates from the properties of the employed approximations.

To consider the difference between the GLEG and the LETP in detail, it would be better
for us to derive the GLEG by utilizing the path probability and the Onsager-Machlup action.
Therefore here we go back to eqs (13) and (18). As we mentioned, two actions in eq (18) are
coupled via the interaction potential U(Q, @). In the derivation of the LETP, we introduced
the transient potential to rewrite the action for @Q in a simple form. Here we consider to
introduce a different quantity to simplify the action for Q. We consider an average of the

force term for Q,

®)
AU (Q(t),0(1)) > 7 (49)

9Q(t)

where (. ..)® represents the statistical average over 8. The thus defined ¥ can be interpreted

v[Q,t] = — <A~

as the average “velocity” for the mesoscopic degrees of freedom Q. From the causality, v at
time ¢ is a functional of Q(t') for ¢’ < t. If the system is fluctuating around the equilibrium,
v should be expressed as a linear function of the thermodynamic force. Thus we expect the
following form for v:

BlQ. 1 = —/_ dt’K(t—t’)~%(S)/)). (50)
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We may employ eq (50) as the definition of o, instead of eq (49). Anyway, © is an average
and the force term is fluctuating around it. We introduce the deviation of the force term

from v as Av(t):

Ao(t) = —a . QW) _ i (51)

9Q(t)

This Av(t) can be interpreted as the fluctuation around the reference path. As before, we

utilize the functional identity to introduce Awv as additional degrees of freedom:

oU(Q(t),0(1))
0Q(t)

We insert eq (52) into eq (13). Then we can rewrite the path probability for @ as

oU(Q(1),6(t))
9Q(t)

1= /DAv5 [Av(t) —A- —U[Q,t]]. (52)

PlQ] = / DODAv S [Av(t) —A- —9(Q, t]} N@O exp [-S[Q, 0]

(53)
_ / DAON @AY ey [~ 5 [Q|Av] — S [Av|Q]]
with
SQIQ|Av] = ﬁ dt G (%ff) —9[Q, 1] — Av(t);A) : (54)
SAYAV|Q] = —In / DO {Av(t) —A- aU(ggzgf ®) _ 2[Q, t]]
(55)
1 do(t) oU(Q(t),0(t))
X exp {—QkBT/dtG<7—|—M- 0(1) ,M)],

where N (@A%) is the normalization factor. Eqs (53)-(55) have similar forms to eqs (22)-(26).
As the case of eqs (22)-(26), egs (53)-(55) are derived without approximations and thus they
are formally exact.

To obtain the GLEG, we approximate the action for Av (eq (55)) by a simple Gaussian
form:

SAYAv|Q] ~ dtdt' Av™(t) - C71(t —t') - Av(t), (56)

~ 2kpT
where C(t) is a tensor which represents the covariance of Awv. (The explicit form of this
tensor is not required here.) Under this approximation, the path probability for @ can be
explicitly calculated. The Gaussian weight for @ in eq (54) can be also interpreted as a
Gaussian weight for Av. Thus the path probability for @ can be calculated by integrating
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the path probability over Av. From eqs (53), (54), and (56), we have

PlQ] ~ / DAv N @AY exp {— / dtdt’ [AUT(t) LC7Ht—t) - Av(t)

2kpT
+ (Av(t) — %t(t) + v[Q,t])T 2MA6(t —t') - (Av(t') — %ﬁ) + 'U[Q,t’]) H
= N @ exp [— %LT /dtdt’ <%§t) — 'v[Q,t])T KNt —t) - (dgt(,t/) — 'v[Q,t’]) }
(57)
where V(@) is the normalization factor and K(t) is the kernel function defined as
K(t) = C(t) + 2A4(1). (58)

Eq (57) is equivalent to the GLEG if the kernel K (t) is given as K(t) = K(|t|). This
condition is equivalent to the fluctuation-dissipation relation (48), and thus it should be
satisfied to reproduce the correct equilibrium distribution. Thus we find that the GLEG can
be obtained from eqs (13) and (18), if we approximate the fluctuation of the force term Aw
by a simple Gaussian from (eq (56)).

By comparing the derivations of the GLEG and the LETP, we find some differences
between them. The first difference is that the LETP employs additional degrees of freedom,
the transient potential, to express the force term in the action (18). The GLEG employs
the average v, which is a functional of @, instead. This average v incorporates the memory
kernel. The second difference is that the additional degrees of freedom is not eliminated in the
LETP. In other words, we explicitly have the dynamic equation for the additional degrees of
freedom (the transient potential ®), in addition to that for the mesoscopic degrees of freedom
(). This is in contrast to the case of the GLEG. To derive the GLEG, we eliminated the
fluctuation around the average, Awv, by integrating the path probability over it. The LETP
does not require the memory kernel but requires additional degrees of freedom, whereas the

GLEG does not require additional degrees of freedom but requires the memory kernel.

B. Example: Supercooled Liquid

Because the GLEG and the LETP are based on different approximations, some statistical
properties of them can be quantitatively different, although the target system is the same.

As a simple example, here we consider the effective dynamic equation model for a single
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tagged particle (or the center of mass of a tagged molecule) in a supercooled liquid in a
three dimensional space.

The dynamics of supercooled liquids have been widely studied by binary Lennard-Jones
mixture systems[33-39]. To study the diffusion behavior, the mean-square displacement
(MSD) data are useful. If the temperature is sufficiently high, we just observe normal
diffusion behavior: ([r(t) — r(0)]?) oc t. If the temperature is sufficiently low, we observe
the slowing-down of the dynamics. As a result, the MSD of the particle typically show three
regions[40, 41]. At the short time region, it exhibits a normal diffusion. At the intermediate
time region, the MSD becomes almost independent of time, and exhibits a plateau. At the
long time region, it again exhibits a normal diffusion. Therefore, the MSD of a particle
would be as follows:

t 3T,

([r() =r(O)) < 0 (7 St <), (59)

where 7/ and 7" are characteristic time scales. (Strictly speaking, at sufficiently short time
scale, we observe the ballistic diffusion behavior. In this work we consider overdamped dy-
namics and thus we do not consider the ballistic region.) The MSD data are not sufficient to
characterize the dynamics of a particle. The distribution of the displacement is generally not
Gaussian, and the non-Gaussianity cannot be detected via the MSD. The non-Gaussianity
parameter (NGP)[39, 42], which characterizes the deviation of the diffusion behavior from
the ideal Gaussian behavior, is useful to study the non-Gaussianity. For a three dimensional
system, the NGP is defined as «(t) = 3(|r(t) — 7(0)[*)/5([r(t) — r(0)]*)? — 1.

We show the MSD and NGP of a particle in a model binary Lennard-Jones mixture
with different temperatures in Figure 1. Here, the dimensionless units are employed (the
characteristic length, mass, and energy are set to be unity) and the temperature is changed
from kT = 0.4 to kgT = 1. The details of the simulation model and the simulation setup
are shown in Appendix B. We show some trajectories of particles in a supercooled liquid at
kgT = 0.6 in Figure 2. We clearly observe that the trajectories are qualitatively different
from those of normal Brownian motions. This can be interpreted as the fluctuation of the
mobility, which is called the dynamic heterogeneity.

We consider whether such behavior can be successfully modeled by the GLEG and the
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LETP. We express the position of the tagged particle as r(t), and use this as the mesoscopic
degrees of freedom. We construct the effective dynamic equations for r, and then analyze
the MSD and NGP.

From the translational symmetry, the free energy is zero: F(r) = 0. Therefore, if we
employ the GLEG to describe the dynamics, we have the dynamic equation as

dr(t)
dt

= &(1), (60)

where £(t) is the Gaussian colored noise. The first and second moments of the noise £(¢) are

(@) =0,  (&MEE)) = kpTK(|t —'|)1. (61)

Here K (t) is the (scalar) memory kernel. We have assumed that the system is isotropic and
the memory kernel tensor is given as an isotropic tensor. The MSD is simply calculated to

be
([ (t) - r(O)) = / ar / 0" (E() - €(t")) = 6k 5T / a (- OKWE).  (62)

0
Thus we find that the memory kernel can be determined if the MSD of the tagged particle is

given. From the Gaussian nature of the noise £(t), the NGP is exactly zero: «(t) = 0. This
means that, the GLEG can reproduce the MSD observed in supercooled liquids successfully
(by tuning the memory kernel), but it cannot reproduce the non-Gaussian behavior.

If we employ the LETP, the dynamic equation becomes

d?;i(tt) - A8®(r€)(i)(; ;4(15)) b 2R TAW (#), (63)

where A is the (scalar) mobility and W (t) is the Gaussian white noise. The force term
by the transient potential in eq (63) is not zero. Unlike the case of the GLEG, we should
specify the dynamics model of the transient potential or the pseudo thermodynamic degrees
of freedom. As a simple yet nontrivial model, we employ a simple harmonic type potential
as the transient potential:

d(r,A) = %K(r —A)? (64)

where k is the spring constant and A corresponds to the center position of the potential.
(The dimension of A is assumed to be the same as that of r.) The dynamic equation can

be then simplified as

d’;lff) = —Ak[r(t) — A®)] + 2k TAW (1). (65)
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We need to specify the dynamics model for the pseudo thermodynamic degrees of freedom.
If we employ the Langevin equation for A(t), the full stochastic process become a Gaussian
process, and thus the results will be very similar to those of the GLEG. Namely, the MSD
will be reproduced but the NGP is always zero. Here we employ the stochastic transition
dynamics with the following transition rate, instead:

< 1 K 8/2 k(A —7r)?
QA'|A,r) = . <27TkBT) exp [—W} ) (66)

where 7 is the characteristic time of the transition. This transition rate model corresponds to
the simple resampling of the new potential center position from the equilibrium probability
distribution. Now the dynamics of the system can be fully specified by eqs (65) and (66).
(This model would be interpreted as a special case of the alternating diffusive state model[32],
where the fraction of the free diffusive state is very small.) Although the model looks simple,
the calculations of the MSD and NGP become rather complicated. We show the detailed
calculations in Appendix C, and here we only show the results. The MSD and NGP of our

model become

6kl n t n _
_ 2 — A e ' n- t(14n)/T
() = r(O)) = TEL | L g et (67)
_ 72
o) = [y Ml—e K/ 20 oAt iy
T 1417 (1+n)(A 4207 14n7 (68)
4[1 _ e—t(1+n)/r] 4(1 + 77)2[1 _ e—t(1+277)/7] 772[1 _ e—2t(1+77)/7]
(IT+n? (1+2n)? (1+n)? }

where n = AxT. We show the MSD and NGP data by the LETP, with various average
waiting times, in Figure 3. If the waiting time is sufficiently short, the transient potential
does not contribute the diffusion dynamics. Thus, in the case of AkT < 1, we recover the
simple diffusion behavior where the MSD is proportional to t and the NGP is almost zero.
On the other hand, if the waiting time is sufficiently long, the particle will be trapped in the
transient potential and exhibits the plateau at the intermediate region. The MSD data by
the LETP are qualitatively consistent with the data by the molecular dynamics simulation,
Figure 1(a). For example, eq (67) clearly exhibits three regions shown in eq (59). In addition,
the LETP gives non-zero NGP. Although the ¢-dependence of the NGP by the LETP is
not quantitatively coincide with that by the molecular dynamics simulation, the trend is

qualitatively reproduced by the LETP. In both Figures 1(b) and 3(b), the NGP exhibits a
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peak where the MSD shows the crossover from the plateau to the diffusion behavior. The
peak value of the NGP increases as the plateau region in the MSD develops.

By comparing the results of the GLEG and the LETP, we find that the MSD can be
well described both by the GLEG and the LETP. The GLEG can easily reproduce any
MSD by tuning the memory kernel. However, the diffusion dynamics given by the GLEG is
essentially a Gaussian process and non-Gaussian behavior can never be reproduced. On the
other hand, the LETP can reasonably reproduce the non-Gaussian behavior. But both the
MSD and NGP depend on the dynamics model and the tuning of the forms of a transient
potential and a dynamics model such as a transition rate is difficult.

The simple structure of the LETP would be especially useful when we perform numerical
simulations. According to the results shown above, the LETP model can successfully re-
produce some dynamical properties of supercooled liquids. If we integrate such a dynamics
model into more complex systems, we will be able to simulate complex relaxation process
with a relatively simple and numerically efficient model. For example, if we combine the
single chain polymer model (such as the Rouse model) with the LETP in this subsection,
we may be able to simulate the dynamics of supercooled polymer melts by a simple single

chain model.

C. Fluctuating Diffusivity

In Secs. IIT A and III B, we have showed that the LETP is qualitatively different from
the GLEG. Recently, another type of mesoscopic coarse-grained model which is called the
fluctuating diffusivity (or diffusing diffusivity) model has been investigated. In this model,
the diffusion coefficient tensor (or the mobility tensor) is considered as a stochastically
fluctuating physical quantity. The dynamic equation is expressed as the Langevin equation
with the fluctuating diffusivity (LEFD)[43-47]. The LEFD for the mesoscopic degrees of

freedom @ can be expressed as

Q) 1 OF(Q(1)) 1/2
= —kBTD(t) 00 +V2DY3(t) - W (t), (69)

where D(t) is the time-dependent fluctuating diffusion coefficient tensor. The diffusion

coefficient D(t) is assumed to obey another stochastic process which is independent of Q.

Although eq (69) is not the same as eq (28), they are similar in some aspects. Both of them
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employ additional degrees of freedom to describe the mesoscopic dynamics. In addition, the
LEFD model can reproduce the non-Gaussian behavior successfully[43].

It would be informative to discuss how the LETP and the LEFD can be related and
whether these models can be unified or not. If we employ the LEFD to describe the diffusion
of a single particle in a supercooled liquid (the same system as considered in Sec. IIIB), we

have

0 — aniw ), (10
where D(t) is a scalar fluctuating diffusion coefficient. We assume that D(t) obeys an
equilibrium stochastic process and the statistical average of D(t) is independent of time.
Then the MSD becomes

([r(t) = (0)]*) = 6(D)t. (71)

Eq (71) means that the MSD of the LEFD is simply proportional to ¢ for any ¢. Therefore,
unlike the GLEG and the LETP (egs (62) and (67)), the LEFD cannot describe the MSD
of a supercooled liquids. However, the fluctuation of the diffusion coefficient strongly affects
the higher order correlation functions, unlike the GLEG. Thus physical quantities which
incorporate the higher order correlation functions, such as the NGP, exhibit nontrivial be-
havior. The NGP can be related to the correlation function of the fluctuating diffusivity
as[43]

a(t) = t% /0 t dt’ /0 t dat" {—w(?gz@”» - 1] = t% /0 t dt’ (t —t') {L(fgl;(o» - 1} . (72)
From eq (72), in general, the LETP gives non-zero NGP, and therefore the heterogeneity
of the diffusion behavior can be successfully reproduced. At the short time scale, eq (72)
approximately becomes independent of time: a(t) ~ (D?)/(D)?—1. Generally, the NGP by
eq (72) becomes a monotonically decreasing function of time ¢. Such behavior is qualitatively
different from that of the LETP. Therefore, we conclude that both the LETP and the LEFD
can reproduce non-Gaussian dynamics, but they are not equivalent.

We may interpret the LEFD as an approximation for the LETP in the long region. If
the time scale is larger than the average relaxation time of the transient potential, we will
observe simple diffusion behavior where the MSD is approximately proportional to time.
Also, the NGP can be interpreted as a monotonically decreasing function of time. These

properties are qualitatively consistent with those of the LEFD. Therefore, in such a case,
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the effect of the transient potential on the dynamic equation may be further coarse-grained.
Then the thermodynamic force will be simply determined by the free energy, and the LETP
can be coarse-grained into the LEFD model. It should be noted here that the GLEG cannot
be employed for a system which exhibits non-Gaussian behavior. As Fox showed[48], the
memory kernel is uniquely determined if the MSD is given. At the long time scale, the
memory kernel approximately becomes the delta function and thus we just have a simple

Langevin equation without memory effects and the fluctuation of diffusivity.

D. Transient Potential as Thermostat

One may consider the structure of the LETP is somewhat similar to some thermo-
stat models in molecular dynamics simulations. The Nosé-Hoover thermostat utilizes
the extended Hamiltonian where the extra degrees of freedom for the thermostat are
incorporated[6, 49]. Leimkuhler, Noorizadeh and Theil[50] proposed a modified version
of the Nosé-Hoover thermostat which employs the Langevin equation for the dynamics of
the thermostat. We expect that the transient potential with the pseudo thermodynamic
degrees of freedom may work as a thermostat. In this subsection, we consider a possible
application of the transient potential as a thermostat.

From eqs (39)-(41), the approximate dynamics model for the coarse-grained system is
detailed-balance. Therefore, if we simply omit the noise term in the Langevin equation for
Q, the resulting dynamics becomes physically incorrect, since the detailed-balance condition
is no longer satisfied. Therefore, we consider the Hamiltonian-like dynamics for . We
hypothetically introduce the momentum P and mass m, and assume that the system obeys
the following dynamic equations:

dP(t)  99(Q,A) aQ(t) 1
dt o 0Q @ oml (73)

Eq (73) corresponds to the Hamilton’s canonical equations for the hypothetical Hamiltonian

H = P%/2m+®(Q, A). We further assume that the transient potential is given as the sum

of the effective interaction potential U(Q) and the harmonic potential as
. _ K
Q. A)=U(@Q) + 5@~ AV, (74)

where k is a constant. The variables Q and P are coupled to the stochastic variable A via

the harmonic potential, and thus we expect that the equilibrium state will be realized.

23



To demonstrate the transient potential actually works as a thermostat, we consider the
case where A obeys the overdamped Langevin equation (45). If we assume that the mobility

is given as I' = 1/¢ with ¢ being the friction coefficient, the dynamic equation becomes

5 = —Z(A—Q)+ c w(t). (75)
From eqs (73) and (75), we have
A =@ -1 [ drK@—t) P +&0) (76)

with K (t—t') = ke /¢ and €(t) = \/2kpT/C [*_ dt' K (t—t)w(t'). By substituting eq (76)
into eq (73), the dynamic equation for Q(t) can be simply expressed as

WO _ 0@ _ [ s Q)

a2 0Q(t) _ dt’ ). (77)

The noise £(t) is a linear combination of the Gaussian white noise w(t) and becomes a

Gaussian colored noise. The first and second moments of £(t) are calculated to be

€)=0,  (E®ER)) = ksTK(|t —t'])1. (78)

Eq (78) can be interpreted as the fluctuation-dissipation relation. Therefore we find that
Q(t) obeys the GLEG with the memory kernel K (t), and thus the transient potential works
as a thermostat. Although we have not explicitly introduced the memory kernel in eqs (73)-
(75), the resulting dynamics reproduces the memory effect. If we employ a non-harmonic
transient potential model and/or a transition dynamics model, we will be able to reproduce

a non-Gaussian thermostat as well.

IV. CONCLUSIONS

We showed that we can formally derive the transient potential model (LETP) starting
from the microscopic Langevin equation model. We showed that we can formally justify the
use of the transient potential, based on the path probability formalism which utilizes the
Onsager-Machlup action. However, the dynamics for the transient potential is generally not
given in a simple and tractable form. Instead of the exact dynamics for the transient poten-

tial, we proposed to introduce the pseudo thermodynamic degrees of freedom and employ
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simple approximate dynamics model. The obtained LETP consist of two dynamics models;
one is the simple Langevin equation for the mesoscopic degrees of freedom, and another is
the Markovian stochastic dynamics model for the additional degrees of freedom (the pseudo
thermodynamic degrees of freedom). The LETP can reproduce non-Gaussian dynamics
which the GLEG cannot reproduce. As a simple example, we considered the dynamics of a
tagged particle in a supercooled liquid. We found that the LETP can qualitatively reproduce
the characteristic diffusion behavior.

We expect that the LETP can be utilized as a general coarse-grained equation for meso-
scopic dynamics of soft matters. The result of this work justifies the mesoscopic dynamics
model such as the RaPiD and MCSS model which were originally introduced as purely phe-
nomenological models. However, at least currently, the derivation of the LETP is limited
to rather simple systems. The underlying microscopic dynamics model is assumed to be
the overdamped Langevin equation with the constant mobility tensor. The mesoscopic de-
grees of freedom are limited to the linear combinations of microscopic degrees of freedom.
More general derivations and detailed analyses will be required to further elaborate the
coarse-grained dynamics models. For example, the derivation of the LETP from the micro-
scopic Hamiltonian dynamics is an interesting future work. In addition, the development
of accurate and practical approximation models for the transient potential is also required.
Although we simply assumed the Markovian process for the pseudo thermodynamic degrees

of freedom in this work, other dynamics models would be employed instead.

Acknowledgment

This work was supported by Grant-in-Aid (KAKENHI) for Scientific Research Grant C
No. JP16K05513 from Ministry of Education, Culture, Sports, Science, and Technology, and
Grant-in-Aid (KAKENHI) for Scientific Research Grant B No. JP19H01861 from Ministry
of Education, Culture, Sports, Science, and Technology, and JST, PRESTO Grant Number
JPMJPR1992.

25



Appendix A: Multiplicative Noise and Nonlinear Variable Transform

In this appendix, we consider the coarse-graining for a system described by the over-
damped Langevin equation with the multiplicative noise. We employ the following Langevin
equation with the position-dependent mobility as the microscopic dynamic equation, instead
of eq (3):

OU(R) 0 1/2
on theTop  LR) + 2k TLA(R) - w(t), (A1)

2~ _L(R) -

where L(R) is the position-dependent mobility. The noise term in eq (A1) is multiplicative
and we interpret it according to the Ito manner.

As the same way in the main text, we introduce the variable transform from R to X =
QT 07T (Q is an M-dimensional vector and 6 is a (3N — M)-dimensional vector). This
transform can be nonlinear, but the inverse transform should exist. X can be interpreted as

a function of R, as X (R). The inverse transform exists if the following condition is satisfied:
0X
det — # 0 A2

where 0 X /OR corresponds to the Jacobian matrix for the variable transform. Then, R can
be interpreted as the function of X, as R(X). The effective interaction potential for X
becomes[51]

U/(X) = U(R(X)) + ksT In det g—)}; (A3)

The second term in the right hand side of eq (A3) arises from the metric of the nonlinear
variable transform. If the variable transform is linear and X is linear in R (as the case we

considered in the main text), it reduces to a constant and negligible. The mobility tensor

becomes[52]
L/(Q)(X) L/(EQO)(X)
/ — ] [3 A
i rodx) rx) | .
with

v (x) = M) gy KBE) (45)
90 (x) = 109(x) = YU gy Lol (6)
0 (x) = Ll gy P (A7)
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So far, any @ can be employed as long as the variable transform is invertible. Here we
employ @ which is not kinetically coupled to . That is, we employ 8 which satisfies the

following condition:
0Q;(R) 06, (R)
OR L(R) OR

Then the mobility tensor (A4) becomes block-diagonal:

—0. (A8)

r?x) o
L'(X)= 5 (%) . (A9)
The problem is that whether such @ actually exists or not. Fortunately, we can show that

we can construct @ which satisfies eq (A8) for any Q. Eq (A8) can be rewritten as

90.(R)
OR

with u;(R) = [0Q;(R)/OR| - L(R) (i = 1,2,...,M). Here u;(R) is a 3N-dimensional

u;i(R) =0, (A10)

vector. This u;(R) can be expanded into the position-dependent orthogonal basis ey(R)
(1=1,2,..., M), as
w(R) =Y [u-(R).e'!(R) el(R). (A11)
2 7 i i
J
The position vector R is a 3N-dimensional vector, thus we can construct (3N — M) or-

thogonal basis vectors which are orthogonal to e”(R). If we describe this basis as eX(R)

7 a

(¢ =M+ 1,M+2,...,3N), we simply have ey(R) -eX(R) = 0. This means that the

o

condition (A10) can be satisfied if we take @ which satisfies the following condition:

9ba(R) 1

S = ek (R) (A12)

where p,, is constant. (Notice that we do not take the summation over « in the right hand

side of (A12).) We may further rewrite eq (A12) as

0%0,(R 0
Goll) kel (R) (A13)

Eq (A13) is a Poisson equation in the 3/N-dimensional space. The solution is

0a(R) = 04 + pa€y - R+ po / dR' G(R—- R)) 0 les(R) —e,]. (A14)

OR
where 0, is a constant, & is the spatial average of eX(R), and G(R) is the Green function

for the Poisson equation:

— 5(R). (A15)



In the three dimensional space, the Green function becomes a simple Coulomb type kernel.
(In a 3N-dimensional space (3N > 3), the Green function G(R) decays as |R|*7" for large

|R|.) O(R) given by (A14) satisfies eq (A8), and the mobility tensor can be block-diagonal.

1

We should notice that the basis vector e

(R) depends on @ and thus is not constant.
To satisfy eq (A8) for any t, we should modulate 6(t) during the time evolution. This
can be done by introducing the Lagrange multiplier into the Langevin equation for 0(t).
(Intuitively, the Lagrange multiplier can be understood as the external force which drives
0(t) to satisfy the condition (A10).)

The Onsager-Machlup action and the path probability becomes

0X
exp[—S[R]]|DR = exp[-S[Q, 9]]DetﬁDQD9, (A16)
where Det--- represents the functional determinant, and the action S[Q, 0] is given as
follows:
S[Q. 0] = S 9[Q|6] + SV [0|Q), (A7)
1 dQ ou’ 0
1 de ou’ 0
S0 2kBT/ ¢ (dt * o0 "Piog Y (A19)

Here, Y(t) is the time-dependent Lagrange multiplier for the condition (A8). Now the
situation is similar to that in the main text. We introduce the transient potential ®(q,t) by
the functional identity (21). Also, we introduce the time-dependent and fluctuating mobility
(diffusivity)[43-47] by utilizing another functional identity:

- / DASIA(G, 1) — L@ (G, 0(). (A20)

By utilizing eqs (21) and (A20), we can rewrite the path probability as

PIQ] = / popaps exp [-S@[Ql0] - 59[01Q]]
VDetL'Q Det L'
< Dot T2 51(d, 1) — U'(¢, 0(1)I5TA(d. 1) — L'?)(.0(0))] (A21)
N (@A)
= /D(I)DA NN exp [-S@[Q|®, A] - SN2, A|Q]],
with
SQQ|,A] = QkLT /dtG <% +A- g_g — l{:BT% -A; A) ; (A22)
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p [-S9[6|Q]] et 0%
DetL/® 0R (A23)
x 8[®(q,t) — U'(q, 0(t)))8[A(q. 1) — L''V(q.0(t))].

S@N[P, A|Q] = —In / goy

Finally we have the following Langevin equation for Q(t):

dQ(t)
dt

00(Q,t) 0 L

— 2+ kpT— - A(Q,t 2kpTAY?*(Q,t) - W (¢ A24
Lol b kT s - AQU) + VIRRTAYQ.0) WD), (20)
where W (t) is the Gaussian white noise which satisfies eq (29). Eq (A24) has the same
form as the LETP (28). However, in addition to the transient potential ®(Q,t), the fluc-

= _A(Q> t) ’

tuating mobility A(Q,t) is also incorporated in eq (A24). Therefore, for the systems with
multiplicative noises and/or coarse-grained variables by nonlinear transforms, we have the
Langevin equation with two transient and fluctuating quantities; the transient potential and
the fluctuating mobility (diffusivity). If the mobility tensor for R is constant and the vari-
able transform from R to X is linear, then A(Q,t) reduces to a constant and the LETP is

recovered.

Appendix B: Molecular Dynamics Simulation for Supercooled Liquid

In this appendix, we show the details of the molecular dynamics simulation model for
a supercooled liquid used in the main text. We employ a binary Lennard-Jones mixture
type model[33-39]. In this model, we consider two particle species, A and B. To prevent the
crystallization, the A and B particles have different sizes oo and og. The ratios of sizes and
masses are set as op/oa = 1.2 and as mp/ma = 2, respectively, and the number fraction of
the A particles is 1/2. The interaction potential between particle species K and K’ is given
as the Lennard-Jones type potential:
de(oxr /I = (oxr/Ir))° +1/4] (Ir| < 250k k),
ug g (r) = (B1)
0 (Ir| > 200k ),
where o g = (0 +0xs)/2 and € is the Lennard-Jones potential parameter. In eq (B1) We
have truncated the Lennard-Jones potential so that the potential becomes purely repulsive.
We consider a three dimensional system which consists of N particles. We use a cubic
simulation box of which volume is L3, and use the periodic boundary condition. We express

the position of the i-th particle in the system as r;. The particle species is A for ¢ =
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1,2,...,N/2 and B for i = N/2+ 1,N/2 + 2,...,N. The total potential energy of the

system simply becomes

N/2 N i N/2 N
U{r}) = Z ZuAA(ri —r;)+ Z ZUBB(T‘Z' —r;) + Z Z uap(r; —r;). (B2)
i=1 j=1 i=N/2+1 j=1 i=N j=N/2+1

As the dynamic equation, we employ the underdamped Langevin equation:

drt) __oU(r(®)})  dri(t)

Tt om() i

42T Cw, (t), (B3)

where m; is the mass of the i-th particle, ¢ is the friction coefficient, w;(t) is the Gaussian
white noise which satisfies the fluctuation-dissipation relation.

To perform simulations, we employ usual Lennard-Jones dimensionless units by setting
ocg=o0a=1,m=muy =1,and e = 1. In this work, we set N = 4000 and L = 17.1 (this gives
the average number density as p = N/L? = 0.800). The friction coefficient is set as ¢ = 10.
The characteristic momentum relaxation time is estimated to be 7, = m/{ = 0.1. Initially,
the particles are randomly placed in the box and then relaxed before the simulation starts.
Simulations are performed for different temperatures ranging from kg7 = 0.4 to kT = 1.
The time step size is At = 2.0 x 1073 and simulations are performed for ¢t = 10° for each
temperature. To remove the artificial diffusion behavior due to the center of mass motion
of the system, the momentum of the system is set to zero at each time step. All the
simulations are performed with LAMMPS (22Augl8)[53, 54]. The particle trajectories are
recorded and then the MSD and NGP are calculated. To improve the statistical accuracy,
several runs with the same parameter set and the different initial structures and random

seeds are performed, and then the averages are taken over different runs.

Appendix C: Detailed Calculations for MSD and NGP

The LETP model for a tagged particle in a supercooled liquid in the main text consists of
two stochastic processes (which are characterized by eqs (65) and (66)); one is the Langevin
equation for the particle and another is the resampling process for the potential center.
The Langevin equation describes the continuum process whereas the resampling process is
discrete in time. We utilize the renewal theory[55] which is suitable for the analyses of
the resampling type process. The analyses shown in this appendix are based on those in

Ref. [32].
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We consider the statistics of the resampling events from time 0. We describe the i-th
resampling event occurs at time ¢;. For convenience, we set t; = 0. We call the interval
between two successive resamplings as the waiting time. During the time between successive
resamplings, the potential center position does not change. We express the potential center
fort; <t <t;.1 as A;. Also, we express r; = r(t;). Without loss of generality, we can set the
initial position of the particle as r(0) = ro = 0. Since the resampling events are statistically
independent, the interval between two successive resamplings (the waiting time) is given as

the exponential distribution:
L —Cisa—t)/r
‘;[](ti—l—l — tl) = —e VHRITHT (Cl)
T

Here, 7 is the characteristic time of the transition in eq (66), and can be interpreted as the
average waiting time. The statistical properties of the displacement can be calculated by
using the probability distribution of the particle position at time ¢, P(r;t).

For t; < t' <t < t;;1, no resampling occurs and the Langevin equation for r reduces to
the Ornstein-Uhlenbeck process[56]. Thus the propagator can be easily calculated:
K k(1 — 1) — (1 — e M) (r — A))]?

3/2
or(l— e—2A'*”~(t—t’))k:BT] P l_ 2(1 — e~ 2Ax(t=0)) k5T ’
(C2)

where 7’ represents the position at time ¢'. At time ¢;, the potential center is resampled

Q(r tlr', A, 1) = [

from the equilibrium distribution:

3/2 2
/ K R\T; — Az
V(A7) = (27rkBT) exp {_(2]{73,—?)] : (C3)

We describe the number of total resampling events from time 0 to time t is n, and
calculate the probability distribution of the particle position at time ¢ for a given n, P,(r;t),
by using eqs (C1)-(C3). The probability can be calculated as the product of propagates of
the successive events. The resampling times should satisfy 0 = t; < t; < t;, < ...t, <t

Thus we have

o0 t tn to
t 0 0 0

X /drndrn_l o dr Q7 t|rn, A, t) V(' — 1)V (AL, 7y) (C4)

X [H Q(ri tilrimy, Ay, ti1) WV (t; — ti—l)\IJ/(Ai—lari—l)] .
i=1
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The integral over ¢ in eq (C4) can be easily calculated: [ dt' U(t' —t,) = 7¥(t—t,). Also,
the integral over A; eq (C4) can be calculated straightforwardly:

/dAi—l Qri,ti|ri—1, A1, ti )W (t — 1)V (A_y, 7 1)

2 3/2 A2
— . r _ /dA,-_l exp | — ilrioa = Ai)
(1 — 6_2A“(t1*1_t1))(277']€BT)2 2kpT

Allrs = ria) = (0= e M) e - APy (C3)
2(1 _ 6—2An(tz,1—tl))kBT

1 R 3/2 K(’I"Z —T— 1)2 tz’—i—l — ti
7 | 4n(1 — e 2Rl =)k, T P71 — e M=t kT T

= \I](T'Z —Ti—1, tl — ti—l)-

Thus the probability (C4) can be rewritten as follows:

—T/ dt / dtn 1° / dt1/dTndTn 1-

X\I]( Tn7 — H i — Ti— 17 _tz 1)

(C6)

Because eq (C6) contains multiple convolutions over positions and times, the Fourier-Laplace
transform is convenient. The Fourier-Laplace transform of eq (C6) can be straightforwardly

calculated as

P.(k;s) E/ dt/dr e SR D (pot) = 70T (K, 5), (C7)
0
where
U(k, s) / dt/dre SR (e 1)
C8)
1— — Akt k Tk2 (
:/ dt—exp[ (s+1/7)t — (1= e ks
0 K
For small k2, we can expand eq (C8) into the power series of ¢ = —k? as
U(k,s) = Wo(u) + Uy (u)e + Uy(u)e? + O(%), (C9)

where we have defined u = 7s, and the explicit forms of the expansion coefficients become

as follows, with n = AkT:

Wo(u) = (C10)

N kT 1 1
/] = — C11
1(u) K (u+1 u+1—|—7})’ ( )

. (ksT)? [ 1 2 1
Uy (s) = - . C12
20) =57 (i it uritoy (C12)
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The probability of the position = at time ¢ is given as the sum of P,(r;t) forn =0,1,2,...:

— iPn(r;t), (C13)

and its Fourier-Laplace transform becomes

P(k; s) / dt/dre ikr=stp(y —TZ\II"Hk:s ( i (C14)
—U(k;s)

By substituting eq (C9) into eq (C14), the power series expansion of eq (C14) becomes

/
7‘+ TV (u)

Plk:s) = ) 705 (u) N T2 (u)
’ [1— Wo(u)]?

i = e+ 0(e). C1
0= () [ = Wo(u)? +O(e”) (C15)

The Laplace transforms of the MSD and the mean-quartic displacement (MQD) are obtained
by using the expansion coefficients of € and €2, respectively. From the symmetry, we can
rewrite P(r;t) as P(r;t) = P(r;t)/4mr? with r = |r|. Also, without loss of generality, we
can set the wave number vector k parallel to the z-direction. Then we can calculate the

Fourier transform in eq (C14) in the spherical coordinates:

t
k S / dt/ dr/ dg/ d¢T Sll’l¢6 ikr cos ¢p—st (T )
47?7‘2

_5/0 dt ‘St/ dr/ d¢ sin ¢ [1+27‘ cos ¢+ 7’ cos' ¢| P(r;t) + O()
= [Caret [ + ) + o),

s
(C16)
By comparing eqs (C15) and (C16), we can determine the MSD and the MQD.
The coefficient of € in eq (C15) can be calculated as
70 (u) kTt n(u+1)

o)
K 14+nu? (1+4+n2\u u+l+n/)]|

By performing the inverse Laplace transform for eq (C17), we have the following expression

for the MSD:

s _ OksT |t U] (4t
(re(t)) = p —1+77 7‘+—1—|-77[1 e 11 - (C18)
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The coefficient of €* in eq (C15) can be calculated in a similar way, although the calculation
becomes lengthy:
7 3
) ¥

(1= W) [1— Fo(u)®
(kgT)*T n*(u + 1)(u® 4+ 2u + nu + 1 4 2n)

2 ud(u—+1+n)%(u+1+2n) (C19)
 (kgT)*r [ Ui (1 + 3n) Ui
2 [(+n)2e® (L3I +2n)u? (1473 (u+1+41n)?

+772(2+?72)<1 1 ) 21?2 <1 1 )}
(1+n)* \u u+1l+n (1+2n)2\u u+1+4+2n/)]|

The MQD is calculated by performing the inverse Laplace transform of eq (C19):

2 2 2 3 3
<|'l"(t)|4> _ 60(kBT) [ Ui t_ 277 (1 + 377) E Ui %6—1&(1—1-77)/7'
2 A+ (L+n)PA+2n) 7 (1+n)PT
02(9 1 2 2 (C20)
M[l OV [ N e—t(1+2n)/f]]‘
(1+n)* (1+2n)?
Then we can calculate the NGP. From eq (C18), the square of the MSD becomes
kgT)? 2 2t
K T T
o ! (C21)

n —t(14n) /7 —2t(1+4n) /T
+ 1—2e WIT + e n )
(1+ n)‘*[ |

By combining eqs (C20) and (C21), we have

2 4 3
3 (e ()" — 2y = 20UeT) [ 20t At ey
5 k2 [(L+n)PQ+2n) 7 (L+n)B7
4’ - dp? .
+ 1 — e~ tA+n)/m) _ 1 — e t+2n)/7 1929
(1+n)4[ ‘ ] (1+2n)2[ ‘ Jo(c22)
n' 2t(1+n)/
+ 1 — e~2t0+n)/7]|
(1+n)4[ ‘ ]}

Finally we have the following explicit expression for the NGP:

2n? t 4n ¢

v ot/
T+ +2n)7 14+n7

a(t) = ; + 11—”[1 - e_t(H")/T]} B [ (

4 e A1 +7) _ . UR - .
+ it n)2[1 — e t+n)/ ] — m[l — e t(+2n)/ ]+ (e 1—e 2t(1+n)/ 1.
(C23)

Egs (C18) and (C23) give egs (67) and (68) in the main text.
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If the parameter 7 is sufficiently large, two characteristic time scales (1/Ax and 1) are
well separated, and both the MSD and the NGP exhibit several characteristic regions with
different ¢ dependence. For the MSD, from eq (C18), we have

(r(t)) ~ 6ka [; +1-— e_A’“] , (C24)

and thus we find that the MSD exhibits three regions:

Akt (t < 1/AR),

éngf;L ~y1 (A<t <T), (C25)

t)r (r<t).

Eq (C24) is the same form as eq (59). For the NGP, from eq (C23), we simply have «(t) ~ 7/t
as the approximate form for 7 < ¢. For 1/Ax < t < 7, we have

(14 mn)? 2n? t 4 4(1+n)? n? ] t
1) ~ — 4+ — -+ ~ —. C26
e [ T a7 Eo (e P T R ] A
For t < 1/Ak, we expand eq (C23) with respect to ¢ and have
1 ”(L+n)? st
t) ~ t = . C27
o)~ T [ 30 T = 35 (C27)
Therefore, we find that the NGP exhibits three regions with different ¢ dependence:
A?k*3 /30T (t < 1/Ak),
alt) = q 7/t (I/Ak <t < 1), (C28)

t/T (1 < 1).

Egs (C25) and (C28) are consistent with the data in Figure 3.
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Figure Captions

Figure 1: The mean-square displacement (MSD) and non-Gaussianity parameter
(NGP) data of binary Lennard-Jones fluids. The temperatures are set as kg1 =
0.4,0.5,0.6,0.7,0.8,0.9, and 1.0. For relatively low temperature systems, the MSD exhibits
three characteristic regions, and the NGP becomes large. See Appendix B for the details of

the simulations.

Figure 2: Trajectories of some particles in a supercooled fluid at kT = 0.6. Points represent
the positions of particles at every 1 unit time scale. (The size of points is much smaller than
the particle size.) The thick black bars are the scale bars of which length is the unit length

scale 0. See Appendix B for the details of the simulations.

Figure 3: (a) The mean-square displacement (MSD) and (b) the non-Gaussianity parameter
(NGP) of a particle in a supercooled liquid by the LETP model, with various average
waiting times 7. The time t is normalized by the characteristic time scale of the motion in
the transient potential, 1/Ax. Also, the MSD is normalized by the characteristic length of

the transient potential.

38



Figures

1,10 - ()b

10t 10° 10° 10*

10°

10t

FIG. 1:

39



FIG. 2

40



(a 10*
Tf 103 |
2 102 |
S
N 1
5 10
:-: 10°
%: 10'1 N\KT = 10% — 10§ —
10] —  10; —
102 . . .10 10" -
10210t 10° 10* 10% 10% 10* 10° 10°
AKt
(b) 1 e
S R
. _
10 100 — 10* —
10t
S 2
= 10
103
107
10_5 2 Il IO Il I2 I3 I4 I5 6
10210t 10° 10! 10% 10° 10* 10° 10

AKt

FIG. 3:

41



