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When probed with conformally invariant matter fields, light cones in Minkowski spacetime
satisfy thermodynamical relations which are the analog of those satisfied by stationary black
holes coupled to standard matter fields. These properties stem from the fact that light
cones are conformal Killing horizons stationary with respect to observers following the radial
conformal Killing fields in flat spacetime. The four laws of light cone thermodynamics relate
notions such as (conformal) temperature, (conformal) surface gravity, (conformal) energy and
a conformally invariant notion related to area change. These quantities do not admit a direct
physical interpretation in flat spacetime. However, they become the usual thermodynamical
quantities when Minkowski is mapped, via a Weyl transformation, to a target spacetime
where the conformal Killing field becomes a proper Killing field. In this paper we study
the properties of such spacetimes. The simplest realisation turns out to be the Bertotti-
Robinson solution, which is known to encode the near horizon geometry of near extremal
and extremal charged black holes. The analogy between light cones in flat space and black
hole horizons is therefore strengthened. The construction works in arbitrary dimensions;
in two dimensions one recovers the Jackiv-Teitelboim black hole of dilaton gravity. Other

interesting realisations are also presented.

I. INTRODUCTION

The in-going and out-going light surfaces emanating from a sphere of radius ry at time ¢ in
Minkowski spacetime is a bifurcate conformal Killing horizon [1]. The associated conformal Killing
vector field becomes null on the light cones of the two events where the previous null surfaces con-
verge. These null surfaces separate the whole of Minkowski spacetime in regions where the conformal
Killing field £ is either timelike or spacelike. These regions are in formal correspondence with the

different regions defined by the outer and inner horizons of non-extremal Reissner-Nordstrom black
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holes. When r; — 0 some regions collapse and the causal features of the conformal Killing field
now correspond to those of extremal Reissner-Nordstrom black holes (see Figure 1).

This resemblance is actually more profound than what it might seem at first sight. It was shown
in [2], that the previous light cone surfaces satisfy thermodynamical properties that are analogous
to those of black holes when tested or perturbed with conformally invariant matter. Here we will
show that Minkowski spacetime can be mapped via a Weyl transformation to target spacetimes
where the conformal Killing field becomes a proper Killing field, and the associated light cones turn
into Killing horizons. There is a certain freedom in the choice of the conformal map which leads to
different geometric features of the Killing horizon in the target spacetime. In the most natural case
we will show that the target spacetime represents the near horizon near extremal approximation of
Reissner-Nordstrom black holes, shedding light on the profound resemblance between Minkowski
light cones and black holes. Other natural realisations of such target spacetimes are studied.
Because the thermodynamical notions entering the analysis of [2] are all conformally invariant
quantities, the mapping of the light cones to Killing horizons via a Weyl transformation clarifies,
in this way, their intrinsic physical meaning.

In order to introduce the present work let us first briefly and partially review the analysis of [2].
Minkowski Conformal Killing Fields (MCKFs) define conformal bifurcating Killing horizons. They

carry a conformally invariant [3] notion of surface gravity kg defined by the following equation

va(§ : f) =— 2ﬁSGSa 5 (1)

where = denotes an equality that holds at the conformal Killing horizon. All four laws of black
hole thermodynamics have a suitable version for conformal Killing horizons defined by MCKFs:
The surface gravity kg is constant on the horizon and it is associated to a mathematical notion of

temperature (conformal temperature)

T = 56 — constant. (2)
27

The relation between rg; and conformal temperature can be established in different ways. In [2]
this was done via the standard Bogoliubov transformation relating inertial and suitable asymptotic
conformal observers in flat spacetime, and also recovered via a Wick rotation to Euclidean time (all
standard in quantum field theory). We will revisit the second procedure in a very general fashion
in Section II C.

Under linear perturbations induced by conformally invariant matter fields the current J, =



;
$

FIG. 1: The Penrose diagram of the Reissner-Nordstrom black hole on the left compared with the causal
structure of the radial CKF in Minkowski spacetime on the right, in both the non-extremal A > 0 and
extremal A = 0 case. The letters S and T' designate the regions where the Killing or conformal Killing fields
are spacelike or timelike respectively. The light cone emanating from the points O* (and O in the extremal

case) are the hypersurface where the MCKF is null. This figure is taken from [2].



0Top? is conserved, namely
V2, = V(0TE%) = 0. (3)
The previous equation can be used to establish a suitable version of the first law for MCKF
SM = "5C GA 4 6M,, (4)
8T
where

SM = / J,dx® (5)
>

is the conformally invariant mass of the perturbation evaluated at an initial Cauchy surface X,

dMy is the conformal mass flow at .#+, and 6 A is a conformally invariant notion defined as

Rsa

5A = / " 50dS%dv. (6)
H+

Here §6 is the first order perturbation of the expansion of the generator of the horizon, v is the
advanced Minkowski time (a natural affine parameter for the generators), dS? the flat background
area measure of the spherical cross section v =constant of the unperturbed light cone, and & is

defined by
€V, b =k b, (7)

Unlike kg, the function s is not constant and is not conformally invariant. For a proof of the
conformal invariance of the quantities involved in the first law (4) see [2].
Provided that 0Ty, satisfies the weak energy condition (equivalent to the strong energy condition

for conformally invariant matter), the second law holds, namely
0A > 0. (8)

Finally, in the “extremal” limit r5 — 0 the temperature (2) goes to zero as well as the area of
the bifurcate sphere A = 47r%. We can interpret this as a form of third law of thermodynamics.
This, plus equations (2), (4), and (8), are the analog of the laws of black hole mechanics for the
light cones in flat spacetimes that define the conformal Killing horizons associated to MCKFs [2].

The previous formal analogy between the properties of MCKFs and thermodynamics of black
holes is interesting because it captures some basic mathematical features on a background with
trivial gravitational field. However, the reserve side of it is that the various conformal invariant

notions entering the laws have no clear physical meaning: d M is not an energy measured by any real



physical observer, the conformal temperature is not the one detected by any physical thermometer
(for more discussion see [2]), and § A is related to area change (due to the presence of the perturbation
of the expansion 6 in equation (6)) but, as it stands, does not correspond to any direct geometric
notion of area change of the bifurcating sphere. This is so due to the fact that kgo/k # 1 for
conformal Killing fields in general and the MCKFs in particular.

Nevertheless, the previous thermodynamical analogy can be more clearly understood if one
performs a conformal transformation sending (R?*,7,;) to a target spacetime (M, g.p) with gup =
w2, s0 that €2 becomes a genuine Killing field. The conformal bifurcate horizons turn consequently
into bifurcate Killing horizons in the target spacetime. If §7},; comes from a conformally invariant
matter model then (5Tab = w 26T, and the conservation of the associated current ja, equation
(3) with tilded quantities, holds in the new spacetime [4]. Equations (2), (4), and (8) remain true
in the target spacetime with identical numerical values for a given perturbation. However, all the
quantities involved acquire now the standard physical and geometric meaning that they have in the
context of black holes.

The question we want to explore here is what are the generic global features of the spacetimes
obtained by the previous procedure. Are there cases where these spacetimes represent black holes?
What are they in the other cases?

There is clearly an infinite number of possibilities. Indeed, if w; defines a Weyl transformation
with the previous desired properties, then ws defines a new suitable Weyl transformation as long as
&(wa/w1) = 0. We will see that the generic global features can be made apparent in a small number
of representative cases. The simplest case corresponds to w oc 1/7? (for r a Minkowski radial
coordinate) and it reproduces the Bertotti-Robinson solution [5, 6] of Einstein-Maxwell theory—
see Section III B. Such solution has been known to encode the near horizon geometry of close-to-
extremal and extremal Reissner-Nordstrom black holes. Another representative example is the de
Sitter realisation where the bifurcating horizons correspond to intersecting cosmological horizons
(there is no black hole in this case)—see Section III C. Weakly asymptotically (Anti)-de Sitter black
hole realisations are also presented—Section III D—, together with a more exotic asymptotically
flat spacetime with Killing horizons but no black holes—Section III E.

Radial MCKF with conformal Killing horizons associated to light cones bifurcating at a sphere
generalize to arbitrary dimensions. As long as the matter perturbing the geometry is conformally
invariant, the generalization of equations (2), (4), and (8) is also valid. The Bertotti-Robinson
representation, which in arbitrary dimensions is given by AdSy x Sy o, remains the simplest one.

For d = 2 the light cone black hole corresponds to the Jackiw-Teitelboim solution [7] of dilaton



gravity.

II. RADIAL CONFORMAL KILLING FIELDS IN MINKOWSKI SPACETIME

Consider Minkwoski spacetime in spherical coordinates

ds?, = ndrtdes” = —dt* + dr? + r*dQ?

2 9)
— _dvdu + (U4u)d92

where d)? is the unit-sphere metric, while v = ¢t +r and u = t — r the standard Minkowskian
null coordinates. The conformal group in four dimensional Minkowski spacetime M* is isomorphic
to the group SO(5,1). Any generator defines a Conformal Killing Field in Minkowski spacetime

(MCKF), namely a vector field £ along which the metric 7, changes only by a conformal factor:

e = Vo + Voo = S (10)
with

P =V, (11)

The 15 generators of SO(5,1) are given in Euclidean coordinates (¢, x,y, z) by 8]

P,=0, Translations
Ly = (2,0, — 2,0,) Lorentz transformations (12)
12
D = "0, Dilations
K, = (2x,2"0, —x-x0,) Special conformal transformations,
where f-g= ftg,. Dilations can be written as
D =10, +to, (13)
and K as
Ko= —2tD — (r? =t Py. (14)

Together with Py = 0, those are the only generators that do not contain angular components.

Hence the most general purely radial MCKF has the form

£ =—aKo+bD +cPy

=(2at + b)D + [a(r® — t?) + (| Py,



with a, b, ¢ arbitrary constants. In terms of null Minkowski coordinates one has [2]

€19, = (av® + bv + ¢)0y + (au® + bu + ¢)0,, (16)

where v = t+7r, u = t —r. Therefore, radial conformal Killing fields in flat spacetime are completely
characterized by a single quadratic polynomial.
Radial MCKFs containing a bifurcating conformal Killing horizon are those conformal Killing

fields for which a # 0. Up to Poincaré transformations, they can be written as

0 (v2 — r%) 0 (u2 — r?{) 0

w0 9 9 17
5837“ r2 —r? 8v+ r2d —r2 Ou (17)

where r;; and r, are two constants defined as follows. The first is the radius r, of the sphere at ¢t = 0
where the Killing field is zero {|,—,, = 0. i.e., the bifurcation surface. The second quantity is the
radius ro > ry of a sphere on the surface t = 0 where the Killing field is normalised, & -{|,=r, = —1.

For these choices, the norm of £% is given by

(v =2 — 1)
(-

§-&=— (18)

which reproduces the causal pattern illustrated in Figure 2. The regions where ¢ is time-like or
space-like is denoted by T" and S respectively with & null-like at cones u = +r; and v = £+ry. The

scalar 9 defined in (11) is in this case given by

4(u +
= (19)

There is a subgroup SL(2,R) C SO(5,1) corresponding to the conformal group restricted to the
(r — t)- ‘plane’. This subgroup plays a role in the analysis of the relationship with near extremal
black holes and their near horizon geometry that we will describe in more detail in Section III B 2.

The generators are

1 Ky
Ty = = Py— —
0 2(7"H 0 TH)
1 K
T = §(er0+J) (20)
T
T2 _D>

satisfying the algebra

[Tm Tb] = Eabc77CdT’d- (21)
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FIG. 2: The most general radial conformal Killing field ¢ in Minkowski spacetime divides the latter in six
regions. The field £ is spacelike in the shaded regions, timelike elsewhere. It becomes null on the light cones

separating the regions. It vanishes at the tips of the ligthcones and at their intersection.

In terms of these generators the vector field £* in (17) is simply

2ry

= —-———=11. 22
3 2z (22)

One can arrange for linear combinations of T, to vanish either at (v = ry,u = ry) (which includes

the past outer horizon) or at (v = —ry,u = —ry) (which includes the future outer horizon).

A. THE ACTION OF THE CONFORMAL GROUP AND THE RINDLER WEDGE FROM

MCKFs

Rindler horizons are related to our radial MCKF by the action of an element of the conformal
group generated via the exponentiation of (12). The conformal group maps a radial MCKF into
a MCKF that is not necessarily radial. To see this in a more precise way let us discuss the action
of the various kinds of generators. The action of the Poincaré subgroup is very clear: it simply
maps the events O4 to new events in Minkowski spacetime in term of which the new spacetime
diagram analogous to the one in Figure 2 can be constructed from the light cones emanating from

the new O4. It is clear that the new events O+ need not remain of the » = 0 axis and can be



transformed to arbitrary events on the flat spacetime. Pure dilations with parameter A send a radial
MCKF to a new radial MCKF with rescaled parameters (rg,7o) — (Arg, Aro). As expected, the
radius of the bifurcate sphere and the observer sphere get rescaled. Finally, finite special conformal
transformations are characterised by a four vector b#. They are diffeomorphisms x# — 2'#, sending

the Minkowski metric 74, — w(x)?1qp With
w@)=1—-2b-z+ (b-b)(x-x)). (23)
Their action can be expressed as

= — bH. 24
z-x x-x (24)

Therefore, special conformal transformations can be viewed as the composition of an inversion,
followed by a translation, and a second inversion [8]. Generically, they deform the radial MCKF
into a non radial one. A specially interesting situation arises when b° = 0: The first inversion
sends the bifurcate sphere into a new sphere. One can choose the translation b* so that a point
on the sphere is shifted (in the intermediate translation) to the origin (r = 0). In this case, the
second inversion sends that special point to spacial infinity and the rest of the sphere to a plane.
The domain of dependence of the bifurcate sphere is mapped to the Rindler wedge ! and the radial
MCKF become the boost Killing vector field of Minkowski spacetime [9, 10]. All this implies that
the thermodynamical laws of Rindler horizons for conformal matter [11| are a special case of the

laws derived in [2].

B. FrRoM A RADIAL MCKF TO A KILLING FIELD ON A TARGET SPACETIME

We just discussed how the radial MCKF that is timelike inside the ‘diamond’ (domain of depen-
dence of the sphere of radius ry) can be mapped to the boost Killing field in Minkowski spacetime
that defines the orbits of Rindler observers with their associated Rindler Killing horizon (the bound-
ary of the Rindler wedge). These are the only Killing horizons in flat spacetime. In order to obtain
more general Killing horizons with the causal features emphasised in Figure 2, one has to leave the

realm of flat spacetimes by introducing more general Weyl transformations preserving the causal

! The causal complement (the outside of the diamond) is mapped to the complementary Rindler wedge but it
does not cover it entirely, as simple topological considerations show (the outside is not simply connected in
Minkowski spacetime). In order to get the entire complementary Rindler wedge one needs to add points that
are beyond infinities .1 in, for instance, the conformal compactification on the Einstein universe. There, the
causal complement of the central diamond is itself a (now simply connected) diamond.
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structure but not necessarily the flatness condition present in the conformal group. Here we in-
vestigate the possibility of turning the radial MCKF into a Killing field by mapping Minkowski
spacetime to a target curved geometry via general Weyl transformations.

More precisely, consider any spacetime conformally related to Minkowski

Gab = w2 Tlab - (25)

In such a spacetime, the conformal Killing field £ remains so. Indeed

Y

Legun = Le(Prr) = (1§ + €0, (g ) ) g (26)

In particular, there exist conformal transformations such that £ becomes a proper Killing field.

From the above equation, it follows that those are given by conformal factors satisfying

Y

9 + €90, (logw?) =0 (27)

Before solving this equation it is convenient to introduce new coordinates given by

R ) —ra)
dry (u+rg)(v+ry) (28)
2(r% —
2w
v—u
The Minkowski line element ds?, becomes
2 2_ .2 2
ds?, = % <—x2xBH dr? + 295702 dx? + 22 d92> . (29)
Lo Lo L8 = Tpy
where
Ty = 27Ty, xg = 7’% 7“21, (30)
and where r is now a function of 7 and x given by
V)
7362230“’ cosh (“%T) + 3
. i (31)
2 . .9 (g ’
cosh? ("”B;QHT) — 2~ sinh® ( ZBH 7')
Zo TBH Zo
In these coordinates, our radial MCKF reduces to
0 0
v = = 32
¢ ozt o1’ (32)
and equation (27) becomes simply
0
< (logw?) = -2 (33)
or
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Using the explicit value of ¢ given on (19), the solution is

22
log(w?) = log <rg) + F(x,0,p), (34)

where F(x, 6, ¢) is a general dimensionless function of (z, 6, ¢) and the Minkowski radial coordinate

7 is the function of 7 and x given in (31). Redefining for convenience F' = —log P2, we find
2
2 Lo 1
== . 35
C TR P20,y (35)

We could have directly guessed the answer from the form of the metric (29) as £ is clearly a Killing
field of the factor between brackets. Notice that inspection of (29) leads to the conclusion that
the outer and inner light cone horizons are located respectively at x4+ = £xzy. Asymptotic null
infinities ¢ + are located at finite z, while space-like infinity ¥ is at © — +o00. Finally, the origin
u = v corresponds to x — sign(r? — t?) oo.

The function P2%(z,6, ) labels the members of an infinite family of Weyl transformations of
Minkowski spacetime such that the target spacetime admits a genuine Killing field corresponding

to radial MCKF (17). The metric of such spacetimes is given by

ds? = w2ds?, — — 1 it TR S A e (36)
M P (x,0,0) 3 z? — Ty ’ ‘

Cleary, any additional coordinates transformation that does not depend on 7 sends the metric

in an equivalent 7-independent form. In Appendix A some interesting example is presented. In

particular, there we show the precise relation between the above coordinates and those used in [2].

C. THE HARTLE-HAWKING TEMPERATURE

As we mentioned in the introduction, there is a conformally invariant notion of surface gravity (1)
and conformally invariant temperature (2) associated to the light cone conformal Killing horizons
that we are studying here. The simplest way to make such structure apparent is by introducing
a Wick rotation in terms of the conformal Killing parameter 7 defined in the previous section.
Explicitly, the standard Wick rotation 7 — —47 turns the Minkowski metric into the Euclidean flat

metric

2 = 2 .9 2
ds% = r( Z;’m) (x ZxBH dr? + 5 %o 5 da? + 22 d92> ) (37)
Ty Ty T Tou

Notice that under such transformation the Minkowski radial coordinate r(—i7, x) remains real—see

(31)—and therefore (37) is a real euclidean metric [2]. The same conclusion holds for any of the
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conformally related metrics (36) which under the Wick rotation become

1 z2 — 22 22
ds® = BH 72 4 70 dp? 4+ 22d0% ) . 38

The apparent singularity at x = xzy for the previous metrics can be removed in the usual way by

introducing a new set of coordinates

>_ T, 2 2
P = 2 (% —25y)

° (39)

_ Tsu -

¥ 2z

in terms of which the family of metrics (38) becomes
ds® = 1 prde? + % dp? + z2d0? (40)
p2? x2 + p? 0 '

Assuming that P is non vanishing at p = 0, the previous metrics would have a conical singularity at
x = +xzy unless 0 < ¢ < 27. Therefore, the quantum state of fields compatible with the topology

of the Euclidean continuation must be a thermal state with temperature

1 2y Ty
E— — 41
27 a2 w(r2 —r?) (41)

THH

which is the Hartle-Hawking temperature found in [2]. In Figure 3 the Euclidean continuation of
the radial MCKF is represented and shows its clear thermal features encoded in the closed nature
of its orbits. This temperature—which we termed conformal temperature—is conformally invariant
and it is related to the conformally invariant notion of surface gravity defined in the introduction
via the standard relation Tyy = Kse/(27). In the following sections we will study the spacetime

realisations corresponding to different choices of the function P(x, 6, p).

ITI. LicuTt CONE BrLAcK HOLES

Now we are ready to study the different realisations of the general transformation of Minkowski
spacetime and its radial MCKF to a target space time where the conformal Killing horizons become

proper Killing horizons. This transformation is expressed concisely in equation (36).

A. CONFORMAL COMPACTIFICATION

The causal structure of a generic spacetime g, is easily readable once the Carter-Penrose diagram

for ggp is found. In our case the procedure to find it is straightforward. Indeed, we already know
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FIG. 3: Three dimensional representation of the flow of the conformal Killing field in the Euclidean spacetime
R%. The orbits in this one-dimension-less representation are non-concentric tori around the bifurcate sphere
r = rgy—here represented as a circle. They degenerate into the tg axis for R = 2rgy. This figure is taken

from [2].

[4] that the coordinate transformation
v
T + R = 2 arctan (—)
r
" (42)
T — R = 2 arctan (£>

T

conformally maps the Minkowski metric 7, to the static Einstein Universe metric g%’. Explicitly

one has
EU 2
Gab = 22y Nab
N (43)
—dT? + dR? + sin® RdQ? = Q2,(—dt? + dr® + r2dQ?)
with
4y2
0, = = (44)

CETAICETAN
From the transformation (42) one can see that the Minkwoski spacetime covers only a portion of the
Einstein’s Universe spacetime; the boundary of which represents conformal infinity. Such portion

gives the Carter-Penrose diagram of (R?*,7,;).
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Any conformally flat spacetime gq, = w? 145 Will be conformally mapped to the Einstein Universe

by the same coordinate transformation:
2 0 2
gbe = QM Nab = OJ]\Z/I Gab = 27 gap - (45)

Using (35), the conformal factor 2 mapping the generic metric (36) to the Einstein’s universe is

found to be

R Ul 0 X5 QL B ok

P*(z,0,0). (46
23 (V2 +r)(u? +rg) 12 — 12 (2 + r2) (W2 +12) (x,0,¢) (46)

As for Minkowski, the vanishing of ) defines conformal infinity. Let us now analyse different

intersting choices of the function P(z,0, ¢).

B. THE BERTOTTI-ROBINSON REALISATION

A compelling realisation is the simplest one: P(z,0,¢) = 1. From equation (35), one can see
that this spacetime is simply found dividing the Minkowski metric by r2. This operation works in

arbitrary dimensions, see Section IV. The new metric is

$2

2 2
— g2 T g2 422402 (47)
2 22 _ 22 0

xO xBH

ds? = —

The Riccl and the Kretschmann scalars come out to be

R=0
8 (48)
RabcdRade = a1
Lo

Since the metric is diagonal, we can easily define a tetrad e,! as

eg dz¥ = \/—gr, dt
ellL dz* = \/grz dr

(49)
ei dz* = \/qgee db
ei dz! = \/Gop dyp .
In this tetrad, the Einstein tensor is diagonal and given by
a b L.
G = Ggeje; = —diag(l,—1,1,1). (50)
x()
The metric (47) is a solution of Einstein-Maxwell equations for a vector potential given by
A="at, (51)

Lo



15

from which the electromagnetic tensor

F — dA — —dz A dt (52)

Lo

follows. The solution is static and spherically symmetric with a constant radial electric field whose

flux defines the charge of the spacetime

1
Q= /S I (53)

The energy-momentum tensor satisfies the weak, strong and dominant energy conditions. The
spacetime is topologically AdSs x S2. Such solution is known in the literature as the Bertotti-
Robinson spacetime [5, 6]. Its Carter-Penrose diagram is depicted in Figure 4. The geometry is
everywhere regular. There are no singularities, despite the presence of trapped surfaces and the
fact that the usual energy conditions are satisfied. Singularity theorems are avoided due to the fact
2

that the spacetime is not globally hyperbolic, and the generic null geodesic congruence condition

is not satisfied (see [4] for details).

1. CLOSE TO EXTREMAL REISSNER-NORDSTROM NEAR-HORIZON GEOMETRY

The Bertotti-Robinson solution corresponds to the near horizon geometry of a Reissner-
Nordstrom (RN) black hole close to extremality—see for instance [12]. This fact in turn provides a
simple interpretation to the laws of light cone mechanics [2]| in terms of the standard laws of black

hole thermodynamics. The RN metric for a black hole of mass M and electric charge @ is given by

oM 2 oM 2\ !
it (122 DY (122 D) e
T T r T

(r—ry)(r—r_) r2 (54)
= ——di’ + dr® + r2de?,
r2 (r—ry)(r—r-)
and the associated electromagnetic field by
A —gdt, (55)

where ry = M £+/M?2 — Q2. The near extremal case corresponds to M = Q+0M with 6M? < Q?,
for which the near horizon metric and electromagnetic field is obtained by expanding in the new

coordinate x defined by r = x, + x. The leading order gives the metric (47) and electromagnetic

2 Null geodesic violating the null generic geodesic condition are those generating .#* in Minkowski spacetime, which
now pass through the bulk of the Bertotti-Robinson solution.
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FIG. 4: The causal structure of the Bertotti-Robinson spacetime. The Killing field is spacelike in the shaded
regions and timelike elsewhere. The boundary is timelike and no singularities are present. Grey lines and
roman numbers show how the 6 regions of Minkowski spacetime, see Figure 2, are conformally mapped into

the bulk of the target spacetime.

field (51) with zy = Q and zzy = /2 Q dm. Therefore, we can relate the physical parameter of the

RN solution to the parameters of the MCKF in flat spacetime via

2 2 2 2ry
Q°=r; —ry, and m=——"-—. (56)
(7 r3)}
The RN Hawking temperature Try is given by the standard formula
KRrN Tu
T = = 57
YT o T (2 — 1) (57)

in agreement with (41). This shows that the limit r; — 0 corresponds exactly to the extremal limit
of the RN solution. On the RN side the temperature goes to zero and the bifurcating sphere goes
away to infinity. On the Minkowski side, the radius of the bifurcating sphere r, shrinks to zero

and the conformal Killing horizon becomes the light cone of a single event [2].



17

2. NEAR HORIZON SYMMETRY IS RADIAL CONFORMAL SYMMETRY IN M4

Consider the 2-dimensional metric

2 _ .2 2
x g

— X
L T g2y T
Ty 7 — Ty

ds® = da?. (58)

This metric is locally AdSy and therefore its isometry group is SL(2,R). There are therefore
three independent Killing fields which are also generators of isometries of (47). Via the conformal
transformation that relates this spacetime to Minkowski spacetime we infer that the SL(2,R)
generators should correspond to conformal Killing vectors in Minkowski spacetime.

We observe that the vector field
v1 = 707 — 10, (59)

is the generator of an infinitesimal diffeomorphism sending the metric (58) to a new one where the
Ty — Tpu(l — a), with a the infinitesimal parameter of the transformation. Indeed the previous
is a Killing field for the metric (58) with x5 = 0.

The following coordinate transformation

2 =20 exp (— T T) 22 — 22
Tpn xg BH
(60)
, :x:vo exp <mx33H 7') _ 2 x
2 — x%H TpH %
transforms the metric (58) into
2 2
ds? = — = d* + 20 4z (61)
x? z
Three independent Killing fields are known in the previous coordinates, namely
2 _ .2 2,2
vy =ty — 20, = L Tng (W Tu)p
2ry 2ry
v+ ry)? w4 ry)?
v =200 = ( ) Oy + ( ) Ou (62)
2ry 2ry
2 2 2 2
w2t tz (v—ry) (u—ry)
=|—= Oy ——0, = 0 Ou,
U3 (2 2+2 2)330 t G Ar, b + i, hu

where on the right we have used the coordinate transformations back to uv-Minkowski null coordi-

nates using (28) combined with (60). We recognise the Killing field of departure

2r
= —5—"=u (63)

o =Ty
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The commutator algebra is

[v2, V1] =v2
[v2, v3] =01 (64)
[v1,v3] =v3

which corresponds to the SL(2,R) Lie algebra (21) for the generators Ty = (v3 + v2)/V?2, Tp =
(v3 — v2)/ V2, and T1 = —wv;. Notice also that in wv-coordinates the radial conformal symmetry

group SL(2,R) = SL(2,R);, X SL(2,R) 0y as in the AdSs symmetry of near horizon geometry.

C. DE SITTER REALISATION

Another interesting case arises by sending a constant x = xz, Minkowski conformal Killing
observer to infinity via the choice of P(x,6,¢) in (36). From the discussion under equation (46),
this is achieved by choosing a function P(x,6, ¢) which vanishes at x = z,. The simplest choice

admitting a regular differential structure at infinity is

Ty — T

P(x) = . 65
(@ =2 (65)
The corresponding metric is therefore
2 22 — 22 22
d 2 — 0 o BH d 2 7Od 2 2dQ2 . 66
s (az*—a:)2< P T +$2_$%H x° + x (66)
In the new coordinate
4
9 x
X = = —Om)Q (67)
the metric takes the simple form
1
ds? = —F(X)dr? + OO dX? + X2 d0? (68)
with
2 2 .2
PX) = 1— 2% x4 @~ Tou) o (69)
2 4
Lo Lo

The surface x, sent to infinity corresponds now to X — +o0o. The Ricci scalar for this new solution

turns out to be

.%'Z—CCQ X
R=-12( 2 —5H * 70
( g +x§X> (70)
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which tends to a constant as X — +oo
2 .2
AA= lim R=-12% " TpH (71)

X—too zd

Such constant is positive if x, is chosen in between the inner and outer horizons and negative

elsewhere. Moreover, for x, # 0, R diverges as X approaches zero

Tx

2
x5 X

Rlx0=—12 +0(1). (72)

As in the previous case, we can define a diagonal tetrad as in (49), which gives the diagonal

Einstein’s tensor

2 2
Ty, — T
G00:_3 * 4BH+4 5
Ty x5 X
2 2
Ty — x
g x5 X
" (73)
Ty — T T
G22—3 * 4BH_2 2*
g x5 X
2 2
Ty — T T
Gy =324 -2 2.
Zy x5 X

The metric can therefore be interpreted as a solution to the Einstein’s equation with a cosmological
constant A as in (71) and a energy-momentum tensor given by
Ty) = 27 diag(2, -2, -1,-1). (74)
x5 X
The global as well as the local nature of these spacetimes depends on the explicit value of x,.
For x, = 0, Ty, = 0, the Ricci scalar is non-diverging, and the Einstein tensor (73) corresponds

to that of a positive cosmological constant term A g, with

$2
A=3—27. (75)

xO
For this choice of z,, the metric (68) is manifestly that of de Sitter spacetime in terms of static
coordinates. The bifurcating Killing horizon corresponds to the union of a past and future cosmo-

logical horizons intersecting at the bifurcating sphere, as shown in the Carter-Penrose diagram in

Figure 5.

D. ASYMPTOTICALLY (ANTI)-DE SITTER REALISATIONS

If 2, < 0 one has a positive cosmological constant for |x.| > |rpy| and a negative one for

|zy| < |zpu| with a Ty, violating all the standard energy conditions. In these cases the metric
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FIG. 5: The causal structure of the de Sitter spacetime obtained from Minkowski by choosing z, = 0 in
(65) including the MCKF. The Killing field is spacelike in the shaded regions and timelike elsewhere. Grey
lines and numbers show how the 6 regions of Minkowski spacetime depicted in Figure 2 are conformally
mapped into the bulk of the target spacetime. The light cones in flat spacetime are mapped to intersecting

cosmological horizons.

is asymptotically dS and AdS respectively. In the AdS case the decay rate to the asymptotic
geometry is slower than the one imposed by the standard reflecting boundary conditions [13]. This
implies that a well defined notion of conserved charges at infinity is not possible. The spacetime is
therefore in this sense weakly asymptotically AdS.

If . > 0 instead, one has a positive asymptotic cosmological constant for z, < xgyz and
a negative one for x, > zzy. Now T, satisfies the weak (p > 0,p 4+ p; > 0) and the dominant
(p > |pi|) energy condition but not the strong one (p+p; > 0, p+>_, p; > 0). For negative asymptotic
cosmological constant, there are black hole regions, plus inner and outer Killing horizons. The
boundary is again weakly AdS. The new feature with respect to the Bertotti-Robinson realisation
is the appearance of a time like curvature singularity at X = 0. There is no black hole region in
the dS realisation, while the time like curvature singularities at X = 0 remain. The Carter-Penrose

diagrams corresponding to these cases are shown in Figure 6.



21

AAAAAAAAAANY,
S

(a)Weakly asymptotically AdS. (b)Asymptotically dS.

FIG. 6: The causal structure of the different spacetime realisations when an observer is sent to infinity. The
two spherical dimensions are suppressed, so that each point represent a sphere. The Killing field is spacelike
in the shaded regions and timelike elsewhere. Grey lines and numbers show how the 6 regions of Minkowski

spacetime depicted in Figure 2 are conformally mapped into the bulk of the target spacetime.

E. AN ASYMPTOTICALLY FLAT REALISATION

The inner horizons of the Bertotti-Robinson realisation of Section III B can become the boundary
of the spacetime via a particular choice of P(z,0,¢) in (36). Such realisation was already evoked
in [2]| to illustrate some aspects of the light cone thermodynamical laws, but its global structure
was not properly studied. In this case the metric is

167
(u—rg)?(v+ry)

Gab = 5 Tab - (76)

In Appendix A, see equations (A13) and (A14), a coordinate transformation is found such that the

metric is

1

1 1
A

d2
y 1-22

({1—22ﬁﬁ2+ <u2+22aﬂ>, (77)
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where the new coordinates are dimensionless and A = %. In these coordinates the horizon is
located at z = 1/2. Moreover, z is positive and greater than 1/2 outside, and decreases to zero at
the Minkowskian i and origin. Inside the horizon, on the other hand, z increases from z = 1/2
to z — oo. The latter corresponds to the inner horizon which, now we show, is at infinity in the
target spacetime. From the discussion of Section I1I A we can draw its Carter-Penrose diagram and
study the properties of the corresponding conformal boundary. The conformal factor Q2 mapping
(77) to the Einstein’s Universe gq, = Q% g% is given by

1 (u—7rg)%(v+7H)?
r2 —r2 4 (u?+1r2)(v2 +1r%)

1 (1 —sinU)(1+smV)

02 =

- rd —r (78)
B 1 cosT +sin R
- rd —r3 2

where U =T — R and V =T + R are the Einstein’s Universe null coordinates. Conformal infinity

J is given by the condition €2 = 0, and therefore

s

7 T—R:U:g and  T+R=V=— (79)
which is equivalent to v = ry and v = —ry, or simply z — oo. The boundary is made of two
constant U or V surfaces, being therefore null.

The gradient of the conformal factor is found to be
~ sinT cos R
dzt = — ar dR 80
(VﬂW) €T 27"H + 27’H ) ( )
which is non-zero at _#. The Ricci tensor in the diagonal tetrad is

2A

Rr; = Rypefel = “—diag(-1,1,2,2) (81)
z

which vanishes in a neighbourhood of ¢, i.e. for z — co. Our spacetime fulfils all the conditions

of the definition of conformally flatness [14]. Finally, the Ricci scalar is

12A
z

R =

(82)

showing a curvature singularity at z = 0. The resulting causal structure is shown in Figure 7. For
this last case we made explicit the analysis for the construction of the Carter-Penrose diagram.
The very same strategy is used for the previous cases as well, but, for brevity, we preferred not to

present it explicitly.
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FIG. 7: The causal structure of the conformally flat realisation. The two spherical dimensions are suppressed,
so that each point represent a sphere. The grey lines and numbers show how the 6 regions of Minkowski

spacetime depicted in Figure 2 are conformally mapped into the bulk of the target spacetime.

IV. ARBITRARY DIMENSIONS

The construction of Section III B works in arbitrary dimensions. Namely, the simple rescaling
of the n-dimensional Minkowski metric by the factor w? = x2/r2, i.e. defining g,, = wW?nap, turns
the conformal Killing field (17) into a Killing field of the target spacetime. This is clear from the
fact that

s o, (V)

o (VI “>
BN

120, <5> € =0,

2
where 7 is the determinant of the n-dimensional Minkowski metric, and where we have used that,
in spherical coordinates, \/[n] = r"~2sin(0;) - - - sin(6,,—3) for n > 2 and /|n] = 1 for n = 2. The
vanishing of the last line follows from the direct substitution of the components of {* given in (17).

Moreover, this is also evident from the direct application of the coordinate transformation (28) to
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(22 /r?)ds?, which yields the Bertotti-Robinson spacetime in arbitrary dimensions, namely

132 2

—x
T+ s
72 2 — a2,

2
Lo

ds* = — da? +22dS?_,, (84)

where dS2_, denotes the metric of the (n — 2)-dimensional unit sphere. The other realisations can

also be constructed along the same lines.

A. THE JACKIW-TEITELBOIM REALISATION

A specially interesting case is the case d = 2 where the natural conformal mapping corresponding
to the two-dimensional version of (36) with P(x) = 1 produces a well studied black hole solution

of dilaton gravity know as the Jackiw-Teitelboim model [7].

V. CONCLUSIONS

A mathematical analogy of the laws of black hole thermodynamics for light cones in Minkowski
spacetime was found in [2]. This was possible by observing that intersecting light cones are bifur-
cating conformal Killing horizons for the most general radial conformal Killing field £. The causal
behavior of & closely resembles the one of the stationarity Killing field of a Reissner-Nordstrom
black hole—see Figure 1. Such conformal stationarity is the heart of the validity of the four laws
of light cone thermodynamics introduced in [2]. However, the quantities appearing in these laws
have no direct physical meaning in flat space. Nevertheless, as they are all conformally invariant,
they acquire their standard geometric, as well as physical, meaning in conformally flat spacetimes
where the conformal Killing field becomes a genuine Killing field.

In this work we have studied the properties of representative spacetimes satisfying this condition.
The most interesting case is the simplest one. It turns out that the conformal Killing horizon
structure of light cones in Minkowski spacetime is the conformal partner of the Killing horizon
structure of the Bertotti-Robinson spacetime. The latter is known to encode the near horizon
geometry of close-to-extremal and extremal charged black holes. The reason behind this fact is
the vanishing of the Weyl tensor at the horizon of an extremal Reissner-Nordstrom black hole [15]
which makes the near horizon geometry conformally flat.

This result completely clarifies the nature of light cone thermodynamics as introduced in [2]:
it can now be seen as arising from a conformal transformation of the standard laws of black hole

thermodynamics on a suitable black hole spacetime. This strengthen our initial claim that light
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cones in Minkowski spacetime encode, in a suitable sense, the main properties of black hole horizons,
thus providing a simple analogue of black holes in a spacetime with trivial curvature. The analogy
is more strict and direct than the one usually considered between near horizon black hole geometry
and Rindler spacetime. The black hole and Rindler horizons, indeed, have different topologies,
being respectively S? x R and R? x R. Additionally, the Rindler wedge cannot be seen as the region
outside the horizon, since it lies itself in the domain of dependence of the latter. This in turn implies
that no finite energy flux can escape the Rindler horizon, and no notion of asymptotic observer can
be defined. These difficulties are not present in the light cone case studied here and in [2]. As for
black holes, the light cone topology is S? x R, and energy can be sent to infinity without crossing
the horizon from the complement of the diamond, Region II in Figure 2, which therefore plays the
role of the outside region. The analogy is indeed so strict that for conformally invariant matter
the light cone structure is indistinguishable from the near horizon geometry of a close-to-extremal
Reissner-Nordstrom black hole. Other interesting conformally flat spacetime where the conformal
Killing horizon structure becomes a proper Killing one have been presented.

One would be tempted to say that an analog to a spinning near extremal black hole in dimension
four can also be obtained in the present way. However, this is not so since the extremal Kerr near
horizon geometry is not conformally flat [15]. Analogue of spinning black holes require a different
approach. Nevertheless, the argument fails in three dimensions where spinning black holes are
represented by the BTZ solutions [16]. The BTZ black holes are indeed conformally flat and
should have a representation in terms of light surfaces in Minkowski spacetime. It can be seen
however that the Killing generator of the BTZ horizon cannot correspond to our radial MCKF.
The correct mapping to flat spacetimes will have to involve the topological identifications [17],
suitably translated to Minkowski, that are necessary in AdSs to obtain the BTZ geometry.

Our analysis emphasises the conformally flat nature of the near extremal near horizon approx-
imation of RN spacetimes, as well as the obvious case of De Sitter spacetimes. This allows for a
simple analysis of the renormalization of the energy momentum tensor for conformal fields and the
immediate computation of (Tj;) in these cases [18]. Along these lines, our analysis could be used
to provide a simple interpretation to the computation of (logarithmic corrections to) entanglement
entropy for bifurcate Killing horizons from the perspective of QFT on Minkowski spacetimes.

The near horizon geometry symmetry structure of near extremal and extremal Reissner-
Nordstrom black holes is present in flat spacetimes and is associated to the algebra of radial
conformal Killing fields of Minkowski. The basic ingredients of the extremal black holes CFT

correspondence conjecture [19, 20| might be available here. Notice however that in the Kerr-CFT
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correspondence the conformal symmetry concerns the ¢ — ¢ ‘plane’ (for RN it works by adding a
Kaluza-Klein dimension y for the electromagnetic unification and the conformal symmetry occurs
one dimension up in the y — ¢ ‘plane’) [21]. Another approach to entropy based on the appearance
of a conformal symmetry in the r — ¢ ‘plane’ is the one studied by Carlip [22]|. It would be nice to
investigate the possibility of a formulation of such ideas entirely in the context of a flat background.

We leave these investigations for the future.
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A. COORDINATE TRANSFORMATIONS

In [2], six different coordinate transformations (¢,7,6,¢) — (7,p,60,¢) for each and every of
the six regions Minkowski spacetime is divided into by the radial MCKF was presented. The

transformation was built so that the radial MCKF simplified to

0 0

Here we observe that the six transformations can actually be grouped in one single transformation

given by
o r2 —r? log (u—rg)(v—ry)
dry (u+ry)(v+ry) A2
2 o (A2)
. rH — T log (u+rg)(v—ry)
Ary (u—rg)(v+ry)
The coordinate 7 is the same used in the main text, equation (28). Defining as in [2]
Ao A
R "
1
a =

2 22
s — Ty



27

Minkowski metric becomes

2 A/2a 2
s = <cosh(\/Z7') +cosh(\/Zp)> (

The transformation is valid everywhere using the standard definition of the logarithm of a negative

—dr? +dp? + A7 sinh?(VA p) dQ?) . (A4)

number, namely
log(—x) = im + log(z) z>0. (A5)

We can solve equation (27) in these coordinates finding

2
9 cosh(vVAT) + cosh(vVAp) 1
w? = , (A6)
A/2a Go(p)
which in terms of the Minkowskian double-null coordinates (u,v) is
Ary 1
w?(u,v) = T (A7)

(u? —rg)(v? = 1%) G*(p,0,¢)
A conformally flat metric gq3 such that the radial MCKF becomes a Killing field can therefore also

be written as

1
ds? = ————(—dr? + dp® + A~ sinh®(VAp) d0?), (A8)
G2(p,0,9)
Choosing the function G, to be a normalisation constant given by
2 _ g2
G,=-2-"4 A9
P 27.% ( )
one finds
2 2
TS — Ty
w _ A10
Ve ) o
The choice
Golp) = 1/4e™2V20, (A11)
instead, gives
47’?{
W = . Al12
P (w—ry) (v +7h) (A12)
The above two conformal factors were found in [2| by separation of variables.
Another interesting coordinates transformation is given by
F=VAT
(A13)

L os(1 - 22)
= (0] — 4ZZ).
pQ\/Zg
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which implies

1/ (utre)(v—ra)
*=3 (1 <u—rH><v+rH>) | (A14)

The metric (A8) takes the following Schwarzschild-like form

ZX_I

B 1
- Gi(z,0,9)

d2
iy 1-22

(—(1 —22)d7? + dz? + 22 d§22> , (A15)

where G? is a new function encoding the ambiguity in the conformal transformations, and the new
coordinates are dimensionless. In these coordinates the horizon is located at z = 1/2. z is positive
and greater then 1/2 outside, and decreases to zero at the Minkowskian i and origin. Inside the
horizon, on the other hand, increases from z = 1/2 to z — o0, the latter corresponding to the inner

horizon. In Section III E, these coordinates are used in the simplest case G, = 1.
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