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Circular polarization of the cosmic microwave background (CMB) can be induced by Faraday
conversion of the primordial linearly polarized radiation as it propagates through a birefringent
medium. Recent work has shown that the dominant source of birefringence from primordial density
perturbations is the anisotropic background CMB. Here we extend prior work to allow for the
additional birefringence that may arise from primordial vector and tensor perturbations. We derive
the formulas for the power spectrum of the induced circular polarization and apply those to the
standard cosmology. We find the root-variance of the induced circular polarization to be \/(V?2) ~
3 x 107 for scalar perturbations and /(V2) ~ 7 x 107'%(r/0.06) for tensor perturbations with a
tensor-to-scalar ratio r.

I. INTRODUCTION

The cosmic microwave background (CMB) has helped us understand the history of the Universe. Through mea-
surement of the temperature and polarization fluctuations in the CMB, we have determined precisely the classical
cosmological parameters [1]. However, the temperature measurements are already limited by cosmic variance, thus
motivating the investigation of other observables, such as polarization [2—4] and frequency distortions [5] of the CMB.

In this paper, we focus on the circular polarization. In astrophysics, circular polarization may arise in masers [6, 7],
gamma-ray-burst afterglows [8-11], jets of active galactic nuclei [12-15], and pulsars [16-19]. In addition, circular
polarization has recently been discussed also in the context of the CMB [20-25]. Circular polarization can be produced
through Faraday conversion when a linearly polarized light ray propagates through a medium where the indexes of
refraction differ along the two different transverse axes. In this way the linear polarization induced at the CMB
last-scattering surface can be converted to circular polarization. Refs. [20, 21] discuss CMB circular polarization
produced by birefringence from magnetic fields and from new physics beyond the Standard Model (BSM). The
circular polarization produced via Faraday conversion due to supernova remnants of Population III stars is discussed
in Ref. [22, 23]. The current constraint to the CMB circular-polarization angular power spectrum is [(I+1)CYV /(27) <
10~® at multipole moments I > 3000 [26], < 3x 10711 at 33 < I < 307 [27], and < 107 at larger scale [28]. Forthcoming
experiments, such as CLASS [29] and PIPER [30], are expected to improve considerably on the sensitivity to CMB
polarization.

Recently, a detailed investigation of the circular polarization that arises from primordial perturbations was presented
in Ref. [24]. No circular polarization arises at linear order, but there are several physical mechanisms that, at
second order in the primordial-perturbation amplitude, can induce circular polarization from the primordial linear
polarization. Although this primordially-induced circular polarization may be smaller than that induced by other late-
time astrophysical effects, and/or BSM physics, these predictions are more robust and may be thought of as a lower
bound to the expected circular polarization. There are a number of possible standard-model sources of the cosmic
birefringence needed for Faraday conversion, including, for example, spin-polarization of hydrogen atoms induced by
an anisotropic CMB background [24]. Still, the most significant source is photon-photon interactions [24, 31-35],
which is the mechanism we consider here. In this case, the required birefringence is provided by the CMB anisotropies
seen by the CMB photon as it propagates from the surface of last scatter.

In this paper, we extend prior work by considering the additional cosmic birefringence that may be induced by
primordial vector and tensor perturbations. In particular, tensor perturbations, or primordial gravitational waves, are
a highly sought relic in the canonical single-field slow-roll inflationary paradigm [3, 4]. Since the tensor contribution
to the CMB quadrupole may be almost 10% of the total, it is conceivable—given order-unity factors—that the tensor
contribution to the circular polarization may rival the scalar contribution. Note that although the photon-graviton
scattering can also induce the circular polarization from tensor perturbations [36], the induced circular polarization
in CMB is much smaller than that induced through photon-photon scattering as we will see later. The calculation is
also valuable as an illustrative application of the total-angular-momentum (TAM) formalism [37, 38] employed earlier
[25] for the simpler scalar-perturbation case. In the TAM formalism, primordial perturbations are expanded in terms
of TAM waves, which are eigenstates of the generators of rotations, rather than the usual plane waves (eigenstates of
the generators of spatial translations). The TAM formalism allows for predictions for observables on a spherical sky



to be obtained far more simply than through traditional approaches, particularly for vector and tensor perturbations.

This paper is organized as follows. In Section II, we introduce the basic formulas describing circular polarizations
induced through the Faraday conversion. Then, we briefly review the TAM formalism in Section III. In Section IV, we
take the photon-photon scattering source term as a concrete example and show how to express the source term with
the TAM formalism. In Section V, we relate the source term to the angular power spectrum and perform numerical
calculations assuming the standard cosmology. We make some concluding remarks in Section VI. Note that, throughout
this paper, we take the Cartesian coordinate and the metric g;; equals to d;;.

II. BASIC FORMULAS FOR CIRCULAR POLARIZATION

In this Section, we introduce the formulas for the circular polarizations induced by Faraday conversion. Faraday
conversion occurs when a light ray passes through a medium in which each axis perpendicular to the light-ray trajectory
has a different index of refraction. The three-dimensional index-of-refraction tensor is given by [24]

1
nij = 0ij + 5 (Xeidj + Xmaij), (1)
where Xe,i; and Xpm,i; are the electric and magnetic susceptibilities respectively. We focus on the = and y components
of the tensor (z axis: photon trajectory) because photon does not have the longitudinal polarization. Then, the index-
of-refraction tensor in the two-dimensional plane perpendicular to the trajectory can be expressed with four parameters
as

ny+n ny +1in
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Here, ny is the polarization-averaged index of refraction, ng the difference between the indexes of refraction in = and
y axes in the transverse plane, and ny is the difference between the indexes of refraction on two axes that are rotated
by 45° from the x and y axes. Also, ny is the difference between the indexes of refraction for the two different circular
polarizations, which we ignore in the following because it does not convert linear polarization to circular polarization [24].
The relation between Egs. (1) and (2) are given as n; = %(nm. + nyy), ng = %(n{,;;,; —Nyy), and ny = %(nw +ny,). In
the following, we use the subscripts ¢, j and k to describe the three-dimensional space and use the subscripts a, b and
¢ to describe the two-dimensional plane perpendicular to the trajectory.

An observed CMB photon has a radial trajectory that arrives from some observed direction 7. According to
Refs. [24, 25], the circular polarization V(7v) observed in direction with Stokes parameters Q(n) and U(n) at the
surface of last scatter is given as

V(n) = ¢o(n)U(n) — ¢u(n)Q(n), (3)
where the phases ¢g (1) are obtained as integrals,
~ 2 XLss 4 )
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over comoving distance x. Here, z is redshift, xpss is the comoving distance to the last-scattering surface and 7 is
the current conformal time. Note that a general refractive tensor is space-time dependent as nqp(x,n). Although the
linear-polarization pattern on large angular scales is altered by reionization, the dominant contributions to the phase
shift occur soon after the last scattering (see Section IV). Thus, the circular polarization induced after the reionization
is negligible and neglected in the following.

The Stokes parameters Q(n) and U(n), as well as the phases ¢g(n) and ¢y (n), are not rotational invariants;
they are components (in the z-y coordinate system), respectively, of polarization and phase-shift tensors, which are,
respectively, [25]

Pu(#) = — (Qm) v@) ) L D) = —= (%(23 ¢u (") > . (5)

Then, we can rewrite Eq. (3) as
V(n) = €acPab(ﬁ)q)bc(ﬂ)v (6)

where €, is the antisymmetric tensor on the 2-sphere.



III. TAM FORMALISM

In this Section, we briefly review aspects of the total-angular-momentum (TAM) formalism [37, 38] relevant for this
work. In particular, we focus on the TAM formalism for tensor fields because the relevant anisotropies in the index
of refraction are described by an index-of-refraction tensor field. Throughout this paper, we follow the notation and
conventions for the TAM formalism used in Ref. [37]. In the following, we consider a symmetric trace-free tensor because,
as we will see in the next Section, the Faraday conversion is only related to the trace-free part of the index-of-refraction
tensor.

In the usual approach, a symmetric trace-free tensor field can be expanded in terms of plane waves of helicities
A=—-2,...,2 as,

d3kz S ik
Z G e e g
where the power spectra are given by

M (2m)35(k — k) Pr(k)  (IA| = 0),
(W)Y (R)]7) = 3 6 (2m)Pa(k — K)Py (k) (1A = 1), (8)
M (2m)36(k — k) Pr(k) (A =2

Here, Pr(k), Py (k), and Pr(k) are the power spectra for the longitudinal, transverse-vector, and transverse-traceless
components of the tensor field, and éf‘j are polarization tensors defined as [37]

1 j. Z'A, A:I:l 7,
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where 6 and cﬁ are the transverse directions of k.
However, we can alternatively expand a symmetric trace-free tensor field in terms of total-angular-momentum
(TAM) waves as [37],

k2dE g\ kA k2dk o ko
hij(@) = ) Z/ @m)p amAT Py (%) = > Z/ (@) a4 i W @). (1)
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Here we have written the tensor field in terms of longitudinal (L), vector-E (VE) and vector-B (VB), and tensor-E
(TE) and tensor-B (TB) modes, and then also in terms of an alternative helicity basis, with A = —2,...,2. The TAM
waves are defined as

kL 3L kVE _ 2 VE gk kVB _ 2 VB k
\I/(lm)zj( ) \/;T \I/(lm)( )’ \I/(lm)zj (w) - l(l + ]_)TU \I/(lm) (x)’ \Il(lm)z] (:E) - l(l + ]_)Tij \I/(lm) (CIJ),
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imyii () = =\ g L V) @) i (@) = =y [oq7oy T Yam (@), (11)

where T3 is defined as

j , 1
Di=+Vi L;=—irepa’VF, K;=—il;, M, ;=e; DK TE= DiDj+§5,~j, TY® = DM,
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L
k
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and \I'(lm () = ji(kx)Yum)(n) (x = xn) are scalar TAM waves, written in terms of the spherical Bessel function

Ji(z) and spherical harmonic Y(;,,,) (7).
The helicity-basis TAM waves are then,

lI/IfO

(Im)ij (CL‘) = \Ilk7L ; (SE), \Pk’il' (w)

k,V k,VB k,+
(Im)ig (Im)ij v, ” ( ) 00, (SE):| ) v 2' ($> =
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7 (Im)ij (Im)ig (Im)ij v ( ) v (CC) .

1
7 |: (Im)ij (Im)ij
(13)



The relations between h’{l’:l) and h](“l’;fl) are given by

hk 0 hk L hk +1

k, TE k,TB
(tm) = Mamy Mam) = 5 [ (im) ha ihg (14)
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The plane waves with an arbitrary trace-free polarization tensor £;;, which is a combination of éj\] or £7% in general and
can be € V,j or £ themselves in some cases, are related to the TAM basis functions as [37]

gij(k)e™ ™ 2247” B(lm) (zm)”( T) = Z 247” B(lm) (zm)u( x), (15)

A=0,£1,£2 Im

pEVE h?zn‘i)B} pRoE2 _

where o runs over L, VE VB, TE,TB, and
By (k) = €9 (R)Y G5 (k), Bl (k) = €9 (k)Y (). (16)

The tensor spherical harmonics Y7, ), (f) are defined as'

)/(lm 1] ﬁ \/>

2 2
vVE (§ VE ~ VB (~\ _ \
VIB () = — | L= tEy ), YVIB () = MWTBYZ () (17)
(Im)ij 2(1 + 2) (Im) (Im)ij (l + 2) (Im) 5

where W is defined as

, 1
N; = —n;, K;=—iL;, My; = e, N'KF W-L-E—NiNj-‘rf(siﬁ WYP =NuM, ), WYP=N,K;,

) )

WEP =M, My j) — KGKj) +2NgMyj), WEP = KMy j)+ MK + 2N Kj). (18)
In particular, Y, (lm)” and Y(lm)w live in the plane perpendicular to n and can be expressed as Y(le)ab and Y(lm)ab
respectively. The helicity-basis spherical harmonics Y(E\m)ij (n) are defined as
. . 1 . _ . . 1 .
}/(lm)z]( ) Yv(lm)z] (n> Y(linlL)zg (’I’L) \/§ |:)/(lm)m (n) + Z)/(YW?)Z']' (n) s )/(lin%)zj (n) \/5 Y(lm)zg (’I’L) + Z}/(lm)z]( )} .
(19)
The Y(lm) i j(l%) are related to the spin-weighted spherical harmonics by [39, 40]
ET(R) Yy (B) = 3 Ym) (k)3 (20)
From Egs. (7), (10), and (20), we can derive the following relations between h*(k) and hl(cl)‘)
by = [ ke ®) (<Y @) (21)
As a result, the TAM amplitudes satisfy?
o Ot S GRSk~ K)PL(R) (1A = 0),
(WY = { B 2005 k)P 0) (A=), (22)
3
St O N BT 6(k — K Pr(k) (M| = 2),
51t O 82" C 5k — k)P (k) (o = L),
(R o]y = § GG 62 C6(k — k) Py (k) (0= VE,VB), (23)
, 3
811 O 0 CX§(k — k') Pr(k) (o = TE,TB).

I The two components that live in the plane of the sky, which we here refer to as TE and TB modes, are in much of the literature (which
considers only these two components) as E and B.
2 The spin-weighted spherical harmonics satisfy [ d# /\Y(lm>('ﬁ)>\/Y5,m,>(ﬁ) = 611/ O/ Oa N -



IV. CALCULATION OF &,(n)

Although there are several physical effects that may generate Faraday conversion, the dominant mechanism, as
noted in Ref. [24], is photon-photon scattering. The components of the index-of-refraction tensor due to photon-
photon scattering is (see Appendix B and Ref. [24] for the derivation),

N = N

no(@,m) <nm(w,n>—nyy<mm>)_48f AcpotraaTinmRea (@), (24)

iy
0 1) = (g .0) + g, ) =48, T Aot Tyt af o). (25)

Here, p is the magnetic permeability of the vacuum, a,,q is the radiation energy density constant, Tomp is the CMB
temperature, aﬁn (z,n) is the coefficient of the local E-mode moment induced by primordial perturbations, and A. is
the Euler-Heisenberg interaction constant, which can be expressed with electron mass m., Compton wavelength A,
and the fine structure constant « as A, = 2a?\3 /(45 pgmec?). Next, we write the spatial dependence of the indexes
of refraction in terms of Fourier components through,

T 1 A3k ik

o) = 18/ T Aupotnna T [ Gslaf o) +a( ) (26)
1 [ &k ke

) = 18 T Aupotnaa T g [ 5050 (k) — ol (27)

where we have used the relation af;" = ay _,. We then transform the local quadrupole moments in Eqs. (26) and (27)

using

ay (k)= Y Diy. (7 — ok, Ok, 0)ah,, (kn), (28)
m=0,%+1,£2

where un-barred quantities are in the line-of-sight frame (with the z-axis toward the observer), and barred quantities
are in the wave vector frame (k is the z axis and the direction toward the observer in the Zz-plane, with Z < 0).
Here, 0, and ¢ are the polar and azimuthal angle of k in the line-of- sight frame, and Dm is the Wigner rotation
matrix, which is defined in Eq. (A1). Then, we derive

'm

ay _o(k,n) + asy(k Z‘D22m — Ok, Ok, 0)ad,, (k +ZD — Ok, Ok, 0)a.,, (K, 1)

:\/g(cos $3 — sin ¢3) sin aiafo(k, 7)) — sin Ok (— cos O cos 2¢, + i sin 2¢k)d£1(k, n)

(3 + cos 20y

— sin O (cos O cos 2¢, + i sin 2¢k)d§_1 (k,n) + €08 20k, — 1 cos O, sin 2q§k> 62E72(k, n)

3 20
n (—i_COSk €08 20k, + i cos O, sin 2¢k) dg»*?(k’ )

) ok, 1) — (&5 (k)" — (&5, (k) )z (k,n)
)" = (€ (R))as_y (ko) — (€37 (R))™ — (&5, (k) )ak 5 (k. m)
) F (k)" )az o (k,m), (29)



1 1
g(af,ﬂ(kvn) a2EQ Z(ZD22m — ¢k, Ok, 0 a2m ZDQm — Ok, O, )azm(kﬂ?)>

=v/6 cos ¢y, sin ¢y, sin Hidfo(k, 1) + sin Ok (i cos 2¢y, + cos 6 sin 2¢k)d§1 (k,m)
+ sin O (i cos 2¢y, — cos O, sin 2¢k)d2E’71 (k,n)

3 26
+ <+czsk sin 2¢y + 4 cos O, cos 2¢k> dgg(k, n)

+ <3+COSMk sin 2¢ — 7 cos O, cos 2¢k) dg_Q(k,n)
= —2(&0, (k) ab o (k,n) — 2(¢1,) (k))* az 51(k,m) — 265, (k) as _ (k,n)
— 2(&/7 (k)" ags (k) — 265, (k) ab _y(k, n), (30)

where 5 . is defined by Eq. (9), and the basis vectors are

(k) = (cos Oy cos ¢y, cos O, sin g, —sing),  P(k) = (— sin ¢y, cos ¢y, 0). (31)
Here, we separate the primordial perturbations and their transfer functions through a¥’, (k,n) = a¥ S\ (k,mh k),

where the power spectra of h*(k) are given by Eq. (8).

From Egs. (24), (25), (29), and (30), we see that the part of n;; proportional to (£%)* can describe ng and ny,
which means that the part related to ng and ny in n;; can be expressed with a trace-free tensor, given as Eq ( ). On the
other hand, a nonzero-trace part of n;; is irrelevant to n¢ or ny. Using the relation between (£ ;)" and \I/(lmm given in
Eq. (15), we can express n;; as

k2dk _ -
nz]( ) =48 \/>A61U'OaradTéMB / Z Z 4mi \Ilécl;;)”( )h,(cl’qjl) (_a2E,)\ (k7 77)) + nij (:13, 77) (32)

Im A=0,%+1,£2

s k2dk
=48, [T A potraa T = 5 2t (Vi i oo m)

+ Wiy (@) imy (= a£1<k,n>)ww (@) (i) (=2 (k,m)

(Im)ij (Im) (Im)ij (Im)
UG @G (~aFa (k) + WET R @R (~afy(km)) ) + g (), (33)

where 7;; is the part of n;; that is independent of ng or ny, and we have used the relation df/\ (k,n) = EL;E,_/\(k, n) [41].

To calculate the induced circular polarization, we need to derive ®,(7) from n;;(x). Since P, and <I>ab are
2 x 2 symmetric trace-free tensors in the celestial sphere, we can expand them in terms of (lm)ab( n) and Y1 (im) B ()
as [42, 43],

Pu(R) = Y [PEYEE () + PEYEE ()] (34)
lm

Qup(R) = D [OF, YT () + @f Y EE ()| (35)
ilm

To relate n;;(x) to the shift tensor ®,;(72), we define the projection operator A, “( ) to project n;;(x) to a spin-2 tensor
on the celestial sphere as

AUM(’I:L) = Pi kpjl Pmkp (5”7 (36)

m
where P;; is given as P;; = d;; — 7;7n;. Then, we can express the shlft tensor in terms of n;;(x) as [25]
wo 2 *XLSS
V2c

where wy is the frequency today. Note that since <I>Z~]- lives on the plane perpendicular to 72, we can regard ®;; as ®,,3 and,

Dyy(h) = dx [ A @) (Ao = 0 (37)

by definition, A,ij"“lllfﬁk/l/ = 0 is satisfied. As we found in Eq. (33), the spatial dependence of n;;(x) can be expressed with

3 In the line-of-sight frame, 71 is parallel to z axis and a and b run over z-y plane in the three-dimensional Cartesian coordinate. In other words,
®;; is non-zero only for i, j # z in that frame.



\I/E‘l%)“( ) and the projection of \I/<lm)”( x) onto the celestial sphere is discussed in Refs. [25, 37]. According to Eq. (94)

in Ref. [37], A, g, (f) are given by

KV (o gk L . 77@ (l+2)!jl<k><) TE

(Im)k'l (ﬁ’) = 7\@61(())(]6)()1/(1177)4] (’I"I,) (38)

A @)WY () = =/ (= )1+ 2) (mkx Y5 () = =26 (k)Y (), (39)
AU R)TETE () = ! (kx) + gi(kx) + 411 (ky) + 62 JIGA9R B% ) = =27 (k)Y EE, (40
i (Y () = =5 | =J1(kx) + gilkx : (kx)? (tmig () = =267 (k)Y G5 (). )
. ) ) Jilkx , -
AT A () = =i/ (= 1)1 +2) i bygn i) = 28 ) YEE,, () (41)
WaTs N . . jl k .
AT RV ) = =i (0 + 2550 ) YT ) = ~2i? ()Y, (), (12)

where fj(z) = 4 2@ g1 ( D)= —gi(x) —2fi(z) + (1 - 1)1 + 2)]’]}1@ and €™ (z) and B (x) are defined as in Ref. [41].

de =
Note again that since Y/2Z = and Y(zm )ij €an be described in the plane perpendicular to 7, we can regard them as Y(ff)ab

(lm)w
and YZ

(/m ab

From Egs. (37)—(42) for <I>lEn£B and Ref. [44] for Plﬁ/ B we can rewrite the coefficients in Egs. (34) and (35) as’

respectively.

E/B ZPE/B A E/B _ Z‘I’{%B’Av (43)
k2dk
pit = [ 555 [ dnatn) (—V6PO o)) LD o = ) (44
k2dk [0
REPVEIY < am [ 55 [ angva (<VBPO o)) D01 (kt — ). (45)
k2dk [0
Plfn/B,TE/TB _ 4W/W/O d??g(n)\/g(—\/ép(m(k,n)) hécr,rfTE/TB) (2)(7€(n0 Y (46)
k2dk [0 _
o = and [ S5 [ an(1e 2 @tk e koo — ) (47)
LSS
E/BVE/VB _ k*dk [ 4 k(VE/VB) 4(1) (1
Py =4mA (@) dn (1+ 2)"V2 (a3, (k,m)) hy,, ¢ (k(no —m)), (48)
ULss
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o, =47 A dn (1+2)*'V2 (ags(k,n)) by, & (k(no — ), (49)
LSS

where the integration variable is changed as x = n (. =n0—x), ¢ () is €™ (x) for VE and TF or i™ (x) for VB and

TB, g(n) is the visibility function, P (k, ) is the function defined in Ref. [44], and A = 96(7/5)"/% A poaraaTirc ™ ‘wo =

1.11 x 10738 (19/100 GHz) m~! [24] . The power spectra of hfnf‘ are given by Eq. (23). The factor of (1 + 2)* implies

that the dominant contribution to the phase shift is near the epoch of recombination, as we mentioned in Section II.
Finally, we summarize the results for the angular power spectra. We can express ClP “P* and ClP PP” as

o - e L;ETE<P£J(Q)*B§;(Q)>:4”/ T (27@ POk ) / ang(n) (~VB6PO (k) -
T dr / dkk2(2i2P(VE)(k)> /O dng(n) (—VGPO (k) f )(k(no—n))r
- 4“/ P (2'; P<TE><k>) / an g(n) (~VEP (k) ) el (k(no — ) ; (50)

4 Note that Eq. (47) corrects Eq. (30) in Ref. [25].
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e /dkk (2];2 (TB)(k)> /0770 dng(n) (~V6PA (k) B (ko — m) 2

where the tensor-to-scalar ratio is defined as r = 2P(TF)(k)/P) (k) = 2PTB)(k)/P(E) (k). Similarly, C?"®" and
C{DB@B are given by

E g FE 3
=Y (2B ) g ( [ & (L pow)

k \ 272
a=L.VE,TE

(e
+/dklc <2 2P(TE)(k)>
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; (51)
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LSS
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LSS
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7LSS
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are also given by

o= > (peral ) =awa ([ (g w) ([ a4 etk o em )

LSS

X </Ono dn g(n) ( V6P (k, 77)) O (ko n))>
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©
ang(n) (~VGP (k) € (ki ) ) ). (51)

BgB )% o dk K3 o _
et = 5 (merel @) —ama ([ L2 (Grvow) ([ ane ) @) oo - )
a=VB,TB

X

X

LSS

< ([ anaton (V&P o) 1Y o )
+ / %2 (2];2 P(TB)(k)) (/’ dn (1+ 2)* @€y (k,m) B (ko — n)))

7LSS

< ([ dngtn) (V6P k) 52 m — ) ) (55)

V. CALCULATION OF ¢V AND NUMERICAL RESULTS

In this Section, we explain how to calculate the power spectrum ClV V' for the induced circular polarization with the
results derived in the previous Section, and we present numerical results for a scale-invariant spectrum of primordial



tensor perturbations. We follow the discussion in Ref. [25], but take into account the B mode, which is not considered
in Ref. [25]. This is because, unlike scalar perturbations, vector and tensor perturbations induce B modes as we saw
in the previous Section.

The angular power spectrum is defined by C'V = (Vj* Vi,,,) in terms of expansion coefficients,

/ AR V(7)Y (7). (56)

Substituting Egs. (6), (34), and (35) into Eq. (56), we obtain

Vim = Z Z Pl?ml(blzmg/d abyllml)ac( )}/(lzmz)b ( )}/lm( )+Pl?m1q)l€m2/dneab}/v(llml)a(:(A)}/(lB;mg)bc(,ﬁ)letn(ﬁ)

l1m1 ZQMQ

P B, [ ARV (RIYE (@Y () + P 0, [ A YD (YD ()i ()

= 3 S PO, [V Yy Y () 4 PE 0, [ AR YE (Y )Y )
l1m1 l21’n2
P, 8, [0 ()Y Yy Y () + P, 88, [ QY e )Yy (00 Yi ),
67)

where we have used [45] € “bY(lEm)ac(fL) = Y(?m) b .(R) and e“bY(’le)aC

(n) = _y(lEm) b .(R). According to Refs. [45, 46],
we can express the integrals as

/dnyllml )}/(lzmg)ab( )lem TA” /dnY'(ll —mq) b(ﬁ)}/(lb;m2)ab(ﬁ)}/l—m(ﬁ) €ll 7m112m2Hllll27 (58)
/dﬁy(lnm)a (ﬁ)Y(lzmﬂab(ﬁ)Yl*m(ﬁ) - /dﬁY(ll*—ml)a (ﬁ)y(imz)ab( )Y, () = g11*7"112””“21111”2’ (59)

where the result is zero unless Iy 4l 4+ 1 = (even) in Eq. (58) or Iy + I3 + 1 = (odd) in Eq. (59), and & ,  and
H lll 1, are defined in terms of Wigner 3-j symbols as

2L +1)2l+1)(202 + 1) I 1 I (Ll
§l1m1l2m2 = (_1)m\/ Ar —myp m mo ) Hl1l2 = 2 0 =2 . (60)
Here, we define G, = = fll—ml,lzmngllg (in agreement with the conventions of Ref. [25]). Then, using
JanYP,, abY(szQ)ab(ﬁ)Yl*m( =—[adnY,, ‘“’Y(ZQmQ)ab(ﬁ)Ylj‘n(ﬁ)7 we rewrite Eq. (57) as
Vim = Z (Pllml lama (ZG§1m7T1Ll2mz) + ‘Pl]fmlq)lB;mQ (ZG§1leLl2m2))
limilams(odd)
+ Z ('Pl?ml¢l2m2( Gélmwfl’sz) Pl?ml¢gm2( G§1mnzlzm2))’ (61)

limylama(even)

where the subscript (odd) and (even) means that the summation is over l; + ls + 1 = (odd) and Iy + I3 + I = (even),



10

respectively. Then we derive

E pE EgfFE EgfE EgxfE B pB BB BB BB m
C«ZVV: Z |:<C«P P Clq; oE 1113 3 Oz{: o ) (CP P C<1> o 7CP o CP o )} |G§1m1l2m2|2
llmllzmg(odd)
n Z (CPEPEC<1>B<DB CPBPBC<1>E<1>E 2CPE<DECPB<I>B> |Gl1m1l2m2|2 (62)
limilama(even)
_ Z (2[1 + 1)(2[2 + 1) ((OPEPEO(I)E,:DE PE,:I)EOPE(I)E)
lllz(odd) 47T
(CPBPBC@BCPB CPB<1>BCPB<1>B)> |lel |2
162
Z (20 + 12(2[2 +1) (CPEPEC(I,Bq)B CPBPBC(I)E(I)E _ 2CPE¢EOPB(I>B> |Hllllz‘2 (63)
vy
l1l2(even)

:/(271_)2 sin? 2y, 11, ((Ch Cﬁ)[{l’ - Oy ¢ C— [Il’ ) (C Cl‘ffl’ -y, ¢ Cii— fl’ ))

d2ll E pE B g B B pB E g E EgfE B s B
+ [ G ot 2o, (CETTI ORI T ORI, 2™ ), (64)

where we have used
and we have used [45]

= (201+1)(2I' +1)/(4m) [45, 46] between the first equality and second equality

mims (fllmllgﬂLg)

QU+D)RU+1), ., / d?l / d?l, 2
——|H] I~ 27) sin” 2y, 1, 0(1 — (11 + 12)), 65
lllﬂ%id) 4n | Il ‘ (2’/T)2 (27T) ( ) ( ( 1 2 ) ( )
@+ +1) ., / a1, / 421, ,
- IH ~ [ — 2 2 ol — (1, +1
lllz(gen) A | l1l2‘ (271')2 (271_) ( ’/T) COS™ 21 1, ( ( 1+ 2))7 (66)

valid when [,1y,l5 > 1, between the second and third equality.
The variance of V is given by (V?) = 3",(20 + 1)C"Y /(4r), which can be approximated,

(V2) ~ / (%QCZVV ~ LU(PEPE) (850) — (PPOF)’ 4 (PPPP) (3508) - (PPaP)’

+(PEPEY(®PdP) + (PPPP) (@F0F) — 2(PFoF) (PP3P)). (67)
Finally, we provide results of numerical calculations for a scale-invariant spectrum of primordial gravitational waves,
using CLASS [47] to obtain the CMB polarization transfer functions. Figs. 1, and 2 show CFF CF® C*® and C)V

with scalar and tensor perturbations. We take v = 100 GHz for both sets of perturbations. From Eq. (67) we find
the root-variance of V' to be

V2 ~ 3 X 10:1: ) (for scalar perturbati.ons), (68)
7x 10718 (555)  (for tensor perturbations),
or in temperature units,
V2 ~ 8 x 10:1‘; K (for scalar perturbati.ons), (69)
2x 10717 (55:) K (for tensor perturbations).

From Egs. (68) and (69), we can see that the circular polarization induced by tensor perturbations through the
photon-photon scattering is much larger than that induced through the photon-graviton scattering [36].

VI. CONCLUSIONS

We have used the TAM formalism to discuss the CMB circular polarization induced at second order in the
primordial-perturbation amplitude, by general primordial perturbations, including vector and tensor perturbations
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vo=100GHz, scalar perturbations

PEPE
-------- PEQE
----- OEDE
\'AY%
1070 ]
10—35 . . . . ! !
5 10 50 100 500 1000 5000
1

FIG. 1. The power spectra C; for scalar perturbations. The blue solid curve shows CIPEPE; the blue dotted curve shows
|CZPE‘I>E |; the blue dashed curve shows Clq’Eq)E; and the green thick solid curve shows C}Y. We take v = 100 GHz.

vo=100GHz, r=0.06, tensor perturbations

10—15 L
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FIG. 2. The power spectra C; for tensor perturbations. The blue and green curves are as in Fig. 1, but we now also have
orange curves to indicate the analogous quantities for B modes.

in addition to scalar perturbations. To make the discussion concrete, we have assumed the standard cosmology and
considered only the dominant contribution—from photon-photon scattering—to Faraday conversion. We performed
numerical calculations of the power spectra for circular polarization and find root-variances of 1/(V2) ~ 3 x 10714

for scalar perturbations, and /(V?2) ~ 7 x 107! (r/0.06) for tensor perturbations. The derived formulas can be
applied to the other source terms discussed in Ref. [24] such as spin polarization of neutral hydrogen atoms and the
non-linear interactions induced by bounded or free electrons, although these are expected to be subdominant to the
photon-photon process considered here.

Before closing, we note that it follows from Eq. (61) that the monopole Vj—g m=¢ = 0 if there are no primordial
vector or tensor modes (and thus no B modes). In other words, there will be circular-polarization fluctuations, but
the mean value of the circular polarization, averaged over the entire sky, will be zero. We also note that here we
have assumed that parity is conserved and thus that there are no correlations between the TE and TB TAM modes.
An accompanying [48] paper shows that the TE/TB cross-correlations that arise if parity is broken may allow for
a parity-breaking uniform (averaged over all directions) circular polarization Vi—g m—¢. The paper also shows that
a uniform circular polarization may arise even in the absence of parity-breaking physics through a realization of a
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gravitational-wave field that spontaneously breaks parity.
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Appendix A: Wigner rotation matrices

Here we review some useful properties of the Wigner rotation matrices, using the notation [49],

min[l4+m,l—m’]

Din’,m(aaﬂa’Y) = Z (_1)5

s=max[0,m—m’]

2l4+m—m'—2s 2s+m’—m
x elm e <cos §> <sin g) e!m, (A1)

VI m) (= m)I(+m)(—m)!
(I—m' =) (l+m—s)ls!(s+m'—m)!

The relations between the spherical harmonics in the line-of-sight frame (0, ¢’) and the wave-vector frame (6, ¢) is
given by [49]

Vi (0/,¢') = Dhy(m — k. 0k, 0) Y5 (0, 6). (A2)
k

Since the coefficients are given by aj} = [dn A(R)Y;’, (f), the relation between the coefficients of spherical harmonics
in the two frames is

af,(k,n) = Dhy(m — ¢, 0k, 0)af;(k,n). (A3)
k

Appendix B: Photon-photon scattering

Here we derive Egs. (24) and (25). For photons with energies far smaller than the electron rest-mass energy, the
effective Lagrangian for the electromagnetic field can be approximated as the Euler-Heisenberg Lagrangian [50]:°

2 2
fr L (EE g g A |(EE_p )y (EBY| (B1)
210 \ 2 Ho c? c

By using the constitutive relations D = 0L/OF and H = —0L/0B, we obtain

D = ¢ E + ¢y A, {4 <E ~2E - B- B> E+ 14(E . B)B] , (B2)
c
g-2 Ae[4<E'2E—B-B>B—14(E'2B)E}, (B3)
Ho Ho c c

where D is the electric-displacement vector and H is the magnetic-intensity vector. To consider the interaction
between the propagating photon and background radiation, we write the electric and magnetic fields as

E = EAei(krwfwt) _|_E:Zefi(k-m7wt) + EB(m,t)7 B = BAei(k:-mfwt) + Bzefi(k%mfwt) + BB(w,t)7 (B4)

5 In this paper, we assume the Standard Model. If we assume new particles, such as axion-like particles, the coefficients in the Lagrangian
could be changed [51].
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where E4 and B, are the electromagnetic fields associated with the propagating photon and Ep and Bp are those

associated with the background radiation. We assume BlA = eijk/%kEi, where €5, is the Levi-Civita symbol. From
Egs. (B2)—(B4), we find that

<BB

4 (<EBC'2EB> — (BB ~BB>> 5ij +8-— ) +14(BPB})

D; ~ ¢ik@=wt) gy <6ij + A, 5 J
C

>E1'1+-~-, (B5)

c? c?

. 1
Hi ~ ez(kbw—wt)i <61J — (—1)14@
Ho

4 (<EBEB> —(Bs - BB>) 0ij = 8(BY B}) - 14<EFE?>D M -
(B6)

where we explicitly write only the terms proportional to e¥#=% and (-..) means the expectation value of the
stochastic background radiation. Then, we derive

En-E EBED

Xeij ~ Ae |4 <<BCQB> —(Bp - BB>> 8ij + 87< 2 ;) +14(BFBP)|, (B7)
<EB ) EB> kl k nl <EEEZB> rm n

Xm,ij =~ —Ae |4 e (Bp - Bg) | 6" — 8(BpBy) — 14 2 Ermik™ €K (BS)

From Egs. (B7) and (B8), we obtain

1 1
(@) = 1y (.0) = 5 (s + Xowor = X~ Xonan) = 34c ((BEBE) = (B BE) - 3 (BEEE) — (EPED)))

2

(B9)

1 BpB 1 BB
nzy(az,t) = 5 (Xe,a:y + Xm,:vy) = 3Ae (<Bz By > - 672 <E$ Ey > . (BlO)

Here, we expand the background electric and magnetic field with creation and annihilation operators as
- d3p Y AQ i(px—w —i(pr—w
BP@n) =i [ s Xy gt (anhe ™™ g0 (BL)
BE(x,t) = z/ ﬂ Z Uy (p x &) (a (p)e!P@=wt) _ of (p)e_i(p'w_“t)) (B12)
L (2m)3 2€qc2 ! ¢ « ’

a=z,y

where we define the basis vectors as é* = 0 and ! = (ﬁ The expectation value of photon number density is described
with a phase-space density matrix as

(al(p)as(p),, = 2m)*3(p — p') fas(p. 2, 1), (B13)

where the subscript « and ¢ indicate the space-time point in which we consider the expectation value, and from
Ref. [52],

_ fl(pawat)+fQ(paxvt) fU(pamat)fifV(pamat)
R N C L b A A St et (B14)

Substituting Egs. (B11) and (B12) into Egs. (B9) and (B10), we obtain

nQ(®,1) = 5 (e, 1) ~ nyy (a,1)

= _23A62 \/z/ %dep/dQﬁ [4fq(p, @, t)(1+ cos? 0,) cos 26 — 8 fy(p, x, t) cos O, sin 20p)

€pC

24Ae ™ Up 2 2 ~ A ~ ~
=BT [0 [l ) Re(oVoa(5) +2 Vora@)} + fo (b6 Ta{aaa() 2 Vo 2())

= 48\/§Aeu0aradTéMBRe a2E772(a:,t), (B15)
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n0(@,0) = 5 (1 (1) + g (,)

Ae R .
= _ 23 0‘2 \/?/ %dep / d?p [4fQ (p,,t)(1 + cos? 0p) sin 2¢p, + 8fu (p, x, t) cos Oy cos 2¢p]
€0
24A, |m [ U, . . . R R
I \/;/ fpzdp/dQP [fo(p,z,t) Im{2Y22(P) —2 Y2,—2(P)} — fu(p, @, t) Re{2Y22(P) —2 Y2 —2(P)}]
= 48\/§AeuoaradTéMBIm ag_Q(w, t), (B16)
where 0, and ¢, are the polar and azimuthal angles of p in the line-of-sight frame, and we have used [53],
fop,x.t) = QB,x.t)(—pdfV/dp),  fulp.w,t) = Uz, t)(-pdf /op), (B17)
R 1 R .
Q(p7 Z, t) = 5 Z (a2,lm(ma t) 2)/lm(p) + a—2,lm(wa t) —2}/lm(p)) ; (BIS)
lm
R 1 R .
U(p, €z, t) = Z Z (a2,lm(wa t) 2Y2m(p) - a—2,lm($7 t) —2}/lm(p)) ) (Blg)
l,m
R « R 1
sYim(P) =—s Yl,—m<p)7 aﬁn(w, t) = _§(a2,lm(w,t) +a_2m(z,t)). (B20)

If we take the conformal space-time, Egs. (B15) and (B16) correspond to Egs. (24) and (25).
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