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The first two LIGO/Virgo observing runs have detected several black hole binary mergers. One of the most
exciting prospects of future observing runs is the possibility to identify the remnants of these mergers as Kerr
black holes by measuring their (complex) quasinormal mode frequencies. This idea – similar to the identification
of atomic elements through their spectral lines – is sometimes called “black hole spectroscopy”. Third-generation
Earth-based detectors and the space-based interferometer LISA could measure multiple spectral lines from
different multipolar components of the radiation, and therefore provide qualitatively better tests of the Kerr
hypothesis. In this paper we quantify the redshift out to which the various modes would be detectable (or,
conversely, the number of detectable modes at any given redshift) as a function of the intrinsic parameters of
the merging binary. LISA could detect so many modes that current numerical relativity simulations do not have
enough resolution (or do not contain enough higher harmonics) to extract all available science from the data.

I. INTRODUCTION

The first detection of black hole (BH) binary mergers by the
LIGO/Virgo collaboration, GW150914 [1], marked the begin-
ning of gravitational wave astronomy. The first two observing
runs (O1 and O2) led to the detection of 5 confirmed BH binary
mergers, a BH binary merger candidate which is likely to be of
astrophysical origin [2], and a neutron star binary [3]. There-
fore the inspiral, merger and ringdown of compact objects
is anticipated to be the main target of the next LIGO/Virgo
observing run (O3).

In this paper we focus on the so-called “ringdown” stage
of a BH binary merger, where the deformed remnant relaxes
to a Kerr BH. Out of the events observed so far, only one
(GW150914) had significant signal-to-noise ratio (SNR) in the
ringdown, but it is quite likely that O3 will lead to more and
louder observable ringdown events. In general relativity, the
ringdown is a sum of damped oscillations known as “quasinor-
mal modes,” with frequencies and damping times that depend
only on the mass and spin of the final BH [4–6]. The simplic-
ity of the spectrum allows us to identify a Kerr BH, just like
spectral lines can be used to identify atomic elements: this idea
is commonly referred to as “black hole spectroscopy” [7–9].
Some modified gravity theories admit the same BH solutions
as general relativity [10]. However, even in these cases the dy-
namics and gravitational wave emission of perturbed BHs will
differ from general relativity [11, 12]. The ringdown can be
modified even within general relativity if the merger remnant is
some exotic compact objects – such as a boson star – or if there
are significant modifications in BH dynamics at the horizon
scale, as suggested by some quantum gravity models [13].

Spectroscopic tests of Kerr dynamics require the measure-
ment of multiple quasinormal mode frequencies [8, 9, 14, 15].
The fundamental (and loudest) mode is needed to extract the
mass and spin of the remnant. Any other mode can then be used
to look for departures from general relativity or constrain their
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magnitude. However, the detectability of each quasinormal
mode is contingent on whether it is excited to high enough am-
plitude in the merger. In general relativity, the specific nature
of the perturbation does not affect the quasinormal mode fre-
quencies, but it affects the degree to which different modes are
excited [16–19]. The excitation (and hence the detectability)
of different quasinormal modes in a binary BH coalescence de-
pends on the properties of the progenitors in a way that can be
quantified using numerical relativity simulations [14, 20–26].

Significant detector improvements may be necessary to de-
tect ringdown with high SNRs, or to detect sub-dominant
modes [27, 28]. The prospects for detecting high-SNR events
or multiple modes will be much better with third-generation
ground-based detectors – like the Einstein Telescope (ET) [29]
or Cosmic Explorer (CE) [30, 31] – and with the space interfer-
ometer LISA [32–34]. In the absence of a direct measurement
of higher-order modes, spectroscopic tests of general relativ-
ity may still be possible with current-generation detectors by
combining posterior probability densities from multiple detec-
tions [35] or via coherent stacking [36].

Astrophysically, BH masses range from∼ 3M� to 1010M�
(see e.g. [37] for a recent review). Prior to the direct detection
of gravitational waves, BHs were known to exist in X-ray bi-
naries with masses ranging from ∼ 3M� to ∼ 20 M� [38].
We now know that stellar collapse can generate BHs as mas-
sive as ∼ 36 M� (unless the progenitors of LIGO mergers
were themselves formed in previous mergers [39–41]). The-
ory extends this range up to ∼ 40–60 M� and predicts the
existence of a “mass gap” between ∼ 60–150 M�, because in
this mass window pair instabilities during oxygen burning can
lead either to substantial mass losses or (in higher-mass stellar
progenitors) to the complete disruption of the star [42]. BHs
heavier than 150 M� can form at low metallicities if the initial
mass function of stars extends further out, up to hundreds of
solar masses. There is circumstantial observational evidence
for IMBHs: they have been claimed to power ultra-luminous
X-Ray sources [43, 44], with further claims of detection in star
clusters [45–47] and from quasi-periodic oscillation [48, 49].
Second- and third-generation gravitational-wave detectors are
sensitive to ringdown from intermediate-mass BHs (IMBH),
so ringdown observations can help shed light on the nature
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and extent of the mass gap and on the existence of IMBHs.
LISA [32–34], currently scheduled for launch in 2034, will
target more massive BH mergers.

Our main goal in this work is to assess the capabilities of
these future gravitational-wave detectors to observe multiple
ringdown modes. The plan of the paper is as follows. In
Section II we review the criteria to detect multiple ringdown
modes and the calculation of their SNR. In Section III we
compute the horizons out to which higher-order modes would
be detectable, we define and quantify the response redshift and
detectability fraction, and we point out interesting features in
the response redshift for higher-order modes. We conclude in
Section IV by pointing out the limitations of this study and
directions for future work.

II. DETECTABILITY AND SIGNAL-TO-NOISE RATIO OF
HIGHER-ORDER RINGDOWN MODES

In this section we outline a method – the Generalized Like-
lihood Ratio Test (GLRT) – that can be used to test whether
a given mode with multipolar indices (` ,m) is present in the
ringdown signal. The GLRT was used in [14] to study ring-
down detectability in the time domain under the simplifying
assumption of white noise. In general the noise in a gravita-
tional wave detector is colored, so different ringdown modes
for the same merging binary BH system will be affected by
noise in a different way. Here we work in the frequency do-
main and, for simplicity, we assume that all dominant modes
(besides the one we are looking for) are known and have been
subtracted from the signal. In the same spirit, we also ignore
the parameter estimation noise that arises from subtracting
imperfectly estimated dominant modes [36].1

Let n(t) be the noise, and y(t) the signal that is left after all
dominant modes have been subtracted. CallH1 the hypothesis
that the signal contains the next subdominant (` ,m) mode,
andH2 the hypothesis that it does not:{

H1 : y(t) = Ah`m(t) + n(t) ,

H2 : y(t) = n(t) .
(1)

The likelihood that the (` ,m) mode (with unknown amplitude
A) is present is then given by

PA ∝ e−〈y−Ah`m|y−Ah`m〉 , (2)

where

〈h1|h2〉 ≡ 2

∫ ∞
0

h̃∗1h̃2 + h̃1h̃
∗
2

Sh
df. (3)

1 Subtracting an imperfectly estimated mode will lead to an additional source
of noise. Higher harmonics with ` = m typically lie at higher frequencies
compared with the dominant ` = m = 2 mode, so the additional noise will
lie at lower frequencies and does not significantly affect their detectability.
However, higher harmonics with ` 6= m can have frequencies at which the
dominant mode can have significant amplitude. For example, the (2, 1)
ringdown mode amplitude is subdominant compared to the inspiral phase of
the dominant (2, 2) mode, and imperfect subtraction of the (2, 2) inspiral
can lead to significant additional noise.

By extremizing the likelihood given above, i.e. by computing

maxA ln PA = minA〈y −Ah`m|y −Ah`m〉 ,

we can evaluate the maximum-likelihood estimate Â of the
unknown parameter A, with the result:

Â =
〈y|h`m〉
〈h`m|h`m〉

. (4)

We now compute the logarithm of the ratio of the maximized
likelihoods under the two hypotheses:

T (y) = ln
maxH1

PA
maxH2PA=0

=
Â2

2
〈h`m|h`m〉 =

〈y|h`m〉2

2〈h`m|h`m〉
.

(5)
According to the GLRT test, we favor the hypothesis H1 if√

2T (y) exceeds a specified threshold γ:√
2T (y) = ρcrit = Â ||h`m|| > γ , (6)

where we have defined ρ2
crit ≡ 〈Âh`m|Âh`m〉.

We choose γ by setting a tolerable false-positive rate Pf =
Q(γ), where

Q(x) ≡ 1√
2π

∫ ∞
x

e−
z2

2 dz (7)

is the right-tail probability function for a Gaussian distribution
with zero mean and unit variance. The detection rate Pd is
given by

Pd = Q(γ − ρcrit) = Q(Q−1(Pf )− ρcrit) . (8)

From these criteria we can compute the critical SNR required
to claim detection of a given mode:

ρcrit = Q−1(Pd)−Q−1(Pf ) . (9)

For example, by choosing (Pf , Pd) = (10−6 , 0.99) we would
get ρcrit = 7.08, close to the threshold of 8 used by the LIGO
Scientific Collaboration. We will follow the LIGO convention
and choose a more stringent threshold of ρcrit = 8 [50].

A. Signal-to-noise ratio

Ref. [14] introduced a detector-independent criterion for
detectability of higher harmonics. They defined the total time-
domain SNR for two modes – the dominant mode h0(t) and
the subdominant mode h1(t) – as ρ = ||h0(t) + h1(t)||t/σ,
where σ is the assumed white noise and the time-domain norm
is defined in [14]. For the subdominant mode to be detected,
its norm must be larger than the noise, i.e.

||h1(t)||t > η σ (10)

or σ < ||h1(t)||t/η, where η can be set by choosing an appro-
priate false-alarm rate and detection probability. Using this
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bound on the noise, Ref. [14] proposed the following noise-
independent criterion for the detectability of a subdominant
mode:

ρ > ρGLRT = ||h0(t) + h1(t)||t/σ . (11)

Here we work under the more realistic assumption that the
noise is colored and we integrate over the noise power spectral
density of the detector Sh(f), so we do not follow the proce-
dure of [14] to compute the total SNR. Instead we compute the
ringdown SNR from a BH of mass M at distance r as

ρ2 = 4

∫ ∞
0

h̃∗(f)h̃(f)

Sh(f)
df , (12)

where h̃(f) is the Fourier transform of the gravitational wave
strain. Focusing on the fundamental (n = 0) mode for a given
multipolar component (`, m), the two ringdown polarizations
after summing over the +m and −m modes are given by [14,
22, 24]

h`m+ (t) =
MA`mY `m+

r
Re(e−t/τ`m+i(2πf`mt+φ`m)) ,

h`m× (t) =
MA`mY `m×

r
Im(e−t/τ`m+i(2πf`mt+φ`m)) ,(13)

where f`m is the quasinormal frequency,Q`m is the quality fac-
tor, τ`m = Q`m/(πf`m) is the damping time, and the angular
functions are defined as

Y `m+ (ι) ≡ −2Y
`m(ι, 0) + (−1)` −2Y

`−m(ι, 0),

Y `m× (ι) ≡ −2Y
`m(ι, 0)− (−1)` −2Y

`−m(ι, 0). (14)

The strain measured by the detector is

h = h+F+ + h×F× , (15)

where F+,× denotes the pattern functions (see e.g. [52]):

F+ =
1

2
(1 + u2) cos 2φ cos 2ψ − u sin 2φ sin 2ψ ,

F× =
1

2
(1 + u2) cos 2φ sin 2ψ + u sin 2φ cos 2ψ . (16)

Here we use the standard notation for the angles (θ, φ) describ-
ing the source location in the sky and for the polarization angle
ψ, and we define u = cos θ. To compute the SNR, we follow
Flanagan and Hughes [53]: we assume that the waveform for
t < 0 is identical to the waveform for t > 0, and we divide the
amplitude by

√
2 to compensate for the doubling. Proceeding

as in [9] we find that

ρ2
`m =

(
MA`mΩ`m

r

)2
τ`m

2Sh(f`m)
, (17)

where we have defined the sky sensitivity for the given multi-

pole as Ω`m ≡
√(

F+Y `m+

)2
+
(
F×Y `m×

)2
(see e.g. [54, 55]).

The quasinormal mode amplitude A`m is related to the radia-
tion efficiency εrd ≡ E`m/M through [9, 53]

A`m =

√
4εrd

MQ`mf`m
. (18)

To calculate the radiated energy E`m we use fits of form [25]

E`m = [a`m(q) + b`m(q)χ+ + c`m(q)χ−]
2
. (19)

Here a`m, b`m and c`m are functions of the binary’s mass ratio
q = m1/m2 ≥ 1 and of the effective spin parameters χ±,
which in turn are defined in terms of the masses (m1, m2) and
dimensionless spins (χ1, χ2) of the merging BHs as

χ± ≡
m1χ1 ±m2χ2

m1 +m2
. (20)

In particular, χ+ (sometimes denoted as χeff ) is the total “effec-
tive spin” parameter measured by LIGO, which is conserved at
second post-Newtonian order during the binary’s evolution [56–
60]. To leading order, the excitation of the (2 , 1) mode depends
solely on the other (“asymmetric”) spin parameter χ−, with a
functional dependence of the form E21 = [f(q) + g(q)χ−]

2

(see [61] for details).

III. HORIZON REDSHIFT, RESPONSE REDSHIFT AND
DETECTABILITY FRACTION

We can rewrite the SNR in Eq. (17) as

ρ`m = ρoptw`m , (21)

where

ρ2
opt =

(
MA`mΩmax

`m

r

)2
τ`m

2Sh(f`m)
(22)

is the SNR for a binary that is optimally located and oriented
in the sky, and w`m(θ, φ, ψ, ι) ≡ Ω`m/Ω

max
`m is a “projection

function” such that 0 ≤ w`m ≤ 1. We define the “horizon
redshift” zh and the corresponding horizon luminosity dis-
tance dhL (computed using the standard cosmological param-
eters determined by Planck [62]) as the farthest distance (or
redshift) at which the ringdown from a given mode can be de-
tected, or – according to our conventions – the redshift at which
ρopt(z

h) = 8. Note that the notion of “optimally-oriented" has
a different meaning for different modes.

Figure 1 shows the detector horizons as a function of the
source-frame remnant mass Ms (top) and of the detector-frame
remnant mass M = Ms(1 + z) (bottom) for nonspinning bina-
ries with mass-ratio q = 2. Stars indicate the mass and redshift
of the six LIGO detection candidates so far (including the as-
trophysical candidate LVT151012 [2]). Advanced LIGO at
design sensitivity could detect the dominant (2 , 2) mode from
a ≈ 60M� GW150914-like binary out to redshifts z ' 0.36,
but the horizon redshift would be sensibly larger (z ' 0.87)
for the merger of two ∼ 50M� mass BHs, if such massive
BHs are indeed formed by either stellar collapse or repeated
mergers [39–42] .

Significant improvements over current detectors are neces-
sary to detect sub-dominant modes from BH binary mergers
similar to those observed so far. Therefore, for the time being,
we must resort to combining posterior probability densities
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FIG. 1. Horizon redshift (left scale) and luminosity distance (right scale) as a function of the remnant BH mass in the source frame (top panel)
and in the detector frame (bottom panel) for an optimally oriented, nonspinning BH binary merger with mass ratio q = 2 as observed by ET
(solid lines), Advanced LIGO (dashed lines) and LISA. Star symbols (∗) mark the mass and redshift of the ten binary BHs detected by the
LIGO/Virgo collaboration so far [51].

from multiple detections [35], coherent stacking [36], or possi-
ble narrow-band tuning [63] to boost the detectors’ sensitivity
in order to test general relativity. The situation is drastically
different for third-generation detectors like the Einstein Tele-
scope2 (ET) [29] and Cosmic Explorer (CE) [30, 31]. For
ET, the dominant (2 , 2) mode would be detectable out to red-
shift z ∼ 15 for optimally oriented binaries. Moreover, for a
GW150914-like binary, ET could observe the (3 , 3) and (2 , 1)
modes out to z ∼ 0.1. Higher-order modes are more excited
when the mass ratio is significantly different from unity [21]:
for example, Fig. 1 shows that the (3 , 3) mode is detectable
out to z ∼ 3 when q = 2.

One feature of Fig. 1 is noteworthy and requires some ex-
planation. It has long been known that, in the eikonal limit,
quasinormal modes can be understood as perturbations of null
rays at the light ring that slowly leak out to infinity [64–67].
This interpretation leads to the conclusion that the real part of

2 In this paper we use the ET-B noise power spectral density available at
http://www.et-gw.eu/index.php/etsensitivities.

the frequency of modes with ` = m scales like `. Comparisons
with numerical results show that this scaling is surprisingly
good also for low `’s [68–71]. So, in principle, the (3, 3) and
(4, 4) modes should allow us to probe masses that increase
linearly with ` (and m). This effect is partially offset by the
smaller amplitude of the higher modes and by cosmological
redshift. If the radiated energy is large enough (or the noise
power spectral density is low enough) that the signal is visi-
ble out to z & 1, the observed frequency f = fs/(1 + z) of
low-` modes decreases by a significant factor with respect to
the source-frame mode frequency fs, so low-mass BHs are
“redshifted back in band” (as seen in Fig. 1). At the moder-
ate redshifts accessible to Advanced LIGO (ET), the “eikonal
limit enhancement” effect for the (3, 3) and (4, 4) modes
prevails (if only slightly) at masses of order ∼ 2 × 103 M�
(∼ 2× 104 M�, respectively), so these modes allow us to peer
deeper into the IMBH regime.

In the case of LISA, by comparing the top and bottom panel
we can see some important effects related to the cosmological
redshift of observable masses and frequencies. The plot of
the horizon redshift as a function of the detector-frame mass
(bottom) traces quite closely the shape of the LISA noise power

http://www.et-gw.eu/index.php/etsensitivities
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FIG. 2. Left: Energy in the (2 , 1) mode normalized by its maximum value, which corresponds to χ− = −1 [25], as a function of χ− for
selected values of q. Right: Horizon redshift (left y-axis) and luminosity distance (right y-axis) for an optimally oriented GW150914-like binary
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FIG. 3. ET horizon redshift and luminosity distance for the (2 , 2),
(3 , 3), (2 , 1) and (4 , 4) modes as a function of source mass for BH
mergers with mass ratio q = 1.5. The best (worst) cases correspond
to the value of χ− that maximizes (minimizes) the energy radiated in
the (2 , 1) mode.

spectral density [72], including the characteristic “bump” due
to galactic confusion noise (for which we assume four years
of observation time). The detectability of IMBHs in the mass
range between ≈ 104M� and ≈ 105M� depends on the LISA
sensitivity at frequencies & 0.1 Hz, which is uncertain. Simi-

larly, the detection of the (2, 2) and (2, 1) modes for BHs of
mass Ms ∼ 109 M� relies on understanding the noise power
spectral density below ∼ 10−5 Hz. To highlight these un-
certainties, we use a dashed line to mark computed horizon
redshifts that depend on the high- and low-frequency ends of
the LISA noise power spectral density.

LISA will be sensitive to massive BH ringdowns in the
105–109M� range out to very large redshifts. A remarkable
feature of Fig. 1 is that LISA can detect ringdown modes from
essentially all multipolar components computed by state-of-
the-art numerical relativity simulations, up to ` = m = 7. In
fact, even modes whose amplitude is comparable to numeri-
cal noise in current simulations – such as the (8, 8) mode –
could be observable. The LISA horizon redshift as a function
of the source-frame mass (top panel) shows a characteristic
“turnover” for IMBHs at z ∼ 1: at such sizeable redshifts, ring-
down signals at (source-frame) masses that would otherwise
be unobservable are “redshifted back” in the LISA band and
become observable. This is particularly interesting, because
LISA ringdown signals can be used to probe the IMBH pop-
ulation at masses Ms . 105 M� and redshifts z ∼ 10, when
mergers of these objects might have been common.

Figure 1 also shows that ground-based detectors are com-
plementary to LISA in their potential to investigate the nature
of IMBHs, being sensitive to multiple ringdown modes from
IMBH remnants of source-frame mass Ms . 4 × 104 M�
at relatively small redshift. With Advanced LIGO, the (2 , 2),
(3 , 3) or (4 , 4) ringdown modes of IMBHs could be detected
up to masses of ∼ 1750M�, 2780M� or 3760M�, respec-
tively. A third-generation detector like ET can observe IMBHs
with masses up to an order of magnitude larger than this.

A. Effect of spins on multi-mode ringdown observations

How do spins affect these ringdown horizon estimates? Let
us first consider, for concreteness, the BH mergers observed
during the O1 and O2 runs. Only the first event (GW150914)
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FIG. 4. LISA horizon redshift and luminosity distance for the (2 , 2), (3 , 3), (2 , 1) and (4 , 4) modes as a function of source mass for BH
mergers with mass ratio q = 2 (left panels) and q = 10 (right panels). Estimates for the best/worst case were found by choosing the value of χ−
that maximizes/minimizes the energy radiated in the (2 , 1) mode.

had a marginally detectable ringdown signal, and most bina-
ries had a measured (symmetric) effective spin parameter χ+

compatible with zero. The data do not place strong constraints
on the magnitude of the individual spins (and consequently, on
the asymmetric effective spin parameter χ−).

In [25] we estimated the energy radiated in each multipole
by fitting numerical relativity simulations. Confirming ear-
lier conclusions [24, 61], we found that the excitation of the
` = m = 2, 3, 4 modes depend weakly on the spins for com-
parable mass ratios, while the (2 , 1) mode strongly depends
on the spins (at leading order) through the poorly constrained
parameter χ−. In the left panel of Fig. 2 we plot this depen-
dence for selected values of the mass ratio q. For q . 4.2 the
energy radiated in the (2 , 1) mode vanishes, and therefore the
mode becomes unobservable, at some finite value of χ− < 1
which is well approximated by (using fits from [25])

χ− '
q − 1

q + 1

[
1.49 +

0.9q

(q + 1)2

]
. (23)

Values of q and χ− such that the energy in the (2, 1) mode
vanishes are (in this sense) worst-case scenarios for the obser-
vation of multiple modes. The best-case scenario is the one
that yields the maximum horizon redshift for the (2, 1) mode.
As we see from the left panel of Fig. 2, this corresponds to
χ− = −1 for all values of q. To quantify how uncertainties
in χ− would impact multi-mode spectroscopy, in the right
panel of Fig. 2 we plot the horizon redshift for the dominant
multipoles of a GW150914-like binary with total source-frame
mass m1s +m2s = 65M�, mass ratio q ' 1.24, and χ+ ' 0.
The horizon redshift and luminosity distance for each mode
increases as the detectors become more sensitive, but it is al-

ways a mildly varying function of χ− for the (2, 2), (3, 3)
and (4, 4) modes. However the amplitude of the (2, 1) mode
drops to zero (and the mode becomes unobservable) when
χ− ' 0.18.

In Fig. 3 we show the best- and worst-case horizon red-
shifts for an optimally oriented binary as observed by ET. For
concreteness we focus on a mass ratio q = 1.5, close to the
mean measured mass ratio for BH binaries detected so far by
the LIGO/Virgo collaboration.3 For q = 1.5, the worst-case
scenario where the (2, 1) mode is undetectable corresponds
to χ− = 0.34. The top panel shows that, in the best-case
scenario, ET could observe as many as three (four) modes out
to z ∼ 2.27 (z ∼ 0.18) for mergers with total source mass
Ms ∼ 200 M�. Even in the worst-case scenario, we could
observe three modes out to z ∼ 1 if IMBH mergers of total
mass Ms ∼ 600 M� occur in the local Universe.

In Fig. 4 we show the best- and worst-case horizon redshifts
for optimally oriented binaries with q = 2 (left) and q = 10
(right) as observed by LISA. These mass ratios were chosen to
bracket the typical range of mass ratios expected from astro-
physical models of BH formation (see e.g. Fig. 3 of [73]). For
q = 2, the (2, 1) mode is undetectable when χ− = 0.56; for
q = 10, it is least excited when χ− = 1. It is truly remarkable
that LISA can observe the four dominant modes (and in fact,
also many of the subdominant modes, not shown in this plot)
out to z > 20 for mergers with source massMs ∼ 5×105 M�.

3 As pointed out in previous work, numerical merger simulations of spinning
binaries with comparable masses (q ' 1) yield unreliable estimates for the
ringdown energy in the (4 , 4) mode [25].
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Even in the worst-case scenario, depending on the masses of
the merging BHs, LISA could see the four dominant modes
out to redshift z & 5.

B. Response redshift and detectability fraction

The horizon estimates computed so far assume optimal
source orientation and sky location. In general, the SNR of
observed events depends on the source position and orientation.
The sky sensitivity of the detector (as encoded in w`m) can
affect the detectability of individual modes (see [54, 74–79]
for a discussion of this issue in the context of inspiral, and [55]
for a nice overview of the nomenclature and conventions used
in the gravitational-wave literature).

The cumulative distribution function for the “projection
function” w`m is independent of the intrinsic properties of
the source. We generate this distribution numerically using a
Monte Carlo method, assuming that the sources are uniformly
distributed over sky location and orientation. Because of the
eimφ dependence of the spin-weighted spherical harmonics,
the cumulative distribution function depends only on `: for
example, C(w) for the (2 , 1) mode coincides with the well-
known cumulative distribution function for the (2 , 2) mode of
the inspiral and ringdown. The cumulative distribution func-
tions for the dominant modes are shown in the left panel of
Fig. 5. Under the assumption that a binary is detectable when
w`m > 8/ρopt, from the cumulative distribution function we
can also compute the fraction of detectable binaries

fd = 1− C(8/ρopt) , (24)

Just like C(w), fd depends on ` but not on m. From the right
panel of Fig. 5 we infer that the optimal SNR ρopt required
to detect the (2, 2), (3, 3) and (4, 4) mode with 50% (95%)
probability is 24.5 (98), 17.8 (67.3) and 20.8 (121.2), respec-
tively. For the (2, 2) mode, detection probabilities fd = 0.36,
0.63, 0.84 and 0.95 correspond to ρopt = 20, 30, 50 and 100,
respectively.

Redshift horizons computed by setting ρopt = 8 do not give
information about the probability of detecting binaries with
suboptimal orientations. For this purpose it is useful to intro-
duce the “response redshift” zfd (see e.g. [55]), defined as the
redshift at which a binary could be detected with probability
fd. In Fig. 6 we plot fd as a function of zfd for the (2, 2)
mode in the case of Advanced LIGO (thin line), and for the
four dominant modes in the case of ET (thick lines). All plots
refer to a 100M� nonspinning binary with q = 1.5. By defini-
tion, the detection probability fd drops to zero at the horizon
redshift, where ρopt = 8. For ET, the detection probability
fd is 90% (50%) at z = 1.72 (4.99), 0.08 (0.25), 0.05 (0.15)
and 0.01 (0.04) for the (2, 2), (3, 3), (2, 1) and (4, 4) modes,
respectively. For Advanced LIGO, the detection probability
fd is 90% (50%) at z = 0.07 (0.19) for the (2, 2) mode. Note
that the redshift at which the detection probability fd = 0.5
is a useful indicator of the distance at which binary ringdown
is observable, because it corresponds to the median redshift
at which the given mode would be visible, independently of
astrophysical assumptions on the intrinsic merger rates [55].

Figure 7 shows similar results for LISA observations of
BHs of total source-frame mass 105M�, 106M�, 107M� and
108M� with either q = 2 (thick lines) or q = 10 (thin lines).
Once again, by definition fd = 0 at the horizon redshift, where
ρopt = 8. The behavior of these probability distributions when
the source mass is 106M�, 107M� and 108M� is very sim-
ilar to the results shown in Fig. 6. However, the probability
distribution for binaries of mass 105M� shows an interesting
bimodal distribution. This bimodality is related to the charac-
teristic “turnover” for IMBHs at z ∼ 1 that we observed in
Fig. 1: when z & 1, ringdown signals at (source-frame) masses
that would otherwise have been unobservable are “redshifted
back” in the LISA band and become observable. The high-
redshift peak observed in the dash-dotted (green) probability
distributions in the top panels of Fig. 7 has very interesting
implications for IMBH mergers at high redshifts: LISA ring-
down signals can be used to probe the populations of IMBHs
with mass Ms . 105 M� and redshifts z & 10. This could
be a unique way to shed light on the formation and merger of
primordial BHs and of IMBH seeds produced in more conven-
tional scenarios, such as the relativistic collapse of massive
Pop III stars or the direct collapse of a supermassive protostar
in a metal-free dark matter halo (see e.g. [37]).

Tables I and II complement and extend the results in Fig-
ures 6 and 7. In these Tables we list the horizon redshift for
an optimally oriented binary and (in parentheses) the redshift
corresponding to the median value of sky sensitivity Ω`m, i.e.
the response redshift at which fd = 0.5.

Table I lists these quantities for nonspinning binaries with
q = 1.5, selected values of the remnant source-frame BH mass
Ms, and three ground-based detectors (Advanced LIGO, Voy-
ager and ET). Advanced LIGO cannot observe subdominant
modes from the merger of stellar-mass BH binaries, but it could
observe the (3, 3) mode out to redshifts z & 0.2 for IMBH
mergers withMs ∼ 500M�. The horizon and median redshift
decrease when Ms ∼ 103 M� for all ground-based detectors,
but the better low-frequency sensitivity of ET makes it possible
to observe multiple ringdown modes out to z ∼ 1 from BH
remnants as massive as Ms ∼ 5000M�. Note also that the ET
horizon redshift for a Ms ∼ 50 M� binary is zh ∼ 13, but the
median redshift is much lower (z0.5 ∼ 3): these findings are
compatible with previous rate calculations based on population
synthesis models (see e.g. Fig. 3 of [27], and Figs. 13 and 15
of [80]).

Table II lists these quantities for LISA observations of BH
binary mergers with q = 2 and q = 10. The observed trends
are easily explained by considering that the relative excitation
of subdominant modes is higher, but the total energy radi-
ated (and therefore the horizon redshift) decrease when q gets
larger [21]. LISA has the incredible potential to measure mul-
tiple ringdown modes in a wide range of masses and mass
ratios out to cosmological redshifts. Interestingly, LISA can
observe multiple ringdown modes from very massive binary
mergers (say, 108 + 109 M�), as long as the merger rates are
high enough in the local Universe (z . 0.5): see e.g. [81] for
a recent, detailed investigation of how LISA design choices
would affect this science. We plan to explore this possibility
using astrophysical BH formation models in future work.
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FIG. 5. Left: Cumulative distribution function C(w) for the projection parameter w. Right: Optimal SNR required by a ringdown mode to be
detected with probability fd.

TABLE I. Horizon redshift out to which a given mode can be detected with ground-based detectors for nonspinning binaries with q = 1.5 and
selected values of the remnant BH mass in the source frame, Ms. The computed horizon redshifts assume either optimal orientation (zh) or
fd = 0.5 (z0.5, in parenthesis): see text for details.

Ms(M�) (2, 2) (3, 3) (2, 1) (4, 4)

zh (z0.5) zh (z0.5) zh (z0.5) zh (z0.5)
Advanced LIGO

50 0.21 (0.06) 0.01 (0.01) 0.01 (0.00) 0.00 (0.00)
100 0.80 (0.19) 0.04 (0.02) 0.03 (0.01) 0.01 (0.00)
500 1.25 (0.60) 0.32 (0.15) 0.12 (0.04) 0.11 (0.04)
1000 0.65 (0.40) 0.30 (0.15) 0.08 (0.03) 0.16 (0.07)

Voyager
50 2.53 (0.32) 0.06 (0.03) 0.05 (0.02) 0.01 (0.01)
100 7.15 (1.41) 0.18 (0.08) 0.14 (0.04) 0.05 (0.02)
500 2.30 (1.61) 1.45 (0.73) 0.54 (0.23) 0.54 (0.18)
1000 0.99 (0.75) 0.94 (0.62) 0.26 (0.12) 0.73 (0.33)

Einstein Telescope
50 13.03 (3.03) 0.13 (0.05) 0.14 (0.04) 0.02 (0.01)
100 11.04 (4.99) 0.85 (0.25) 0.56 (0.15) 0.12 (0.04)
500 6.33 (3.24) 2.26 (1.28) 0.89 (0.39) 1.28 (0.54)
1000 4.89 (2.51) 1.81 (1.07) 0.70 (0.31) 1.16 (0.57)
5000 1.86 (1.31) 0.97 (0.56) 0.34 (0.14) 0.63 (0.32)

TABLE II. Horizon redshift out to which a given mode can be detected with LISA for selected nonspinning binaries with q = 2 (top) and
q = 10 (bottom). The computed horizon redshifts assume either optimal orientation (zh) or fd = 0.5 (z0.5, in parenthesis): see text for details.

(m1s +m2s)(M�) (2, 2) (3, 3) (2, 1) (4, 4)

zh (z0.5) zh (z0.5) zh (z0.5) zh (z0.5)
q = 2

106 + 2× 106 54.11 (35.35) 37.37 (18.48) 16.36 (7.38) 24.93 (14.79)
107 + 2× 107 14.05 (12.29) 10.4 (9.47) 4.65 (3.4) 8.66 (5.43)
108 + 2× 108 3.45 (3.06) 2.51 (2.53) 1. (0.86) 2.08 (1.93)
109 + 2× 109 0.67 (0.58) 0.44 (0.45) 0.11 (0.09) 0.34 (0.31)

q = 10
105 + 106 46.51 (12.56) 34.29 (13.06) 17.53 (6.26) 28.69 (13.36)
106 + 107 13.33 (6.18) 13.16 (6.43) 7.1 (2.81) 13.71 (5.34)
107 + 108 3.29 (1.48) 3.31 (1.72) 1.68 (0.69) 3.55 (1.72)
108 + 109 0.64 (0.2) 0.64 (0.26) 0.25 (0.06) 0.71 (0.26)
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FIG. 6. Response redshift zfd at which a 100M� nonspinning binary
with q = 1.5 could be detected with probability fd by ET (thick lines)
or Advanced LIGO (thin line).

IV. CONCLUSIONS AND OUTLOOK

Atomic spectroscopy is a standard tool in modern astron-
omy. As gravitational wave detectors improve in sensitivity, it
seems reasonable to expect that gravitational spectroscopy will
similarly become a standard tool to identify merger remnants
as the Kerr BHs predicted by general relativity, unless nature
has some surprise in store.

In this paper we investigated the potential of future detectors
to detect multiple gravitational spectral lines. We computed
the horizon and median redshifts at which the dominant modes
of the radiation can be detected by Advanced LIGO, third-
generation ground-based detectors such as ET, and LISA.

We found that Advanced LIGO cannot observe subdominant
modes from the merger of stellar-mass BH binaries, but it could
observe the (3, 3) mode out to redshifts zh & 0.2 for IMBH
mergers withMs ∼ 500M�. Horizon redshifts decrease when
Ms ∼ 103 M� for all ground-based detectors, but the better
low-frequency sensitivity of ET makes it possible to observe
multiple ringdown modes out to zh ∼ 1 from BH remnants
as massive as Ms ∼ 5000 M�. The ET horizon redshift for a
Ms ∼ 50 M� binary can be very large (zh ∼ 13), but the me-
dian redshift is much lower (z0.5 ∼ 3). In contrast, BH binary
mergers in the LISA band could be used to measure multiple
ringdown modes in a wide range of masses and mass ratios out
to cosmological redshifts. In fact, LISA can detect ringdown
modes from all multipolar components computed so far in
state-of-the-art numerical relativity simulations. Even modes
whose amplitude is comparable to numerical noise in current
simulations – such as the (8, 8) mode – could be observable.
Cosmological redshift produces a characteristic “turnover” in
the LISA horizon redshift for IMBHs at z ∼ 1 (Fig. 1) and
a bimodal distribution in the detection probability (Fig. 7):
large-z ringdown signals at (source-frame) masses that would
otherwise be unobservable are “redshifted back” in the LISA
band and become observable. Therefore LISA observations
of the merger/ringdown phase can be used to probe the IMBH
population at masses Ms . 105 M� and redshifts z ∼ 10,

when such mergers might have been common. LISA can also
detect multiple ringdown modes from BH binary mergers of
mass & 108 M� at z . 0.5, as long as the merger rates are
large enough in the local Universe. As pointed out in [81],
these science goals should be taken into account in design
studies of the LISA sensitivity at low and high frequencies.

Our work can and should be improved in many ways. To
quantify detectability we used fits from [25], which are based
on the “energy maximized orthogonal projection” criterion and
more conservative than the estimates of Ref. [27], where we
used the detection-oriented “matched filtering” fits from [21].
Several different ways to quantify ringdown excitation from nu-
merical simulations have been proposed over the years [14, 21–
24, 26, 82]. In general these estimates lead to slightly different
predictions for the horizon redshift. This dependence should
be investigated. We plan to revise our fits – especially for the
spin dependence of subdominant modes, such as the (4, 4)
mode – as soon as updates to the SXS public waveform catalog
described in [83] become available, but the broad qualitative
conclusions of our work should remain valid.

One of the main conclusions of our work is that LISA may
allow us to see so many ringdown modes that systematic er-
rors in numerical relativity simulations may be comparable to
statistical errors. We hope that this consideration will motivate
further studies of ringdown excitation and the development of
more accurate numerical relativity simulations of BH mergers.

Of course, deviations from general relativity may drastically
modify the ringdown spectrum [10, 12, 84–87], and possibly
even make subdominant modes undetectable. This possibility
would invalidate our analysis, which assumes that general
relativity is the correct theory of gravity. It would be very
exciting if our study of subdominant ringdown modes were to
be proven wrong or irrelevant for this reason.
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