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We study the impact of the nonlinear growth of the large-scale structure (LSS) on the removal of
the gravitational lensing effect (delensing) in cosmic microwave background (CMB) B modes. The
importance of the nonlinear growth of the LSS in the gravitational lensing analysis of CMB has been
recently recognized by several works, while its impact on delensing is not yet explored. The delensing
using mass-tracers such as galaxies and cosmic infrared background (CIB) could be also affected by
the nonlinear growth. We find that the nonlinear growth of the LSS leads to ∼ 0.3% corrections
to B-mode spectrum after delensing with a high-z mass tracer (zm ∼ 2) at ` = 1000-2000. The
off-diagonal correlation coefficients of the lensing B-mode template spectrum become significant for
delensing with low-z tracers (zm . 0.5), but are negligible with high-z tracers (such as CIB). On
the other hand, the power spectrum covariance of the delensed B mode is not significantly affected
by the nonlinear growth of the LSS, and the delensing efficiency is not significantly changed even if
we use low-z tracers. The CMB B-mode internal delensing is also not significantly affected by the
nonlinear growth.

I. INTRODUCTION

The gravitational waves generated at the inflationary
era induce the curl pattern in the cosmic microwave back-
ground (CMB) polarization map, the so-called B mode
(see e.g. [1] and references therein). The detection of
the large-scale B mode by the inflationary gravitational
waves (IGWs) will open a new window to the early uni-
verse. The CMB experiments in the near future such
as BICEP Array [2] and Simons Observatory [3] will be
able to precisely measure the B mode, and significantly
improve the sensitivity to the IGWs.

The current upper bound on the amplitude of the
IGWs (the so-called tensor-to-scalar ratio) is r < 0.07
(95% C.L.) [4]. Since the lensing effect converts part of
E mode to B mode, the removal of the lensing contami-
nation (delensing) increases the signal-to-noise of the tiny
IGW signals (e.g., [5–10]). The measured CMB lensing
potential and/or tracers of the underlying matter distri-
bution such as galaxies and cosmic infrared background
(CIB) can be used to estimate the E-to-B leakage by lens-
ing, or to perform the inverse remapping of the lensed
CMB map to reduce the lensing effect in the observed
CMB map.

So far multiple works have discussed the feasibility
of the delensing of CMB anisotropies in future experi-
ments by the reconstruction of lensing potential inter-
nally (e.g., [11–16]) and/or by employing external data
such as CIB and radio galaxies (e.g., [17–19]). Several
works have already demonstrated the delensing using ex-
isting data [20–23]. The impact of the nonlinear growth
of the large-scale structure (LSS) is, however, not yet ex-
plored. Compared to the low-z lensing, the lensing effect
on CMB mostly comes from the gravitational potential
at high redshifts, and is not significantly affected by the
nonlinear growth of the underlying density fluctuations.
However, some recent studies show that the nonlinear

growth significantly affects the measurement of the lens-
ing power spectrum [24–27]. Also, the lensing potential
bi-spectrum and other higher-order statistics from the
nonlinear growth of the LSS are detectable in the near
future CMB experiments [25, 28–30].

The delensing using mass-tracers (such as galaxies and
CIB) or reconstructed CMB lensing map could be also af-
fected by the nonlinear growth of the LSS. The matter
density fluctuations at late time of the universe are highly
non-Gaussian. If mass tracers are used, the delensed B
mode by such non-Gaussian fields can have additional
contributions from the higher-order correlations between
the density fluctuations and lensing potential. As a re-
sult, the power spectrum of the delensed B mode is mod-
ified. In addition, the covariance of the delensed B-mode
spectrum is also affected by the non-Gaussianity of the
density fluctuations at low redshifts. If the reconstructed
lensing potential is used for delensing, the statistics of the
delensed B mode becomes more complicated. For exam-
ple, the power spectrum of the delensed B-mode con-
tains, at least, four- and six-point correlations of CMB
anisotropies and has higher-order correlations of the lens-
ing potential.

This paper addresses the impact of the nonlinear
growth of the LSS on B-mode delensing by simulations.
We compute full-sky maps of galaxy distributions and
lensed CMB maps based on N-body simulations. The
CMB deflection angle published by Ref. [31] is also used
for making the lensed CMB maps. The delensing is per-
formed by computing the template of the lensing B mode
and subtracting it from the “observed” B mode. We then
compute the statistics of the delensed B mode such as the
angular power spectrum and its correlation coefficients.

This paper is organized as follows. Section II recalls
the basic methodology of the delensing. Section III
briefly describes our simulations used in our analysis.
Section IV presents our main results. Section V sum-
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marizes our work. In addition to the nonlinear growth
effect on delensing, appendix A shows the survey bound-
ary and sky projection effects in delensing.

Throughout this paper, we adopt the flat ΛCDM
(lambda cold dark matter) model consistent with the
WMAP 9-yr result [32]. The cosmological parameters
are the matter density Ωm = 0.279, the baryon density
Ωb = 0.046, the cosmological constant ΩΛ = 0.721, the
Hubble parameter h = 0.7, the amplitude of density fluc-
tuations σ8 = 0.82, and the spectral index ns = 0.97.

II. DELENSING

Here we briefly summarize notations in this paper and
methods of the delensing.

A. Lensed CMB anisotropies

The lensing effect on the CMB anisotropies is well de-
scribed by a remapping of the primary CMB anisotropies
(e.g. [33]). Denoting the primary CMB temperature and
polarization anisotropies as Θ(n̂) and Q(n̂)± iU(n̂), the
lensed CMB anisotropies in a direction n̂ are obtained
by

Θ̃(n̂) = Θ(n̂ + d(n̂)) , (1)

[Q̃± iŨ ](n̂) = [Q± iU ](n̂ + d(n̂)) . (2)

Here, d(n̂) is the deflection angle, and is usually decom-
posed into the gradient and curl modes, ∇φ and (?∇)$
[8], but the curl mode is negligible in the standard ΛCDM
simulation [31, 34].

The harmonic coefficients of the scalar quantities, Θ
and φ, are obtained by the (spin-0) spherical harmonics
transform, while the polarization parameters, Q and U ,
are transformed to the following E and B modes by the
spin-2 spherical harmonics, ±2Y`m:

[E ± iB]`m = −
∫

dn̂ ±2Y
∗
`m(n̂)[Q± iU ](n̂) . (3)

Expanding Eq. (2) up to the first order of the lensing po-
tential, the lensing-induced B-mode is given by (e.g. [35])

Blens
`m = −i

∑
`′m′

∑
LM

(
` `′ L
m m′ M

)
S``′LE`′m′φLM , (4)

where φLM is the harmonic coefficients of the lensing po-
tential, and we ignore the primary B mode and lensing
curl mode. The quantity S``′L represents the mode cou-
pling induced by lensing:

S``′L =

√
(2`+ 1)(2`′ + 1)(2L+ 1)

16π

(
` `′ L
2 −2 0

)
× [−`(`+ 1) + `′(`′ + 1) + L(L+ 1)] . (5)

Here, the above quantity is unity if ` + `′ + L is an odd
integer and zero otherwise.

B. Delensing

A method to remove lensing contributions in observed
B modes is to make a template of the lensing B modes
(hereafter, lensing template) with a measured CMB lens-
ing map and E mode [7, 11]. The lensing template up
to first order of the CMB lensing potential is defined as
[17–19, 36]

Bres
`m = −i

∑
`′m′

∑
LM

(
` `′ L
m m′ M

)
S``′LWE

`′ Ê`′m′W x
L x̂LM ,

(6)

where Ê`′m′ is the observed E mode, x̂LM = xLM +nLM
is an observed mass tracer which correlates with the CMB
lensing potential. In this paper, x̂ is either the galaxy
density fields or reconstructed CMB lensing potential.
The quantity WE

` is the E-mode Wiener filter defined as

WE
` = CEE

` /ĈEE
` , where CEE

` and ĈEE
` denote the angu-

lar power spectra of E and Ê, respectively. Similarly, the
filter for the galaxy density map or CMB lensing poten-

tial is given byW x
L = CφxL /ĈxxL where Ĉxx is the observed

power spectrum of the measured mass tracer fields. In
the galaxy delensing, the observed galaxy power spec-
trum contains the shot noise in the measurement of the
galaxy number density. In the CMB lensing potential,
the observed power spectrum is computed as the sum of
the lensing potential spectrum and Gaussian reconstruc-
tion noise.

In computing the lensing template from the galaxy
density map, we use the galaxy density fields and E
modes up to ` = 2048. For the CMB internal delens-
ing, we reconstruct the lensing potential using ΘΘ or
EB quadratic estimator [37, 38]. The CMB multipoles
between ` = 500 and 2048 are used for the reconstruction
without the CMB instrumental noise.

III. SIMULATION

Here, we describe our method of the N -body and ray-
tracing simulations and how to simulate the lensed CMB
maps and galaxy distribution.

We first provide a short summary of the N -body and
ray-tracing simulations. For detailed description, we re-
fer readers to our previous paper [31]. We performed
cosmological N -body simulations of dark matter to re-
produce the inhomogeneous mass distribution in the uni-
verse, which naturally includes the non-Gaussian fluctu-
ations. Here, we followed the gravitational evolution of
20483 particles in cubic simulation boxes by using a pub-
lic code Gadget2 [39, 40]. The cubic boxes have side
lengths of 450, 900, 1350, . . . , 6300h−1Mpc from low to
high redshift (z ≤ 7.1). We chose an arbitrary point in
the box as the observer’s position and constructed spher-
ical lens shells with a thickness of 150h−1 Mpc around
the observer (which locates at the center of shells). Me-
dian radius of the i-th shell is 150 × (i + 1/2)h−1Mpc
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FIG. 1. The galaxy power spectrum with varying the mean
redshift of galaxies, zm = 0.1, 0.5 1.0 and 2.0. The power
spectrum is obtained from the simulations with the nonlinear
growth.

(i = 0, 1, 2, . . . ) in comoving scale. The inner shell is
taken from the smaller box at lower redshift. Then, we
projected N -body particles onto each lens shell, and cal-
culated surface mass density and deflection angle. For
higher redshifts (z = 7.1 − 1100), we prepared the lens
shells based on the Gaussian fluctuations (instead of N -
body method), which is a good approximation in the
linear regime. Light rays, emitted from the observer,
are deflected at each lens shell, and these ray paths are
numerically evaluated up to the last scattering surface.
Therefore, the simulation includes the post-Born correc-
tion. We used a public code GRayTrix1 [41, 42] for this
ray-tracing computation. This code also calculate the
convergence, shear and rotation. The code relies on the
Healpix scheme [43], and we adopt the angular resolu-
tion of Nside = 4096 throughout this paper. Then, we
numerically obtained the deflection angle d(n̂) on the
full sky maps. We prepared 104 such maps in total. We
checked that the power spectra of lensing potential agree
with the theoretical prediction calculated by CAMB [44]
within 5% up to ` = 3000 (see Section 3.5 of Ref. [31]).

The lensed CMB maps are generated as follows. We
first create unlensed Gaussian CMB maps which do not
contain primary B modes, using the CMB temperature
and E-mode angular power spectra computed by CAMB.
Then, we use the above CMB deflection angles to remap
the unlensed CMB temperature and polarization maps.
We do not include the CMB instrumental noise in the
lensed CMB maps.

Using the above N -body simulation, we also generate
104 full-sky maps of the galaxies distribution. We pop-

1 http://th.nao.ac.jp/MEMBER/hamanatk/GRayTrix/

ulate “galaxies” as biased tracers of density contrast on
the lens shells, based on given bias parameter b(z) and
radial number density distribution dn/dz(z). We assume
a simple scale-independent bias, b(z) =

√
1 + z [45]. The

number density of galaxies is 20 [arcmin−2]. The normal-
ized galaxy redshift distribution is assumed to be (e.g.
[46])

N(z) =
β

z0Γ[(1 + α)/β]

(
z

z0

)α
exp

[
−
(
z

z0

)β]
, (7)

where the parameter, z0, is determined by the mean red-
shift of the galaxies, zm:

z0 = zm
Γ[(1 + α)/β]

Γ[(2 + α)/β]
. (8)

We choose α = 2 and β = 1. We vary the mean redshift,
zm, from 0.1 to 2.0. The galaxy distribution with zm =
1 mimics a galaxy sample in the ongoig Subaru Hyper
Suprime-Cam survey [47].

In addition to the above maps, we also generate ran-
dom Gaussian fields of galaxy distribution and lensing
potential whose power spectra coincide with that ob-
tained from the simulations with the nonlinear growth.
The lensing potential is generated so that the correlation
between the lensing potential and galaxy distribution co-
incides with that of the simulation with the nonlinear
growth. Then, the lensed CMB maps produced by using
the Gaussian lensing potential are generated.

Fig. 1 shows the angular power spectrum of the galaxy
distribution at each redshift measured from the simula-
tion with the nonlinear growth, compared with the shot
noise spectrum. The measured power spectra are domi-
nated by the signal. Fig. 2 shows the correlation coeffi-
cients of the angular power spectrum, i.e.,

Rbb′ =
Covbb′√

CovbbCovb′b′
, (9)

where Covb is the covariance of the binned angular spec-
trum defined as

Covbb′ = 〈Cggb Cggb′ 〉 − 〈C
gg
b 〉〈C

gg
b′ 〉 , (10)

and 〈· · ·〉 denotes the average over 104 realizations of our
simulation. The correlation coefficients become signifi-
cant at lower redshifts because the nonlinear growth of
LSS leads to a non-Gaussianity in the density fluctua-
tions. At large scales (L . 100), the nonlinear growth
in the galaxy distribution decreases and the off-diagonal
elements become zero. Even at zm = 1, the correlation
becomes ∼ 0.3 at L1 ∼ L2 & 1000. The galaxy distribu-
tion at zm . 1 is highly non-Gaussian.

On the other hand, Fig. 3 shows the correlation coeffi-
cients of the CMB lensing potential power spectrum. The
correlation coefficients of the lensing power spectrum are
not significant as the gravitational potential at high red-
shift, z ∼ 2, is the dominant source of the CMB lensing
effect.

http://th.nao.ac.jp/MEMBER/hamanatk/GRayTrix/
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FIG. 2. The correlation coefficients of the galaxy power spectrum with varying the mean redshift of galaxies, zm = 0.1, 0.5
1.0 and 2.0. We show the cases with the random Gaussian simulation (upper left) or the simulation with the nonlinear growth
(lower right).

FIG. 3. The correlation coefficients of the CMB lensing
potential power spectrum.

IV. RESULTS

The difference of the delensing results between the
Gaussian and nonlinear-growth simulations appear in the
angular power spectrum and its covariance. The discrep-
ancy in the delensed B-mode spectrum leads to a bias
in the estimate of the primary B mode contributions.
The increase of the covariance degrades the delensing ef-
ficiency and signal-to-noise ratio of the primary B modes.
In the following sections, we summarize the discrepancy
of the results between the Gaussian and nonlinear simu-
lations.

FIG. 4. Fractional difference of the lensing or delensed
B-mode spectra between the Gaussian and nonlinear-growth
simulations. The delensing of B mode is performed using
a simulated galaxy distribution with the mean redshift of
zm = 0.5 or 2.0, or a reconstructed CMB lensing map from
ΘΘ / EB quadratic estimator.

A. Delensed B-mode power spectrum

Fig. 4 shows the fractional difference of the lensing or
delensed B-mode power spectra between the Gaussian
and nonlinear-growth simulations. As shown in Fig. 1 of
Ref. [48], the nonlinear growth of the LSS produces ad-
ditional sub-percent contributions in the lensing B-mode
power spectrum. Our result is consistent with Ref. [48].

The nonlinear growth also leads to additional contri-
butions in the delensed B-mode spectra. The fractional
change to the delensed B-mode spectrum with a mass
tracer of zm = 0.5 or ΘΘ quadratic estimator is similar
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FIG. 5. The correlation coefficients of the lensing B-mode
power spectrum.

to that to the lensing B mode. This is because the de-
lensing efficiency is not so high (see Fig. 8 below), and
the nonlinear contributions in the delensed B mode is not
significantly different from that in the lensing B mode.
On the other hand, if we use the galaxies with zm = 2.0,
the fractional difference becomes sub-percent and is more
significant than that in the case with zm = 0.5 or the ΘΘ
estimator. This indicates that the nonlinear structure is
not effectively removed even if the delensing efficiency
is improved. Finally, if we use the reconstructed lens-
ing map from the EB estimator, the fractional difference
becomes positive. Since the delensing efficiency using
the EB estimator is much better than that in the other
cases, other nonlinear terms would remain in the frac-
tional difference. In addition, the bias comes from the
correlation between the B modes to be delensed and in
the EB estimator [12, 50]). This correlation is approx-
imately proportional to the lensing B mode, and leads
to the additional nonlinear contribution in the fractional
difference. As described above, while the behavior of the
nonlinear contribution in the B-mode spectra depends on
the mass tracer, the nonlinear contribution in the lens-
ing/delensed BB spectrum is not significant compared
to the statistical error expected in the ongoing and near
future CMB experiments.

B. Correlation coefficients of power spectrum

Fig. 5 shows the correlation coefficients of the lensing
B-mode spectrum (theB-mode spectrum without delens-
ing). As shown in [49], the non-Gaussianity becomes
significant at smaller scales. Our results show that the
nonlinear growth effect does not significantly change the
correlations.

Fig. 6 shows the correlation coefficients of the delensed

B-mode power spectrum, and the difference of the coeffi-
cients between the delensed and lensing B-mode spectra.
In all cases, the nonlinear growth does not significantly
affect the correlation coefficients of the delensed B-mode
spectrum.

We also check that the change of the variance of the
lensing/delensed B-mode spectrum by the inclusion of
the nonlinear growth is also not significant.

To see how the non-Gaussianity of the galaxy dis-
tribution shown in Fig. 2 is suppressed, Fig. 7 shows
the off-diagonal covariance of the lensing template given
by Eq. (6). As indicated by Fig. 2, the lensing tem-
plate with mass tracers at low z is also a non-Gaussian
field and has non-negligible correlation coefficients of the
power spectrum. This large correlation coefficients seen
for low-z templates make them sub-optimal estimators
for the lensing B-modes shown in Fig. 6. Even us-
ing low-z mass tracers, however, the delensed B-mode
spectrum is not significantly affected by the nonlinear
growth. This is partly because the off-diagonal correla-
tion matrix of the lensing template contributes to that
of the delensed B mode after scaled by,

√
fbfb′ , with

fb ≡ CBB,temp
b /CBB,res

b
2. As shown in Fig. 8, the de-

lensing efficiency decreases by decreasing the redshift of
the mass tracers. For low-z tracers, the scaling factor

therefore becomes fb = (CBB
b − CBB,res

b )/CBB,res
b � 1.

Fig. 9 shows the correlation coefficients of the delensed
B-mode spectrum using the CMB derived lensing poten-
tial reconstructed using the ΘΘ or EB quadratic estima-
tors. Similar to the galaxy delensing case, the impact of
the nonlinear growth is not significant. We check that
the change of the variance of the delensed B-mode spec-
trum by the inclusion of the nonlinear growth is also not
significant. Note that, while the impact of the nonlinear
growth is not important, the simulation results indicate
that the off-diagonal element of the covariance using EB
estimator has non-trivial non-Gaussian feature at smaller
scales. One possibility of the origin of this feature is that
the B mode to be delensed correlates with the B mode
in the lensing reconstruction (see e.g. [50]). The detailed
study on the covariance of the delensed B mode using
EB estimator is highly involved, and will be investigated
in our future work.

2 The correlation coefficients of the delensed B-mode
spectrum is given by Rres

bb′ ' (〈CBB,res
b CBB,res

b′ 〉 −

CBB,res
b CBB,res

b′ )/2
√

CBB,res
b CBB,res

b′ . This con-

tains the correlation coefficients of the lensing tem-

plate spectrum as Rres
bb′ ⊃ (〈CBB,temp

b CBB,temp
b′ 〉 −

CBB,temp
b CBB,temp

b′ )/2
√

CBB,res
b CBB,res

b′ ' Rtemp
bb′

√
fbfb′

with fb = CBB,temp
b /CBB,res

b .
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FIG. 6. Top: The correlation coefficients of the delensed B-mode power spectrum using galaxy distribution at zm = 0.1,
zm = 0.5, zm = 1.0 and zm = 2.0 from left to right. Bottom: The difference of the correlation coefficients between the delensed
and lensing B-mode spectrum.

FIG. 7. The correlation coefficients of the lensing template spectrum using galaxy distribution at zm = 0.1, 0.5, 1.0 and 2.0.

C. Power spectrum amplitude

To quantify the impact of the nonlinear growth on the
delensed B-mode spectrum, we evaluate the statistical
error of the amplitude of the angular power spectrum (i.e.
the inverse of the signal-to-noise of the power spectrum).

The amplitude is estimated from (e.g., [51, 52])

A =
1∑
b wb

∑
b

wb
Ĉb
Cref
b

, (11)

with wb =
∑
b′ C

ref
b Cov−1

bb′C
ref
b′ . If the off-diagonal ele-

ments of the correlation coefficients are significant, the
statistical error of the above amplitude increases.
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FIG. 8. Ratio of the delensed to lensing B-mode power
spectrum with varying the mean redshift of the galaxy survey.
We also show the ratio with ΘΘ/EB quadratic estimator.
The simulation with the nonlinear growth is used.

TABLE I. The variance of the power spectrum amplitude,
σ(A)×103, using 104 realizations of CMB/galaxy maps, with
20 multipole bins between 2 ≤ L ≤ 2048.

Gauss Nonlinear
Lensing BB 1.89 1.91
zm = 0.1 1.89 1.92
zm = 0.5 1.82 1.78
zm = 1.0 1.86 1.60
zm = 2.0 1.40 1.55
ΘΘ 1.48 1.55
EB 1.86 1.92

Table I shows the variance of the power spectrum am-
plitude from 104 realizations. The covariance and Cref

b
are computed from the simulation. Even in the Gaussian
cases, the off-diagonal elements of the correlation coef-
ficients exist due to the non-Gaussianity of the lensing
B mode. The variance decreases as the source redshift
increases. This indicates that the delensing removes lens-
ing contributions instead of adding additional nonlinear
growth effects, and the off-diagonal covariance is sup-
pressed. Within the simulation error, there are no sig-
nificant difference between the results from the Gaussian
and nonlinear growth simulations.

V. SUMMARY AND DISCUSSION

We explored the impact of the nonlinear growth of the
LSS on delensing. We considered delensing using the
galaxy distribution or the CMB-derived lensing potential.
We found that the corrections to the delensed B-mode

spectrum are ∼ 0.3% at ` = 1000 − 2000 with high-z
mass tracers (zm ∼ 2). While the effect of the nonlinear
growth is significant on the lensing template with low-z
mass tracers, the correlation coefficients of the delensed
B-mode spectrum are not significantly affected by the
nonlinear growth. The impact of the nonlinear growth
is also not significant on the correlation coefficients of
the delensed B-mode spectrum with the CMB-derived
lensing potential.

We ignored the CMB instrumental noise in the sim-
ulation. If the CMB noise is nearly Gaussian, the con-
tribution from the noise does not create non-Gaussianity
in the delensed B mode and our conclusion above is un-
changed.

We focused on the galaxy distribution as a mass-tracer
for delensing. The CIB is another interesting observable
for the CMB delensing [17, 18]. The conclusion would be,
however, also the same even if we use other mass tracers
such as CIB because the signal part of mass tracers comes
from the same underlying density fields. For example, in
the CIB case, the source mostly comes from the density
fluctuations at higher redshifts (z & 1) (e.g. [53]), and
the results would be similar to the case with zm ∼ 1− 2
in our simulation.

The lensed CMB maps, foreground matter distribution
and a Fortran code to make mock galaxy distribution are
publicly available. If you want to download them, please
visit our website (http://cosmo.phys.hirosaki-u.ac.
jp/takahasi/allsky_raytracing/).
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Appendix A: Delensing analysis for cut-sky

The main motivation of this paper is to see the im-
pact of the nonlinear growth in the delensing analysis.
However, in practical analysis, many other possible ef-
fects should be simultaneously taken into account. One

http://cosmo.phys.hirosaki-u.ac.jp/takahasi/allsky_raytracing/
http://cosmo.phys.hirosaki-u.ac.jp/takahasi/allsky_raytracing/
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FIG. 9. The correlation coefficients of the delensed B-mode spectrum with CMB derived lensing potential using ΘΘ (Left) or
EB (Right) quadratic estimator.

of the most significant effects in the delensing analysis
would be the survey boundary due to finite sky coverage
and Galactic/point-source masking. In this section, we
show some results of delensing using finite size of CMB
and galaxy density maps.

1. Analysis in cut-sky

Since the difference of the results between the Gaus-
sian and nonlinear simulations is very small, we only use
the nonlinear-growth simulation in the cut-sky analysis.
We cut 5 × 5 deg2 region from each realization of the
lensed CMB map and galaxy density map at zm = 1.
The size of this patch is chosen to mimic the overlap re-
gion between the Subaru-Hyper Suprime Cam [54] and
Polarbear [55, 56]. These maps are then multiplied by a
simple analytic apodization function and transformed to
Fourier space. For the lensed CMB maps, we reduce E-
to-B leakage by applying the χ-field estimator [57]. The
delensing in flat sky is performed by first constructing
the lensing template from the cut-sky E mode and galaxy
density, and then removing it from the observed B mode.
We simply apply the full-sky diagonal Wiener filter for E
mode and galaxy density fields in constructing the lens-
ing template in flat sky. This simplification could make
the delensing process sub optimal, but this approach is
computationally easy for the implementation. The mul-
tipole range of the E mode and galaxy density fields is
the same as that in the full-sky analysis. We ignore the
CMB instrumental noise.

FIG. 10. The lensing and delensed B-mode spectrum from
the 5 × 5 deg2 cut-sky map. The delensing uses the galaxy
number density with zm = 1.

2. Delensed B-mode spectrum and its correlation
coefficient

Fig. 10 shows the lensing and delensed B-mode spectra
in cut-sky analysis, compared with those obtained from
the full-sky analysis. The E-to-B leakage is obtained by
removing the B mode before the map is cut. At large
scale (` < 500), the B-mode spectrum is dominated by
the leakage from the E mode due to the survey boundary
and sky projection effect. The lensing template in cut-
sky is slightly suppressed compared to that in full-sky.

Fig. 11 shows the delensing efficiency, i.e., the ratio
of the delensed (or E-to-B leakage) to lensing B-mode
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FIG. 11. The delensing efficiency for the delensing using the
cut-sky map.

FIG. 12. The correlation coefficients of the lensing and
delensed B-mode spectrum from the cut-sky map.

spectrum. In cut-sky analysis, the delensing efficiency
reduces by ∼ 5% at small scales (` ≥ 1000). At large
scales (` < 500), the E-to-B leakage dominates the B
mode, and this contribution should be removed in addi-
tion to the lensing B mode. One possible approach is to

use the matrix method as discussed in the BICEP/Keck
Array analysis [58]. Even if the matrix method is ap-
plied, the large-scale B mode measurement from ground
suffers from e.g. the 1/f noise, and the delensing of the
B mode at ` < 500 is relatively not important for the
Polarbear-like patch considered here.

Fig. 12 shows the correlation coefficient of the B-mode
spectrum in cut-sky. As shown in Fig. 6, in full sky, the
delensing procedure reduces the correlation coefficients of

FIG. 13. Correlation between the mean convergence and
lensing B-mode spectrum at the 5× 5 deg2 patch. The oper-
ation, 〈· · ·〉, is the average over the simulation realizations.

the delensed B-mode spectrum. In contrast, the correla-
tion coefficients are almost not decreased by the removal
of the lensing B mode in cut-sky.

Finally, in Fig. 13, we show the correlation between
the mean convergence in the small patch and the lensing
B-mode power spectrum to see the effect of the super-
survey mode [59]. If the super-survey mode is signifi-
cant, the power spectrum highly correlates with the mean
convergence. We find that the correlation coefficient is
at percent level and the super-survey mode is negligible.
The analytic estimate of this effect is studied by Ref. [60],
and the impact of the super-survey mode is shown to be
negligible in the lensing B mode spectrum. Our result is
consistent with their results and justifies the approxima-
tion in their paper.
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