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We present a method to measure the small-scale matter power spectrum using high-resolution mea-
surements of the gravitational lensing of the Cosmic Microwave Background (CMB). To determine
whether small-scale structure today is suppressed on scales below 10 kiloparsecs (corresponding to
M ≤ 109 M�), one needs to probe CMB-lensing modes out to L ≈ 35, 000, requiring a CMB experi-
ment with about 20 arcsecond resolution or better. We show that a CMB survey covering 4,000 square
degrees of sky, with an instrumental sensitivity of 0.5µK-arcmin at 18 arcsecond resolution, could dis-
tinguish between cold dark matter and an alternative, such as 1 keV warm dark matter or 10−22 eV
fuzzy dark matter with about 4σ significance. A survey of the same resolution with 0.1µK-arcmin
noise could distinguish between cold dark matter and these alternatives at better than 20σ signifi-
cance; such high-significance measurements may also allow one to distinguish between a suppression
of power due to either baryonic effects or the particle nature of dark matter, since each impacts the
shape of the lensing power spectrum differently. CMB temperature maps yield higher signal-to-noise
than polarization maps in this small-scale regime; thus, systematic effects, such as from extragalactic
astrophysical foregrounds, need to be carefully considered. However, these systematic concerns can
likely be mitigated with known techniques. Next-generation CMB lensing may thus provide a robust
and powerful method of measuring the small-scale matter power spectrum.

I. INTRODUCTION

The evidence for the existence of non-baryonic dark
matter is compelling [e.g., 1, 2]. A model in which the
dark matter consists of a particle that was non-relativistic
when structure was growing in the Universe, results in
predictions that match observations of structure today
on large scales [e.g., 3–8]. We generically call such a
model “cold dark matter” (CDM). While the predictions
of CDM are well matched to observations on scales of
10 kpc or greater, they are a poor match on scales less
than 10 kpc [e.g., 9, 10]. Examples of these inconsis-
tencies include: i) the missing satellites problem, ii) the
too-big-to-fail problem, and the iii) cusp/core or inner-
mass-deficit problem [e.g., 10–13]. Together these are
termed the “small-scale problems of CDM”. In the miss-
ing satellites problem, the predicted number density of
halos is significantly larger than observed for masses be-
low about 108M� [14, 15]. The too-big-to-fail problem
refers to the observation that high-luminosity satellites
comprising the most massive sub-halos of a Milky-Way-
size galaxy are much less abundant than predicted by
CDM [16]. For the former problem, one could argue
that baryonic physics quenched star-formation, and that
those sub-halos actually exist but are dark and currently
unobserved. However, it is much harder to make those
arguments for the high-luminosity sub-halos (thus the
term ”too big to fail”). The cusp/core problem arises be-
cause CDM predicts singular density cusps in the cen-
ters of halos [17, 18], and observations instead suggest
a cored profile in lower-mass systems [19, 20]. While
baryonic physics may also resolve this, such a solution
is more problematic in systems like dwarf spheroidal
galaxies where the baryon fraction is low and dark mat-
ter dominates the density [e.g., 11, 21].

As a result of these apparent failures of CDM on small
scales, a number of alternative dark matter models have
been suggested that match CDM predictions on large
scales, but that deviate from CDM and instead match
observations on small scales. These models include
warm dark matter (WDM) [22–24], fuzzy dark matter
(FDM) [25–34], self-interacting dark matter (SIDM) [35–
43], and superfluid dark matter (SFDM) [44, 45], to name
a few. All of these alternative models suppress structure
on small scales. However, determining whether one of
these models is the correct description of dark matter
faces two main challenges: i) observations of structure
on scales below about 10 kpc are either spotty or open to
some interpretation [e.g., 34, 46], and ii) baryonic physics
may also suppress structure on small scales enough to
match observations [e.g., 11, 47], making it difficult to
determine which scenario is in play.

To address the challenge of robustly measuring struc-
ture on small scales, there are a number of promising
avenues being pursued:

1.) There are current and planned efforts to search
unexplored regions of the Milky Way, to greater depths
than achieved before, to find unknown Milky Way satel-
lites. Current efforts using the Dark Energy Survey
(DES) data have yielded a number of new dwarf galax-
ies [48, 49], and LSST will find many more. A chal-
lenging aspect of using this method to probe small scale
structure, however, is measuring the masses of these
dwarf galaxies. Traditionally, this has required expen-
sive KECK observations to measure the velocity disper-
sions of the dwarf member stars [50]. Additionally, if a
mechanism is quenching star formation in low-mass sys-
tems, this method may not provide a complete inventory
of small-scale halos.

2.) A similar avenue is to count the number of low-
mass galaxies at high redshifts. Since smaller-mass ob-
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jects are believed to have formed first, a suppression of
small-scale structure is most apparent in the past. Using
galaxy clusters as lenses to magnify background galax-
ies, the Hubble Frontier Fields team pursued this ap-
proach to constrain alternative dark matter models by
the abundance of ultra-faint, high-redshift galaxies [51].
This technique has a number of systematic challenges
such as the use of photometric redshifts, uncertainties
in the selection function of background galaxies, and
estimates of the survey volume [51]. A related ap-
proach is to measure the number density of high-redshift
gamma-ray bursts to constrain alternative dark matter
models [52, 53]. This technique has the challenge of de-
termining the mass of the halo hosting the gamma-ray
burst [52, 53].

3.) Another promising technique is to measure sub-
structure in a galaxy by the strong-lensing features
it generates, when that galaxy lenses a background
galaxy [54]. This technique is being pursued at optical
wavelengths [55–57], and also at millimeter-wavelengths
using ALMA follow-up observations of lensed star-
forming galaxies found in CMB surveys [58, 59]. A chal-
lenge to this strong-lensing approach is that large sam-
ples are required of such lensed systems before robust
constraints can be inferred [60]. Such strong-lensing ob-
servations are also expensive. However, LSST and other
surveys coming online in the next decade can potentially
help in this regard.

4.) Tidal debris streams of stars from disrupted satel-
lites in the Milky Way can also probe the population of
sub-halos in the Galaxy [15, 61]. The gravitational influ-
ence of sub-halos can distort and open gaps in these cold
stellar streams [62, 63]. However, tidal streams are most
influenced by the most massive sub-halos, which can
make measuring small-scale structure challenging [34,
62]. Currently, the signal-to-noise of detected streams
is also low; however, upcoming observations from the
Gaia satellite should greatly improve this [64, 65]. Lastly,
baryonic structures can also distort a stream, making its
use as a dark matter probe more complicated [66].

5.) Lyman-α forest observations, which probe the
distribution of neutral hydrogen along the line of sight,
are also a probe of small-scale structure [e.g., 67–70].
Currently, these observations are in apparent tension
with alternative dark matter models that explain locally
observed small-scale structure suppression [71–73].
However, the Lyman-α probe relies on a baryonic tracer
of dark matter, and questions remain regarding whether
the baryons themselves can have power on small scales
that is not traced by the dark matter [e.g., 34].

Given the various challenges of the above-mentioned
approaches to measuring small-scale structure, it seems
warranted to explore alternative techniques. In this
work, we present a method to measure the small-scale
dark matter power spectrum using high-resolution (≈
20 arcseconds) CMB lensing measurements. One ad-
vantage of this technique is that it probes dark matter

directly via gravitational lensing, instead of relying on
baryonic tracers. Another advantage is that CMB lens-
ing, on these small scales, is most sensitive to structure
at redshifts of 1 to 3. Since lower mass halos formed first,
this makes it more sensitive to suppression of small-scale
structure than local probes. In this work, we show that
CMB lensing has the potential to be a powerful and clean
tracer of small-scale structure with high statistical signif-
icance and minimal systematic uncertainty. This method
may provide a strong complement to the various mea-
surement approaches described above.

To address the issue of distinguishing between a sup-
pression of small-scale structure caused by baryonic
physics, as opposed to dark matter alternatives to CDM,
we show that the CMB lensing spectrum could po-
tentially have a different shape in the two scenarios.
The high signal-to-noise measurements we forecast here
could thus favor one suppression mechanism over the
other, if any deviation from the CDM expectation is in
fact detected.

In section II, we briefly summarize the theory of grav-
itational lensing of the CMB, and in section III, we dis-
cuss potential avenues for obtaining the needed high-
resolution observations. In section IV, we present sta-
tistical forecasts, and in section VI, we address potential
systematic challenges and their mitigation. We summa-
rize and conclude in section VII.

II. CMB LENSING

CMB photons are gravitationally lensed by matter
along their path as they traverse the Universe. The angle
by which a CMB photon is deflected is given by the gra-
dient of the projected gravitational potential, d = ∇φ,
where d is the deflection field. The projected potential φ
is given by

φ(n̂) = −2
∫ χs

0
dχ

DA(χs − χ)

DA(χ)DA(χs)
Ψ(χn̂, χ), (1)

where Ψ(x, χ) is the three-dimensional gravitational po-
tential [74]. Here χ is the comoving coordinate dis-
tance, χs is the comoving coordinate distance to the last-
scattering surface, and DA is the comoving angular di-
ameter distance. In a spatially flat universe, DA(χ) = χ.
This lensing deflection couples previously uncorrelated
Fourier modes of the primordial CMB. We can thus fil-
ter maps of the CMB with an estimator that isolates the
specific mode coupling lensing induces to recover an es-
timate of the projected lensing potential [74–79].

Taking the power spectrum of the projected potential
yields

Cφφ
L ≈

8π2

L3

∫ χs

0
χdχ

(
χs − χ

χχs

)2
PΨ (k, z(χ)) (2)

for the case of a spatially flat Universe using the Limber-
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Figure 1: Contribution to the lensing power spectra, Cκκ
L , for

the CDM model from structure in the given redshift ranges.
Cκκ

L is numerically integrated using the equations in section II
and includes non-linear corrections as discussed in the text.

approximation [79]. We relate PΨ to Pm by

PΨ =
9Ω2

m H4Pm

8π2c4k
(3)

=
9Ω2

m0H4
0(1 + z)2Pm

8π2a4c4k
(4)

where k is the wave number in units of Mpc−1, and Pm
is the matter power spectrum in units of Mpc3 [79, 80].
This yields

Cφφ
L =

9Ω2
m0H4

0
c4

∫ χs

0
dχ

(
χs − χ

χ2χs

)2 (1 + z)2Pm (k, z(χ))
k4

(5)
where all the units are in comoving coordinates now, and
k ≈ L+0.5

χ . From this we obtain the lensing convergence
power spectrum [78], Cκκ

L , where

Cκκ
L =

[L(L + 1)]2Cφφ
L

4
. (6)

Cκκ
L is the quantity traditionally measured in CMB lens-

ing surveys [e.g., 81–84], although it has not yet been
measured on the scales needed to probe small-scale
structure, which we discuss further in the next section.

III. HIGH-RESOLUTION CMB EXPERIMENTS

In order to probe small-scale structure by measuring
the matter power spectrum, we need to know which
scales at early times collapsed to form structures with
M ≤ 109 M�, which are on scales less than 10 kpc to-
day. Considering the epoch of matter-radiation equal-
ity, a time when the Universe underwent rapid growth
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Figure 2: Fractional difference in Cκκ
L between a fuzzy dark

matter (FDM) model of mass m ∼ 10−22 eV and the CDM
model, with (blue solid) and without (blue dashed) nonlinear cor-
rections to both models.

of perturbations, we find that comoving scales of about
150 kpc (k ≈ 10 hMpc−1) needed to be suppressed then
to suppress structures of M ≤ 109 M� today [28, 85].
We note that CMB lensing is most sensitive to struc-
tures at z ≈ 2 [77], which is at a comoving distance
of χ(z = 2) ≈ 5000 Mpc. Since k ≈ L/χ as in sec-
tion II, to probe comoving scales of k ≈ 7 Mpc−1 with
CMB lensing requires measuring lensing L-modes of
L ≈ 7 Mpc−1 × 5000 Mpc = 35, 000. This is an order
of magnitude farther in L-modes than CMB lensing sur-
veys have measured to date. We show in Figure 1 the
contribution to the lensing power spectrum from struc-
ture in different redshift ranges, including non-linear
corrections as detailed below. From this we confirm that
for L ' 35, 000, most of the contribution to the lensing
power comes from structure between redshifts 1 and 3.

Part of the reason why CMB lensing has not yet probed
such small scales is due to the resolution of CMB survey
instruments, which have at most of order 1 arcminute
resolution [86–88]. Using the approximation `max ∝
π/(resolution in radians), this gives an `max ≈ 11, 000.
While CMB lensing at any given multipole L is derived
from a mix of CMB multipoles `, at small scales L is de-
rived primarily from multipoles ` where ` ≈ L. Thus,
1 arcminute resolution translates to Lmax ≈ 11, 000.
To achieve an Lmax ≈ 35, 000, thus requires a resolu-
tion of about 20 arcseconds. Such high resolution, at
CMB frequencies, has more traditionally been used by
the sub-millimeter community, to study, for example,
star-forming galaxies, active galactic nuclei, and proto-
planetary systems. In particular, the proposed Chaj-
nantor Sub/millimeter Survey Telescope (CSST) would
consist of a 30-meter dish with 18 arcsecond resolu-
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Figure 3: Fractional difference in Cκκ
L between the CDM model

and i) an m ∼ 10−22 eV fuzzy dark matter (FDM) model (blue
solid), ii) an m ∼ 10−24 eV FDM model (magenta dotted), iii) a
1keV warm dark matter (WDM) model (green dash-dotted), and
iv) a CDM model including baryonic effects (maroon dashed).

tion [89]. The Large Millimeter Telescope (LMT) in
Mexico is already built and operates at 1.1mm to 4mm
with a 50-meter dish, achieving 9.5 arcsecond resolu-
tion [90]. As we discuss in the next section, obtaining
high-significance measurements of the small-scale mat-
ter power spectrum would require putting a CMB cam-
era with the sensitivity of the planned CMB-S4 instru-
ment [91], on a dish such as the planned CSST or the ex-
isting LMT.

IV. STATISTICAL FORECASTS

To forecast how well one can distinguish between the
CDM prediction of small-scale power and a suppres-
sion of small scale power due to alternative dark mat-
ter models or baryons, we first calculate the predicted
lensing power spectrum for each scenario. For all cal-
culations below, we assume a fiducial Planck TT + low P
cosmology of H0 = 67.31 km/s/Mpc, Ωb = 0.04904,
Ωm = 0.315, ns = 0.9655, and σ8 = 0.829 [2]. We also
assume that dark matter consists of either CDM, WDM,
or FDM, for example, and not mixtures of these differ-
ent types. Figure 2 shows the fractional difference in
CMB lensing power spectra between an FDM and a CDM
model of dark matter. The FDM model assumes a dark
matter mass of m = 10−22 eV, which is the mass needed
to suppress structure below 1 to 10 kpc [28, 34]. Figure 2
also shows the difference between the linear and non-
linear predictions, where the non-linear correction was
calculated using the halo model as described in [93–95].
Here, the lensing power spectra, Cκκ

L , for FDM and CDM

are obtained by using the Limber approximation and
the equations in section II to integrate the matter power
spectrum obtained from the WarmAndFuzzy code [92].
The Cκκ

L for Figure 1 are obtained in the same way. For
the analysis presented in this work, we use power spectra
integrated over the redshift range from 0 to 500, shown
by the black curve in Figure 1 for the CDM case.

In Figure 3, we show the fractional difference in lens-
ing power for the 10−22 eV FDM model compared to
CDM, and for a 1 keV WDM model compared to CDM.
The lensing power spectrum for the WDM model is also
obtained using the WarmAndFuzzy code. The shapes of
the lensing power spectra for FDM and WDM are very
similar; thus, we will show results for the 10−22 eV FDM
model and view them as applicable to a 1 keV WDM
model as well. We also show the fractional difference
for a 10−24 eV FDM model, for reference. Since bary-
onic effects can also suppress small-scale structure, we
show the prediction for one CDM+baryons model using
the published Pm(k) from [47], obtained from the OWLS
simulations [96]. While this represents just one model
of baryonic effects, we note that the shape of ∆Cκκ

L is
markedly different from the fiducial FDM/WDM model.
The difference in the shapes of the lensing power spectra
may provide a promising way of determining the mech-
anism of small-scale structure suppression, if any devia-
tion from the CDM prediction is found. We emphasize,
however, that our primary motive in this work is to de-
vise a way to make a robust measurement of the small-
scale matter power spectrum, and to see whether or not
that matches the CDM prediction. That will necessarily
inform baryonic and dark matter physics, potentially in
ways we cannot predict.

For forecasting, we employ simulations, which we de-
scribe in detail in the appendix, to capture the details of
the noise covariance matrix. However, to gain qualitative
insight, we also calculate the noise power spectra, Nκκ

L ,
following [97], which we show in Figure 4. Here, the
Nκκ

L are derived assuming a standard quadratic estima-
tor to estimate Cκκ

L , following [97]. This estimator differs
from the estimator of [74] in that it is tailored to measure
smaller halo lenses than the original estimator. This is
because it takes advantage of the fact that the lensing
signal of these smaller halos appears as a perturbation
on top of a smooth CMB background gradient [98–100].

Specifically, we estimate the lensing convergence field,
κ, by making two versions of filtered data. One version is
filtered to isolate the CMB background gradient, and the
other version is filtered to isolate the CMB fluctuations
on small scales. The former is constructed by taking the
weighted gradient of the lensed CMB map

GTT
` = i `WTT

l T`, (7)
where the weight filter is

WTT
l = C̃TT

l (CTT
l + NTT

l )−1. (8)

for l ≤ lG, and WTT
l = 0 for l > lG. Here we use tem-

perature maps as an example, and note that C̃l and Cl
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are the unlensed and lensed CMB power spectra respec-
tively from a fiducial theoretical model. Nl is the noise
power spectrum. The lG is a cutoff scale and is set to
lG = 2000 to eliminate biased potential reconstructions
of massive halos contributing to the lensing power spec-
trum, as was done in [e.g., 101]. This “gradient leg” cut-
off scale comes at the cost of some signal-to-noise in the
power spectrum, but only on large scales that are not rel-
evant to this work.

The second filtered map is an inverse-variance
weighted map given by

LT
` = WT

l T`, (9)

where

WT
l = (CTT

l + NTT
l )−1. (10)

We then take the divergence of the product of these two
maps, following [97], to obtain an estimate of κ as fol-
lows,

κTT
L

ATT
L

= −
∫

d2n̂ e−in̂·`
{
∇ · [GTT(n̂) LT(n̂)]

}
. (11)

Here the real-space lensing convergence field con-
structed from temperature data is

κTT(n̂) =
∫ d2L

(2π)2 eiL·n̂ κTT
L . (12)

The normalization factor is given by

1
ATT

L
=

2
L2

∫ d2l1
(2π)2 [L · `1]WTT

l1 WT
l2 f TT(`1, `2), (13)

with

f TT(`1, `2) = [L · `1]C̃TT
l1 + [L · `2]C̃TT

l2 (14)

and L = `1 + `2.
In Figure 4, we show Nκκ

L using five different CMB
map combinations (TT, EE, ET, TB, and EB), where T, E,
and B represent temperature, E-mode, and B-mode CMB
maps, respectively. Each of these Nκκ

L curves shows the
noise per mode, assuming 18” resolution (to match the
planned CSST), 0.1 µK-arcmin instrumental white noise
in temperature, and 0.1 ×

√
2µK-arcmin white noise in

polarization. The Nκκ
L are derived following [97], where

Nκκ,XY
L =

L2

4
Ndd,XY

L , (15)

and

(Ndd,XY
L )−1 =

2
L2

∫ d2`1

(2π)2 (L · `1)WXY
`1

WY
`2

cY f XY (16)

for X, Y ∈ T, E, B. The latter equation is an integral over
all CMB modes, `1, with the constraint that `2 = L− `1.
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Figure 4: Lensing convergence power, Cκκ
L , compared to noise

power, Nκκ
L , following [97] for different map combinations

used in the quadratic estimator for lensing reconstruction. All
the noise spectra correspond to an experiment with an 18”
beam and 0.1 µK-arcmin noise in temperature. For L’s above
104, where most of the signal-to-noise resides when measuring
a deviation from CDM on small scales, the TT estimator has
lower noise than EB. Figure 10 in the appendix shows Nκκ

L for
TT from simulations using the same quadratic estimator. Sim-
ulations pick up excess noise at L ' 104 not modelled in [97],
as detailed in the appendix.

The terms WXY
`1

, WY
`2

, cY, and f XY are defined in [97]. We
note that for the small scales investigated in this work,
it is likely possible to construct a more optimal maxi-
mum likelihood estimator [102–104]. Here, we use the
quadratic estimator described above, and treat our fore-
casts as potentially conservative.

From Figure 4, we see that for measuring Cκκ
L on scales

below L ≈ 2000, the EB estimator from polarization
maps has the lowest noise. This noise can be further
reduced by iteratively delensing the B-mode map, as
shown by the dashed curves [105, 106]. However, for
probing scales of order L ≈ 10, 000, the TT estimator is
better. The reason the TT noise decreases so significantly
at small scales is because at these scales the power in the
lensing signal dominates over the power in the primor-
dial temperature anisotropy. A similar effect happens for
the polarization maps, however at 0.1 ×

√
2µK-arcmin

noise levels, the CMB signal does not dominate over in-
strument noise at these scales. As a result, performing
the lensing potential reconstruction using temperature
maps yields the largest signal-to-noise ratio (SNR). In the
forecasts that follow, we assume only temperature maps
are used in the lensing reconstruction since including the
other estimators only marginally improves the results.

We calculate the SNR with which we could distinguish
between CDM and an alternative model for the lensing
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power spectrum, such as FDM, as

S
N

=

√
∑
L,L′

(XL −YL)C−1
LL′(XL′ −YL′) (17)

where XL = Cκκ,FDM
L , YL = Cκκ,CDM

L , and C−1
LL′ is an ele-

ment of the inverted covariance matrix corresponding to
row L and column L′. For the Nκκ

L from the quadratic es-
timator described in [97], on large lensing scales L tradi-
tionally measured, treating each L-mode as independent
is a good approximation [107]. However, each L-mode
is not independent on the small scales considered here.
This is because the primordial background CMB gradi-
ent enters as a source of sample variance noise. It may be
possible for maximum likelihood estimators under de-
velopment to utilize knowledge of the background CMB
gradient, and remove it as a source of noise in the esti-
mator [102–104]. However, in this work, we adopt the
quadratic estimator in [97] and construct the full noise
covariance matrix, including off-diagonal terms, using
simulations. We describe the simulations and the con-
struction of the covariance matrix in detail in the ap-
pendix.

In Figure 5, we show as error bars on Cκκ
L the diago-

nal terms of the simulation-based noise covariance ma-
trix for TT. Here, we assume a survey of 10% of the
sky (4,000 square degrees), at 18” resolution, with 0.5µK-
arcmin (grey), and 0.1µK-arcmin (black) white noise lev-
els. Table I shows the SNRs for these two cases, as well

Sky fraction Noise Signal-to-noise ratio
(fsky) (µK-arcmin) 18”

Resolution
9.5 ”

Resolution
0.1 0.5 3.9 5.2

0.025 0.1 10.1 15.9
0.1 0.1 20.2 31.9

Table I: Significance with which an m ∼ 10−22 eV FDM model
can be distinguished from a CDM model, based on observa-
tions of high-resolution CMB lensing. Here we vary observed
sky fraction, noise levels in temperature, and resolution. The
lensing noise power assumes only the TT estimator is used,
however, the gain from including other estimators is minimal.
For these signal-to-noise ratios, we use the full simulation-
based lensing noise covariance matrix detailed in the appendix.

as for a survey covering less than 3% of the sky (1,000
square degrees). We limit the CMB-` range from 100 to
45,000 since the inclusion of more modes does not make
any significant impact on the SNRs. From this we see
that a survey covering 4,000 square degrees of sky at a
noise level of 0.5µK-arcmin can already detect the dif-
ference between 10−22 eV FDM and CDM with almost
4σ significance. For deeper noise levels of 0.1µK-arcmin,
SNRs over 20 can be achieved. With finer resolution,
such as 9.5” to match the LMT, SNRs above 30 are possi-
ble.

To see which lensing L-modes and CMB `-modes
contribute most to the SNR, we show in Figure 6, for
lensing L-modes (solid) or CMB `-modes (dashed), the
SNR as a function of minimum and maximum modes
included in the calculation. Here the maximum `-mode
refers to the maximum multipole used in the CMB
map that was filtered to isolate the small-scale CMB
fluctuations, as discussed above. In this Figure and
in Figure 7, we use the Nκκ

L from Eq. 16 and assume
no off-diagonal terms in the covariance matrix, to
gain qualitative insight. Using a full simulation-based
covariance matrix gives a similar result, but is more
computationally expensive when exploring many `-
mode ranges. In Figure 6, the lower bounds are fixed
to `/L = 100, when the upper bounds are varied, and
the upper bounds are fixed to `/L = 45, 000 when
the lower bounds are varied. This is shown for the
fiducial case of 0.1µK-arcmin noise and 18” resolution.
The SNR stops increasing at around `/L = 30, 000,
consistent with the rise in the noise curves shown in
Figure 4. The SNR only starts increasing significantly
when `/L = 10, 000, which is the multipole where the
10−22 eV FDM Cκκ

L makes a notable deviation from that
of CDM, as seen in Figure 5. To further identify which
`-modes contribute to the SNR, we divide the `-range
into bins of width ∆` = 500. For each bin, we estimate
the noise curve Nκκ

L using just the `-modes from that
bin, and calculate the SNR. This is shown in Figure 7,
for the 0.1µK-arcmin (solid) and 0.5µK-arcmin (dashed)
cases shown in Figure 5. We note that this process of
dividing into ` bins recovers 49% and 46% of the total



7

0 10000 20000 30000 40000

L or `

0

20

40

60

80

100

%
 o

f 
S

ig
n

a
l-

to
-N

o
is

e S/N vs. Lmin

S/N vs. Lmax

S/N vs. `min

S/N vs. `max

Figure 6: Percentage of total signal-to-noise ratio in distin-
guishing an m ∼ 10−22 eV FDM model from a CDM model, as
a function of maximum and minimum CMB and CMB lensing
multipole moments (` and L respectively). The lower bounds
are fixed to 100 when the upper bounds are varied, and the
upper bounds are fixed to 45,000 when the lower bounds are
varied. This is shown for the fiducial case of 0.1 µK-arcmin
CMB noise in temperature, as in Figure 5. Here, we calculate
the signal-to-noise ratio using the Nκκ

L from Eq. 16 and assume
independent L-modes, instead of using the full covariance ma-
trix discussed in the text, to gain qualitative insight.

SNR for the 0.1 and 0.5µK-arcmin cases, respectively.
The reason it is not 100% is because we are not allowing
L modes derived from `1 and `2 pairs spanning two
` bins. We see that as the noise level decreases, more
of the SNR comes from higher `-modes. We also find
from Figures 6 and 7 that most of the SNR comes from
`-modes where ` ∈ (10, 000, 30, 000), with a peak at
` ≈ 20, 000 for 0.1µK-arcmin noise. For 0.5µK-arcmin
noise, the SNR is mostly from ` ∈ (5, 000, 25, 000) and
peaks at ` ≈ 9, 000.

V. TESTS OF PARAMETER DEGENERACIES

The SNRs shown in Table I assume fixed cosmologi-
cal parameters given by the fiducial cosmology in sec-
tion IV, and are calculated by only varying the dark mat-
ter model away from CDM. Given that the SNRs of neu-
trino mass measurements, made by exploiting a similar
suppression of the CMB lensing power spectrum, have a
known limit due to the uncertainty on the optical depth
parameter τ [e.g., 91], we explicitly check whether such
a limit applies to this case as well. We perform a Fisher
Matrix analysis varying As, ns, τ, Ωbh2, ΩFDMh2, H0,
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Figure 7: Fractional contribution of signal-to-noise ratio as a
function of CMB multipole moment `. As in Figure 6, 18” res-
olution and Nκκ

L from Eq. 16 are used to gain qualitative insight.
For higher noise levels, more of the weight comes from lower
CMB `’s. See text for details.

and mFDM. We set the fiducial values of these param-
eters to be H0 = 67.31 km/s/Mpc, Ωbh2 = 0.0222,
ΩFDMh2 = 0.1197, ns = 0.9655, As = 2.2 × 10−9,
τ = 0.06 and mFDM = 10−22 eV. To calculate the deriva-
tives for the Fisher Matrix, we use step sizes that are
1% of the corresponding fiducial value. ... All power
spectra are obtained via AxionCAMB [108], a modified
version of CAMB [109] that incorporates FDM. We use
AxionCAMB because it allows τ and As to be explic-
itly varied, unlike the WarmAndFuzzy code [92], how-
ever only the latter include non-linear corrections. Thus,
we do the Fisher analysis with linear spectra, and ex-
pect that the qualitative behavior will be the same in
the non-linear case. We expect using the linear power
spectrum is suitable for exploring these degeneracies be-
cause As, τ, and neutrino mass effect much larger scales,
which are largely linear, than mFDM; thus the degener-
acy behavior we are exploring will not change if we use a
non-linear matter power spectrum on small scales where
these three parameters have negligible impact. We also
use only the diagonal terms of Nκκ

L from Eqs. 15 and 16,
instead of the full simulation-based covariance matrix,
for ease of calculation, and expect the qualitative behav-
ior to be unchanged.

In the Fisher analysis, we assume the high-resolution
experiment to survey 10% of the sky with 0.1 µK-arcmin
noise and 18” resolution, and include CMB `-modes
from ` = 100 to 45,000. We also include data from the
planned CMB-S4 survey covering 40% of the sky with
1.0 µK-arcmin noise and 2’ resolution, measuring ` = 30
to 5000 [91]. In addition, we include Planck 2015 pri-
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Figure 8: Joint constraint (68% CL) on mFDM and Σmν for differ-
ent noise levels of a high-resolution experiment with 18” reso-
lution over 10% of sky. Here we include Planck 2015 priors for
the 6 base ΛCDM parameters and assume CMB-S4 data will
be available (1.0 µK-arcmin noise in temperature and 2’ resolu-
tion over 40% of sky). BAO is not included in the Fisher Matrix
analysis. We note there is minimal degeneracy between mFDM
and Σmν.

ors [2], except for the error on τ, which we allow to vary.
We find that σ(mFDM) is insensitive to decreasing the un-
certainty on τ from σ(τ) = 0.01 (the current uncertainty)
to σ(τ) = 0.002 (the cosmic variance limit). We can un-
derstand this intuitively because non-zero neutrino mass
suppresses Cκκ

L at the lowest L-modes, whereas FDM
with a mass of mFDM = 10−22 eV only starts suppressing
Cκκ

L at L > 1000, as seen in Figure 3. The lack of sup-
pression for L < 1000 gives a long lever arm between
L ' 100 to 1000 within which to measure the unsup-
pressed power. This makes these dark matter measure-
ments insensitive to the prior on τ, in contrast to neutrino
mass measurements.

We also explicitly check the degeneracy between
mFDM and the sum of neutrino masses, Σmν. We per-
form a similar Fisher Matrix analysis as above, now vary-
ing the additional parameter Σmν and assuming the
Planck 2015 prior on τ [2]. The result is shown in Figure 8
via 68% confidence level ellipses for the joint constraint
on mFDM and Σmν, for different noise levels for the high-
resolution experiment. We observe that the ellipses re-
main practically horizontal as the noise level decreases,
indicating minimal degeneracy between mFDM and Σmν.

VI. SYSTEMATIC CONSIDERATIONS

There are a number of potential systematic effects
that need to be considered when measuring the lensing

power spectrum in this uncharted, small-scale regime.
These systematic effects include biases from Galactic
and extragalactic foregrounds, mis-subtraction of the
Gaussian bias term of the lensing power spectrum, and
additional mode-coupling signals that may contaminate
the lensing signal when we measure the CMB with
instrumental noise levels as low as about 0.1µK-arcmin.

Gaussian Noise Bias: Gaussian noise arising from the
primary CMB is present when one reconstructs the
lensing potential. Calculating the power spectrum of
that reconstruction, thus results in a large bias to the
lensing power spectrum, usually called N0 bias [74]. A
key to accurately subtracting off this bias is employing
simulations that match the data to within about 10%
in power [110, 111]. For measuring the lensing power
spectrum on scales an order of magnitude smaller than
achieved to date (` ∼ 30, 000), it is not realistic to assume
that any simulations will match the data to that level
of accuracy. The reason is that the small-scale matter
power spectrum can vary by more than 10% if the dark
matter structure is suppressed on small scales, either by
baryonic effects or by a model of dark matter alternative
to CDM, as shown in Figure 3. Instead, however, one can
employ an alternative approach to characterizing the
Gaussian bias, which entails randomizing the phases
of the Fourier transforms of the CMB maps, prior to
reconstructing the projected dark matter, as done in [81].
This phase randomization destroys any non-Gaussian
lensing correlation between modes, while preserving
the Gaussian bias term we want to subtract. We leave to
future work the demonstration of this technique using
high-resolution simulations.

Foregrounds: As discussed above, the SNR is largest
when using CMB temperature maps, as opposed to po-
larization maps, to reconstruct the projected dark mat-
ter potential on multipoles of L ∼ 30, 000. As a result,
one needs to pay special attention to the impact of as-
trophysical foregrounds, such as the thermal Sunyaev-
Zel’dovich (tSZ) signal from galaxy clusters, the mi-
crowave emission from AGN and star-forming galaxies
(the latter of which is known as the Cosmic Infrared
Background (CIB)), and the kinetic SZ (kSZ) effect from
the velocity field of the dark matter [e.g., 112]. These
foregrounds are significant in CMB temperature maps,
whereas they are minimal in polarization maps. They
also contribute a non-Gaussian signal that can bias the
lensing power spectrum [113]. In addition, there are
still uncertainties in the Galactic foreground behavior at
small scales [114].

Fortunately, there are a few paths one can take to
foreground clean:

• Deproject foregrounds in the gradient-leg: One can
use a recently proposed method to remove foreground
biases by using foreground-cleaned CMB maps in the
“gradient leg” of our lensing estimator [115]. Such
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foreground-cleaned gradient maps could be provided
by an experiment like the Simons Observatory, which
will have six frequency channels spanning 30 to 300
GHz [116]. As [115] discuss, one can explicitly deproject
foregrounds that have a known frequency dependence,
such as the tSZ and CIB, from the gradient maps by us-
ing the constrained ILC formalism [117]. They show
that this results in negligible foreground-bias to the lens-
ing convergence map. Explicitly deprojecting both the
tSZ and CIB simultaneously from such upcoming lower-
resolution temperature maps will not appreciably in-
crease the noise in the gradient leg of the lensing estima-
tor since the noise levels even after deprojection are ex-
pected to be well below the CMB signal for all `’s below
2000 [116]; thus the gradient maps are cosmic variance
limited even after aggressive foreground cleaning.
• Filter out all scales with ` < 5000 in the non-gradient

leg: Foregrounds in the non-gradient, small-scale leg
will still add variance to the lensing reconstruction, how-
ever, one can filter out all scales with ` < 5000 in the non-
gradient leg with negligible loss of SNR, which removes
the bulk of the tSZ signal and the clustering of galaxies.
After this filtering, the residual foregrounds in the non-
gradient leg will consists mainly of Poisson distributed
point sources and the kSZ.
• Remove Poisson point sources by template subtrac-

tion: Given the high-resolution (10 to 20 arcseconds) and
low-noise (0.1µK-arcmin) of the non-gradient leg CMB
map, one can identify individual point sources down to a
low flux limit, measure their flux, and template-subtract
them from the CMB maps using knowledge of the beam
shape. Template subtraction is effective because one
does not cut holes in the CMB map or inpaint sources,
both of which disrupt the resulting convergence map at
the location of the sources. With template-subtraction,
the CMB under the sources remains intact. Since CIB
sources are the most dominant foreground at these small
scales, we examine them in more detail. The 1σ confu-
sion limit for CIB sources at 350 GHz, given a 50-meter
single dish, is about 0.03 mJy [118]. Thus a source de-
tected at 5σ would have a flux of about 0.15 mJy at 350
GHz. Template-subtracting these sources, after extrapo-
lating their fluxes from 350 to 150 GHz, gives a flux cut of
0.016 mJy at 150 GHz. Using the simulations of [112], we
find that this flux cut at 150 GHz lowers the CIB power at
` = 20, 000 by almost 5 orders of magnitude. This makes
the CIB power lower than the lensed CMB power at these
high multipoles.
• Use a shear-only reconstruction estimator: In addi-

tion to the methods described above, one can also use a
novel technique of estimating the lensing convergence
power spectrum from shear-only reconstructions [121].
This method removes biases due to foregrounds such
as the tSZ, CIB, and even the kSZ effect, the latter
of which is naively hard to remove because it has no
frequency dependence [119]. The shear-only estimator
has a reduction in the SNR compared to the optimal
quadratic estimator of about a factor of two. Since the

estimator employed in this work, which follows [97],
has a larger reduction in SNR compared to the optimal
quadratic estimator, the SNR can be expected to increase
when using the shear-only estimator, which folds in
small-scale information in both of its CMB map legs.
The maps that go into the shear-only estimator can first
be foreground cleaned by 1.) explicit deprojection using
multi-frequency observations, 2.) removing scales below
` < 5000, and 3.) template-subtraction of all sources
with a flux above about 0.02 mJy. Then the shear-only
reconstruction can be applied on the resulting maps.

Other Mode-coupling Signals: When CMB instrumental
noise levels are as low as about 0.25µK-arcmin, a poten-
tially limiting factor to the perfect reconstruction of the
lensing field is that the lensing field also has some rota-
tion. This rotation arises because there is more than one
lens plane and because the lensing is not perfectly weak,
making the first-order Born approximation inexact [e.g.,
122–126]. The Born approximation is when the lensing
deflections are computed along the unperturbed photon
path, as opposed to the perturbed photon path. Since
the lensing field has some rotation, which we call “curl”
mode-coupling, the concern is that this mode-coupling
will “leak” into the lensing convergence mode coupling
we are interested in isolating. This effect has been shown
to be negligible for CMB-S4-type sensitivities [126], how-
ever could be significant for the sensitivities and scales
discussed here.

However, we can isolate the convergence and “curl”
mode couplings using a “bias-hardening” technique
proposed by [127]. Referring to Eqs. 21 and 22 of that
paper, one replaces the S2 term in those equations with
the rotation component. The idea with bias-hardening
is that the convergence and rotation do not need to be
independent. However, as long as they are not com-
pletely degenerate, which they are not, one can create
new “bias-hardened” estimators for each, where the off-
diagonal correlations are zero (by diagonalizing the re-
sponse matrix of known response coefficients). Then,
with these two “bias-hardened” measurements, one has
a system of two-equations and two unknowns (Eq 22),
and can solve for the convergence piece alone.

We also note that post-Born corrections add extra
power both to the lensing power spectrum and to the
lensed CMB power spectra, on the level of a percent
at these high multipoles [123, 125]. We propagate a
1% increase in the lensed CMB TT power spectrum for
all ` > 4000 through our signal-to-noise calculations,
keeping the theory CMB spectrum in the lensing filteres
unchanged, in order to simulate our potential ignorance
of higher-order effects in the CMB spectrum. This
results in a change of 0.002% to the SNRs.

Non-Gaussianity of the Matter Power Spectrum: The
simulation-based covariance matrix we employ in these
forecasts, and discuss in detail in the appendix, cap-
ture higher-order lensing corrections arising from Gaus-
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sian realizations of the CMB lensing convergence field.
However, we note that there exist non-Gaussian fluctu-
ations of the matter power spectrum that are significant
on these small scales [126, 128, 129]. A measurement of
the CMB lensing power spectrum as proposed above will
naturally be sensitive to this non-Gaussian signal.

To assess the impact of these non-Gaussian conver-
gence map fluctuations on the SNR and to quantify any
N3/2 bias, we employ simulations by [130] which in-
clude CMB lensing convergence maps where the lensing
was done by ray-tracing through structure in an N-body
simulation. We note that while the convergence maps
from [130] are the best publicly available for these tests,
limitations of N-body resolution and the ray-tracing
procedure in those simulations might not allow all
non-Gaussian effects to be captured at small scales.
We follow the procedure outlined in the appendix
to create the covariance matrix, but instead use 1,000
realizations of these new simulations, each covering
about 12 square degrees. We find that compared to the
SNRs from Gaussian convergence simulations, the SNRs
from N-body convergence simulations are degraded
by 6% for the 18” resolution case and by 9% for the
9.5” resolution case, both assuming 0.1µK-arcmin noise.
From the comparison of lensing auto power spectra, we
observe an average N3/2 bias between L = 5, 000 and
30, 000 of 2%, with a maximum bias in this range of 10%
(between L = 25, 000 and 30, 000 where the contribution
to the SNR is low). Part of the reason that the N3/2

bias is so low out to these large lensing multipoles is
because we have employed a gradient cut in one of
our lensing estimator legs. Thus the N3/2 bias appears
only via secondary contractions in the estimator. We
make no attempt to remove this small N3/2 bias from
the measurement since it contains cosmological infor-
mation and should be forward modeled in any theory
prediction.

VII. DISCUSSION

We have shown that very high-resolution CMB lens-
ing measurements have the statistical potential to pro-
vide high-significance measurements of the small-scale
matter power spectrum. We have also identified the pri-
mary systematic effects of concern for this measurement,
as well as ways to mitigate them. A more complete study
of systematic effects applicable to this technique is left to
future work.

A similar measurement of the small-scale matter
power spectrum might be possible using galaxy shear in-
formation either through cosmic shear measurements or
cross-correlations between CMB lensing, galaxy shear,
and galaxy counts. Since for the same angular scale
on the sky, sources and tracers at lower redshifts probe
smaller scales in the 3-dimensional matter power spec-

trum, and since existing and planned galaxy surveys
like LSST already have the resolving capability for L ∼
30, 000, such measurements could have more statistical
significance than the CMB lensing approach presented
here. However, one complication is correlated modes
on these small scales arising from, for example, point-
spread-function uncertainties. In the case of CMB lens-
ing, realization-dependent N0 subtraction, as we dis-
cuss in the appendix, minimizes the correlation between
modes. In addition, complications arising from im-
perfect shear measurement, blending of galaxies, and
photometric redshift uncertainty make such measure-
ments challenging from a systematics perspective. We
leave further consideration of the potential for small-
scale galaxy lensing to future work.

Realizing the potential of high-resolution CMB lens-
ing would yield the advantage that small-scale struc-
ture would be probed i) directly via gravitational lens-
ing, ii) at relatively high-redshifts (z ≈ 1− 3) where a de-
viation from CDM is clearer, iii) with high statistical sig-
nificance, and iv) and with potentially minimal system-
atic uncertainty. With such a measurement, one could
robustly determine whether structure is suppressed at
small scales, in deviation from the dark-matter-only
CDM prediction. If such a deviation is found, one could
also potentially distinguish between a baryon-induced
suppression or a suppression arising due to the particle
nature of dark matter. The instrumentation required for
such a measurement, both the needed dish size and cam-
era sensitivity, are within reach of a future generation of
ground-based CMB experiments. High-resolution CMB
lensing may provide a powerful and robust approach to
measuring the small-scale matter power spectrum, in-
forming both baryonic physics and the nature of dark
matter.
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Figure 9: Bin-to-bin correlation coefficients of the lensing
power spectrum for an experiment with 18” beam and 0.5 µK-
arcmin white noise. Top panel: Coefficients when no N0 is sub-
tracted from the naive power spectrum estimate (or equiva-
lently when the same N0 is subtracted from each simulation
realization). Bottom panel: Correlation coefficients obtained
when a realization-dependent N0 subtraction is done for each
simulation.

Appendix A: Simulation-based Covariance Matrix

To accurately forecast the statistical significance of
a high-L measurement of the lensing power spectrum
with a reliable covariance matrix, we perform simula-
tions of the reconstruction process using the estimator
given in [97]. The covariance matrix assumes the fidu-
cial CDM cosmology described in the main text.

Periodic Gaussian random field realizations of the un-
lensed CMB power spectrum are prepared on patches
with 2048× 2048 pixels and a pixel width of 0.05 arcmin-
utes. These are lensed by interpolating pixel displace-
ments (with 5th order spline interpolation) obtained
from the appropriate transform of periodic Gaussian
random realizations of CMB lensing convergence fields
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Figure 10: Lensing bandpowers from simulated lensing recon-
structions. The blue circles are the binned cross-spectrum of
the input lensing convergence map and the corresponding re-
construction. The black solid line is the theory spectrum used
to generate the input lensing maps. The red dashed line is the
predicted total power in the map (i.e. the sum of Cκκ

L and a
theory estimate of Nκκ

L from Eq. 16). The orange circles are the
binned, simulation-based lensing power spectrum with no N0
bias subtraction. The green triangles are the variance in the
power obtained directly from the diagonal terms of the covari-
ance matrix of the power spectra of the reconstructions after a
realization-dependent N0 subtraction has been performed.

with a lensing power spectrum given by our fiducial
CDM cosmology. The lensed CMB is then beam con-
volved and a random realization of the appropriate in-
strumental white noise is added. For each experimen-
tal configuration, 1000 simulations, each with indepen-
dent realizations of unlensed CMB, lensing convergence,
and instrumental noise are prepared. These are then
downsampled in Fourier space to our analysis resolu-
tion of 1024 × 1024 pixels and a pixel width of 0.1 ar-
cminutes. The Fourier-space downsampling, achieved
by trimming the map in Fourier space so as to cut modes
below the target pixel scale, circumvents the need to ac-
count for a pixel window function and speeds up lens-
ing reconstruction while preserving the CMB modes of
interest.

Since most of the signal-to-noise is in the TTTT chan-
nel for the CMB lensing auto-spectrum, for each simu-
lated CMB map, Ti, we obtain a convergence estimate
κ̂i using the TT estimator of [97], with the gradient leg
low-pass filtered to remove ` < 2000. This low-pass fil-
tering of the gradient results in a loss of signal-to-noise
only at low lensing multipoles L, which are irrelevant
to our analysis. However, this cut is essential to avoid
the N2 bias [107], which appears both as a multiplica-
tive bias in the lensing convergence map and as bias in
the lensing power spectrum. We first construct the naive
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power spectrum 〈κ̂i(L)κ̂∗i (L)〉, and then subtract from it
the N0 bias using Eq. 17 of [74], but with the CMB power
spectra in the integral scaled by the ratio of the actual to-
tal power spectrum in the CMB map to the fiducial total
power spectrum used to generate the simulations. This
procedure mimics the realization-dependent noise bias
subtraction from [110] and effectively accounts for vari-
ations in the noise bias among different simulations.

Subtracting the N0 bias in this way, which would be
done in a realistic analysis of CMB data, has two advan-
tages. First it is robust to mismatches between the data
and the simulations used to calculate the N0 bias. Sec-
ond, and more important to this work, this subtraction
improves the covariance properties of the noise matrix.
In the top panel of Figure 9, we show the correlation co-
efficients of the band-powers of the CMB lensing recon-
struction if no N0 bias were subtracted from the lensing
power spectra (or equivalently, if a mean simulated N0
bias that did not change from realization to realization
were subtracted). Bandpowers with L > 5000 become
almost completely correlated, signaling almost complete

loss of information above this scale. This correlation is
expected in the high-L limit of the quadratic estimator
(see e.g. [103, 104]). However, as seen in the bottom panel
of Figure 9, the correlation coefficients are much smaller
if the N0 bias is subtracted in the realization-dependent
manner described above. Here, bandpowers are now
only significantly correlated in a relatively small L-range
of 5, 000 < L < 12, 000.

In Figure 10, we show the diagonal terms of the noise
covariance matrix after N0 bias subtraction, i.e., the vari-
ance of the CMB lensing bandpowers. We find that the
diagonal variance from simulations is larger than that
predicted from the Nκκ

L of Eq. 16, and cannot be ac-
counted for by the next-order N1 contribution, which we
calculate using simulations following [111]. The excess
variance is likely due to higher-order lensing corrections
captured by our simulations. While the residual covari-
ance and excess in diagonal variance might be mitigated
by improved lensing estimators, our forecasts in Table I
use the full covariance matrix from simulations, with
realization-dependent N0 subtraction, described above.
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