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Primordial black holes (PBHs), which could be naturally produced in the early universe, remain
a promising dark matter candidate. They can merge with a supermassive black hole (SMBH) at the
center of a galaxy and generate a gravitational wave (GW) signal in the favored frequency region
of laser interferometer space antenna (LISA)-like experiments. In this study, we investigated the
event rate calculation for extreme mass ratio inspirals and the sensitivities of various proposed GW
detectors. We determined that such experiments offer a novel and effective tool for testing scenario
where PBHs constitute (a fraction of) dark matter. The PBH energy density fraction of DM (fren)

can potentially be explored for values as small as 1073 — 10~

Further the LISA can search for

PBH masses up to 1072 — 107 M. Other proposed GW experiments can investigate lower PBH

mass regimes.

Introduction. Dark matter (DM) constitutes approx-
imately 27% of the energy density in the current uni-
verse [I]. However the identity of DM remains a mys-
tery. Although a favored candidate is any new particle
beyond the Standard Model, other alternative candidates
remain possible. One intriguing possibility is primordial
black holes (PBH) [2] (for a PBH review, see e.g., [3]),
which has been intensively studied in the past 50 years
because of its substantial impact on fundamental physics,
the early universe, and cosmology. Additionally much
effort has been expended to study PBH as DM experi-
mentally by using gravitational lensing [4HI2], the cosmic
microwave background temperature anisotropies and po-
larizations [I3] [T4]. The validity as well as astrophysical
uncertainties of some constraints remain the subject of
debate [I5] [16], and other aspects of independent mea-
surements on this debate would be valuable.

Gravitational wave (GW) events from the merging of
black hole binaries and detected by the Laser Interferom-
eter Gravitational-Wave Observatory (LIGO) and Virgo
collaborations [I7HI9] have ushered in the era of GW
astronomy, which provides a new avenue for studying
PBHs. Immediately after this breakthrough, Refs. [2, 20+
28] have investigated whether the source of the GW sig-
nals detected by LIGO could be PBHs comprising a non-
trivial proportion of DM [79]. Theoretically, this is topi-
cal and innovative. However we may never know whether
these O(10) Mg black holes (BHs) detected by the LIGO
and Virgo collaboration are PBHs or stellar BHs. Ad-
ditionally, we may never ascertain the PBH densities,
whose possible densities may vary considerably. This is
because the LIGO is not suitable for probing other PBH
mass ranges regardless of whether they were caused by
shifted frequency regions or reduced magnitude of GW
radiation.

Recently, the Laser Interferometer Space Antenna
(LISA), which targets a much lower frequency regime,

was approved [29]. One major scientific goal of the LISA
is to measure GWs produced by the merger of a super-
massive BH (SMBH) and a compact object (CO), such
as a neutron star, white dwarf, or BH. Such mergers are
referred to as extreme mass ratio inspirals(EMRIs). In
EMRIs [30], GW frequencies are mainly determined by
SMBH mass, independent of CO mass. In contrast to
the more limited scope of the LIGO, we could poten-
tially access a vast mass range of PBHs, lying outside
the mass window of astrophysical COs. Observing such
events may lead to the discovery of PBHs. Moreover, the
DM profile peaks at the center of a galaxy, indicating
a high number density of PBHs near an SMBH serving
as the DM candidate. This may induce a considerable
EMRI rate caused by PBH-SMBH mergers, and allow
the PBH densities to be ascertained.

Motivated by aforementioned considerations, we per-
formed the first solid study on event rate estimation for
PBH-SMBH mergers for different LISA-like experiments.
The event rate is calculated by combining the PBH-DM
halo profile, GW strain and detection, and the intrin-
sic EMRI rate for a PBH-SMBH, where the last ele-
ment is critical because it rescales CO masses on the
basis of the SMBH-stellar BH EMRI rate from numer-
ical simulations. By combining all the results, we ob-
tained the first expected sensitivity curve of the PBH
energy density fraction of DM (fppy) for different LISA-
like experiments, which represents a strong physics mo-
tivation for conducting experiments to seek PBHs. Our
results indicate that not only could sensitivity to fppn
reach 1073 — 10~*, which is superior to the sensitivity
of gravitational lensing, but also could the probed PBH
masses be smaller than the astrophysical CO mass win-
dow, which provides opportunities for PBH discovery.

Components of EMRI Rate Calculation. EMRI has
been thoroughly studied in the context of astrophysics.
The event rate observed using a GW detector can be



written as,

= / R(M, 1) (WdM) (p(s, 2)ds) (‘Z‘f dz) )

R(M, ) is the intrinsic EMRI rate in a galaxy host-
ing a SMBH with mass M. The mass of the CO is
. dn(M, z)/dM and p(s, z) are the mass spectrum and
spin s distribution of the SMBHs, respectively. We can
remove the redshift z-dependence since we late times
are our only concern. According to the poplIl model
[31], most of the SMBHs in the LISA range (i.e., M <
107 M) are expected to have near maximal spins. Fur-
thermore, different spin distributions change the EMRI
rates by less than 10% [32]. Thus, we simply set s =
0.999. (dd‘f dz) is the comoving volume integral. The
sensitivity of an experiment imposes a maximum 2, Zmaq,
as a function of (M, s, u).

In subsequent sections, we describe the components
necessary for calculating Eq.. Subsequently we com-
bine these components to ascertain the event rates for
various GW detectors.

DM Halo Profile. EMRIs are mainly produced by COs
within the radius of influence of an SMBH [33],
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In the preceding equation, ¢ is the velocity dispersion
in the bulge that is related to M [34H36]. Because r
is O(pc), the EMRI rate is sensitive to the DM energy
density in the innermost region. Although collisionless
cold DM demonstrates a cuspy profile [37H40], a cored
profile may be obtained if other effects, such as bary-
onic feedback, are included [41]. Furthermore, under the
assumption of adiabatic growth of SMBHs, a spike can
be induced [42, [43] and is more pronounced for a Kerr
SMBH [44]. Ref. [25] studied the PBH-PBH merger rate
in the case of a spike connected to the Navarro-Frenk-
White(NFW) profile.

In this letter, we use a vanilla NFW profile [38, B9];
cored (spiky) profiles lead to smaller (larger) PBH-PBH
merger. The NFW profile can be parametrized as

Ps
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where p, and Ry are the characteristic density and scale
radius, respectively. The enclosed mass within a radius
Ris 4mpsR3g(c), where ¢ = R/Rs and g(x) = In(1+z) —
x/(1+z). A cutoff radius is conventionally defined such
that the enclosed average DM energy density is 200 times
the critical density of the universe p., yielding

Mo ]1/3
s = 5 cy Rs N . 4
p 3 9(0200)p [47TP59(C200) @

At small redshift, the concentration-mass relation [45]
indicates
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Here, h = 0.677 is the Hubble parameter measured by
Plank. Because Eq. holds only at a small z, we
truncate our calculation at a maximal distance, z < 1
(ro < 3.5Gpc).

Finally, Msgy and M can be related as [46],

M a3 M200 1.65 (6)
3x 105Mg 0\ 10120, '

Therefore, the DM halo profile can be expressed as a sim-
ple function of the SMBH mass. Accordingly, the total
DM mass within rj, is approximately 1072 the SMBH
mass, which is a small perturbation.

Here we want to emphasize that the number of PBHs
with mass larger than O(1Mg) in galaxies with lighter
SMBHs may be smaller than one within 7. In this case,
one should take our estimation based on NFW profile
in a statistical manner. When estimating event rate, we
will perform the integration on many galaxies. In the
parameter region of interest, the PBH number is never
too small in a galaxy. This makes our estimation based
on NFW profile remain solid

Gravitational Wave Strain and Signal-to-Noise
Ratio. Modeling GW emission from an EMRI system
is nontrivial. Several formalisms have been studied. The
analytic kludge (AK) model [47, [48] is computationally
less expensive than the numerical kludge model [49] 50].
Within the AK formalism, the two approximations are
labeled AKK and AKS, which give optimistic and con-
servative estimates of the SNR, characterizing the uncer-
tainties. GW emission can be estimated for circular and
equatorial EMRIs by using the Teukolsky equation [5I-
53], which was used in [54] to estimate the EMRI rate
for the LISA. The obtained result consistently falls be-
tween those from AKK and AKS [32]; even the orbits
of the EMRIs generically exhibit moderate eccentricity
and are inclined. Moreover, the results obtained by us-
ing three methods are very close to each other for smaller
SMBHs [32], as we illustrate in a subsequent section, and
provide the predominate event rates. Therefore, we em-
ploy the circular orbit approximation to calculate GW
radiation emission.
The characteristic strain for harmonics m is [53],

5 771/2M A1
hei = QY5 ,
T Veer e N
ho 5(m + 1)(m + 2)(2m + 1)lm2m n'/2 )M
oA\ 12n(m - D [2mm!2m + D2 1,

xQEm=5/6y o om>2. (7)
Here, n = u/M and r, is the distance to Earth, the di-
mensionless orbital angular velocity Q = MQ = 1/(7/2+
s) determines the GW frequency f, where 7 = r/M with
r as the Boyer-Lindquist radial coordinates of the orbit.
He,m is the relativistic correction [53].

The maximal frequency fnax Occurs at the innermost
stable circular orbit (ISCO) at radius r15co, which is a
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FIG. 1: Characteristic strain h. 2 is plotted for different PBH
mass p selections. The SMBH has a mass and spin of 10° M,
and 0.999, respectively. The distance to Earth is taken to
be 1Gpc. The dots indicate the remaining time before the
merger. The sensitivities of various proposed experiments,
hn(f), are also presented.

function of M and a [55]. In Fig. [I| we present h. o
with different choices of p. The experimental sensitiv-
ity is quantified by hy,(fin) = /[ Sn(fm), where S, (fim)
is the one-sided noise power spectral density [56]. The
detectors include the LISA with the optimistic config-
uration(C1) [57], the Taiji [58] and TianQin [59] pro-
grams, Big Bang Observer (BBO), DECi-hertz Interfer-
ometer Gravitational wave Observatory (DECIGO) and
Ultimate-DECIGO(UDECIGO) [60] [80].

A qualitative comparison between the LISA and LIGO
is enlightening. Although the LISA and LIGO exhibit
their optimal sensitivities at different frequency regimes,
the h,, values of the LISA and LIGO are comparable. At
approximately risco, he scales as /M. The events us-
ing the LIGO have masses of O(10) Mg. At the same dis-
tance, a similar order of magnitude of h. can be achieved
if 4 is approximately 1073My when M is approximately
10°M,. This indicates that LISA-like GW detectors have
potential to probe light PBHs.

A GW signal can be detected only when the SNR ex-
ceeds a certain threshold. The SNR can be calculated
as

SNRQZ';\S;:Z/[WFMDJCW (8)

m

where S and N are the signal and noise, respectively,
obtained though matched filtering [56]. A widely adopted
threshold is SNR > 15.

Although slow inspirals may be long-lasting (e.g.,
O(Gyr)). LISA-like GW detectors can only operate at
timescales of O(yr). The GW frequency achieves its max-
imal value fq: when r is approximately rigco, after
which the inspiral stops and the plunge occurs. Only a
finite frequency window near the maximal frequency can
be recorded during the operation of an experiment. A
truncation must accordingly be imposed in Eq.. The

total time remaining before the plunge is [563, [61]
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where T is the general relativistic correction [53]. Setting
T to the operating time yields fy,in.

For light PBHs, the frequency variation can be tiny on
timescales of O(yr). Within this limit, Af/f ~ p/M?2.
For a fixed u, a smaller M provides a larger integral range
during the calculation of SNR. For each EMRI, the SNR
imposes an upper limit on redshift. Thus, the limit of
the spatial integral is set as zmax = Min(z|sNr=15, 1)

Intrinsic EMRI Rate for PBH-SMBH. The intrin-
sic EMRI rate can be calculated by solving the Fokker-
Planck equation, which describes the diffusion of CO dis-
tribution functions. This Fokker-Planck equation can be
conveniently written in a dimensionless form [62], and
this procedure is an efficient method for studying the
EMRI intrinsic rate of arbitrary masses. Therefore, the
results for standard EMRIs can be extrapolated due to
the bigger range of masses for many of the PBHs. Here
we follow [63] and present an analytical formula to scale
R for stellar BHs on the basis of PBH properties.

The SMBH-stellar BH intrinsic EMRI rate has been
studied in [62] [64, [65]. The mass and number density of
stellar BHs are taken, respectively, as 10M and 0.1%
of an astrophysical object’s number density within 7y,
therefore, the number density of PBH is related to the
SMBH mass as [62]

( M —-1/2
N = 40 pC73 <3><106]\4®) (10)

The intrinsic EMRI rate scales with respect to M as [54],

62]
M -0.15
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Subsequently, we study how Eq. scales as a function
of PBH number density and mass.
First, rescaling the PBH number density with respect
to that of stellar BHs is straightforward,

pnrw (M, (M) /1
nBH(M) )

When p = 10Mg and M = 10°Mg, G is O(1).

A CO changes its orbit through one of two processes: 1)
gravitational scattering with another CO object; i) en-
ergy loss through GW radiation. If an SMBH-CO merger
is induced by GW radiation after many orbits, a slow in-
spiral results. For a slow inspiral to be detected using
GW detectors, the orbit of the slow inspirals should not
be disrupted by gravitational scattering, which is simply
a redistribution in the phase space. Competition between
the times scales associated with ¢) and 47) can be used to
set the criteria for a detectable EMRI [R1].

G(M, ) = freu (12)



The time scale associated with the scattering of a PBH
to the orbit of a slow inspiral is a function of relaxation
time ¢ at r,. The relaxation time is determined by the
species with the largest mfm—7 where m; and n; are the
mass and number density, respectively, of each species
[66]. Thus, PBH relaxation is determined on the basis
of the distributions of main-sequence stars (MSs) [62],
virtually independent of p.

The angular momentum relaxation time is

ts(J,a) =ty {Jm‘](a)} : (:;)p . (13)

Here, a is the semimajor axis of an orbit, and J,,(a) =
v Ma is the maximal (circular) angular momentum for a
specific energy. p describes the spatial profile of the MSs
(i.e., nyg ~ r—3/27P),

Subsequently, we estimate the timescale of a slow inspi-
ral. The energy carried away by gravitational radiation
per period is expressed as follows [47 [63]:

AE = E (i) - (14)

with

8bm 1

B =2 K.
1= 3218

Jie = 4M. (15)
Note that they are defined in units of p.

For a high eccentricity orbit, periapse remains approx-
imately a constant, and the time for a CO with initial
specific energy €y to finish the inspiral is

° de 2nvMa .
= ~ ~ . 1
fo / dejat = A F (16)

0

Ensuring that the slow inspiral can continue without
being disrupted by further scatterings is vital. A critical
value of a is defined as to(Jje, ac)/ty(Jic,ac) = 1. A CO
is likely to fall into an SMBH without disruptions with
a < a., where

(1) ;d62<8f ﬂfh) o

Th Th s

The intrinsic EMRI rate for PBHs with arbitrary
mass can be estimated using the analytic solution of the
Fokker-Planck equation [63],

’I’LPBH(’I"h) <%>3/22p
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where nppp(a) is the PBH number density at a [82]. p
ranges from 0 to 0.25, where 0 indicates a great likeli-
hood [65], [67HG9].

PBH Constraints. Finally, the SMBH mass spectrum
has been given in [31], 2],

dn M —03
) Mpe®, (19
din M 3><106M@> pe,  (19)

with 10*Ms < M < 107Mg. The expected observable
PBH-SMBH EMRI rate can be converted into the sensi-
tivity to the PBH energy density fraction of DM, fppg.

Immediately after observation, the information on
the system can be extracted using a detailed waveform
[32, [48]. In particular, u can be measured by analyzing
the orbit’s time-dependence. Stellar BHs have masses
from 5 to several tens of Mg [70]. If PBHs are within
the same mass regime (e.g., motivated in [71]), stellar
BHs may behave as a background in PBH search pro-
cesses. Similarly, neutron stars and white dwarfs may
contribute to the PBH-SMBH background. The mass of
white dwarfs (neutron stars) is unlikely to be inferior to
0.6 Mg (1 Mg). If PBHs are substantially lighter than
such astrophysical COs, the background is free, and the
observation of one event may be sufficient for declaring
discovery.

In Fig. 2l we present the value of fppy yielding one
PBH-SMBH EMRI with an SNR of > 15 during a 5-year
experiment conducted using various GW detectors. The
dark gray region starts at 3 Mg, for the stellar BH back-
ground. From 0.3 Mg, white dwarfs and neutron stars
become important, labeled in light gray. We stop our
calculation at p = 102Mg so that the EMRI remains a
reasonable approximation. The existing constraints on
feeu are included. LISA-like GW experiments have fa-
vorable potential for probing the unexplored parameter
space.

Several essential features of this sensitivity curve in-
clude the following:

i). When p is not excessively small and a sufficiently
sensitive GW detector is applied, all EMRIs occuring
within z = 1 can be observed. When p = 0, the in-
trinsic EMRI rate Rppu (M, 1) is independent of p. This
explains the flatness of the fppy curves in the large u
regime. When p is lowered, not all EMRIs exceed the
SNR threshold. This produces the turning point that is
determined on the basis of the detector sensitivity.

ii). As discussed following Eq.@, for a fixed u, a
smaller M yields a larger Af/f during the calculation of
the SNR (i.e. Af/f ~ 1/M?). Although the GW strain
scales as h. ~ /M, a superior SNR can be achieved
for lighter SMBHs assuming h,, is the same. The SMBH
mass distribution also increases when M decreases, which
indicates that a GW experiment may possess superior
sensitivity for lighter PBHs if its optimal frequency re-
gion is higher. This explains why the reach of the
DECi-Hertz Interferometer Gravitational wave Observa-
tory (DECIGO) is comparable to that of Big Bang Ob-
server (BBO) with inferior sensitivity in lower frequency
regions.

In Fig. 2] we also present the reach limit with a differ-
ent p, shown as the dashed curve for the LISA(C1). For

= (0.005 (
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FIG. 2: The value of fppu(u) yielding one observable PBH-
SMBH EMRI event during a 5-year experiment. The solid
lines are for p = 0. The dashed red line corresponds to the
LISA C1 sensitivity associated with p = 0.25. The microlens-
ing constraint, HSC-M31, is from [7]. Other constraints are
from [2] [72]. The regions where 0.3Mgy < p < 3Mp and
3Ms < p < 100Mg are shaded for possible background from
neutron stars (white dwarfs) |73}, [74] and stellar BHs, respec-
tively.

p # 0, the intrinsic EMRI rate depends non-trivially on
. When p is positive, the reach improves for a lighter
PBH. p is related to the spatial distribution of the MS
that controls the relaxation time. It also affects the
EMRI rate of merging SMBHs and ordinary astrophysi-
cal COs, the observation of which can help to reduce the
uncertainty in our PBH-SMBH rate calculation.

Discussion. In this letter, we explore the possibility of
using LISA-like GW detectors to seek PBH-SMBH EMRI
events. The frequency of GWs is determined on the basis
of the SMBH mass. A vast range of PBH masses can be
probed. In particular, a BH much lighter than 0.3 Mg
is not expected from astrophysics. Detection of such a
SMBH-PBH merger outside the astrophysical CO mass
window would be particularly vital in PBH search pro-
cesses.

Our analysis investigates, for the first time, a PBH-
as-DM scenario by using LISA-like GW detectors, thus,
connecting astronomy to GW and DM physics. The
sensitivity to fppm in certain mass regimes may reach
1073 — 104, substantially superior to existing sensitiv-
ity. Our results could be considerably improved with
better knowledge from those interdisciplinary areas. For
example, we truncate our calculation at z = 1 because
the validity of astrophysical empirical relations, such as
Eq. is uncertain at high redshift. With a more thor-
ough understanding, a higher z region could be included,
and a smaller fpgy could be explored. Furthermore, as-
trophysical uncertainties, such as SMBH mass and spin
distributions, would affect the rate estimation. The ob-
servation of EMRI events by astrophysical COs provides

valuable information and feedbacks for our PBH calcula-
tion.

As a final comment, lighter SMBHs may potentially be

more valuable in the search for small-mass PBHs, because
of both the higher number density from the SMBH mass
spectrum and the larger integration range of frequency
in the SNR calculation. This serves as a guideline for
optimizing a light PBH search processes in future LISA-
like GW experiments.
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I. APPENDIX

In this appendix, we provide a back-of-envelop estima-
tion to describe the behavior of the sensitivity curve in
Fig. 2

First, for large enough PBH mass, say 10M, all PBH-
SMBH EMRIs within the cutoff radius 3.5Gpc can be
detected by the GW detectors considered in this paper.
Thus the number of evernts after 5-year operation can be
written as

dn 4w
5yr x /dMg(NL 10Mo)Rastro(M) 77 515

~ 3300, (20)

(3.5Gpc)?

where G is the scale factor introduced in Eq. Rastro
is the intrinsic EMRI rate for a single galaxy defined
in Eq. dn/dIn M is the SMBH mass distribution in
Eq. [19] and the final factor is the volume integral. As-
suming one event detection, this number translates into
a limit fppy ~ 0.0003 and corresponds to the position of
the flat lines in Fig. 2.

As the PBH mass decreases, the GW signal is weak-
ened and the maximum distance(rmax) with SNR > 15
shrinks. When r.« < 3.5Gpc, the number of events is
reduced and the sensitivity curves in Fig. 2 start to turn
up. The location of the turning point depends on the
sensitivity of each detector. Taking LISA as an example,
we can estimate roughly this location with a simplified
input of the GW signals. The GW amplitudes(for the
two polarizations +, x) of a binary with a chirp mass M,



are of order(see e.g., [78])

4 (GM N\ 2/3
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r\ c c
where we have switched to the SI unit by restoring the
factors of G and c. The characteristic strain h. is given

roughly by [53]:
2f2
he =l o\ G T (22)

and df /dt is [78]:

df _ 962 s (GMANT (NP g
dt 5 c? c '

By

With this relatively simple amplitude input, one can eas-
ily find thecritical mass of PBH, below which 7,y starts
to become smaller than 3.5Gpc. For a generic choice
of SMBH mass, M = 10°M, we find this occurs at
1= 0.03M given LISA’s sensitivity. This result is con-
sistent with the turning point in Fig. 2. The similar
analysis can be applied to other GW detectors.
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