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It is well known that the source-free Maxwell equations are invariant under electric-
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I. INTRODUCTION

Symmetries play an important role in many areas of science. They are widely considered as
guiding principles for constructing physical theories, and their connection with conservation laws
found by Noether one century ago [1] is a cornerstone of modern physics. An interesting example
is given by Maxwell’s theory of electrodynamics, whose invariance under Poincaré transformations
leads to conservation of energy, linear and angular momentum. (The invariance extends in fact
to the full conformal group.) The theory is also invariant under gauge transformations when the
electromagnetic potential is introduced, and when it is coupled to matter fields the symmetry
is related to the conservation of electric charge. Furthermore, in the absence of charges and
currents, this theory enjoys a peculiar symmetry (in four spacetime dimensions). It is a simple
exercise to check that Maxwell’s equations, and also the stress-energy tensor, are invariant under
the ‘exchange’ of the electric and magnetic fields E — B, B — —E, as first noticed in the early
years after the introduction of Maxwell equations. This discrete, Zo operation is commonly known
as a duality transformation. But the invariance of Maxwell’s equations extends to SO(2) rotations
E — E cosf + Bsing, B — B cos — E sin#, of which the duality transformation is just the
particular case with § = 7/2. Although apparently innocuous, this continuous transformation has

revealed in more recent times to have interesting consequences.

In the mid sixties, Calkin pointed out that these transformations leave Maxwell’s action invari-
ant, and identified the associated conserved charge as the difference between the intensity of the
right- and left-handed circularly polarized components of the electromagnetic field [2]. This con-
servation law was studied in more detail by Deser and Teitelboim in [3, 4], and proved to remain
true in curved spacetimes. This quantity is sometimes known as the optical helicity [5], and it
also agrees with the V-Stokes parameter. Henceforth, besides conservation of energy and momen-
tum, the polarization of electromagnetic radiation will be also a constant of motion as long as no

electromagnetic sources are present, courtesy of the symmetry under electric-magnetic rotations.

A natural question now is to analyze whether this symmetry continues to hold in gquantum
electrodynamics. If j4, is the Noether current associated with electric-magnetic rotations, this task
reduces to check if the vacuum expectation value <V“jf)> vanishes. In contrast to the classical
theory, this is a non-trivial calculation, that involves appropriate renormalization of ultraviolet
divergences. It is well-known that quantum fluctuations produce off-shell contributions to physical
quantities that might spoil classical symmetries. When this occurs, we speak of a quantum anomaly

in the theory.



Historically, the issue of quantum anomalies first appeared in the seminal works by Adler, Bell
and Jackiw, as a result of solving the pion decay puzzle [6, 7]. They found that the chiral symmetry
of the action of a massless Dirac field breaks down at the quantum level when the fermionic field
interacts with an electromagnetic background. Namely, they obtained the celebrated chiral or

hg?

— 55 F, F* where jY is the fermionic chiral current, ¥, the field

axial anomaly <V“jj> =

, its dual, and ¢ the charge of the fermion.

strength of the background electromagnetic field, *F u
Soon after, a similar anomaly was found when the massless Dirac field is immersed in a classical
gravitational background [8], [9], [10], (V,.j%) = wz%R;waﬁ *RHeB where Rp is the Riemann
tensor. These discoveries led to an outbreak of interest in anomalies both in quantum field theory
and mathematical physics, leading to further examples and a connection with the well-known
index-theorems in geometric analysis [11-13]. The existence of anomalies has important physical
implications. Besides the prediction of the neutral pion decay rate to two photons, they have
applications in studies of the matter-antimatter asymmetry of the universe, the U(1) and strong
CP problems in QCD, and provide a deeper understanding of the Standard Model via anomaly
cancelation [14]. These cancelations have played a major role in string theories and supergravity
too (for a detailed account see, for instance, [12] and references therein). A decade later of the
discovery of the chiral anomaly, the nature of quantum anomalies was further clarified by Fujikawa,
using the language of path-integrals [15, 16]. He found that the existence of anomalies can also
be understood as the failure of the measure of the path integral to respect the symmetries of the
action. Fujikawa’s arguments provided an alternative and elegant way of computing anomalies.

In this paper, we prove that electric-magnetic rotations are also anomalous, provided the elec-
tromagnetic field propagates in a sufficiently non-trivial spacetime. To meet our goal, we write
Maxwell’s theory in terms of self- and anti self-dual variables, which will make the structure of the
theory significantly more transparent, particularly in the absence of charges and currents. In fact,
in these variables duality rotations look mathematically—and physically—similar to chiral transfor-
mations of massless spin 1/2 Dirac fields, and in this sense our result can be understood as the spin
1 generalization of the fermionic chiral anomaly. We derive our result by using two complementary
methods, namely by directly computing <Vu jg) using the method of heat kernel-renormalization,
and by Fujikawa’s path-integral approach.

This paper is organized as follows. In Sec. II we review the analysis of the classical duality
symmetry in source-free electrodynamics, and derive the associated Noether charge and current.
We do it both in the Lagrangian and Hamiltonian frameworks. In Sec. III we introduce self- and

anti self-dual variables, and emphasize their advantages in the source-free theory. We will show



how Maxwell’s equations can be conveniently written as first order equations, either for fields or
potentials, that are analog to Weyl’s equations for spin 1/2 fields. Sec. IV will derive a first-order
action for Maxwell electrodynamics in self- and anti self-dual variables, which makes the theory
formally analog to Dirac’s theory of massless fermions. Sec. V deals with the quantum theory,
and the derivation of the quantum electromagnetic duality anomaly, by using the two methods
mentioned above. We finally give some concluding remarks in Sec. VI. To alleviate the main text
of the article, we have moved many of the mathematical details and calculations to appendices
A-G.

A shorter version of this work appeared in [17]. Here we provide further details, alternative
avenues of arriving to the final result, and correct some minor errors which translate into a different

numerical factor in the result for <Vu jf)>.

We follow the convention 123 = 1/,/=g and metric signature (+, —, —, —). More specifically,
we follow the (—, —,—) convention of [18]. We restrict to 4-dimensional spacetimes and assume
the Levi-Civita connection. We use Greek indices u, v, «,--- for tensors in curved spacetimes,
while latin indices a,b,c,--- are used for tensors in Minkowski spacetime. Indices I,J, K, ---
or I,J,K,--- refer to tensors in an internal space associated with the spin 1 complex Lorentz
representations. Unless otherwise stated, we assume all fields to be smooth and to have standard

fall-off conditions at infinity. We use units for which ¢ = 1.

II. CLASSICAL THEORY AND ELECTRIC-MAGNETIC ROTATIONS

A. Lagrangian formalism

In this paper we are concerned with free Maxwell’s theory, i.e. electromagnetic fields in the
absence of electric charges and currents, formulated on a globally hyperbolic spacetime (M, g,,,)

with metric tensor g,,,. The classical theory is described by the action

S[A,] = —i/d”‘x\/—_gFWFW (2.1)

where F is a closed two-form (dF = 0) defined in terms of its potential A as F = dA, or more
explicitly, ¥, = V,A, — V, A,. Maxwell’s equations read JA, — V¥V, A, = 0, where V is the
covariant derivative associated with g, and O = ¢"”V,V,. When written in terms of the dual

tensor *F, these equations take the compact form d*F = 0 and, together with dF = 0, make



manifest that the field equations are invariant under electric-magnetic rotations

F — F cosf + *F sin#,

*F — *F cosf — F sinf. (2.2)

For § = m/2 one has the more familiar duality transformation F — *F and *F — —F. If this one-
parameter family of transformations are a true symmetry of the action, then Noether’s analysis
must provide a conserved charge associated to it. We now analyze this problem. Our presentation
simply re-phrases in a manifestly covariant way the results of Ref. [3].

For the transformation (2.2) to be a symmetry, its infinitesimal version (6F = *F §6) must leave
the action invariant or, equivalently, the Lagrangian density £ = —1/4/—¢F,, F*” must change
by a total derivative, 0L = /—g V,h*, for some current h*. This must be true even off-shell, i.e.
when F and *F do not satisfy the equations of motion. In analyzing if this is the case one faces
two issues. On the one hand, since F is a closed two-form (i.e. dF = 0), for the transformation
O0F = *F 06 to be consistent *F must be also closed; but this amounts to say that equations of
motion hold. In other words, the transformation (2.2) can only be consistently defined on-shell.
And secondly, since the usual configuration variables of Maxwell’s action are the vector potential
A rather than the field F, to apply Noether’s techniques we first need to re-write (2.2) in terms of
A. A convenient strategy to deal with these two issues is to define a more general transformation,

that will agree with electric-magnetic rotations only on-shell, as follows
0A, = Z, 00, (2.3)

where Z,, is implicitly defined by dZ = *F + G, and G is a two-form that is subject to the following

conditions, but arbitrary otherwise:

1. G vanishes only when A, satisfies the equations of motion, G|on—shen = 0. This ensures that

dZ ="*F on-shell, and then (2.3) reduces to the usual electric-magnetic transformation.

2. G is not closed, dG # 0—unless the equations of motion hold. This guarantees that *F is
not closed (off-shell).

3. G has zero magnetic part relative to an arbitrary observer, i.e. n¥*G = 0, where n” is a
time-like vector field, and *G is the dual of G. (This condition is equivalent to say that the
electric field relative to the observer satisfies Gauss’s law.)

! This “difficulty” is singular of the second order formalism. If one uses a first order Lagrangian, or a Hamiltonian
formulation, the usual electric-magnetic rotations can be implemented off-shell. This point has been emphasized

in [4], and will be made explicit in the next subsection and in section IV.



Note that Z,, is a non-local functional of A,. However, as discussed in [3], this is not an
impediment to apply Noether’s formalism.

Under the transformation (2.3), we obtain (see Appendix A for more details)
5L = —60 —V;" Y, [AFY — 7, (AZ)™] = V=gV h", (2.4)

confirming that electric-magnetic rotations are a symmetry of source-free Maxwell’s theory. The

conserved Noether current jf) associated with this symmetry is

1 oL 1
= T §A, — b == |AJFY — Z,F" — Z,*GH| 9
b= = v, =3 [ | (2.5)

(we have dropped d6 from the definition of jf)). This current is gauge-dependent. But this is not a

problem either, as long as the associated conserved charge is gauge invariant, which is in fact the

case. When evaluated on-shell (i.e. when G = 0, and therefore dZ = *F)

. 1
Jg|0n—shell = 5 |:A1/ FH — Zy FrL (26)

Now, if we foliate the spacetime using a one parameter family of Cauchy hyper-surfaces ¥;, the

quantity

. 1
Op = /E A, i = =3 /Z S (A, B" — Z,E") | (2.7)

is a conserved charge, in the sense that it is independent of the choice of “leaf” ;. In this
expression, dX3 is the volume element in ¥;, and E# = n,F*” and B* = n,*F"" are the electric
and magnetic parts, respectively, of the electromagnetic tensor field F relative to the foliation
Y. The same expression for (Qp is obtained if jf)\on_sheu is used in place of j‘é in (2.7), and
hence the conserved charge is insensitive to the extension of the transformation done above by the
introduction of G.

One can check, by explicit computation, that Vujg = ~Z,V,F", and therefore V, j‘é =0
when the equations of motion V,F'* = 0 hold. In the quantum theory, however, off-shell con-
tributions of quantum origin may spoil the conservation of the current. The calculation of the
expectation value of Vujg using the formalism derived in this section is complicated, since it
would involve the operator Z,,, which is a (non-local) functional of the configuration variable A,,.2

2 The first term in (2.5) and its quantum aspects have been previously discussed in [19] (see also [20]). However,
this term by itself is not conserved classically (something that cannot be fixed by any gauge transformation), and
in fact its associated “charge” does not generate duality rotations in phase space (see Sec. IIB). Therefore, the
first term in (2.5) alone is not associated with the symmetry under electric-magnetic rotations. The fact that its
vacuum expectation value does not vanish, although of physical interest in its own right, does not really prove
the existence of an anomaly, as claimed in [19]. Other vacuum expectation values of physical interest have been

computed in [21].



This difficulty can be alleviated by working in phase space, since there one can treat Z,, and A,
as independent fields. This motivates the Hamiltonian analysis of the next subsection, and the
use of a first order formalism in the rest of the paper. In particular, in sections III and IV we
will re-derive j% in a first-order Lagrangian formalism using self- anti self-dual variables. This will
make the derivation significantly more transparent. The physical interpretation of Q) p will become

also more clear, and we postpone the discussion until then.

B. Hamiltonian formalism

The Hamiltonian formalism provides a complementary approach to the study of the electric-
magnetic symmetry, and in this subsection we briefly summarize the derivation of (Qp following
this framework. We will restrict here to Minkowski spacetime, since the generalization to curved
geometries using the standard vector potential and electric field as canonical coordinates becomes
cumbersome.

Given an inertial frame in Minkowski spacetime, Maxwell’s Lagrangian (2.1) takes the form

L= / Por— [ dni [(E— VA)? — (V x A)?|, (2.8)
R3 R3 2

where V is the usual three-dimensional derivative operator. Our conventions are A= (A1, A, Ag),

E = (E1, Es, Es), E; = Fy, and E? = E? + E3 + E3. From this, we see that the canonically

oL
5A;
the Lagrangian does not involve A. Then, Ag is a Lagrange multiplier, and from its equation of

conjugate variable of A'is the electric field = E', and the conjugate variable of A vanishes, since
motion one obtains a constraint, the familiar Gauss’ law V-E =0. Then, the canonical phase space
is made of pairs (A(Z), E(Z)), with a symplectic, or Poisson structure given by {A4;(%), B/ (#')} =
5{ §3)(Z — 2). A Legendre transformation produces the Hamiltonian
3. 1 [0 SAVLY =
H= dxi[E H(V x D)2 = Ay (V- B, (2.9)
R3
where we have disregarded a boundary term. In Dirac’s terminology, V-E = 0is a first class
constraint, and it tells us that there is a gauge freedom in the theory, given precisely by the
canonical transformations generated by V-E.

Hamilton’s equations read

A={A H} = —E—-VA4,
E={E,H} =V x (V x A) (2.10)



where Ag(Z) is now interpreted as an arbitrary function without dynamics, and the term propor-
tional to it in the expression for A corresponds precisely to the gauge flow. These six equations,
together with the Gauss constraint, are equivalent to standard Maxwell’s equations (once we define

B=9x 4).

Electric-magnetic rotations in phase space are given by

—

6E =(VxA) =B, bA=—(Vx)'E=Z, (2.11)

where (ﬁx )~!is the inverse of the curl; when acting on traverse fields—such as E—it can be easily
computed by using the relation (6><)_1 = -V 2Vx. The presence of the operator (§><)_1 in
(2.11) makes evident that we are dealing with a transformation that is non-local in space.

Now, the generator of the transformation (2.11) can be easily obtained by computing the sym-
plectic product of (A, E) and (64, 0E):

Qb = Q[(A, B), (64,66 = —% BB 64— A.6F] = % BrlA-B-7.B. (212)
R3 R3

Q@ p is independent of Ap, and by integrating by parts it is easy to show that only the transverse part
of A and Z contribute to Qp; hence it is gauge invariant. It is also straightforward to check that
Qp is indeed the correct generator, since 64 = {ff, Qp} and §F = {E, Q@p} reproduce expressions
(2.11). To finish, one can now check that Qp = {Qp, H} = 0. Therefore, Qp is a constant of
motion. This implies that the canonical transformation generated by Qp is a symmetry of the

theory.

III. ELECTRODYNAMICS IN TERMS OF SELF- AND ANTI SELF-DUAL VARIABLES

Many aspects of Maxwell’s theory in absence of charges and currents become more transparent
when self- and anti self-dual variables are used (see e.g. [22-24]). Some of the advantages of these
variables are well-known and, in particular, they are commonly used in the spinorial formulation
of electrodynamics [25]. For the sake of clarity, we introduce these variables first in Minkowski

spacetime, and extend the formalism later to curved geometries.

A. Minkowski spacetime

The self- and anti self-dual components of of the electromagnetic field are defined as H, =

L

7 (E +iB ). We now enumerate the properties and interesting aspects of these complex variables.



1. Electric-magnetic rotations

The transformation rule of the electric and magnetic fields under electric-magnetic rotations

E — E cosf + B sin0,
B — B cosf — E sind, (3.1)
translates to
. 1 - - -
Hi=—(E+iB)— eT?H.. (3.2)

V2
An ordinary duality transformation E — g, B — —E corresponds to 6 = 7/2. Then, this

operation produces® iﬁi — + ﬁi. It is for this reason that ﬁ+ and H_ are called the self-

and anti self-dual components of the electromagnetic field, respectively.

2. Lorentz transformations

The components of E and B mix with each other under a Lorentz transformation. For

instance, under a boost of velocity v in the z-direction

E= (Ew, By, E,) — [Ez,v (Ey —v B),v (E; +vBy)],
B =

(BxyByaBZ) — [vaw(By—i_vEZ)?’Y(Bz _UEy)]7 (33)

where v = 1/v/1 — v2. This transformation does not correspond to any irreducible represen-
tation of the Lorentz group. However, when E and B are combined into ﬁi, it is easy to

see that the components of Hﬁ_ and H_ no longer mix
Hy = (HY HY, HI) — [Hi,y (HL £ivH),y (HZ FivHY). (3-4)

These are the transformation rules associated with the two irreducible representations of the
Lorentz group for fields of spin s = 1. They are the so-called (0, 1) representation for Hﬁ.,
and the (1,0) one for H_. More generally, for any element of the restricted Lorentz group

SO7(1,3) (rotations + boots), the infinitesimal transformation reads

1
HY — [D(ea)lrs HE = [617 = e ™= J] i, (3.5)

3 It is common to add the imaginary unit i because in that way this operation has real eigenvalues, and it can be

represented by a self-adjoint operator in the quantum theory.
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(upper case latin indices I, J, K, - - - take values from 1 to 3) where é7 is the Kronecker delta,
iE“bI ; are the generators of the (0,1) and (1,0) representations?, and the anti-symmetric
matrix €, = €[4 contains the parameters of the transformation. The use of self- and anti
self-dual fields H; makes more transparent the fact that electrodynamics describes massless

fields of spin s = 1.

. Maxwell’s equations

The equations of motions for E and é,

=
I

V-

o]
I
o

0, V-

V x E —até, V x

oo
I
Q
=
w
=

when written in terms of ﬁi, take the form

—

V'ﬁizo, ﬁxﬁi:ii&gﬁi. (37)
Notice that, in contrast to E and g, the self- and anti self-dual fields are not coupled by the
dynamics. The equations for H_and H + are related by complex conjugation.

Equations (3.7) are linear, and therefore the space of solutions has structure of vector space.

It is spanned by positive- and negative-frequency solutions:

7 o(4 7 d’k 7 ik t—kZ) |7 (7 pilkt—kE)] 2 (7
Hi(t,x):/ 5 [hi(k)e (kt=kZ) L ho (k) eFRD | ey (k) (3.8)
g3 (27)

where k£ = \E!, and hi(E) are complex numbers that indicate the amplitude of the positive
and negative frequency components of a particular solution (the “bar” denotes complex
conjugation). The polarization vectors are given by éy = % (é1 + ié) where é (k) and
ég(E) are two unit-vectors that, together with 12:, form an orthonormal triad of space-like

vectors, with orientation é; x é5 = k.

The explicitly form (3.8) of a generic solution helps to understand the relation between self-
or anti self-duality and helicity in Minkowski spacetime. By paying attention to the way the
electric and magnetic parts (i.e. the real and imaginary parts of H +, respectively) rotate with
respect to the direction of propagation k during the course of time, one finds the following

relation:

4 They satisfy the algebra [izab7i ch] — (nac izbd o 770,d izbc 4 771)d izac _ 77bc izad).
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—ilk t—k-7) ¢+ (k) have positive helicity (that corre-

e Positive-frequency Fourier modes e
sponds to left-handed circular polarization) for self-dual fields, and negative helicity

for anti self-dual fields.

e For negative-frequency modes ¢“(¥ t—k-7) éi(E) the relation is inverse: they have negative
helicity (right-handed circular polarization) for self-dual fields, and positive helicity for

anti self-dual fields.

We see that duality and helicity are closely related concepts in Minkowski spacetime, al-
though the relation is not trivial; one needs to distinguish between self- and anti self-dual
fields and positive and negative frequencies [26]. This is the analog of the familiar relation
between chirality and helicity for massless spin 1/2 fermions. In this sense, duality is the

chirality of photons.

Furthermore, in more general spacetimes where neither Fourier modes nor the notion of
positive and negative frequency are anymore useful, self- or anti self-duality generalizes the
concept of helicity, or handedness of electromagnetic waves.

. Self- and anti self-dual potentials

The constraints V - Hy = 0 allow us to define the potentials AL by:
ﬁi:iiﬁ xﬂi. (39)

It is clear from this definition that the longitudinal part of /L: contains a gauge ambiguity
consisting in adding the divergence of an arbitrary scalar function. Note also that no time

derivatives have been involved in the definition of these potentials.

. Maxwell’s equations for potentials

Substituting (3.9) in the field equations (3.7), produces
+iV x Ay = — 8, Ay + VAL, (3.10)

These equations by themselves are equivalent to Maxwell’s equations. It may be surprising
at first that Maxwell’s theory can be written as first order equations for potentials. The
reason comes from the fact that in—and only in—the source-free theory, in addition to the

standard potential A defined from B = V x ff, Gauss’s law V - E = 0 allows us to define a
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second potential Z , as E=-VxZ. Then, the first order equations

X:ﬁXZ—FﬁAo,

7= -V xAtv2y, (3.11)

are equivalent to Maxwell equations (to see this, take curl and use the relation between
potentials and fields). Therefore, Maxwell’s equations can be written as first order equations
for potentials at the expenses of duplicating the number of potentials. The relation between

the two sets of potentials is AT = %(Aa + i Z,).

. Manifestly Lorentz-covariant equations

The equations (3.7) and (3.10) for fields and potentials can be re-written in a more compact

way as
ab I _ ~ab +
a7’ 0,H, =0, a7’ 0,4, =0. (3.12)

The equations for H_ and A_ are obtained by complex conjugation. In these expressions a?b
are three 4 x 4 matrices, for I = 1,2, 3, and the bar over acfb indicates complex conjugation.
The components of these matrices in an inertial frame can be identified by comparing these

equations with (3.7) and (3.10):

0-1 00 00 -1 0 00 0 -1
b 10 00 b 00 0 —2 b 00 ¢ O
Q= , Qo = , Qg3 = . (313)
0 0 0 2 10 0 O 0 -0 O
00 —0 0z 0 O 1 00 0
These matrices are anti-symmetric (oz?b = oz[lab]), invariant under Lorentz transformations,

and self-dual (i*a%® = a%) —hence a%® is anti self-dual. As mentioned above, the equations

for the potentials can be derived from the equations for the fields. The reverse is also true.
Therefore, either set of equations completely describes the theory. Field equations similar
to acfb(‘)aH JIF = 0 have been written before in [22, 23]; our equations acfbaaH 41_ = 0 are also

equivalent to Maxwell’s equations in spinorial language [25].
. Relation between ﬁi and the field strength F;,
From the field strength F and its dual *F, we define the self- and anti self-dual two-forms

Fi= %(F + i *F), that satisfy ¢*FL = +F,. The relation between the field strength and
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H + is then given by
Fob = ol | F® = at gl (3.14)

These relations imply that one can understand the three a¢ b matrices as a basis for the three-
dimensional complex vector space of self-dual tensors in Minkowski spacetime (see Appendix
B). Then, H: I are simply the components of F?Fb in this basis. Similarly, & _“b provides a basis

for anti self-dual tensors.

On the other hand, by using the relations (3.14), and the fact that the aj-matrices are
constant in spacetime, so they are transparent to derivatives, the field equations « Ib(? H 41_ =0
and & Iba H! =0 can be written as 9,F% = 0 and 9,F% = 0, which are equivalent Maxwell’s

equations in their more standard form.

8. Properties of the acfb matrices

Using the form of the o matrices (3.13), it is straightforward to check that they have the

following properties

e Anti-commutation relations: {ay, oy} =a%; ozbcj +a% ; abCI =07y n*

: : . — .a bce _ _a bc _ +vyac
e Commutation relations: [ar, o] = a% ;a”; —a% ;o = TE .

These properties can be thought as the spin-1 analog of the familiar properties of the Pauli

matrices O'AA

To better understand these properties, and to generalize them to curved spacetimes (see
next section), it is convenient to take a more geometric viewpoint and think about the field
H _{_ as belonging to an abstract complex three-dimensional vector space V, that is support
of a (0, 1) irreducible representation of the Lorentz group. This space is isomorphic to the

space of self-dual tensors I in Minkowski spacetime, and af b provides an isomorphism.

Furthermore, o b equips V with a product hry, the image of the Minkowski metric® hyy =
4 Nab Ned OF cab J , whose value turns out to be h;y = —d;7; in a cartesian frame, and is obviously
invariant under Lorentz transformations in V. This viewpoint makes clearer the analogy
AA (

between the a?” and the Pauli matrices 0/ (recall that O'Z-AA provides an isometry between

spatial vectors and spinors).

5Te., given any two self-dual tensors mFib and (2)Fib7 the isomorphism satisfies mF‘“’ (2)F+ Nac Mod =

O aL O H] 4hry, where DFY = o O HL for i =1,2.
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If Hﬁ_ is an element of the complex vector space V, then H_ is an element of V, the complex
conjugate space. Although naturally isomorphic, these two spaces are different, and from now
on we will use doted indices on elements of V 3 H £ The properties of dcj”b are obtained by
complex conjugating the properties of o/}b written above. The anti-commutation relations are
identical. However, the conjugation changes the commutation relation to [&}, & ;] = _Z“bj j=
where now it is the generator of the (1,0) representation of the Lorentz group that enters in

the equation. Appendix B contains further information about the properties of these tensors.

Second order equations for the potentials A}

We focus on A, since the derivation for A, can be obtained from it by complex conjugation.
The fastest way to obtain the familiar second order differential equation for A7 is to take
time derivative of (3.10), use commutativity between spatial and time derivatives, and then
use again (3.10) to eliminate the first time derivative in favor of the curl. The result can

then be written in covariant form as JAS — 9°0,4;" = 0.

Alternatively, we can use the following argument, that can be straightforwardly generalized
to curved spacetimes. Notice that the equations of motion d‘}b&lA;' = 0, imply that the two-
form O[CLAZE is self-dual. This is because, on the one hand, the anti-symmetry of d‘}b makes
that only the anti-symmetric part of aaA; contributes to the equations and, on the other,

because contraction with d‘}b extracts the anti self-dual component of O[QAZ]'. Therefore,

when the equations of motion hold, A} is the potential of a self dual form, F, = dA,. But
if dA is self-dual, then the identity 8[(185,145 = 0 implies that 8“8[QA;E = 0. These last

equations are obviously equivalent to

OAF — 0°0.AF = 0. (3.15)

Therefore, the self- and anti self-dual potentials AT satisfy the same second order equations

than the ordinary vector potential.

Conserved current and charge

In terms of self- and anti-self dual variables, electric-magnetic rotations take the simple form
HL(z) — T HL(2), AE(z) — T A (2). (3.16)
And the on-shell current (2.6) takes the form

) i - P
]%|on—shell = _5 [H_{. Oé?b Ab - H£ OZCI'Lb AZ_] s (3.17)
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(note that this current is manifestly real). By using the form of the generic solution to the

field equations (3.8), we find that the conserved charge

3k - -
= [ & ‘Oon_soz/ihkz—h_kz 1
Qo= [ A Bl = [ s [Ine B~ In-BE]. (318)

is proportional to the difference in the intensity of the self- and anti-self dual parts of field or,
equivalently, the difference between the right and left circularly polarized components—i.e.
the net helicity. (@ p has dimensions of angular momentum.) For this reason @p is often

called the optical helicity, or V-Stokes parameter.

B. Curved spacetimes

The generalization to curved spacetimes of the formalism just presented follows the strategy
commonly used for Dirac spin 1/2 fields. Namely, one first introduces an orthonormal tetrad field,
or Vierbein, in spacetime e} (). With it, the curved spacetime a;-matices are obtained from the

flat space ones a?b by
oM () = el (z)ey () g’ (3.19)

Furthermore, the Minkowski metric 7, is replaced by g, (2); 1 is used to raise and lower flat-
space indices a, b, ¢, - - -, g, () for indices in the tangent space of the spacetime manifold u,v, 3, - -,
and hyy and h;; for spin 1 indices. The matrices aff” (x) satisfy algebraic properties analog of the

ones derived in Minkowski space
{aras} = a0 +a, o = —hy g"? (3.20)

[oq,on]Ea”VIaVBJ—a”UJaVBI:+E”6U, (3.21)

where TX# % g = eﬁebﬁ +E“b1 7- The extension of the covariant derivative V, is obtained also by
using standard arguments (see e.g. Appendix A of [28]). Namely, the action of V, on indices
I of fields H 41_ € V is uniquely determined by demanding compatibility with the isomorphism
o’ (z), Vgoh”(z) = 0 (see Appendix B2). The result, as one would expect, agrees with the
usual expression for the covariant derivative acting on fields of spin s derived using group-theoretic

methods, particularized to s =1
1
Vi HY = 8ALHJIr - Q(wu)abJrEabIJ Hi ’

v, H! =9,H! - 5 (W)ab “x*LH, (3.22)

¢ This non-coordinate orthonormal basis is defined by g (z) = 7as €fi(z)e(z), with 9. = diag{+1,—1,—1,—1}.

We assume our spacetime to admit such structure globally [27].
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where ¥Y are the generators of the (0, 1) and (1,0) representations of the Lorentz algebra introduced

in the previous section, and (wy,)q is the standard one-form spin-connection
(w) = eLdyey + eley T , (3.23)

with I‘fjﬁ are the Christoffel symbols.

With this in hand, the generalization is straightforward:
1. Maxwell’s equations for the fields
o'V HL =0, &V, H = 0. (3.24)
Note the similarity with Dirac’s equation. The relation between H. and the self- and anti
self-dual parts of the field strength F is given by F = o/ HL and F* = d’;y H JIF With
this, and keeping in mind that Vuafl'(x) = 0, equations (3.24) become VMF’frV =0= VMF‘i",
which is manifestly equivalent to Maxwell’s equations V,F* = 0 by recalling that Fy =

% [F 4 i*F]

2. Potentials Ai
The self- and anti self-dual potentials satisfy the first-order equations:
at"v, AL =0, o'V A, =0. (3.25)

These are equivalent to Maxwell’s equations. This can be easily seen by using the same
argument we did in Minkowski spacetime, namely by noticing that, because of” and 6/1.“/
project on self and anti self-dual forms, respectively, these two equations are simply the
self- and anti self-duality condition for the forms F,, = 2V[uA;r] and F_,, = 2V[HA;],
respectively. This, in turns, implies that the identities dF; = 0, dF_ = 0 are equivalent to

Maxwell’s equations V,FY =0, V,F* =0 (see footnote 17 in appendix C). Additionally,

V,FY =0 is equivalent to the second order equations VuV[MA'i] =

The relation between Aff and HL (before involving any equation of motion) requires of a
foliation of spacetime in spatial Cauchy hyper-surfaces 3, in the same way as the relation
between the electric and magnetic fields and the standard vector potential does. Given the
foliation associated with the definition of of”, A}, and H 4]_ are related by means of the

“curl”:?
HY =iy, Af (3.26)

" Notice that this curl is independent of the connexion V,,, due to the antisymmetry of €’* in p and v. It is useful

to keep this in mind in manipulating expressions involving HL and Af.
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(and similarly for A and H 1 ) where e/#

is a ‘purely spatial’ antisymmetric mixed tensor
(see Appendix B3 for its precise definition). As shown in Appendix C, one can easily see
that if A} is a solution of (3.25), then H! defined by (3.26) satisfies the field equations

(3.24). The reverse is also true.

IV. FIRST ORDER LAGRANGIAN FORMALISM: DIRAC-TYPE FORMULATION

The goal of this section is to write a Lagrangian for electrodynamics in terms of self- and anti
self-dual variables. The similarity of equations (3.24) and (3.25) with Dirac’s equation motivates
us to look for a first order Lagrangian (i.e. linear in time derivatives) and write it in a form that
will make Maxwell’s theory manifestly analog to Dirac’s theory, where the mathematical structures
associated with spin s = 1/2 will be replaced by their s = 1 analogs. This formulation will become

very useful in the study of the electric-magnetic rotations in the quantum theory.

A. First order Lagrangian

Consider the action
1 .
SlAL Al =—3 / d*z\/—g [Hi a" v AY + HE oMV AL (4.1)

The Lagrangian density defined by the integrand differs in a total derivative from the standard
Lagrangian —%\/—g F . F* (after passing from first to second order formalism), thus leading to
the same dynamics. The independent variables in this action are AF, and therefore H 4[_ and H!

are understood as shorthands for i e/#*V , A} and —i elury u A, , respectively. Note that this action

is first-order in time derivatives of AT

. » and second order in spatial derivatives. Extremizing the

action with respect to A} produces the desired equations of motion (see Appendix D for more

details)

% =0 — v, =0, (4.2)
and, as discussed above and proved in Appendix C, these last equations are equivalent to
"V, A; = 0. Similarly, from 52—5; = 0 one obtains d’;'/VHA,Jj =0.

For the computations presented in the next section it is convenient to fix the Lorenz gauge,
vuAi = 0. There is a remarkably simple way of incorporating this condition in the action (4.1).
All we need is to extend the domain of the indices I and I from {1,2,3} to {0,1,2,3}, and define

ap” = ap” = —gM. This is analog to the familiar extension of the Pauli matrices & by adding
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0¥ (the identity), which conmutes with all 0%, i = 1,2, 3. Algebraic properties of the a‘lw—matrices
extended in this way appear in Appendix B 4.

To simplify the notation, we will use the same name for the action and the tensors o'}, although
from now on the index I is understood to run from 0 to 3. The equations of motion still take the

same form

a" v,AL =0, o VA =0, (4.3)

but they now include the Lorenz condition as the equation for I =0 (I = 0)
gV AL =0, 9"V, A, =0. (4.4)

Note that the action depends now on two new variables HY, but they have the sole role of acting
as Lagrange multipliers to enforce Lorenz’s condition.

Inspection of the action (4.1) reveals that, contrary to the standard Maxwell’s Lagrangian,
the Lagrangian density in (4.1) is manifestly invariant, 6L = 0, under electric-magnetic rotations

Al — eT19 AR Tt is now straightforward to derive the Noether’s current from it (see Appendix E)

oL oL

. _ —1/2 i - + I -
]Z)’on—sholl - (_g) / <(5VMT+V6A+V + MT_V(SA_ ,/> ’on—sholl = 5 |:H_ O/WI-AV —H+ CMW}AV
(4.5)
Using the relation between self- and anti self-dual variables, and ordinary variables A, and F**,
it is straightforward to check that this expression agrees with jﬁ]on_shou obtained in section II,

equation (2.6).

B. Dirac-type Lagrangian

The goal of this section is to re-write the action (4.1) (including the Lorenz-gauge fixing term)
in a more convenient form that will make the theory formally similar to Dirac’s theory of spin 1/2
fermions and will facilitate the computations in the next sections.

We first integrate by parts (4.1), so A* and H, appear in a more symmetric form

1 . .
S+, A7) = -5 /d4:17\/—g (HL &V, AY — AT@ NV HE - H oV, A7 — A7 oML
(4.6)

This action can now be written as

S[AT, A7) = —% /d4x\/—_g T iprv v (4.7)
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where we have defined®

AT 0 0 0 ar
H, _ 0 0 —a" 0
\P = ) \P = (A+7H+7A_7H_) Y 5” = Z ° (4'8)
A~ 0 o 0 0
H- —a" 0 0 0

Remark: It is convenient to include in the definition of ¥ an arbitrary parameter ¢~ with di-
mensions of inverse of length multiplying A*, and compensate it by adding a global factor £ to the
action. The action remains invariant, but the replacement A* — ¢~'A* makes all the components
of ¥ and ¥ to have the same dimensions (namely, \/energy/length?’). To simplify the notation,
we will not write £ explicitly, but it should be taken into account in evaluating the dimensions of

expressions containing W and W.

The exact position of the indices in the components of ¥ and ¥ can be easily obtained by
comparing (4.6), (4.7) and (4.8). We have omitted them in the main body of this paper to simplify
the notation, but the details can be found in Appendix F. Equation (4.7) is formally analog to
the action of a Majorana 4-spinor describing a field with zero electric charge, whose lower two
components are complex conjugate from the upper ones.

From the algebraic properties of the extended a-matrices, (B31) and (B33), it is straightforward
to check that g# satisfies the Clifford algebra Cliff(3,1)

{8, 87} = 29"1. (4.9)
We also have that V,8#(xz) = 0. These matrices can therefore be thought of as the spin 1 analog

of the Dirac v* matrices.

We now define the “chiral” matrix

-I 0 00
i o a8 v 26 0 -T0O0
ﬁ5 = Zeaﬁyéﬁ ﬁ ﬁ ﬁ = (410)
: 0 0 T1TO0
0 0 0TI
Some properties can be immediately checked out:

AT A~
8 We could have alternatively defined a couple of fields with two “components”, ( and ) . Physical
H_ H

predictions would be obviously the same, since we are just writing the same theory in different variables. However,

the formal analogy with Dirac’s theory is cleaner if we use the four-“component” object ¥ defined in (4.8).
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Further details and properties can be found in Appendix F.
Although the basic variables in the action are the potentials Aff, at the practical level one can
work by considering ¥ and ¥ as independent fields —note that this is the same as one does when

working with Majorana spinors. The equations of motion take the form

08

530 — VLT =0. (4.12)
They contain four equations, one for each of the four components of ¥. The upper two are the

equations & IV V, A5 =0 and O/IWVMH _{_ = 0. The lower two are complex conjugated equations.

Now, by acting on (4.12) witn (—i3*V,) we obtain a second order equation for U:
(—iB*Va)if V¥ = (8 ) + f1% f) VoV, ¥ = (O + Q) ¥ =0 (4.13)
where we have used (4.9) and defined
QU = %Ma BHIW,, U (4.14)

with
0 0 0
Wau¥ = [Va, V|V = lRa,wp A ! v. (4.15)
2 0 X7 0
0 0 0 —Xxor
where EU’;B = 535% - 5553 is the generator of the (1/2,1/2) (real) representation of the Lorentz
group, while Y77 and ~X% are the generators of the (0,1)&(0,0) and (1,0)&(0, 0) representations,
respectively.

Looking at the expression for W,,¥ we see that it contains real terms, R,,q,%%", as well as
complex ones, Raouqp %97, The real terms come from the action of covariant derivatives on Af.
Since A/ are vectors in spacetime, their covariant derivative includes a connexion associated to
the (1/2,1/2) representation of the Lorentz group.? The complex terms in W, ¥ originate from
the (0,1) and (1,0) representations, to which Hy are associated with.

The Poisson brackets for ¥ and ¥ can be easily derived from the canonical relations {A:[, b7l } =

yié (Z,7'), in an analogous way as usually done for Majorana spinors, with the difference that in the

9 This does not mean, however, that A4 transform according to the (1/2,1/2) representation of the Lorentz group;

they do only up to a gauge transformation [22]. See [29] for a more precise account of this issue.
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situation under consideration in this paper, the Poisson brackets must be promoted to commutation
relations in the quantum theory. If anti-commutators were rather used, one would find the quantum
propagator to violate causality, as expected from the spin-statistics theorem. Therefore, in spite
of the fermion-like appearance of the formulation used in this section, we are describing a theory

of bosons.

1. Axial current

We now describe how the electric-magnetic symmetry and its associated conservation law look
like in the language introduced in this section. By using the chiral matrix 35, the transformation

reads
U — %5y T — Weits (4.16)

Notice that this have the same form as a chiral transformation for fermions. Looking at the form of
B5 in equation (4.10), it is clear that the upper two components of ¥, i.e. (A, H,), represent the
self-dual, or positive chirality part of the field, while the lower two components (A_, H_) contain
the anti self-dual, or the negative chiral part. The Lagrangian density (4.7) is manifestly invariant

under these transformation, and in terms of ¥ the conserved current reads

) 1=
iy = 755 (4.17)
The associated Noether charge is
. 1 =
Qp= | d¥,jp = 1 A OB, (4.18)
Et Et

where dX3 is the volume element of a space-like Cauchy hypersuface 3;. This expression for p

is equivalent to the one obtained in previous sections [see eqn. (2.7)].

V. THE QUANTUM ANOMALY

In this section we analyze whether the classical symmetry under electric-magnetic rotations
persists in the quantum theory. The most direct avenue to meet this goal is to compute the
vacuum expectation value of the divergence V,j%. A non-vanishing result would imply that the
vacuum expectation value of the charge (Qp is not a constant of motion. For the sake of clarity,
we perform the calculation using two different methods. First, we provide a direct computation

of <Vujg>, in which the ultraviolet divergences are identified and subtracted in a covariant and
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self-consistent way, and then we reproduce the same result using Fujikawa’s approach to anomalies

based on path integrals. These two methods illuminate complementary aspects of the calculation.

A. Direct computation

Both jf) and V,, jf) are operators quadratic in fields, and therefore the computation of their

expectation values must include renormalization subtractions to eliminate potential divergences:

(Viiphen = (Vuip) = (Vuip)ad) - (5.1)
In this expression, (V1)) Ad(4) indicate renormalization terms of fourth adiabatic order that we
will compute using the DeWitt-Schwinger asymptotic expansion. More precisely, this renormal-
ization scheme works by writing (V,j5) in terms of the Feymann two-point function S(z,2’) =
—i(T¥(x)¥ (")), and then by replacing it by [S(z,z') — S(x,2’) aq(a)], Where S(z,2") aq(4) denotes
the DeWitt-Schwinger subtractions up to fourth adiabatic order, and then taking the limit x — 2.
A convenient way to regularize potential infrared divergences is by introducing a parameter
s > 0 in the theory (that will be send to zero at the end of the calculation) replacing the wave
equation DW = 0 by (D+s)¥ = 0, where D = i*V,, [30]. With all this:
[U(@)D 5 W(w) — ()5 DV (a)]

—1

V(o) =V, | {00 0| = 7

— lim — sU(z)B5¥(2") = lim - s Tr[Bs U (z)W¥ (2], (5.2)
50, 2 50, 2
T—T T—T
where we have used {8*, 35} = 0. If we now make a choice of vacuum state |0), we obtain'’
1
N R T + /
(Vuip) = llg%)/ 5 sTr [55 S(x,x ,s)} . (5.3)
T—T

The renormalized expectation value is then given by

. .1
(Vidlohen = lim = sTr|Bs (S(z.a',5) = S(@. 2", $)aa ) |- (5.4)
z—x’

In this expression, S(x,z’,s) contains the information about the vacuum state, while the role of
S(x,2',s) Ad(4) 18 to remove the potential ultra-violet divergences, which are the same for all vacua.
It is convenient to write S(z,2’,8)aq) = [(D — s)G (2,2, 5)]yqu) (D acts on the z-argument),

where!!

RAY?(z, 2 o(z.2)
Gla,a,5) ~ PELT) ZEkww / dr e 275 () (k-2) (5.5)

19 We choose z° > z° without loss of generality, so that TW(z)¥(z’) = ¥(z)¥(z').
11 This expression for G(z,z’, $)ad(a) is obtained by writing G(x, ', s)aq first in terms of its heat kernel K(r,z,z"),

oo —i M . . .
G(z,x',8)aa = ihAY?(z,2") Jo dre i (rs® 4+ 252 ) K(r,z,2'), and then by using the asymptotic expansion
K(r,z,x) ~ 5 S o (i7)" 72 By () for 7 — 0 . See e.g. [31] for further details.
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where o (z, ') is half of the geodesic distance square between x and z’, A'/2(z,2') is the Van Vleck-
Morette determinant, and the functions Ej(z, ") are the DeWitt coefficients, which are geometric
quantities, built from the metric and its first 2k derivatives. We will only need the value of these

coefficients when = = 2’. For manifolds without boundary they are [31, 32]

E(](ﬂj‘):]l,
1
El(l’)zéRH—Q,
1 1 1 1
E _ | p2_ - V;u/ — R, Voaﬁ/u/__lj I
2() = | 5 B = oy B B + g Ragu R 301

1 1 1 1
— W, WH + -0 - —~RQ + -0
+ 15 W +2Q 5 Q+6 Q,

where the expression for W, = [V, V,] and Q(x) were given in (4.15) and (4.14), respectively.
R, R, and Rqg,, are the Ricci scalar, Ricci tensor, and Riemann curvature tensor.

Because of the symmetry of the classical action, the contribution of S(z,2’, s) to (5.4) vanishes
for all choices of vacuum state. Therefore, <Vujj§>ren arises entirely from the subtraction terms,
S(x,2',5)adq(a)- This implies that (Vi )ven 18 independent of the choice of vacuum. Notice that
the same occurs in the calculation of other anomalies, such as the fermionic chiral anomaly or the
trace anomaly.

It turns our that only the terms with £ = 2 in (5.5) produce a non-vanishing contribution.
Furthermore, we do not need to consider terms involving derivatives of Ey(z,2’), since they involve

five derivatives of the metric and hence are of fifth adiabatic order. Taking into account that
1
Tr[B5E2(x, LE))] =1 g Raﬁuu *Raﬁ,uu (56)

where * RO — %eaﬁ"pRJp“ ” is the dual of the Riemann tensor, equation (5.4) produces:

h

PR s gat 5.7
9672 T sH (5.7)

(vujg>ren —

Appendix G contains details of the intermediate steps in this computation. A few comments are

in order now:

1. This result reveals that quantum fluctuations spoil the conservation of the axial current j’L’;,

and break the classical symmetry under electric-magnetic (or chiral) transformations.

2. The pseudo-scalar Rp,. *ROPEY i known as the Chern-Pontryagin density (its integral

across the entire spacetime manifold is the Chern-Pontryagin invariant).
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3. It is important to notice the parallelism with the chiral anomaly for spin 1/2 fermions. The
computations in that case would be very similar, except that one would have to use structures
associated with spin 1/2 fields, rather than spin 1. That would change only the numerical
coefficient in (5.7).

B. Path integral formalism

The functional integral for the theory under consideration is'?

Z = /qu D ¢i/h S (5.8)

The strategy of Fujikawa’s approach to the computation of anomalies using path integrals is
the following. The generating functional Z is invariant under the replacement (¥, W) — (¥’ =
P00 ' = Wets9) | since this is just a change of variables and the path integral remains invariant
under such a change. However, the two components of the integrand, the measure and the action,
could change under the transformation. Noether’s theorem—in the version in which one considers
the parameter of the transformation #(x) to be a spacetime function of compact support—tells us
that 65 = — fd4a;\/—_g (x) V,j%. On the other hand, the integral measure DW¥ DV could change
by a non-trivial Jacobian, DV DW — J DW’ DW’. Then, the invariance of Z implies that these two
changes must compesnate each other, i.e. J-e~ "/ h [ d*xv/=g0(x) (Vuib) must be equal to one. From
this we see that quantum anomalies appear for those classical symmetries that do not leave the
measure of the path integral invariant, i.e. J # 1. The value of (V, jf)> can then be determined
from J. The goal of this section is to compute these quantities.

The Jacobian J can be determined by using standard functional analysis techniques applied
to the wave operator D?, where D = BV . Consider the space of square-integrable fields W(x)
with respect to the product (U1, ¥s) = a [d*z\/—g \If]; Uy, (see Appendix F for further details,
particularly the discussion around expressions (F8)), and a > 0 is an arbitrary real parameter with
dimensions of inverse of action.'® It terms of the original variables Ay and H., the norm of ¥(x)
reads (¥, V) = o [diazy/—g[2|A4+ >+ 2 |H4 ] > 0.

It is easy to check that the operator D? is self-adjoint with respect to the product (Ui, ¥s).
The self-adjointness of D? guarantees the existence of an orthonormal basis {¥,,} made of eigen-
functions, D?W,, = A2 ¥,,. We will denote by a, the components of a vector ¥ in this basis.

12 As usual, the inclusion of the Lorentz gauge introduces two ghost scalar fields. These fields do contribute to certain
observables, such as the trace anomaly. However, one can check explicitly that they do not affect the computation

of (Vujh). It is for this reason that we have not written their contribution to the path integral.
13 Tt is introduced in order to make the product dimensionless and, although o = A~' would be a natural choice, we

leave it unspecified to make manifest that physical observables are independent of it; it cancels out in intermediate

steps.
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An electric-magnetic rotation ¥ — U/ = €% ¥ can be now expressed as a change of the com-
ponents a, — a, = > Cpm G, With Cpp, = (U,,,e"%% ¥, ). With this, the Jacobian of the

transformation reads
DU DV — JDU DV | with J=(detC)? =2 TrnCl = 22, (Vn,550¥n) (5.9)
Then, the invariance of the path integral implies that, quantum mechanically

<vujg>ren =2ha Z \i’n BS\I/n . (510)

n=0
To evaluate this expression we use again the heat kernel approach. The kernel of the equation,

D%V =0 is [31]14

K(r,z,2') = —4@2 e_”)‘%\lfn(x) U, (z") (5.11)
n=0
Then
(V7Y ven = —Lh lim Tr [Bs K (7, 2, 2)] = i Te[Bs Fa] = — —— g * RO . (5.12)
pIpiren = -l L = 3277 062 s

where in the second equality we have used the expansion of K(7,z,2’) for 7 — 0, written in

Footnote 11, and in the last equality we have used (5.6).

Remark: Recall that the path integral produces transition amplitudes for time-ordered prod-
ucts of operators between the “in” and “out” vacuum. However, the result for <Vujg>ren comes
entirely from the asymptotic terms in the heat kernel, which are the same for all vacua. Therefore,

the result (5.12) agrees with the expectation value of V,, jf) in any vacuum state.

VI. CONCLUSIONS

The apparently trivial invariance of the source-free Maxwell’s equations under duality trans-
formations F,, — *F L has interesting physical consequences. This mapping can be extended to

a continuous ‘rotation’ F,, — cos0F,, +sinf*F  , which can be proven to be a symmetry of

N
Maxwell’s action both in flat and curved spacetimes. Noether’s theorem provides then the exis-

tence of a conserved current and the associated constant of motion, which describes the polarization

state of electromagnetic radiation. The main goal of this paper was to show that this conservation

1 The factor —4 appears as a consequence of the fact that the pair of spinor fields that are canonically conjugated

are ¥ and U —and not ¥ and % = —%\I/.
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law does not survive the quantization in curved spacetimes, and an anomaly arises in the form of

(5.12).

To meet our goal, we have re-written Maxwell’s theory by using self- and anti-self dual variables.
These fields transform under irreducible representations of the Lorentz group, and describe the two
chiral sectors of the theory. In this language, Maxwell’s electric-magnetic rotations reduce to an
ordinary chiral transformation, which in the absence of charges and currents becomes a symmetry
of the classical theory. In this sense, our result can be understood as the spin 1 generalization of

the spin 1/2 chiral anomaly.

Although anomalies arise mathematically as a consequence of taming ultraviolet divergences via
regularization and renormalization, they have low-energy implications, as stressed e.g. in [33]. To
give some examples, in two-dimensional spacetimes the trace anomaly implies the Hawking effect
[34], and the fermionic axial anomaly is closely related to the Schwinger pair creation effect [35].
Similarly, the electric-magnetic duality anomaly found in this paper is expected to have interesting
physical applications in astrophysics, cosmology and condensed matter systems. This paper has
been devoted to lay out the details of theoretical formalism underlaying the computation of this
anomaly. A detailed analysis of its physical consequences will be the focus of future publications.
In particular, we expect that gravitational dynamics will be able to produce net circular polariza-
tion on photons through asymmetric creation of right/left quanta. Some preliminary ideas were
summarized in [36], where applications related to gravitational collapse and mergers in astrophysics

were suggested.
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Appendix A: Noether current

We provide here a few more details about the variation of the Lagrangian density (2.4) under
the infinitesimal transformation (2.3). We obtain
oL oL

=54, T N A,

SV, A, = —/—gF"™ N 6 A, = —/—gF"'V 7, . (A1)

The equality *F = dZ + G leads to F = —*dZ —*G. Then *G,,G* = (*F , —dZ,,)(—(*dZ)"" —
FW) =dzZm(*dZ)m — F**F, + 2dZ*F ,,, from which we get

1 1
0L = —V/=g 5 VulAS T = 2,4Z") — £ /=9 Cpu G (A2)

The last term is equal to the product of the electric and magnetic parts of G and, since the
latter vanishes in one frame, *G,, G"” = 0 in any frame. Then £ is the divergence of a current,

0L = \/—g V", which implies that the action remains invariant.

The Noether current is then given by

1 oL 1 ] , (A3)

Hm 7% §A, — W == | AT — Z,2F — 7, (*dZ)"
D= TG0V ,A, 2 (dz)

which agrees with (2.5) after using dZ = *F + G. Acting now with the derivative operator on
(A3), one finds

1
v,u]g = 5 [VMAV*FHV o QVuZV F 927, VuF’“’ o v,uZu (*dZ);w]
1 1
=3 [VMAV*F“” — (F,,, + Gu) P =22, V" = S(°F,, + Gy ) (—F" +*GH)

= —Z,V,F"

(Bianchi identity was used in the first equality) which vanishes on-shell.

Appendix B: The a?b tensor

This appendix contains additional properties of the a?b tensors used in the main body of this

paper. The properties for the tensors dcfb are obtained by complex conjugation.
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1. Definition and properties

Let {t* 2% y*, 2%} be an inertial coordinate frame of contra-variant vectors in 4D Minkowski

spacetime. Consider the following set of complex, antisymmetric tensors

aft = —2 (tlaghl 4 jylagtly, (B1)
agt = —2 (tlagtl 4 g leghly (B2)
ot = —2 (¢l g glagPly (B3)

where the square brackets indicate antisymmetrization of indices. It is straightforward to check

b = z% bcd afd = a?b These three tensors form an orthogonal

that they are self-dual, i.e i*a§
basis in the space of self-dual (complex) tensors in Minkowski spacetime. Given any such tensor

F‘}Fb, we can write it as
P — 1o, (B4)

where H JIF indicate the components of Fff’ in this basis. This last equation can alternatively read
as follows. Let V' be a 3-dimensional complex vector space, made of vectors H 4[_ Let {X1,Y7,Z;1}
be a basis of one-forms in the dual space V*. Equation (B4) tells us that acfb is an isomorphism
between V' and the space of self-dual tensors. An isomorphism can be obtained by identifying

basis:
a“b_aleI—i-a%ij—Fa Z5. (B5)

This isomorphism can be used to endow V with a product hy; = 4 Nab Ned OF <ol J , that in the basis
we started with has components equal to minus the Kronecker delta, —d;;. Spacetime indices
a,b,c,--- are raised and lowered with Minkowski metric 7,3, while “internal” indices I, J, K, - --
are raised and lowered with Ajyy.

We collect here some useful properties of the tensors af b which can be checked by direct

computation:
agpr @™y =4hyy (B6)
) Cear = 4T Papeg (B7)
Qabl dabj =0 (B8)
ayra®y =y — [T8,]% (B9)
In property (B7), T Pupeq = %(Uacﬁbd — NadMbe + T€abed) is the projector on self-dual tensors in

Minkowski spacetime, and [7X;;]" is the generator of the (0,1) representation of the Lorentz
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group, whose explicit form is [*X; J]ab = —iers @K Recall that, according to our sign con-
ventions, we have 1y, = taly — Tay — Yol — 2azp and €?d = —41 tlagbyczd in this basis. On the
other hand, taking the symmetric and antisymmetric parts of (B9) yields the “commutation” and

“anti-commutation” properties of a‘fb:

a[abjac}g — [-l—zac] . (B10)
a(ablac)g — nachIJ (Bll)
In a similar manner, the tensor
~ab — =ab y . ~ab v/ . ~ab r7 .
OZI —al XI+CY2 Y1+a3 ZI’ (B12)

provides an isomorphism between the vector space V, complex conjugated of V, and the space of

anti self-dual tensors in Minkowski spacetime
F® = Hla® . (B13)

The analog of properties of (B6)-(B9) hold, replacing * P by the anti self-dual projector ~ P2,
that is simply the complex conjugated of TP and [*X;;]" by the generator of the (1,0) rep-

resentations [_ i j] “

The generalization to curved spacetimes is straightforward. Given a field of Vierbeins e} (z), i.e.
a field of orthonormal basis of tangent vectors in the spacetime manifold (M, g, ), the o/} tensor

is constructed from the Minkowski space one acfb by

o (z) = el (x)eh (@) . (B14)

a

This makes obvious that the properties (B6)-(B9) generalize to curved spacetimes by simply re-

placing the tensors 7., and €up.q by their counterparts in curved geometries, g, and €,,q3.

2. Covariant derivative operator

In this appendix we provide some details regarding the extension of the action of the covariant
derivative to indices I, J, K, ---.
Recall that the Vierbein e} (z) at a given point of the spacetime manifold (M, g,,,) provides an

isometry between the tangent space at x and Minkowski spacetime. The extension of the action of
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the covariant derivative V,, on “internal” indices a, b, c, ... is obtained by demanding V ,ef(x) = 0.

This defines the connection 1-form w,,

ab _ _a bv v _a_ab
wy, = e 0.’ + T ene”, (B15)

ab [ab]

where ', are the Christoffel symbols. Recall that wzb is antisymmetric, wy’ = wy (as a conse-

o
quence of Vg, = 0). To further extend the action of V,, to the complex vector space V', we follow
the standard strategy. Namely, by linearity the difference between any two possible extensions is

characterized by
(Vu—VuH =-C,;"Hy, HieV*. (B16)

If we chose v“ to be the ordinary derivative associated to a system of coordinates, v“ = Oy, We see
that there are as many derivative operators as mixed tensors Cu IJ . The most natural condition
%

to single out one of them is to demand that V, annihilates the isomorphism oz? x)

0= Vuoz?éﬁ = a“oﬁﬁ —I—Ffjpo/;ﬁ +Fﬁp0z?p -C IJozgﬁ.

I

Using now that ao‘ﬁl(az) = eg‘(az)ebﬁ (z)a®;, together with the properties of %, we obtain from the

previous equation the form of Cu IJ

1 1 1
J J _cb J J b
Cur” = eaOued)agyaf + o7 aTh,00” = Sl [e6(0uel) + Thachel] of
= Qg W’ = éa[‘z a® 1 Whae = §wua [+Zab]1 (B17)

where [T3 ] IJ is the generator of the (0,1) representation of the Lorentz group. Therefore, the

covariant derivative acting on the field H I+ is given by

1
V.H =0,H — §wgb TSl THT (B18)
Using the curved-space version of property (B7), one concludes that the condition Vua?ﬁ =0in
turn leads to the condition Vuozéﬁ = 0 for the dual space, yielding
1
v, HL =9,H — §wgb ["Saw)! JHY . (B19)

Further useful equalities can be found. Looking at property (B6) in curved space, the above
conditions imply that V,h;; = 0. A similar derivation shows that the covariant derivative of
the tensors h!’ or h{] = h!Ehy; also vanishes. Finally, the covariant derivative of the totally
antisymmetric tensors €7y is zero. This is readily seen by noting from (B9) that V“JFE?‘? =

Recalling that [T3; J]aﬁ = —iergr P then one concludes Vuersx = 0.
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By complex-conjugating (B18), we obtain

. . 1 B . .
v, H. =0,H - §wgb[ Sa)’ HY . (B20)

where [T ] I-J is the generator of the (1,0) representation of the Lorentz group. The tensors h; ;,

i , 5§ and €; j; are also annihilated by V.

3. 3+1 spacetime decomposition

A globally hyperbolic spacetime can always be foliated by a one-parameter family of spatial
hypersurfaces ¥;, M ~ R x X; [37]. If we call n* to the unit time-like vector field everywhere
orthogonal to Y, then h,, = g, — nyn, is the induced spatial metric on ;.

We can now use the isomorphism o" defined in (B5) to build the following mixed tensors:

e 4 = n,a!; provides an isomorphism between complex vectors in V' and (spatial) vectors

in the tangent space of ;.

° fyf; = n,a’ VI is similar to the previous map replacing V by its complex conjugated space V.

I.

o =17 ’y[; provides an isomorphism between V and V.

o el .= ~Lp @Bl defines a totally antisymmetric, ‘purely spatial’ tensor with mixed indices.
Vs y antisy , ‘purely sp

From the last definition one can derive an identity that will be useful in later calculations
i2eM = ot — I Al (B21)

As we have already mentioned, o/ provides a one-to-one correspondence between self-dual
tensors F‘fru and elements H JIF € V. We can now also build an isomorphism between self-dual

tensors Fi” and purely spatial vectors in spacetime constructed as H ff_ = n,,F’frV. Indeed:
HY =n,FY =n,o'HL =+ HL . (B22)
From the above definitions, and using (B7) and (B9), one can easily verify the following properties,

WAL = o nafPln, = —nvnf + g% = B7P (B23)

J w J
Vs =a", n,a’” np:a(ylnuap)” np=hry. (B24)
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This shows that 47 provides indeed an isometry between spatial complex vectors in ¥; and elements

of V. Notice that V v} # 0, but the spatial derivative of H JIF satisfies D, H = DrH JIF:

D, HY = W'V H = W'V, (v H) = IV Hf + W™ (VD) HF

=MV, Hf +h"a%, (nya, + Ko )Hf ="V, H; = D/HL, (B25)

where we have used that V,n, = nya, + K5, as is the 4-acceleration of the vector field n,
and K, = K () the extrinsic curvature of the three-dimensional sub-manifold ;. Furthermore,
if D1H4I_ = 0 then Hf_ can be written as the “curl” of a complex potential, Hf_ = ’L'EI’WVuAi_.

Indeed,

DrHL = D HS = iDye®™V A = i " DV, Af =i "'V, YV, Af

x eo"“’RWVﬁAJBr =0, (B26)

where R,,,3 is the Riemann tensor, and we have used (B25), (B22) and (B23).

4. Extended aib and its algebraic properties

This section provides some details regarding the ‘extended of”-tensors’, defined by extending
the range of the index I to run from 0 to 3, and setting aff” = —g”.

We begin defining « in Minkowski spacetime. Let V = V @ C, equipped with a Lorentzian
flat metric 17y, be now our ‘internal’ vector space, where the indices I,J run from 0 to 3. The
complex 3-dimensional vector space V', defined in Appendix B 1, is now a subspace of V. Let ng
denote a unit time-like vector (n; gnint = 1) orthogonal to the V' subspace (i.e. nfm! nry = 0, for
all m? € V). It spans a 1-dimensional vector space. The metric tensor in V can be written as
N1y = niny + hry, where hyy is the metric tensor in V used in appendix B 1. Let X7, Yr, Zr,ny be
an orthonormal basis of V*, the dual space of V, with n; = nryn”’. We define now the ‘extended’

tensor of” by extending expression (B5) as follows

o = X+ a8 Y 4+ a Zp — g, (B27)
Therefore, we have
acfb = a?b hf —nm®, (B28)

where af‘}bh{ (the projection of o/}b on V) is simply the oz‘}b tensor used in the previous subsection,

before extending the range of the indices I, J, K, ---.
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The tensor a% defined in (B27) maps vectors in V to tensors in Minkowski spacetime of the

form
ar: HY — ot HL = F% — HY 5t (B29)

F‘}Fb is an antisymmetric self-dual tensor that in Minkowski spacetime transforms under the (0, 1)
irreducible representation of the Lorentz group, while Hg_ is a scalar function. Thus, the extended
tensors acfb map vectors in V to tensors in Minkowski spacetime that transform under Lorentz
under the (0,1) @ (0,0) representation.

The properties (B6)-(B9) must be replaced by

ac
Y

a cb ac +
a%yr = mnrn* — T My

Qapr ™y = 4dnyy (B30)
aabl Qo] = 4 +Pabcd + nab,’,}cd —4 —Pacbd + nacnbd ’ (B31)
agpr 6% =4nymj (B32)

(B33)

where TM{§ = TX95+2 oﬂthgnJ) = —4+P‘wbd7é’[7§)15 , and 7399 is the generator of the (0,1)®
(0,0) representation of the Lorentz group.!' From (B33), we obtain the commutation and anti-

commutation relations

ol 0 = gl (B34)
0l 0 by (B35)

The generalization of these properties to curved spacetimes is done, again, by using a Vierbein
or orthonormal tetrad el (), to write the relation between the curved spacetime aj-matrices and

the flat spacetime ones
o’ (x) = eli(w)ef () af’ . (B36)

The covariant derivative acting on the extended indices I, J, K,--- can be determined following
the arguments in appendix B 2, but now we demand that V,, annihilates the extended tensor o/”,

Vaof” = 0. The result is what one could expect, namely

1
+ _ + ab + Jrr+
ViH = QuH{ — il TS0 H (B37)
!5 We shall use the same notation for 7% := n,a*"; with the extended alpha tensors, as well as the rest of mixed

tensors in Appendix B 3. Its distinction is clear from the context.
16 Note that we denote the generator of the (0,1) @ (0, 0) representation with the same symbol as the (0, 1) generator

that we used in the previous subsections; the (0,1) @ (0,0) generator has more components than the (0,1) one,
namely the components corresponding to I or J equal 0; but these components are all equal zero, hence we find

appropriate using the same name for the two generators.
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where T3 ab IJ is the generator of the (0,1) @ (0,0) Lorentz-representation. The properties of the

conjugate tensors & abI are obtained in a similar way.

We finish this appendix by deriving a few useful relations. First of all, from (B30) we obtain
V,unry = 0. Second, by acting with g,, V4 on equation (B28), and by using V,of” = 0, we obtain
V,onr = 0 (since 7y = nny + hry, we also conclude that V,hr; = 0). Recalling (B28) again,
this last property implies that the covariant derivative defined in this section also annihilates the

projection of o/} into V, namely V,(af” hg) =0.

Appendix C: Maxwell equations in curved spacetime

This appendix shows the equivalence between the equations of motion for the potentials (3.25)

and the fields (3.24).

First, we show that the equation for the potential d’;VVMAJF,, = 0 implies the equation for
the field of"V,HY = 0. (We focus on self-dual fields, the derivation for anti self-dual fields can
be obtained by complex conjugation.) To prove this, notice first that using the identity (B21),
the equation for the potential implies that 2ie/®? VoAig = ot I VA4, Then, recalling that

H _{ = jelmw VA, we see that when A, satisfies the equations of motion the relation between

the field and the potential can be re-written as H 4[_ = %a‘“’ 1 VA4 ,. Acting now with ng V, we

obtain

1

PVl = 5V, 07 oIV, Ay, = -2 v,vial =0, (C1)

where we have used that —40[‘}” a1 is a projector on self-dual fields and, in the last equality,
that all solutions of &?VVNAJF » = 0 are also solutions of the second-order equations V, V[5A_p£ =0
(remember the discussion below eq. (3.25)).
Next, we want to show the reverse, i.e., starting from O/IWVMH _{_ = 0, we want to show that
there exists a potential A4 ,, related to HL by HL =ie/"'V,A,,, that satisfies @?VVMAJF,, =0.
We begin by noticing that, the identity Vua?ﬁ = 0 allows us to write the field equations as
Vu(of" H 1) = 0. Because o' H 1 is a self-dual tensor, this equation implies that the two-form

defined by Fy,, = au 1H JIF is closed,!” dF; = 0. This allows the introduction of a potential

one-form A ,, Fi = dA. Then, dA, is self-dual; this is to say, the contraction of 54?5 and dA,

17 Notice that for self or anti-self dual two-forms, V,, w"” = 0 if and only if ¥V, *w"” = 0, the latter formula being

equivalent to dw = 0.
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vanishes. But this is precisely the equation of motion we are looking for, 64?‘5 VaoAis =0. It only
remains to prove that H 4[_ and Ay, are related by means of a “curl”. To see this, we notice that
since Fy ,, = aWIHJIF, we have aWIHJIr = 2V[HA+,,}. Multiplying both sides by a produces,
H _{ = %a‘“’ 7 V(uA4y)- Using now the relation (B21) and the equation for A, g, this relation reduces

to Hi = ieJ“”V“A+,,, and this is what we wanted to prove.

Appendix D: Deriving the equations of motion from the first-order action

In this appendix we derive the equation of motion from the first order action, described in
section IV A. We begin with the derivation of equations (4.2) from the action (4.1). Recall that
in this action we have not introduced yet the Lorentz gauge, and the indices I,.J,--- and I,.J,- -
take values 1,2, 3.

From the form of the action (4.1)
1 .
Suldp, A= —3 / d'zy/~g [Hﬂd“’}VuAj + H "V A (D1)

we have

1
0_5Aj_§

—_ v f Z v« —
"V HL 4 Ve A (D2)
We use now the identity (B21) [note that V,e/# # 0] and (B7) to write

. 1 7 ; 1 f
_ i I - Al B - LA VIR v b
0= o/WI-VuH_ + Za“” a” IVMVQAB - §Vuoz‘“’ e I-VQAB - Zoz“” a” iV aAg

N~ N~

Y [ i e - Vi - - 12 eY —
aM v, HL — 5 Vi 1PNV AG + [PV, Vo Ay — [TP™)*PV, VA (D3)
Recalling that H I — el VHA,jf, and using the Bianchi identity ¢ Ry.4. = 0, we get

0

_ it _
a" v, HL + §eﬂmﬁvuvaAB

&V H 4+ 2 Ry AT

"V, H (D4)

Finally, as showed in Appendix C, these equations are equivalent to o/’ V,A; = 0. Similarly, by
differentiating the action with respect to A_ we obtain o/, V , H _{_ = 0, that implies d’;'/V“Aj =0.

Now we derive again the equations of motion, but starting from the action that incorporates
the Lorenz gauge condition. As explained in section IV A, this gauge condition is incorporated
by extending the range of the indices I,.J,--- and I, J,--- to take values 0,1,2, 3, by introducing

Lagrange multipliers H], and defining ap” = —g". In order to take advantage of the calculation
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done a few lines above, we will keep now the indices I,J,--- and I, J, - -+ running from 1 to 3, and

write explicitly the Lorenz-gauge fixing term in the action:

1 .
S[AL,HY)] = -5 / dzty/—g [Hi a" v, Af + HL oMV, A, — HOV, AL — HOV, A2 ] (D5)
Variation with respecto to H{ provides the Lorenz-gauge condition: VAL = 0. Variation with

respecto to A}l yields
68
C0AS

Let’s first focus on the 0-component of this equation with respect to the (arbitrary) space-time

0

1
= A"V, HL — SVH . (D6)

decomposition used to relate Hy and AY. This is done by contracting (D6) with the time-like
vector n,. The term involving H I vanishes (D;H T=0 by construction, see (B26)), and we obtain
n“Vqu = 9;H" = 0. On the other hand, acting with V, on equation (D6) we get OH? = 0;
the term involving ol again vanishes, because d‘I-le,Vqu = 0.8 Now, if both OH? = 0 and
0,H® = 0 hold, then D;D'H® = 0 holds. Choosing that H® vanishes at spatial infinity, one gets
H° = 0. With this, equations (D6) reduce to d’;VVMHf = 0, which are the correct equations of
motion. An identical reasoning can be applied for HS)F. Following now the same arguments as in

Appendix C, we can write the (extended) first-order equations of motion for the potentials as
o'V, A, =0, (D8)

with 1 =0,1,2,3, the 0 component being the Lorentz gauge-fixing.

Appendix E: Deriving the Noether current from the first-order action

In this section we derive the Noether current in first-order formalism by working directly with
the variables A4 and A_ and the action functional (4.1).
The variations of the Lagrangian density £ = L[A, A_] under an infinitesimal electric-magnetic

rotation of the potentials, A4 = Fid0 A4, produes

oc oc
oL =2 sar 2 _5v,AF 1 e
gAr T gw ap et e

1 1
— _§H£5/“’ (—i60)V A — §iel“”apUIVpA;(—i59)VﬂAj + c.c.

I
_ Z‘WH{'@“’}VHA,J; + g

- HL " NV, A7 +ce. =0 (E1)

8 This last formula can be checked as follows:

v [ — v j v 1 (o274 1 v « 1 (o274 1 «
a'V,V,HL =V, V,a"" H =V, V,F" = 5B "FE 4 SRy VFE = S Rua P2 — S Ruo P2 = 0.(D7)
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We find that, unlike in second-order formalism, the duality rotation leaves the Lagrangian invariant.

The Noether current is now constructed as

oL
OV AL
1

2
160 i v 50 ;. . B
= %[Hid” I'Aj - HJIFQM AT+ —?GI“ Afa” V,AT + cc. (E2)

ip =

SAT +cc

: 1
HLaM (—is0) A} — EieI“”ap‘TIVPA;(—i(W)Aj + c.c.

This expressions agrees with the result obtained in section II, eq. (2.5). Note that the last term
in (E2) does not contribute to the associated Noether charge, and is proportional to the equations
of motion, vanishing on-shell. It is not difficult to find that it agrees exactly with the last term in

(2.5).

Appendix F: Definition of ¥ and $* and properties

In this appendix we define the fields ¥ introduced in section IV B, as well as the matrices g*

and S5, and discuss their properties.
Given the complex potentials Af and the self- and antiself-dual fields, H JIF and HL, we define

-

the object

A,
Hl

Note that all the four components of this object are related: A is the complex conjugate of A:[;
HJIr = iel“”VMAj'; o is the conjugated of HJIr Therefore, W is the spin 1 analog of a Majorana
spinor, whose upper and lower components are related by complex conjugation (Majorana fields
represent real spinors with zero electric charge).

If we denote by X the vector space of all ¥, we define now the linear map 5 : X — X by

A H I
« VjH_
_aﬂ IAI/
R =i Y Sl (F2)
17
ozf,‘ H:

Y A+
—ak" Af
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which is well defined for all ¥. In matrix notation

Bl =i ) . (F3)
0 o 0 0

Define now the product of two S as the composite operation, f#35¥ : X — X, defined by
(BPBY)U = pH(BYW). This is linear, and leads to

an’! a? 0 0 0
0  o“lave 0 0
prpY = Y I ' o
po
0 0 o Ay 0
0 0 0 d;.‘aauo;f

Using the properties (B34)-(B35) of the a; matrices, one can easily write the symmetric and anti-
symmetric parts of this expression in p and v, and in particular the symmetric part produces the
anti-commutation relations written in (4.9).

Define the “chiral” matrix 85 as a linear map 85 : X — X by (5 = %ewagﬁ"ﬁ”ﬁaﬁﬁ.
Manipulating this expression we obtain

1

Bs = Jrewap 875157
a[rpm)p [Fpes] 0 0 0
_ L 0 § L) [P 0 0
6 e 0 0 4[~Pm)7 [~ Pof)?, 0
0 0 0 M) K e ]

The tensor TP is the projector on (anti)self-dual tensors defined below (B9), and the tensors
[i M ] were defined below equation (B33). In the above calculation, we have used the self-duality

property, +i* P* = P%. The map f5 has the following properties

g6’ 0 0 0

) 0 Ay, 0 0

B = . ABs, 8"} =0. (F6)
0 0 g% 0
0 0 0 h/

1
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A duality transformation can be implemented by means of the linear operation Ty : X — X, with
Ty = €% 9 c R.
Let X* be now the dual space, the space of linear functionals over X. Given ¥ € X as in (F1),

we define U € X* by

U= (A7 Hf Ay HL). (F7)
The action functional (4.7) is thus a well-defined quantity. To construct a Hilbert space from X,
we need to endow it with an inner product. Note that, while the product YW € C is well-defined,
it does not produce a positive real number. We can define a (positive-definite) inner product as

follows

<\I/1,\I’2> =« /d4x\/ —g @1(5\1/2, (F8)

where « is an arbitrary positive real constant with dimensions of inverse of action (see footnote

13), and 0 : X — X is a linear application defined by

A,
HI
oU = B (F9)
Ay
+
H;
which in matrix notation reads
0 06 0
0 0 0 ~f
§= ! (F10)
& 0 0 0
07 00

(7;; was defined in Appendix B3). This operation is useful since now UsW > 0. By expanding
the fields as in (F7) and (F9) one checks that expression (F8) is real, and in particular (¥, W) =
(W9, Uq). Linearity with second variable is trivial.

The analog of this product for Dirac field is commonly written simply as (U1, Us) = o [ d*z\/—g \I/]; Wy,
where the matrix 6(= 7°) is implicit in Ut = ¥§ to simplify the notation (see e.g. [16]). Note,
however, that the presence of § is required in order to make the operation well-defined regarding

the position of indices. We use the product (F8) in section V B.
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Appendix G: Details in the calculation of the electromagnetic duality anomaly

This appendix provides details of the intermediate steps summarized in section V regarding the

computation of (V,j% )ren. In that section we needed to compute

1
- _ . - !
(Vuip) = ;1_1)13)/ 5 sTr {,@5 S(z,x ,s)} . (G1)
T—T
where S(z,2', 8)aqa) = [(Dz — 8)G(2,2',5)|zq(s), and with the asymptotic expansion in (5.5).

There will be no need of knowing explicitly the asymptotic expansion of AY Y(z,2"), o(x,2'), and
Ex(z,2") in the short distance limit .

We shall show first that the derivative term, D,G(z,z’,s), does not contribute to (V,j5).
From this contribution one only has to consider the £ = 0,1 terms in the sum (5.5), since the
term with k& = 2 is of adiabatic order five. The action of the derivative on G(z,z’,s) produces
three contributions: one that goes with VﬁAI/ 2(z,2"), another with Vio(z, z'), and another with
VﬁEk(x,x’ ). The first two appear multiplied by Tr{8" 5 Ex(z)}, and this quantity vanishes for
both k = 0,1. Regarding the contribution of V}; Ej, (x,2"), it vanishes, because of the limit s — 0.
To see this, notice that for k = 0, 1, the factor Vi Ey(z, x') appears multiplied in the sum (5.5) by

the following contributions, respectively,

> —i(Ts2+—"(;”f')) o & 2
/0 dre (im)? = o + O (G2)
oo . o(z,a’)
/ dTe_Z<TSZ+ 27 >(z7-) = 2ilog s + O(s") (G3)
0

so the limit s — 0 in (G1) vanishes.

We shall show now that the other term contributing to S(x, ', s)aq(a), s G(z,2',5)pq(a), only
provides a non-zero result by means of the k¥ = 2 term in the asymptotic sum (5.5). First notice
that the limit # — 2 can be safely taken. On the other hand, higher values of k in (5.5) provide
contributions of more than 4 derivatives of the metric to S(z,2’, s), so they are of higher adiabatic
order. The k = 0 case vanishes because it is proportional to Tr{85Ey(x)} = Tr{85} = 0. The
k =1 term does not contribute either because its proportional to Tr{35E1(z)} = Tr{85Q}, and?

1
H(ﬁ5 Q) = _2iRMVaB Tr Im["'P/’“’Eag _ Z +M,ul/ —Eaﬁ]
1
= LBy Tr [ )

= —2iR,,17¢"" = 2iR 0,6 0Py, = 0.

19 In this calculation we used the relation T P,peq = —i [Eabcd +1 (*Eab)ch and the Bianchi identity R, age"”*” =0

(several times).
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Then, only remains to calculate the k = 2 term in the asymptotic sum (5.5),

. ih
(Vi) = Wﬁ(ﬁsEz) (G4)
ih 1 1
_ - nv - 2
=357 |1 Tr (85 W WH) + 2Tr(ﬂ5Q )

with W, = [V, V,] given in (4.15) and

—ot pryes 0 0 0
1 ot 1 0 1T M+ 508 0 0
Q‘Ilziﬂ B Wau\ll _§Ruuaﬁ 4
0 0 —2~ pryes 0
0 0 0 5 M —xeh

where Zaﬁ,w is the generator of the (1/2,1/2) representation of the Lorentz group, +EO‘BI 7 is the
generator of the (0,1) & (0,0) representation, and _Eaij of the (1,0) @ (0,0) one, and T Pp.q =

%(nacnbd — NadMbe = T€aped)- A lengthy but straightforward computation produces

Tr(Bs W WH) = —2iR 05" R*° (G5)
Tr(B5 Q%) = iR *R 08 (G6)
With this, we obtain
1
TI‘(55E2) = Zg ijaﬁ *Ruuaﬁ . (G7)
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