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Binary pulsars allow us to carry out precision tests of gravity and have placed stringent bounds
on a broad class of theories beyond general relativity. Current and future radio telescopes, such
as FAST, SKA, and MeerKAT, may find a new astrophysical system, a pulsar orbiting around a
black hole, which will provide us a new source for probing gravity. In this paper, we systematically
study the prospects of testing general relativity with such black hole-pulsar binaries. We begin
by finding a mapping between generic non-Einsteinian parameters in the orbital decay rate and
theoretical constants in various modified theories of gravity and then summarize this mapping
with a ready-to-use list. Theories we study here include scalar-tensor theories, varying G theories,
massive gravity theories, generic screening gravity and quadratic curvature-corrected theories. We
next use simulated measurement accuracy of the orbital decay rate for black hole-pulsar binaries with
FAST/SKA and derive projected upper bounds on the above generic non-Einsteinian parameters.
We find that such bounds from black hole-pulsars can be stronger than those from neutron star-
pulsar and neutron star-white dwarf binaries by a few orders of magnitude when the correction
enters at negative post-Newtonian orders. By mapping such bounds on generic parameters to those
on various modified theories of gravity, we find that one can constrain the amount of time variation
in Newton’s constant G to be comparable to or slightly weaker than than the current strongest
bound from solar system experiments, though the former bounds are complementary to the latter
since they probe different regime of gravity. We also study how well one can probe quadratic gravity
from black hole quadrupole moment measurements of black hole-pulsars. We find that bounds on
the parity-violating sector of quadratic gravity can be stronger than current bounds by six orders
of magnitude. These results suggest that a new discovery of black hole-pulsars in the future will
provide powerful ways to probe gravity further.

I. INTRODUCTION

General relativity (GR) is currently the most well-
tested theory of gravity. Nevertheless, due to its incon-
sistency with quantum mechanics, it is only an effective
field theory below some energy threshold. Eventually, at
some length or energy scales, one expects to find devi-
ations from GR predictions. So far, GR has passed all
the tests with flying colors [1]. Thus, it is important to
probe even deeper to search for non-GR effects using new
sources that we hope to detect with current and future
detectors. Probing GR can also shed light on cosmology
as another motivation to consider going beyond GR is
to explain current accelerating expansion of our universe
and missing mass problem in galaxies without introduc-
ing dark energy or dark matter [2–5].

Various probes of gravity can be classified into weak-
field and strong-field tests [6–8]. Solar system experi-
ments [1] and cosmological observations [2–5] fall into
the weak-field category, as the amount of curvature and
gravitational potential that these experiments and obser-
vations probe is weak and small. On the other hand, re-
cent direct gravitational-wave (GW) measurements from
binary black hole (BH) mergers [9–14] allow us to probe
the strong and dynamical field regime of gravity for the
first time [8, 15].

Precision tests of gravity have also been carried out via
binary pulsar (PSR)1 observations [16, 17] (see e.g. [18]

1 In this paper, binary PSR refers to a binary consisting of a PSR

for a very recent work on testing the strong equivalence
principle with the triple system). Such systems allow
us to probe both the weak-field and strong-field effects.
This is because these binaries are widely-separated rela-
tive to GW sources of compact binaries that are about
to coalesce (and hence weak-field), and at the same time,
PSRs are neutron stars which are very compact objects
(and thus strong-field). Such systems (PSRs with white
dwarf (WD) companions in particular) are ideal for prob-
ing scalar dipole emission in scalar-tensor theories [19]
that is absent in GR. One can use parameterized post-
Keplerian (PPK) parameters, such as the advance rate
of periastron, orbital decay rate and Shapiro time delay,
to carry out precision tests of GR. Measurements of any
two PPK parameters determine the masses of compact
objects in binary PSRs, while any additional PPK pa-
rameter measurements further probe the consistency of
gravitational theory.

Binary BHs and binary neutron stars have been found
via electromagnetic-wave [16, 17, 20] and GW observa-
tions [9–14, 21]. Interestingly, a binary that consists of
one BH and one neutron star has not been found yet.
One possibility to look for such systems is through GW
observations, which are useful for probing non-GR theo-
ries such as scalar-tensor theories [22–25].

Radio observations offer another possible way of find-
ing a PSR orbiting around a BH. Such a system may
be found with either the Five-hundred-meter Aperture

with a stellar companion.



2

Spherical radio Telescope (FAST) that is undergoing
commissioning, MeerKAT or a next-generation radio
telescopes such as the Square Kilometer Array (SKA).
Population synthesis suggests that there may be around
3–80 BH-PSRs in the Galactic disk and FAST may de-
tect up to 10% of them [26]. Radio telescopes may de-
tect two different types of PSR in the BH-PSR binary.
A normal PSR is a younger, slower spinning PSR. A
millisecond PSR (MSP) is older and recycled. MSPs
are ideal for testing GR because they spin significantly
faster and achieve a better timing precision than nor-
mal PSRs (100ns vs 100µs respectively) [27]. This bet-
ter timing precision allows for a more accurate system
measurement. Note that MSPs are usually harder
to find than normal pulsars due to selection ef-
fects. This is particularly true for the Galactic
center, where the large distance and scattering
effects in the interstellar medium may have pre-
vented a discovery so far. Regarding formation of
a BH-MSP binary, at least two possible scenarios
exist. First, an exchange interaction of a binary
can create a BH-MSP binary inside a dense re-
gion such as a globular cluster or the Galactic
center. Second, a BH-MSP binary can evolve di-
rectly from a finely tuned initial system of main
sequence stars. For example, when the masses of
initial stars are comparable, a neutron star can
form first, which is being accreted by a compan-
ion and spun up, and eventually the companion
collapses to a BH. Thus, while binaries with a
BH and normal PSR are more likely, BH-MSP
binaries may still be found.

BH-PSR systems are powerful for testing GR, in-
cluding no-hair properties of BHs [27–29], scalar-tensor
theories [29, 30], higher-curvature theories [31], higher-
dimensional gravity [32] and quantum gravity effects [33].
The reason is as follows. The relative velocity of a binary
is given by v = (2πM/P )1/3 with c = G = 1, where M
is the total mass while P is the orbital period. For a
PSR orbiting around a stellar-mass BH, M is larger than
that of PSR binaries with NS or WD companions, but
one expects P to be also larger. In fact, the BH-PSR
relative velocity is smaller than the NS-PSR or PSR-WD
case (typically by a factor of 2) because the longer period
more than compensates for the larger total mass. Addi-
tionally, the measurement accuracy of the orbital decay
rate is expected to be similar to that of NS-PSR or PSR-
WD. Thus, BH-PSR systems will have more advantage
on probing non-GR effects that enter at a negative post-
Newton (PN) order2, such as scalar dipole radiation in
scalar-tensor theories.

In this paper, we study in more detail how well one

2 PN expansion assumes that the orbital motion is sufficiently slow
relative to the speed of light. A correction term is said to be of
relative nPN order when it is proportional to (v/c)2n relative to
the leading contribution in GR.

can probe modifications to GR in theories that have not
yet been studied in the context of BH-PSRs. The first
half of the paper focuses on using the orbital decay rate
measurement. We will first introduce a generic parame-
terization that captures the non-GR modifications to the
orbital decay rate [34]. We will next derive projected
bounds on this parameter from a BH-MSP with FAST
and SKA based on a simulated measurement accuracy
in [29]. (This simulation will be discussed further in
Sec. II A.) We will then compare such bounds to those
on parameterized post-Einsteinian (PPE) [35] parame-
ters, which capture the non-GR modifications in gravi-
tational waveforms from compact binary mergers. The
PPE formalism (or its modified version) has already been
applied to recent GW events [15, 36]. We will further
map such generic bounds to those on specific modified
theories of gravity by creating a “dictionary” between
the generic and theoretical parameters shown in Table I.
In particular, we will study theories with time vary-
ing gravitational constant [1], Lorentz-violating gravi-
ton mass [37], Lorentz-preserving graviton mass [38], and
generic screening mechanisms [39].

The second half of this paper focuses on using the
BH quadrupole moment measurement with BH-PSRs
to probe gravity. A non-vanishing quadrupole moment
causes a periodic variation in the PSR motion [49], which
can be extracted from the Roemer time delay measure-
ment. For stellar-mass BH-MSP systems, one may be
able to measure the BH quadrupole moment within 10%
accuracy [29], and the accuracy may be 10% if one finds
a PSR orbiting around Sgr A∗ [27, 28]. (The simu-
lations used for these are discussed in Sec. III A.) We
apply these projected measurements to quadratic cur-
vature theories, namely Einstein-dilaton Gauss-Bonnet
(EdGB) gravity [50, 51] and dynamical Chern-Simons
(dCS) gravity [52, 53] for the even-parity and odd-parity
sector respectively. Both theories are motivated from
string theory. Analytic BH solutions with arbitrary spin
in these theories have not been found yet. Non-rotating
and slowly-rotating analytic BH solutions have been con-
structed in [54–58] for EdGB and in [59–62] for dCS.

A. Executive Summary

We now give a brief summary of this paper. In examin-
ing the prospects of bounding non-GR theories in a BH-
PSR binary, it is important to compare to the existing
method of binary PSR measurements. Figure 1 presents
the upper bound on the fractional non-GR correction γ
to the orbital decay rate with BH-PSRs relative to those
with the double PSR, as a function of the entering PN
order correction. If the ratio is below unity, BH-PSR
bounds are stronger than the double PSR ones. Observe
that the former can be stronger by orders of magnitude
than the latter for negative PN corrections.

Next, we apply such bounds on a generic non-GR pa-
rameter for the orbital decay rate to specific non-GR the-
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Theory γ f(e) n
Theoretical

Refs.
Stronger

parameters bounds?

Time-Varying G (Sec. II B 1) 5ĠM3

48mcmp

[
1− sĠp

(
1 + mc

M

)
− sĠc

(
1 +

mp
M

)]
f(e)

1
FGR(e) −4 Ġ/G [17] X

Lorentz-violating
5M2

24 m2
gf(e)

1

(1−e2)1/2FGR(e)
−3 mg [37] 7

Massive Gravity (Sec. II B 2)

Cubic Galileon
25
32πλ

2
MPLM

2
QM

3

m2
pm

2
c

mgf(e)
FCG(e)

FGR(e)
−11/4 mg [38] 7

Massive Gravity (Sec. II B 3)

General Screen Modified
5

192 (εp − εc)2f(e)
FSMG
FGR(e) −1 φVEV/MPL [39] 7

Gravity (Sec. II B 4)

(massless) Scalar-Tensor 5
96

(
ᾱST
p − ᾱ

ST
c

)2
f(e)

FSMG
FGR(e) −1 (α0, β0) [19]

X

[29, 30]

Einstein-dilaton Gauss-Bonnet 5π
24

(
ᾱEdGB
p − ᾱEdGB

c

)2
f(e) — −1

√
αEdGB [31]

X

[31]

Einstein-Æther 5CEA
32

(
1− c14

2

) (
sEA
p − sEA

c

)2
f(e) — −1 (c+, c−) [40] ?

Khronometric 5Ckh
32

(
1− αkh

2

) (
skhp − s

kh
c

)2
f(e) — −1 (λkh, αkh, βkh) [40] ?

TABLE I. Mapping between non-GR parameters (γ and n) in the orbital decay rate Ṗ in Eq. (1) to theoretical parameters in
various example modified theories of gravity, together with some references. These expressions are valid for any compact binaries
(not specific to BH-PSRs). The first four theories are those considered in Sec. II B, while the last four theories are presented
only for reference. Note that we study bounding EdGB gravity in Sec. III B 2 via BH quadrupole moment measurement which
is different from the orbital decay rate presented here. Theoretical parameters are presented in the fifth column. The last
column shows whether BH-PSR bounds are stronger than other existing bounds (X: yes; 7: no; ?: unknown). The meaning
of each parameter in the second column is as follows. mp: primary PSR’s mass, mc companion’s mass, M : total system mass,
e: eccentricity, MPL: Planck mass, MQ: a mass parameter in Eq. (21), λ: a numerical constant in Eq. (22), εA: a screening
parameter in SMG in Eq. (29), CEA and Ckh: a function of theory parameters in Eqs. (114) and (124) of [40] for Einstein-
æther and khronometric theories respectively, c14 and αkh: a combination of coupling constants in Einstein-æther theory and
khronometric theory respectively. ᾱA is the scalar charge. In many of scalar-tensor theories, it is non-vanishing for stars while
it is zero for a BH [41–43]. In EdGB gravity, such a charge vanishes for stars [31, 44] while that for a BH is in Eq. (37) of [45].
sA is the sensitivity and that for a neutron star in Einstein-æther and khronometric theory has been computed in [40, 46]a while
that for a BH has not been calculated yet. The eccentricity dependent function f(e) is presented in the third column if known,
while “—” means that the correction has been calculated only for circular binaries (f = 1). FGR is the eccentricity dependence
in GR in Eq. (3), while FCG(e) and FSMG(e) are that in cubic Galileon massive gravity and generic screened massive gravity
defined in Eqs. (24) and (28) respectively.
a The fitting function for the NS sensitivity in Einstein-æther and khronometric theory can be found in Eq. (186) or (C1) of [40], though

the parameter region in which the fit is valid has mostly been ruled out by GW170817 [47, 48].

ories based on Table I. For example, Fig. 2 presents the
upper bound on the time variation in G as a function of
the orbital period of BH-PSRs. Observe that BH-PSR
observations with SKA are slightly weaker than the cur-
rent strongest bounds from solar system experiments of
NASA Messenger. However, since binary PSRs are sen-
sitive to self gravity effects in the strong gravity regime,
their tests complement a weak field test of Ġ such as
NASA Messenger. In the strong gravity regime, the time
variation in G can be magnified by a factor of 20 from
that of weak field tests due to effects of the object’s sen-
sitivities [29]. Binary PSR bounds also provide an inde-
pendent test for non-GR effects. For other theories that
we study in this paper, we find that BH-PSR Ṗ bounds
are weaker than those obtained from NS-PSR or PSR-
WD observations.

Regarding bounds on quadratic gravity via BH

quadrupole moment measurements, we find that bounds
on dCS gravity can be improved by six to seven orders
of magnitude for stellar-mass BH-PSR binaries. We also
investigate bounding dCS gravity with a PSR orbiting
Sgr A∗, but we show that this system cannot reach a
tight enough bound to satisfy the small coupling approx-
imation. On the other hand, BH-PSR bounds on EdGB
gravity are weaker than the current bounds from e.g. BH-
low-mass X-ray binaries (LMXB) [66] by an order of mag-
nitude.

The rest of the paper is organized as follows. In Sec. II,
we focus on orbital decay rate measurements. After dis-
cussing a generic formalism for describing non-GR cor-
rections to the orbital decay rate and its relation to the
PPE formalism in Sec. II A, we study BH-PSR bounds
in various modified theories of gravity in Sec. II B. In
Sec. III, we focus on BH quadrupole moment measure-
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FIG. 1. The ratio in the upper bound on the fractional non-
GR correction γ to the orbital decay rate between BH-PSR
and double PSR systems, as a function of at which PN order
the correction enters. This bound uses a millisecond PSR-
BH binary with simulations from [29]. This figure shows how
much improvement one finds by using the BH-PSR system
compared to the double PSR one in terms of testing GR. For
example, if the ratio is below unity (horizontal magenta dot-
ted dashed line), the bound from the former is stronger than
that from the latter. The ratio is shown for FAST (red dot-
ted) and SKA (black dotted). Notice that FAST (SKA) has
a bound that is an order of magnitude stronger at −4 (−3.5)
PN than the double PSR. At −4PN order which corresponds
to corrections due to e.g. time variation in the gravitational
constant G, the BH-PSR bounds are stronger than the double
PSR one by almost two orders of magnitude.

ments. After reviewing such measurements for BH-PSRs
in Sec. III A, we study bounds on two kinds of quadratic
gravity in Sec. III B. We conclude in Sec. IV and give
possible avenues for future work. We use the geometric
units of c = 1 and G = 1 throughout the paper unless
otherwise stated.

II. BOUNDS FROM ORBITAL DECAY
MEASUREMENT

Let us first focus on probing gravity with the mea-
surement of the orbital decay rate Ṗ for BH-PSR bina-
ries. We will first explain our generic formalism and show
mapping between generic non-GR parameters entering in
the orbital decay rate (γ and n mentioned earlier) to the
theoretical parameters in example non-GR theories (col-
umn 5 of Table I). We will next show the relation between

such generic formalism with Ṗ to the PPE formalism [35],
which is a generic formalism to test strong-field gravity
with GWs from compact binary mergers. We will then
use the estimated measurement accuracy of Ṗ for BH-
PSRs with FAST and SKA in [29] and derive projected

bounds on generic modifications to Ṗ . We will finally
map these generic bounds to example non-GR theories.
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FIG. 2. Projected bounds on the time variation of the grav-
itational constant G over the static gravitational constant as
a function of the orbital period. The bound is shown for
BH-PSR systems with FAST (red dotted) and SKA (black
dashed). We also present two solar system bounds with The
NASA Messenger (purple dotted-dashed line) [63] and the
Mars ephemeris (blue dotted-dashed line) [1], and the current
strongest binary pulsar bound (dot dash orange) [64, 65]. No-
tice that SKA can produce bounds that are comparable to or
weaker than solar system ones, though the former are com-
plementary to the latter as the two bounds probe different
regime of gravity.

A. Non-GR Corrections to the Orbital Period
Decay Rate

1. Formalism

We will begin by considering the following generic non-
GR modifications to Ṗ [34]:

Ṗ

P
=
Ṗ

P

∣∣∣∣
GR

(
1 + γ v2n

)
. (1)

Here P is the orbital period, v is the relative velocity
of two compact objects in a binary, while the subscript
“GR” means the quantity is evaluated in GR. Ṗ /P |GR is
given by [67]

Ṗ

P

∣∣∣
GR

= −96

5
G5/3µM2/3

(
P

2π

)−8/3

FGR(e) , (2)

where M and µ are the total mass and the reduced mass
respectively and

FGR(e) ≡ 1

(1− e2)7/2

(
1 +

73

24
e2 +

37

96
e4

)
. (3)

Each modification to GR is parameterized by γ and n.
The former gives the overall magnitude of the correction,
while the latter tells us how the correction depends on
v. In terms of the PN order counting, a correction term
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proportional to v2n means that it enters at n-PN order
relative to GR. Such a PN order counting gives us in-
sight on what types of binaries have more advantage on
probing specific types of modifications. For example, a
theory with a negative PN correction would have a more
stringent bound from a system with a smaller velocity (or
widely-separated orbit) and vice versa for a theory with
a positive PN. A selected example of (γ,n) in non-GR
theories are presented in Table I.

The projected measurement accuracy of Ṗ from BH-
PSRs with FAST and SKA has been estimated in [29],
which we also present in Fig. 3. Such a measurement
accuracy is simulated for a system with a stellar-mass
BH and a millisecond PSR as a function of orbital pe-
riod. Reference [29] predicts the accuracy that FAST and
SKA will achieve using a time of arrival (TOA) precision
of 100 ns and 20 ns respectively. The simulation uses
the following system parameters: eccentricity e = 0.1, 3
year observation period, 1.4 M� PSR mass, 10 M� BH
mass, a 60◦ inclination angle between the orbital angu-
lar momentum and the line of sight, and 4 hour weekly
observations corresponding to 10 TOA. This simulation’s
results will be used in the remaining of Sec. II for BH-
PSR orbital decay rate measurability. We can easily map
these measurement accuracies to upper bounds on γ for
different PN correction terms as follows. Let us assume
that Ṗ /P has been measured with a fractional error of δ
as ∣∣∣∣∣ ṖP − Ṗ

P |GR

Ṗ
P |GR

∣∣∣∣∣ < δ . (4)

Combining this with Eq. (1), one finds γ can be con-
strained as

|γ| < δ

v2n
. (5)

Figure 4 presents the projected upper bound on γ as a
function of at which PN order the correction enters, as-
suming that a BH-PSR with an orbital period of 3 days
has been found by FAST or SKA. We choose this as an
example system because it is an average case scenario for
Ṗ measurability as shown in Fig. 4. For comparison, we
also present the bound from the double PSR [34]. Ob-
serve that the bounds from this BH-PSR share a similar
trend compared to those from the double PSR, though
the former can place more stringent bounds for negative
PN corrections. This is because the relative velocity for
the double PSR is ∼ 2×10−3 while that for the BH-PSR
assumed here is ∼ 1×10−3 (in units of c = 1). Although
the difference is only a factor of 2, such a difference is en-
larged if one considers negative PN corrections. For ex-
ample, −4PN corrections become 28 = 256 times larger
for the BH-PSR than the double PSR case.

Figure 1 explicitly shows the comparison on the bounds
on γ between the BH-PSR and the double PSR. If the
ratio is below unity, the former is stronger than the lat-
ter. Observe that below approximately −1PN, the BH-
PSR system can constrain non-GR corrections to Ṗ more

0 1 2 3 4 5 6
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P 
. 
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PSR-WD
Double Pulsar (J0737)

FIG. 3. The measurability of the orbital decay rate Ṗ as
a function of the orbital period P with FAST (red dotted)
and SKA (black dashed) [29]. The BH mass and the orbital
eccentricity is assumed to be 10M� and e = 0.1 respectively.
For reference, we also present the measurability for a PSR-
WD binary (purple double-dotted-dashed) [19] and the double
PSR (brown dotted-dashed) [68].

-4 -2 0 2 4
n [PN]
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-24
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24

| γ
 |
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BH-PSR (SKA)
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FIG. 4. The upper bound on the fractional non-GR correc-
tion to the orbital decay rate γ in Eq. (5) at each PN order for
various astrophysical systems. We present projected bounds
with a BH-PSR system using FAST (red dotted) and SKA
(black dashed). We choose a 3 day orbital period for the BH-
PSR binary. For comparison, we also show bounds from GW
observations with GW150914 (blue circle) and GW151226
(magenta square) [8], together with those from the double
PSR system (brown dotted-dashed) [34]. Observe that BH-
PSR and double PSR bounds are much stronger for negative
PN corrections, while GW bounds have more advantage on
probing positive PN corrections.

strongly than the double PSR system. The former bound
can be stronger than the latter one by many orders of
magnitude for corrections at −4PN order.
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2. Relation to the PPE Formalism

Next, let us review the relation between the generic
non-GR modification to Ṗ in Eq. (1) to that in gravi-
tational waveforms from compact binary mergers. One
example of the latter can be captured via the PPE for-
malism [35]. This is done by making an amplitude and

phase correction to the gravitational waveform h̃ in the
Fourier domain as [35]

h̃(f) = h̃GR (1 + α ua) eiβu
b

. (6)

Here u ≡ 2πM/P where M ≡ Mη3/5 is the chirp mass
with η ≡ mpmc/M

2 representing the symmetric mass
ratio. The PPE parameters, α and β, control the overall
magnitude of non-GR corrections to the amplitude and
phase respectively, while a and b show the dependence
of such corrections to u. The GR waveform is recovered
by setting (α, β) = (0, 0). Such PPE formalism (or its
modified version) has recently been applied to observed
GW events [8, 15].

One way to extract GW signals from the observed data
is via matched filtering, where one cross-correlates the
data against template waveforms. Because this analy-
sis is more sensitive to phase corrections than amplitude
corrections, many previous works including [8, 15] men-
tioned earlier only consider modifications to the phase.
In this paper, we also follow this approach and set α = 0.

One can categorize non-GR modifications to compact
binary evolution into two different classes, conservative
and dissipative. The former corresponds to modifica-
tions to the binding energy (sum of the kinetic energy
and gravitational potential energy) of the binary system,
which also modifies Kepler’s law. On the other hand,
dissipative corrections modify the amount of energy be-
ing lost from binary systems due to emission of GWs and
additional radiation (such as scalar radiation) if present
in non-GR theories.

When dissipative corrections dominate conservative
ones, one can map PPE modifications in gravitational
waveforms to Ṗ corrections by [34] as

Ṗ

P
=
Ṗ

P

∣∣∣∣
GR

[
1 +

48

5
b(b− 1)β ub+

5
3

]
. (7)

Using v = (2πM/P )1/3 = (uM/M)1/3 = u1/3η−1/5 and
comparing the above equation with Eq. (1), one finds

γ =
48

5
βb(b− 1)η

3
5 b+1 . (8)

Using Eq. (8), one can map bounds on β from
GW150914 and GW151226 in [8] to those on γ. We
present such results in Fig. 4. Observe that BH-PSRs
and NS-PSR/PSR-WD binaries have more advantage on
constraining theories with negative PN corrections com-
pared to GW observations [34]. We justify this statement
for GW170817 by comparing its rough bounds in App. B
to those of binary PSRs. This is because the compact ob-
jects in the former binaries move much slower than the
latter binaries that are about to coalesce.

B. Example Theories and Projected Bounds

We now study projected BH-PSR bounds on spe-
cific example non-GR theories based on Fig. 4 and Ta-
ble I. Such BH-PSR bounds have already been estimated
within the context of scalar-tensor theories [29, 30],
EdGB gravity [31], a brane-world model [32] and quan-
tum gravity [33]. In this section, we study four different
theories; theories with time-varying gravitational con-
stantG, Lorentz-violating massive gravity, cubic Galileon
theories and generic screened modified gravity.

1. Varying G Theories

The gravitational constant’s value can be time depen-
dent in many modified theories of gravity [1]. This is the
case when G depends on the scalar field that is coupled
to the metric (like scalar-tensor theories in the Jordan
frame). Such time variation in G can affect the orbital

decay rate in two ways, conservative (Ṗ /P |C) and dissi-

pative (Ṗ /P |D), as already mentioned earlier. In most
literature, only the former is included (see e.g. [17, 69]).
Here we explicitly show why the latter is highly sup-
pressed compared to the former.

Let us first look at dissipative corrections. Such cor-
rections can be derived from G dependence on Ṗ /P |GR

in Eq. (2), which is Ṗ /P |GR ∝ G5/3. We now promote G
to include the time dependence. We do this by assuming
the time variation is sufficiently small and Taylor expand
G about the initial observation time t0 and keep up to
linear order in t: G(t) ≈ G0 + Ġ(t− t0). Then, one finds

Ṗ

P
∝ G5/3 = [G0 + Ġ(t− t0)]5/3

≈ G5/3
0

(
1 +

5

3

Ġ

G0
(t− t0)

)
. (9)

Thus, the dissipative correction is given by

Ṗ

P

∣∣∣∣
D

=
5

3

Ġ

G0
(t− t0)

Ṗ

P

∣∣∣∣
GR

. (10)

Hereafter we will drop the subscript “0” on G0.
Next, we look at conservative corrections, which are

derived by taking the time derivative of the orbital period
P , assuming that there is no gravitational radiation. The
orbital period is given by [69]

P =
1

(1− e2)
3
2

2πl3

(GM)2
, (11)

where l is the specific orbital angular momentum. Taking
the time derivative, one finds

Ṗ

P

∣∣∣∣
C

= −2
Ġ

G
− 2

Ṁ

M
+ 3

l̇

l
. (12)
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This equation can be reduced further to [69]

Ṗ

P

∣∣∣∣
C

= −2
Ġ

G

[
1−

(
1 +

mc

2M

)
sp −

(
1 +

mp

2M

)
sc

]
,

(13)
where mp and mc are PSR mass and companion mass
respectively and the sensitivity is defined as

sA = −∂ lnmA

∂ lnG
, (14)

which measures how the mass depends on G. In GR,
sA = 0 [17].

In order to estimate the relative strength of the con-
servative and dissipative corrections, let us consider
Damour-Esposito-Farèse scalar-tensor theories as an ex-
ample. We choose mp = 1.4M� and mc = 10M�. In this
theory, BHs have sc = 0.5, while sp for PSRs depend on
the underlying equation of state, though typically one
finds sp ∼ 0.15 for mp = 1.4M� (see Fig. 20 of [17]).
Assuming further P = 0.1 day and t − t0 = 5 years, the
ratio of the two corrections becomes

Ṗ

P

∣∣∣∣
D

/
Ṗ

P

∣∣∣∣
C

≈ 10−7 . (15)

Thus dissipative corrections are highly suppressed rela-
tive to conservative corrections and can be ignored. The
suppression is due to the fact that the radiation reaction
timescale for BH-PSRs and other binary PSRs is very
large compared to the observational time. This is not
the case for coalescing compact binaries and dissipative
corrections are important for GW observations [70, 71].

Having these pieces of information in hand, we can
now estimate future bounds on time variation in G from
BH-PSR binaries. Using Eqs. (1) and (5), the non-GR
parameters (γ, n) for varying G theories are given by the

expression in Table I. Notice that γ is proportional to Ġ
and the correction enters at −4PN order. Using further
Eq. (13), the upper bound on Ġ from the uncertainty in
the orbital decay rate measurement is given by

|Ġ|
G

< −1

2

Ṗ

P

∣∣∣∣
GR

δ

1−
(
1 + mc

2M

)
sp −

(
1 +

mp
2M

)
sc
. (16)

Figure 2 presents projected upper bounds on Ġ from BH-
PSRs with FAST and SKA. Here we assume scalar-tensor
theories for calculating sensitivities of BHs and PSRs.
For comparison, we also show current bounds from so-
lar system experiments [1]. Observe that the projected
BH-PSR bounds are slightly weaker than solar system
experiments from NASA Messenger [63, 72]. We do not
show bounds from NS-PSR/PSR-WD binaries and re-
cent GW observations as they are much weaker than BH-
PSR bounds [1, 8] (see App. B for a rough bound from
GW170817). Of course, NS-PSR and PSR-WD tests will
also strengthen in the future by the same improved radio
telescopes.

A BH-PSR constraint on Ġ is useful to include with
stronger solar system measurements. Solar system ex-
periments, such as NASA Messenger, measure time vari-
ation in G differently than strongly self gravitating bod-
ies. First, the measurement is of (∂t(G M�))/(G M�)

instead of Ġ/G, so uncertainty in the solar mass and
its time derivative couple into the bound in time varia-
tion in G. More importantly, binary PSR measurements
capture new effects not present in solar system experi-
ments. Strong field effects can enhance Ġ compared to
that in the weak field. For example, Fig. 8 of Ref. [17]

shows the Ġ effect has an enhancement factor of over an
order of magnitude in the strong field in certain scalar-
tensor theories (which is not reflected in Fig. 2). Thus,
there is a possibility that future strong-field observations
of BH/PSRs can detect non-vanishing Ġ and yet still
satisfying the solar system bounds, though the detailed
calculation will be left for future work.

2. Lorentz-violating Massive Gravity

Next, let us study Lorentz-violating massive gravity,
which is an extension to GR where the graviton is as-
sumed to have a non-vanishing mass mg (see e.g. [73–75]
for reviews on massive gravity). Historically, Fierz and
Pauli [76] constructed a Lorentz-invariant massive grav-
ity about Minkowski background. A linearized version of
such a theory does not reduce to that of GR in the limit
mg → 0 (known as the van Dam-Veltman-Zakharov dis-
continuity), though GR can be correctly recovered once
one takes non-linear effects into account (the Vainshtein
mechanism) [77].

The Lorentz-violating version of massive gravity that
we consider here was studied by [37] within the context
of binary PSRs. The action is modified from Fierz-Pauli
massive gravity with two important properties. First, the
mg → 0 limit of the linearized Lorentz-violating massive
gravity recovers that of GR. Second, the field equations
for metric perturbations hµν in Lorentz gauge to its linear
order are described simply by

(�− m̄2
g)hµν = −16πTµν , (17)

where m̄g ≡ mg/~ and Tµν is the matter stress en-
ergy tensor that is independent of the metric perturba-
tion [37].

Corrections to Ṗ in Lorentz-violating massive gravity
come from the dissipative sector, namely modifications
to GW emission. One can compute the amount of GWs
being emitted from compact binaries in this theory by
solving Eq. (17) using a Green’s function. One can then
calculate gravitational luminosity L, whose fractional dif-
ference from the GR expression is related to that for Ṗ
by

Ṗ − ṖGR

ṖGR

=
L− LGR

LGR

. (18)
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One can then read off (γ, n) for Lorentz-violating massive
gravity, as shown in Table I. Notice that γ is proportional
to m2

g as the mass of the graviton enters as m2
g in the

modified wave equation in Eq. (17), and the correction

to Ṗ enters at −3PN order. Combining the expression
for γ with Eq. (4), Finn and Sutton [37] derived bounds
on the mass of the graviton as

m2
g ≤

24

5
(1− e2)1/2FGR(e)

(
2π~
c2P

)2

δ . (19)

Figure 5 presents the projected upper bounds on
mg from BH-PSRs with FAST and SKA. For compar-
ison, we also present bounds from solar system experi-
ments [78] (which updates the previous bounds [79] by
nearly two orders of magnitude), NS-PSR observations
of PSR B1913+16 and B1534+12 [37] and recent GW
events [12] (see e.g. [80] for a model-dependent bound on
mass of the graviton from galaxy cluster observations).
Observe that the projected BH-PSR bounds are stronger
than the NS-PSR ones by more than an order of magni-
tude. As mentioned in Sec. I, this is because the relative
velocity of two compact objects in a binary is smaller for
BH-PSRs than for NS-PSRs. On the other hand, such
BH-PSR bounds are not as stringent as the solar system
or GW bounds. Gravitational wave bounds are much
stronger because they probe corrections to the modified
dispersion relation of the graviton, which accumulates
over distance during GW propagation.

0 1 2 3 4 5 6
P [day]

10
-23
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-21
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10
-19
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g
 [

eV
/c

2
]

BH-PSR (FAST)
BH-PSR (SKA)
NS-PSR
GW 
Solar System

FIG. 5. Bounds on the mass of the graviton in Lorentz-
violating massive gravity calculated from Eq. (19). We
present projected bounds with BH-PSRs using FAST (red
dotted) and SKA (black dashed) as a function of its orbital
period. For comparison, we also present the strongest bound
from a combination of PSR B1913+16 and B1534+12 (ma-
genta dotted-double-dashed) [37] and GWs (brown dotted-
dashed) [12]. Notice that the BH-PSR system can place a
stronger bound than the binary PSR one but the former is
still weaker than the GW ones. The strongest current bound
comes from solar system measurements of the perihelion ad-
vance of Mars and Saturn (blue double-dotted-dashed) [78].

3. Cubic Galileon Massive Gravity

We now study another type of massive gravity.
Lorentz-violating massive gravity studied in the previous
subsection captures a generic massive gravity modifica-
tion in the wave equation or the dispersion relation of the
graviton given by Eq. (17). Another important aspect of
massive gravity is the screening effect called the Vain-
shtein mechanism [77], where the scalar degrees of free-
dom (that arise from additional graviton helicity states
in massive gravity) become strongly-coupled within the
Vainshtein radius, which suppresses deviations away from
GR. Many of the features of this mechanism can be gener-
ically captured via the Galileon models [81]. Indeed, the
generic Galileon arises from the ghost-free massive grav-
ity [82] in a certain limit [83, 84]. Following [38], we
consider one of the simplest types of such models here,
namely the cubic Galileon model. Such a model is still al-
lowed from GW170817, while many of the other Galileon
models have been ruled out [85, 86]. Galileon models are
also motivated from explaining the current accelerating
expansion of our universe. In this subsection, we use the
units c = 1, G = 1 and ~ = 1.

The Galileon radiation can be found by varying the ac-
tion in the decoupling limit of infinite Planck mass [38], in
which one can neglect the self-interactions of the helicity-
two graviton. In this theory, there is not only quadrupo-
lar Galileon radiation but also lower order contributions,
namely monopolar and dipolar radiation. However, the
former has the largest effect in terms of PN expan-
sion [38]. Thus, in this paper we focus on corrections to

Ṗ due to the quadrupolar Galileon radiation. The cor-
rection to the GR GW luminosity due to such radiation
is given by [38]

L− LGR =
5λ2

32

(ΩPa)3

(ΩP r?)
3
2

M2
Q

M2
PL

Ω2
PFCG(e) , (20)

where ΩP is the angular orbital frequency, a is the semi-
major axis, MPL is the Planck mass and MQ is defined as

MQ =
mpmc(

√
mp +

√
mc)

M
3
2

. (21)

λ is a numerical factor given by3

λ =
3

9
8π

1
4

2
5
2 Γ(9/4)

, (22)

while r? is the Vainshtein radius inside which nonlinear
effects become important and is given by

r? =

(
M

16m2
gM

2
PL

) 1
3

. (23)

3 Our normalization of λ in Eq. (22) and IQk in Eq. (25) is slightly
different from that in [38]. Our normalization is chosen such that
FCG(0) = 1.
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FCG(e) is defined as

FCG(e) =

∞∑
k=0

|IQk (e)|2 , (24)

with IQk given by

IQk =
(1− e2)

3
2

2π

(
k

2

) 7
4
∫ 2π

0

exp [i(2− k)x]

(1 + e cosx)
3
2

dx . (25)

For the monopole and dipole radiation that we do not
consider in our paper, an analytic solution to similar inte-
grals as in Eq. (25) can be found [38]. For completeness,
we correct typos in the dipole analytic expression in [38]
in App. A. On the other hand, one needs to evaluate
Eq. (25) numerically for the quadrupole radiation since
the fractional power in the denominator prevents integra-
tion by the same method. Although the first 15 terms in
k give the dominant contribution, we keep up to k = 30
to reduce the error from the infinite summation result.

Next, let us derive the upper bound on mg in terms of
the fractional measurement accuracy of the orbital decay
rate δ. First, using Eqs. (1), (18) and (20), one can derive
(γ, n) for cubic Galileon theories that are given in Table I.
Notice that γ is proportional to mg (unlike the m2

g scaling
for Lorentz-violating massive gravity) and the correction
enters at −11/4(= −2.75)PN order (which is close to
−3PN order in Lorentz-violating massive gravity). One
can then use Eq. (5) to find

mg ≤
27

5λ2

1

FCG(e)

M3
PL

M
1
2M2

Q

1

Ω
1
2

P (ΩPa)3
LGRδ . (26)
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FIG. 6. Similar to Fig. 5 but for cubic Galileon type massive
gravity as calculated from Eq. (26). Observe that BH-PSRs
yield stronger bounds than NS-PSR systems (magenta dotted-
dashed) [38], but weaker bounds than solar system bounds
(blue double-dotted-dashed) [87].

Figure 6 presents projected upper bounds on the mass
of the graviton in cubic Galileon massive gravity from

BH-PSRs with FAST and SKA. We also present cur-
rent bounds from NS-PSR observations [38] and solar
system experiments [87]. Observe that the BH-PSR
bounds are stronger (weaker) than NS-PSR (solar sys-
tem) ones, which is similar to Lorentz-violating massive
gravity case in Fig. 5. Observe also that the bounds in
cubic Galileon massive gravity are stronger than those
in Lorentz-violating massive gravity. This is because the
upper bound on mg scales linearly with δ for the for-
mer (see Eq. (26)) since the Vainshtein suppression to
the quadrupolar gravitational radiation is linearly pro-
portional to mg, while such a bound scales with δ1/2 for
the latter (see Eq. (19)) since the correction to the gravi-
ton dispersion relation scales with m2

g.

4. General Screened Modified Gravity

General screened modified gravity (SMG) is a scalar
modification to GR with a fifth force and screening mech-
anism. The scalar field induces non-GR effects on cos-
mological scale that can explain current accelerating ex-
pansion of our universe without introducing dark energy.
In general, scalar field also induces a fifth force that con-
fronts solar system tests of gravity. One way to cure this
problem is to introduce a screening mechanism that en-
sures one recovers GR within the solar system [2, 4, 5].
In this section, we follow [39, 88, 89] and consider a
generic screening effect (including chameleon [90–92],
symmetron [93–95] and dilaton [96–98] mechanisms),
where the scalar field acquires a mass in high density
regimes and the mediation of additional degrees of free-
dom is suppressed4. Bounds on SMG have been derived
from PSR-WD binaries [39, 88]. Here, we study the
prospect of probing SMG with future BH-PSR observa-
tions.

The orbital decay rate is modified by the scalar field
in BH-PSR binaries through scalar dipole radiation. A
generic expression for the orbital decay rate can be found
in Eq. (5) of [39]. Keeping only to leading correction in
terms of PN expansion, one finds

Ṗ

P
= −mpmc

M1/3

(
P

2π

)−8/3 [
96

5
FGR(e)

+
FSMG(e)

2
(εp − εc)2

(
P

2πM

)2/3
]
, (27)

with FSMG(e) defined as

FSMG(e) ≡ 2 + e2

2(1− e2)5/2
, (28)

4 Notice that the Vainshtein mechanism [77] is another type of
screening effect which we treated separately in Sec. II B 3.
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and the screening parameter (similar to the scalar charge)
of the Ath body is given by

εA =
φVEV − φA
MPLΦA

. (29)

ΦA = mA/RA is the compactness of the Ath body with
RA denoting its radius, φA is the value of the scalar field
at the minimum of the scalar field potential inside the
star, and φVEV is the vacuum expectation value of the
scalar field. In Eq. (29), φVEV >> φA. Thus, follow-
ing [39, 88, 89], we will neglect φA for the remainder
of the paper. The screening mechanism is apparent in
Eq. (29) due to the inverse proportionality of the com-
pactness. Therefore, objects with smaller compactness
dominate the screening parameter and thus contribute
the majority of the radiation in the scalar field. For BHs,
screening parameters vanish [88] due to the no-hair the-
orem in scalar-tensor theories [41–43].

We now derive projected bounds on SMG with future
BH-PSRs observations. First, one can easily read off γ
and n in Eq. (1) from Eq. (29) for SMG, as shown in Ta-
ble I. Notice that γ is proportional to (εp − εc)2 and the
correction enters at −1PN order. Such a structure is sim-
ilar to that in scalar-tensor theories and EdGB gravity.
One can next use Eq. (5) to find the following expression
for the upper bound on φVEV,∣∣∣∣φVEV

MPL

∣∣∣∣ ≤ mp

Rp

(
2πM

P

)1/3 [
192

5

FGR(e)

FSMG(e)
δ

]1/2

. (30)
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FIG. 7. The upper bound on vacuum expectation value of the
scalar field per Planck mass in SMG as a function of orbital
period by a measurement of orbital decay rate for BH-PSR
binaries using FAST (red dotted) and SKA (black dashed)
calculated from Eq. (30). We also show the bound obtained
from PSR-WD binaries (purple double-dotted-dash) in [39].
Observe that using a PSR-WD has strong advantages over
a BH-PSR since the WD compactness is approximately 104

times larger than that of a PSR and the screening effect is
less efficient.

Figure 7 presents projected upper bounds on
φVEV/MPL as a function of the orbital period of BH-PSRs
using FAST and SKA. The fiducial value of the PSR ra-
dius has been chosen as Rp = 12 km. For reference, we
also show the bound from PSR-WD binaries in [39]. As
expected, the latter is much stronger than the former, as
non-GR effects in PSRs and BHs are highly suppressed
due to either the screening effect or the no-hair theorem
as opposed to WDs.

III. BOUNDS FROM BH QUADRUPOLE
MOMENT MEASUREMENT

In this section, we will study an alternative way to
probe gravity with BH-PSRs, namely via measurements
of the BH quadrupole moment. The orbital decay rate
used in the previous section has advantage on probing
theories which generate negative PN corrections. This is
the case for theories studied in Secs. II B. On the other
hand, some theories give rise to modifications only at
positive PN orders. If the BH quadrupole moment is dif-
ferent from that for a Kerr BH, measuring this quantity
has more advantage on constraining such theories as we
explain in more detail below.

A. Quadrupole Moment Measurement with
BH-PSRs

Let us first briefly review how one can measure the
BH quadrupole moment in BH-PSR binaries. A non-
vanishing quadrupole moment Q of a BH produces a pe-
riodic perturbation of the PSR’s orbit from one perias-
tron passage to the next [49]. One of the most precise
ways of measuring the quadrupole moment is through
the Roemer time delay [28, 29], which is an modulation
in travel time for light due to the PSR’s orbit. The PSR’s
orbit around the binary’s center of mass changes the dis-
tance between the PSR and earth. The Roemer time
delay is thus defined to be the time for light to travel
from closest and furthest locations of the PSR to earth
(with the signal being barycentered so that modulation
in the earth’s orbit is removed). Defining a dimensionless
parameter ε = −3Q/a2(1 − e2)2, the Roemer delay can
be approximated as

∆R = ∆
(0)
R + ∆

(1)
R +O(ε2) , (31)

where ∆
(0)
R is the contribution without the quadrupole

moment at O(ε0), while ∆
(1)
R is the first correction due

to the non-vanishing quadrupole moment at O(ε).
Let us next compare the Roemer time delay against

orbital decay in terms of measuring the BH quadrupole
moment. The former can directly measure the effect of
quadrupole moment entering at 2PN order relative to
the Newtonian Kepler motion in the orbital evolution.
The quadrupole moment also affects the orbital decay
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rate at 2PN order relative to its leading effect. However,
the leading radiation reaction effect (backreaction of GW
emission onto the orbit) only enters from 2.5PN order in
the orbital evolution, and thus, the effect of quadrupole
moment to the orbital decay affects the orbital evolu-
tion at 4.5PN order and higher. This is why the Roe-
mer time delay has more advantage on measuring the
BH quadrupole moment compared to the orbital decay
measurement.

Two possible types of BH-PSR binaries exist for prob-
ing gravity via the BH quadrupole moment measure-
ments: stellar-mass BH-PSRs and supermassive BH-
PSRs, an example of the latter being a PSR orbiting
Sgr A*. We will use simulations of the fractional mea-
surement accuracy δQ of the BH quadrupole moment for
these two cases respectively. First, Ref. [29] simulates a
stellar-mass BH quadrupole moment measurability in a
binary with a millisecond PSR as a function of BH mass.
The reference uses the following system parameters: ec-
centricity e = 0.5, 10 Myr merger lifetime, either 20◦ or
45◦ spin inclination angle, orbital period of either 0.16 or
0.21 days, 1.4 M� PSR mass, a 60◦ angle between line of
sight and the same observation scheme. Second, Ref. [27]
simulates the measurability of the Sgr A* quadrupole mo-
ment by timing a PSR orbiting it. The reference assumes
a 100 µs TOA precision measured three times daily for 3
periastron or full orbit passages achieved by observation
with SKA or the 100m telescopes. The simulation uses a
BH spin of 0.36, eccentricity e = 0.8 and an orbital period
of 0.5 yr. Finally, the simulated fractional measurement
accuracy of the BH quadrupole moment is presented in
Fig. 8. Below we will use this measurement accuracy
of Q to derive projected bounds on quadratic-curvature
corrected theories.

B. Example Theories and Projected Bounds

We now study how well one can probe specific modi-
fied theories of gravity with the BH quadrupole moment
measurement via BH-PSRs with SKA. We will study two
example theories, both of which modify the Einstein-
Hilbert action by introducing a correction term, in which
a (pseudo-)scalar field is coupled to curvature-squared in
a non-minimal way. Such theories are motivated as low-
energy effective theories of string theory. EdGB gravity
represents the parity-even sector of such quadratic grav-
ity, while dCS gravity represents its odd-parity sector.
The latter is of particular interest here since corrections
to Ṗ enters first at 2PN order. Thus, Q measurements
have more advantage on probing dCS than Ṗ measure-
ments. We will also study EdGB gravity to demonstrate
that theories with negative PN corrections to Ṗ do not
benefit from Q measurements over those for Ṗ .
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FIG. 8. The fractional measurability of the BH quadrupole
moment with stellar-mass BH-PSRs as a function of the BH
mass for two different spin inclination angles θs [29]. This as-
sumes a 20 year observation length with SKA, the dimension-
less BH spin of χ = 1 and the orbital eccentricity of e = 0.5.
The time to coalesce has been fixed to 10 Myr, which corre-
sponds to the orbital period of 0.16 days (mBH = 30M�) to
0.21 days (mBH = 80M�). We also plot the simulated measur-
ability of the quadrupole moment of Sgr A* by pulsar timing
from [27]. Periapsis only contains measurements by measur-
ing three periastron passages, while full orbit considers the
entire orbit in the measurement.

1. Dynamical Chern-Simons Gravity

DCS is a parity violating theory of gravity in which
a pseudoscalar field is coupled to the Pontryagin density
given by ∗RµνρσR

µνρσ, where Rµνρσ is the Riemann ten-
sor while ∗Rµνρσ is its dual [52, 53]. This theory not
only arises from string theory but also from loop quan-
tum gravity [99–103], chiral anomaly in the Standard
Model [104] and effective theories of inflation [105]. Since
the field equations contain third derivatives, one needs
to treat the theory as an effective field theory within the
small coupling approximation to keep the theory well-
posed [106]5.

BHs in dCS gravity acquire deviations from GR only
when they are spinning. Slowly-rotating solutions have
been constructed to first order [59, 60], second order [61]
and fifth order [62] in spin. Pseudoscalar field configura-
tion has been studied semi-analytically [108] and numeri-
cally [109] for arbitrary spin, and for extremal BHs [110].
Delsate et al. [111] recently constructed rapidly-rotating
BH solutions numerically. In this paper, we adopt the
BH quadrupole moment within the small coupling and
slow rotation approximation, valid to first order in di-
mensionless coupling constant and to fourth order in

5 See [107] for another way to possible cure higher derivative
pathologies in the theory.
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spin [61, 62]6:

Q = QGR,k

(
1− 201

1792
ζdCS +

1819

56448
ζdCSχ

2

)
. (32)

Here

ζdCS =
α2

dCS

κgm4
c

(33)

is the dimensionless coupling constant with κg =
(16π)−1, mBH being the BH mass and αdCS represent-
ing the dimensional coupling constant (in units of length
squared). The dimensionless spin is defined by χ =
J/m2

BH, with J representing the magnitude of the spin an-
gular momentum and QGR,k = −M3χ2 is the quadrupole
moment of a Kerr BH [112]. Using the following relation
in the uncertainty of the quadrupole moment,∣∣∣∣Q−QGR,k

QGR,k

∣∣∣∣ ≤ δQ , (34)

we can solve for α
1/2
dCS as

α
1/2
dCS ≤ 4

√
21

(
κg δQ

12663− 3638χ2

)1/4

mBH . (35)

Let us first study projected upper bounds on dCS grav-
ity with stellar-mass BH-PSRs. The top panel of Fig. 9
presents such bounds on

√
αdCS from the BH quadrupole

moment measurement with stellar-mass BH-PSRs using
SKA, as a function of the BH mass. This figure is ob-
tained by using Eq. (34) with δQ shown in the left panel
of Fig. 8. We use two different spin inclination angles and
compare the cases where we truncate Eq. (32) at O(χ2)
and where we use its full expression valid to O(χ4). Ob-
serve that the latter two cases differ by ∼ 10%. This
is because the fiducial value for the BH spin in the left
panel of Fig. 8 is χ = 1, and the slow-rotation approx-
imation imposed in Eq. (32) is not strictly valid. Since
the difference between open and filled circles/squares in
Fig. 9 is relatively small, we conclude that the projected
bounds are valid as an order of magnitude estimate.

Are projected bounds in Fig. 9 weak or strong? Com-
paring such projected bounds from BH-PSRs to current
strongest bounds of O(108)km obtained from solar sys-
tem [113] and table-top [61] experiments, we see that the
former are stronger than the latter by six to seven or-
ders of magnitude in Fig. 9. Note that because Eq. (35)
depends on δQ to the power of 1/4, the analysis here is
insensitive to improvements in quadrupole moment mea-
surability. Thus, it is a promising method for bounding
dCS due to the relative independence of measurement

6 This expression is actually valid to fifth order in spin since the
next spin correction enters at O(χ6) [62].
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FIG. 9. Projected upper bounds on the square root of the
coupling constant in dCS (top) and EdGB (bottom) gravity
assuming that SKA measures the BH quadrupole moment in
stellar-mass BH-PSR binaries, as a function of the compan-
ion BH mass. We derive the bounds by truncating the BH
quadrupole moment in Eqs. (32) and (37) to O(χ2) (open cir-
cles or squares) and by using the full expression valid to O(χ4)
(filled circles or squares). We consider two different spin in-
clination angles θs of 20◦ (red circle) and 40◦ (blue square).
Other binary parameters are the same as those for the left
panel in Fig. 8. In particular, since the fiducial spin was as-
sumed to be χ = 1, the slow-rotation approximation adopted
in Eqs. (32) and (37) is not accurate, though the bounds are
valid as an order of magnitude estimate. The allowed re-
gions for the small coupling approximation are shaded. The
BH-PSR bounds are much stronger than the current strongest
bounds from solar system [113] and table-top [61] experiments
(
√
αdCS = O(108) km) for dCS gravity, while they are much

weaker than bounds from BH-LMXBs (
√
αEdGB = 1.9 km) [66]

for EdGB gravity.

precision. We also note that NS-PSR/PSR-WD binaries
are not efficient in constraining dCS gravity because NS
spins are too small to obtain any meaningful bounds on
the theory [114].

The correction to the BH quadrupole moment in
Eq. (32) has been derived within the small coupling ap-
proximation ζdCS � 1, and thus we need to check whether
the bounds from BH-PSRs in Fig. 9 are valid within such
an approximation. The above condition for the small
coupling approximation can be rewritten as

α
1/2
dCS � κ1/4

g mBH . (36)

The shaded region in Fig. 9 represents the parameter
space in which the small coupling approximation is valid.
Observe that the BH-PSR bounds are only meaningful
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for θs ∼ 45◦ and mBH & 50M�.
Next, let us examine bounding dCS gravity from su-

permassive BH-PSRs. The small coupling threshold for
αdCS

1/2 is equal to 3 × 106 km. The strongest possi-
ble bound here comes from full orbit measurements from
a PSR orbiting Sgr A*. Unfortunately, such strongest

bound is above the small coupling threshold of α
1/2
dCS by

about 20%. The measurements of periapsis only are even
weaker, so they do not satisfy the small coupling require-

ment. Due to the the fact that α
1/2
dCS ∝ δ

1/4
Q , better mea-

surement accuracy is unlikely to allow the bound to sat-
isfy the small coupling threshold. This analysis suggests
that quadrupole moment modification in a PSR-Sgr A*
binary will be unlikely to produce an improved bound for
dCS.

2. Einstein-dilaton Gauss-Bonnet Gravity

Similar to dCS, EdGB gravity also introduces a
curvature-squared term in the action. Such a term is
the Gauss-Bonnet invariant which is non-minimally cou-
pled to a scalar field, and thus the theory is parity even.
String theory predicts that the coupling between scalar
field and gravity is given in an exponential form but in
this paper, we consider a linear coupling. This theory is
referred to as decoupled dynamical Gauss-Bonnet grav-
ity in [31] and corresponds to Taylor expanding the scalar
field about some constant and keeping up to linear order
in the scalar field7.

BH solutions in linearly-coupled Gauss-Bonnet gravity
have been constructed analytically for both static [55, 56]
and slowly-rotating configurations [57, 58]. In this the-
ory, BHs acquire monopole scalar charges [55, 56] that
produce scalar dipole radiation in BH binaries [44]. Such

radiation modifies Ṗ at −1PN order. On the other hand,
ordinary stars like neutron stars do not possess such
scalar charges [31, 44], and thus binary PSRs cannot
place stringent bounds on the theory. One of the most
stringent bounds in this theory has been obtained from
the orbital decay rate measurement of a BH low-mass
X-ray binaries as

√
αEdGB < 1.9km [66], where αEdGB is

the dimensional coupling constant in the theory. Simi-
lar bounds have been derived in EdGB gravity from the
existence of stellar-mass BHs [115, 116] and the maxi-
mum mass of neutron stars [117], though the latter de-
pends on the unknown equation of state for neutron stars.
Stronger bounds can be obtained from Ṗ measurements
with BH-PSRs using FAST or SKA [31].

We now review the BH quadrupole moment in EdGB
gravity that modifies the Roemer time delay from GR.
The quadrupole moment valid to fourth order in spin

7 The term where the scalar field does not couple to the Gauss-
Bonnet invariant is a total derivative and does not contribute to
the field equations

within the small coupling approximation is given by [57,
58]

Q = QGR,k

(
1 +

4463

2625
ζEdGB −

33863

68600
ζEdGBχ

2

)
, (37)

where ζEdGB is the dimensionless coupling constant de-
fined by Eq. 33 but replacing αdCS with αEdGB. Substi-
tuting the above equation to Eq. (35) and solving for

α
1/2
EdGB, one finds

α
1/2
EdGB ≤ 31/4 703/4

(
κgδQ

1749496− 507945χ2

)1/4

mBH .

(38)
The bottom panel of Fig. 9 presents projected upper

bounds on
√
αEdGB for stellar-mass BH-PSRs from the

BH quadrupole moment measurement with SKA as a
function of the BH mass. Observe that such bounds
are much weaker than the bounds from a BH-LMXB
mentioned earlier. This is because the orbital decay
rate measurement has more advantage on probing the-
ories that give rise to −1PN corrections to Ṗ than the
quadrupole moment measurement. We do not present
projected bounds from the quadrupole moment measure-
ment of Sgr A* with PSRs since such bounds would
be even weaker than those in Fig. 9. Unlike the dCS
case, BH-PSR bounds on EdGB gravity can easily sat-
isfy the small coupling approximation. This is because
the quadrupole moment correction is larger for EdGB
gravity than in dCS gravity (compare the coefficients in
front of ζ in Eqs. (32) and (37)).

IV. CONCLUSION AND DISCUSSION

In this paper, we studied how well one can probe grav-
ity with orbital decay rate and BH quadrupole moment
measurements using future BH-PSR observations. Re-
garding the former, we showed that bounds from generic
non-GR modifications to Ṗ can be stronger than those
from the double PSR by a few orders of magnitude, es-
pecially for corrections entering at negative PN orders.
We mapped this result to various example modified the-
ories of gravity and found that e.g. bounds on Ġ can be
much stronger than the current bound from solar sys-
tem experiments. Regarding the latter, we showed that
the Roemer time delay for certain stellar-mass BH-PSR
configurations can be used to place bounds on dCS grav-
ity that are six orders of magnitude stronger than the
current most stringent bounds. Thus, the detection of a
BH-PSR binary will allow new tests of gravity.

Future work includes extending BH-PSR bounds to
Lorentz-violating theories, such as Einstein-æther [118,
119] and khronometric [120, 121] gravity. Scalar and
vector degrees of freedom in those theories induce dipole
radiation that depends on the sensitivities of compact
objects. So far, such sensitivities for strongly-gravitating
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objects have been calculated for NSs [40, 46]. One can
repeat the analysis in [40, 46] by constructing slowly-
moving BH solutions with respect to the vector field in
these theories to extract BH sensitivities within the pa-
rameter space allowed from theoretical and observational
constraints including GW170817 [47, 48]. One can com-
bine this with the orbital decay rate in these theories
derived in [40] to estimate projected bounds on such the-
ories from future BH-PSR observations.

Another avenue for future work includes improving the
analysis for bounding dCS gravity from BH-PSR obser-
vations. In this paper, we used the stellar mass BH
quadrupole moment obtained within the slow-rotation
approximation [61, 62] for BH-PSR systems with the
BH dimensionless spin of unity, and thus the bounds
should only be understood as order of magnitude esti-
mates. One could improve this analysis by deriving the
BH quadrupole moment valid for arbitrary spin. Such a
goal may be achieved by using BH solutions with arbi-
trary spin in dCS gravity recently constructed numeri-
cally [111].

It would also be interesting to derive bounds on dCS
gravity from the measurement of the advance rate of peri-
astron for BH-PSRs. This is because Ref. [114] identified
such an observable to be a useful post-Keplerian param-
eter when bounding dCS gravity from binary PSR ob-
servations. Typically masses are measured with e.g. the
advance rate of periastron and Shapiro time delay, and
thus if GR tests are done with advance rate of perias-
tron, one must use a different PPK parameter to derive
the masses. This approach introduces more uncertainty
to the bound because the mass measurement precision is
reduced. Ideally, one needs to search for non-GR param-
eters and determine the masses simultaneously, instead

of using the derived masses assuming GR is correct.
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Appendix A: Correction for an Integral Formula in
Cubic Galileon

In [38], we noticed that Eq. (4.10) had a typo, which
we correct in this appendix. The integral that is relevant
for evaluating dipolar radiation in cubic Galileon massive
gravity is given by

IDk (e) = (1− e2)3 k
13/4

2π

∫ 2π

0

exp[−i(k − 1)x]

(1 + e cosx)3
dx , (A1)

where k is an integer with k ≥ 0. First, notice that
symmetry over 0 to 2π allows the following simplification,

∫ 2π

0

exp[−i(k − 1)x]

(1 + e cosx)3
dx = 2

∫ π

0

cos [(k − 1)x]

(1 + e cosx)3
dx . (A2)

On the other hand, one finds the integral formula from
Eq. (3.613) of [122] for e2 < 1 and m ≥ 0:∫ π

0

cos (mx)

1 + e cosx
dx =

π√
1− e2

(√
1− e2 − 1

e

)m
. (A3)

Using Feynman’s trick to reduce the power in the denom-
inator of the integrand in the right-hand-side of Eq. (A2)
to unity, we can use the above integral formula as

2

∫ π

0

cos [(k − 1)x]

(1 + e cosx)3
dx = 2 lim

b→1

∫ π

0

1

2
∂2
b

cos [(k − 1)x]

b+ e cosx

= lim
b→1

∂2
b

1

b

∫ π

0

cos [(k − 1)x]

1 + e
b cosx

= lim
b→1

∂2
b

π√
b2 − e2

(√
b2 − e2 − b

e

)k−1

. (A4)

Thus, IDk with k ≥ 1 becomes

IDk (e) = (1− e2)3 k
13/4

2π
lim
b→1

∂2
b

π√
b2 − e2

(√
b2 − e2 − b

e

)k−1

=
1

2
k13/4

√
1− e2

(√
1− e2 − 1

e

)k−1 [
3− 3

√
1− e2 +

(
2e2 + 3

√
1− e2 − 2

)
k +

(
1− e2

)
k2
]
. (A5)

Comparing this with Eq. (4.10) in [38], we realized that

the typo is that the latter has (
√

1− e2 − 1)k−1 instead

of [(
√

1− e2−1)/e]k−1. Additionally, since Eq. (A3) only
applies to m = (k− 1) ≥ 0, the integral with k = 0 must
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be calculated separately and is equivalent to that with
k = 2 because of cos(−x) = cosx:

ID0 (e) = ID2 (e) . (A6)

With Eqs. (A5) and (A6), the sum of |IDk (e)|2 in the
dipole radiation formula (Eq. (4.8) of [38]) can be more
accurately calculated without numerical integration.

Appendix B: Comparison of Bounds from
GW170817 with those from Binary Pulsars

For the bound on γ in the main text, we used analysis
from Ref. [8] for the two gravitational wave detections
GW150914 and GW151226 consistent with binary BH
mergers [9, 10]. Since that paper has been published,
there was the detection of GW170817 consistent with a
binary NS merger [21], which is able to place stronger
bounds than the previous two. In this appendix, we will
be showing why binary PSRs still have an improvement
compared to GW bounds at low PN orders.

What must be determined is the upper bound on β
for a gravitational wave detection. First, we will moti-
vate our crude estimate by comparing it with the known
bound from GW150914 using a Fisher analysis [8]. We
estimate the bound on β in the following way [123, 124]:

δΦ(f) = β(πMf)b/3 .
1

ρ
, (B1)

where M is the chirp mass while ρ is the signal-to-noise
ratio (SNR). For GW150914,M = 28.1M� and ρ = 23.7
[11]. The reason why the above equation roughly holds
is because a GW measurement can distinguish two wave-
forms with a phase offset ofO(1 rad)/SNR. In Fig. 10, we
show this crude estimate compared to the Fisher result
in [8] for two representative choices of the GW frequency.
One sees that β calculated at 20 Hz and 100 Hz brackets
the range of the true value for PN order less than −1.
20 Hz corresponds to the minimum frequency that Ad-
vanced LIGO is sensitive to [15], while 100Hz is roughly
the frequency that the detector is most sensitive. On the
other hand, our crude estimate does not work for higher
PN corrections. This is because for such cases, non-GR
parameters have a huge degeneracy with other binary pa-
rameters like masses and spins, which is not taken into
account in our estimate.. This result motivates a possi-
ble crude estimation scheme for GW170817 for lower PN
order bounds. For the remaining of this appendix, we
focus on the PN order lower than −1.

Figure 10 clearly shows that the GW frequency that
gives the dominant contribution in terms of bounding β
changes for each PN order, and a lower frequency contri-
bution becomes larger for lower PN order corrections. In
order to find such dominant GW frequency at each PN
order, we solve Eq. (B1) for frequency with β fixed to the
upper bound obtained from a Fisher analysis, which we
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|
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FIG. 10. Crude estimate on the upper bound on the PPE
parameter β for GW150914 as a function of at which PN order
the correction enters, for two representative GW frequencies
(20 Hz and 100 Hz). For reference we also present the bounds
using a numerical Fisher analysis [8]. Observe that the two
crude estimates bracket the numerical one at lower PN order.

show in Fig. 11. In other words, if one uses the frequency
shown in Fig. 11 at each PN order in the crude estimate
expression of Eq. 11, one can recover the upper bound
on β obtained from the Fisher calculation.
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n [PN]
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f 
[H

z
]

GW150914

FIG. 11. The GW frequency of GW150914 as a function
of PN such that the cruder estimate in Eq. (B1) becomes
exactly the same as that obtained from the Fisher analysis
in [8]. Observe that such dominant GW frequency becomes
lower for lower PN orders corrections.

We are now ready to estimate the bounds on β (or
equivalently γ) from GW170817. We use Eq. (B1) but
use M = 1.188M�, ρ = 32.4 [21] and f in Fig. 11. We
then map the bound on β to that on γ using Eq. (8).
We present the result in Fig. 12, together with other
bounds from Fig. 4. Observe that the GW170817 bounds
are stronger than those from GW150914 and GW151226,
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FIG. 12. The upper bound on the fractional non-GR correc-
tion to the orbital decay rate γ in Eq. (5) at each PN order for
various astrophysical systems. This is a replication of Fig. 4
at low PN order with the addition of the speculative bound
of GW170817. Note that the GW170817 bound on γ is not
close to being competitive with those from BH/PSRs and the
double pulsar.

though such bounds are not even close to those with
BH/PSRs and the double pulsar.
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