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In this article, I discuss the construction of some globally conserved currents that one can construct
in the absence of a Killing vector. One is based on the Komar current, which is constructed from
an arbitrary vector field and has an identically vanishing divergence. I obtain some expressions for
Komar currents constructed from some generalizations of Killing vectors which may in principle
be constructed in a generic spacetime. I then present an explicit example for an outgoing Vaidya
spacetime which demonstrates that the resulting Komar currents can yield conserved quantities
that behave in a manner expected for the energy contained in the outgoing radiation. Finally, I
describe a method for constructing another class of (non-Komar) globally conserved currents using
a scalar test field that satisfies an inhomogeneous wave equation, and discuss two examples; the first
example may provide a useful framework for examining the arrow of time and its relationship to
energy conditions, and the second yields (with appropriate initial conditions) a globally conserved
energy- and momentum- like quantity that measures the degree to which a given spacetime deviates
from symmetry.

I. THE KOMAR CURRENT

In a 1959 article [1], Arthur Komar presented a glob-
ally conserved current (the Komar current) for general
relativistic spacetimes, which is constructed from an ar-
bitrary vector field Uµ (which serves as the generator for
diffeomorphisms). The Komar current is of the form:1

Jµ
K := ∇ν (∇µUν −∇νUµ) . (1)

The Komar current has theoretical appeal because it can
be derived from the action in the context of Noether’s
theorem—in [2–4], it was shown that the Komar cur-
rent is in fact the conserved current corresponding to
the diffeomorphism invariance of the Einstein-Hilbert La-
grangian coupled to matter.2

Using the Ricci identity [∇µ,∇ν ]T
αβ = Rα

σµνT
σβ +

Rβ
σµνT

ασ for the Levi-Civita connection ∇µ, it is
straightforward to show that the divergence of Jµ

K iden-
tically vanishes:

∇µJ
µ
K = [∇µ,∇ν ]∇µUν

= Rµ
σµν∇σUν +Rν

σµν∇µUσ

= Rσν∇σUν −Rσµ∇µUσ = 0.

(2)

The above result is an identity for any quantity of the
form given in Eq. (1); it only depends on the Ricci iden-
tity for rank-2 tensors. Note also that Eq. (2) permits a
shift freedom in Jµ

K ; any divergence-free vector added to
Jµ
K preserves the divergence-free property Eq. (2). One

potentially useful example is a vector field of the form

1 Note that there is a gauge freedom in this definition; for a torsion-
free connection ∇µ, Jµ

K is invariant under the transformation
Uµ → Uµ +∇µσ (σ being a scalar field).

2 I also refer the reader to [5] and related work which extend the
analysis to more general theories of gravity [6–8].

∇µφ, which is divergence free if the scalar field satisfies
the wave equation �φ = 0.
From the Komar current Jµ

K , I may construct the 3-
form:

Jµ
K dΣµ = 2∇ν

(

∇[µUν]
)

dΣµ. (3)

By Stokes’ theorem, the integral of the above over some
constant-time hypersurface Σt becomes:

∫

Σt

Jµ
K dΣµ = 2

∫

∂Σt

∇[µUν] dSµν . (4)

where dΣµ and dSµν are the respective surface elements3

for Σt and ∂Σt. Eq. (4) may be used to construct quasilo-
cal expressions for quantities associated with a Komar
current. Note in a closed universe, the constant-time hy-
persurfaces Σt are compact and without boundary, so
that the Komar integrals vanish identically.
For a Killing vector4 χµ , Eq. (4) is the Komar integral,

and it is straightforward to show that the Komar current
Jµ
K (Eq. (1)) becomes:

Jµ
χ = −2�χµ = 2Rµ

νχ
ν . (5)

where I have made use of the following expression, which
may be obtained from the divergence of Killing’s equation
∇(µχν) = 0 (cf Eq. (A.2)):

�χµ +Rµ
ν χ

ν = 0. (6)

Given a Killing vector χµ, Eq. (5) may then be used
in conjunction with the Komar integrals Eq. (4) to ob-
tain (up to factors of two) the Komar mass and angular
momentum [10].

3 See Ch. 3 of [9] for the explicit expressions.
4 See the Appendix for a discussion of Killing vectors and conser-
vation laws.
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II. KOMAR CURRENT FROM ALMOST

KILLING VECTORS

In spacetimes which do not admit Killing vectors, one
may consider the construction of Komar currents from
some generalization of Killing vectors. The general idea
was originally proposed by Komar in [10], in which he
considered semi-Killing vectors, which are divergence-
free and (under the divergence-free condition) satisfy an
equation equivalent to Eq. (6). If, in an asymptotically
flat spacetime, the semi-Killing vectors are asymptoti-
cally Killing, the surface integrals (4) may still be used to
define conserved charges—in particular the mass and an-
gular momentum5 for an asymptotically flat spacetime.
Another approach, introduced by Harte in [12], con-
structs Komar currents from affine collineations (which
form another generalization for Killing vectors), defined
as solutions to the equation ∇α∇(µξν) = 0.
Here, I describe a generalization of Komar’s approach

by dropping the divergence-free constraint. One may rec-
ognize that Eq. (6) is a curved spacetime wave equation
for a vector field; solutions of Eq. (6) form a natural
generalization for Killing vectors which in principle can
be constructed in a generic spacetime. A further general-
ization of Eq. (6) is the Almost Killing Equation (AKE)
[13–15]

�ξν +Rν
σ ξ

σ + (1 − µ)∇ν (∇ · ξ) = 0, (7)

where µ is a constant parameter. The solutions ξµ of the
AKE are termed almost-Killing vectors. The AKE (7) is
a generalization of Eq. (6), and it is straightforward to
verify that if ξµ is a Killing vector, it satisfies the AKE.
If ξµ is a solution to the AKE (7), the Komar current
(Eq. (1)) takes the following form:6

Jν
AK = 2Rν

σξ
σ + (2 − µ)∇ν (∇ · ξ) . (8)

Note that for µ = 2, the current vanishes for vacuum
spacetimes, and that for µ 6= 2, it measures the degree
to which ∇ · ξ fails to be constant. Since Eq. (8) is a
consequence of Eq. (1), the divergence-free property for
the current Jµ

AK (Eq. (2)) is an identity; it follows that if
solutions of Eq. (7) exist, they must satisfy the following
condition:

ξµ∇µR + 2Rµν∇(µξν) + (2− µ)� (∇ · ξ) = 0. (9)

I stress that Eq. (9) should be viewed as a property of so-
lutions for the AKE, not a constraint; it is a consequence

5 Up to an anomalous factor of two [2] (also see [11], which relates
this factor to the trace of the energy-momentum tensor).

6 One might attempt to exploit the gauge freedom ξµ → ξµ+∇µσ
in Eq. (1) for the Komar current to eliminate the divergence of
ξ, but since the result (8) depends on Eq. (7), one cannot replace
ξµ in the result with its gauge-transformed counterpart in Eq.
(8); if one attempts to impose a Lorenz gauge ∇ · ξ = −�σ, the
most one can do is to replace ∇ · ξ with −�σ in Eq. (8).

of the fact that the Komar current, as defined in Eq. (1),
identically satisfies the divergence-free condition (2).
I must mention the globally conserved current of Ruiz

et al. [15], which is also constructed from almost-Killing
vectors. In particular Ruiz et al. construct a conserved
current from solutions ξµ of the AKE (8) by directly gen-
eralizing Eq. (5) to obtain the expression Jµ

χ = 2Rµ
νξ

ν .
Their result is not in general a Komar current, and is not
identically divergence-free; one only has a divergence-free
current with the choice µ = 2 (in which case one has a Ko-
mar current) or by imposing the constraint �(∇ · ξ) = 0.
Another Komar current may be constructed from

the related notion of an approximate Killing vector by
Matzner in [16] (see also [17]), which may be of use
for constructing Komar currents in compact Riemannian
manifolds of positive definite signature. This approach
seeks an extremal value for the functional:

λ[ξ] :=

∫

∇(µξν)∇(µξν)dV
∫

ξµξµdV
, (10)

where dV =
√

|g|dnx is the volume element for the mani-
fold. Extremizing the functional λ[ξ] yields the following
equation:

∆ξµ :=∇ν (∇µξν +∇νξµ) = λξµ, (11)

which one recognizes to be an Eigenproblem for the op-
erator ∆. The resulting Komar current is:

Jµ
M = 2Rµ

νξ
ν + 2∇µ(∇ · ξ)− λξµ. (12)

In compact Riemannian manifolds (with positive-definite
signature), the spectrum of Eigenvalues λ is discrete and
nonnegative, and the Eigenvalue λ = 0 is contained in the
spectrum if and only if the corresponding Eigenvector is a
Killing vector [16]. Approximate Killing vectors in such
manifolds may therefore be defined as solutions to Eq.
(11) which have the minimum value for the Eigenvalue
λ.
Unfortunately, these properties no longer hold

for Eigensolutions on noncompact spacetimes with
Lorentzian signature, and the Eigenvalue λ = 0 is no
longer unique. Nevertheless, the approximate Killing
vector approach still provides some useful insights;
Matzner demonstrates that the functional λ[ξ] provides
a measure of the deviation from symmetry for linearized
gravitational waves, and in the context of the averag-
ing procedure of Isaacson [18] for high frequency gravita-
tional radiation, the functional λ[ξ] depends on the aver-
aged effective energy-momentum tensor for gravitational
radiation [16].7

7 An interesting line of investigation, which I leave for future work,
concerns the precise relationship between λ[ξ] and the conserved
charges for the Komar current calculated from the Eigenvectors
ξµ.
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I also note that for Ricci-flat manifolds, the values of
the current Jµ

M (12) provides (through λ) a nonlocal mea-
sure of the degree to which ξµ fails to be a Killing vector.
On the other hand, the current Jµ

AK (8) constructed only
measures the degree to which the∇·ξ fails to be constant.
The current Jµ

M (12) constructed from Eigensolutions of
(11) therefore provides a more complete8 measure of the
degree to which ξµ fails to satisfy Killing’s equation.

III. AN EXAMPLE: THE VAIDYA SPACETIME

The conserved currents presented in the preceding sec-
tion yield conserved quantities that may be thought of as
generalizations of energy and momentum. Of course, the
generalized Killing vectors on which these currents are
based are by no means unique (I shall construct more
later on in this article), so one cannot regard the corre-
sponding conserved quantities as definitions for the true
energy and momentum of a gravitating system. Nonethe-
less, the conserved quantities constructed from the con-
served currents presented in this article may be useful
as phenomenological (and local) definitions for conserved
energy- and momentum-like quantities.
Here, I illustrate this for the outgoing Vaidya space-

time, which describes the spacetime geometry in the exte-
rior of a radiating object; the line element for the Vaidya
spacetime is (I set G = 1 throughout this article):

ds2 = −
(

1− 2M(u)

r

)

du2−2dudr+r2
(

dθ2 + sin2 θ dφ2
)

,

(13)
and I consider the case where the mass function M(u)
has the form:

M(u) =Mav − 1
2δM erf(αu), (14)

where erf(x) := 2/
√
π
∫ x

0
e−q2dq is the error function and

α is a constant parameter. This mass function describes
the spacetime around a spherical object, initially of mass
Mav+δM/2, that emits a uniform pulse of radiation and
loses a mass δM in the process. For µ = 2, the AKE (7)
admits a solution of the following form:

ξ =

(

1− δMerf(αu)

2M
,−δMαre−α2u2

√
πM

, 0, 0

)

. (15)

The Komar current (8) for ξ is then:

JAK =

(

0,−2δMαe−α2u2

(2M − δMerf(αu))√
πMr2

, 0, 0

)

.

(16)

8 Though Matzner points out that on manifolds of Lorentzian sig-
nature, the tensor ∇(µξν) can be null (∇(µξν)∇

(µξν) = 0), even
if ξµ is not null [16], so λ[ξ] does not provide a fully complete
measure of the degree to which ξµ fails to be Killing.

On a spacelike constraint surface Σs defined by the con-
straint function s(u, r) = u + r, I can perform the fol-
lowing integral (I have made use of u = s − r, with s
constant over Σs) over the domain R1 < r < R2 to ob-
tain the following energy-like quantity:9

Q =− 1

8π

∫

Σs

nµ J
µ
AK

√

|h|d3y

=
δM2

4M

(

erf(α(s−R2))
2 − erf(α(s−R1))

2

)

+ δM

(

erf(α(s −R1))− erf(α(s−R2))

)

.

(17)

Since Σs is spacelike, s is effectively a time coordinate,
and the pulse is centered at the radius r = s. One can
see that when the pulse is well contained in the domain
R1 < r < R2 (in particular, for s ≫ R1 and s ≪ R2),
Q is nearly independent of s, and has a value Q ∼ 2δM
(note that I am evaluating this on a finite domain, which
is why there is no term containing M). Also note that
the first term nearly vanishes when the pulse is far from
R1 and R2. When the pulse is far outside the domain
R1 < r < R2, s ≫ R2, so the value of Q decreases
to zero. The quantity Q therefore behaves in a man-
ner expected for the energy contained in a uniform pulse
of radiation emitted by a spherical object, except that
the change in the charge δQ ∼ 2δM is twice the ex-
pected value. The factor of two here comes from the fact
that the energy-momentum tensor for the Vaidya space-
time is trace-free; it was noted in [11] that Komar inte-
grals for trace-free energy-momentum tensors yield values
twice that of energy-momentum tensors with nonvanish-
ing trace. The results I obtain here further establishes
those of [11].

IV. KOMAR CURRENT FROM CONFORMAL

KILLING VECTORS AND THEIR

GENERALIZATION

I now consider the construction of the Komar current
from a conformal Killing vector and its generalization to
generic spacetimes. A conformal Killing vector is defined
as a vector ξ which satisfies the following [19]:

£ξgµν = 2∇(µξν) = ψ gµν , (18)

where ψ is a scalar field. Note that ∇µξ
µ = 2ψ. Taking

the divergence of (18) yields:

�ξµ +Rµνξ
ν = −∇µψ. (19)

9 The factor of 1/8π in front of the integral in Eq. (17) has been
chosen so that one recovers Q = M for the case of a static
Schwarzschild spacetime.
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I now turn to the Komar current Jµ
K (Eq. (1)), which

now takes the form:

Jµ
C = 2Rµ

νξ
ν + 3∇µψ. (20)

Note that in a vacuum, the value of Jµ
C measures the

degree to which ξµ fails to be homothetic (ψ = const.).
The Komar identity ∇µJ

µ
K = 0 demands:

∇µJ
µ
C = ξν∇νR+Rψ + 3�ψ = 0, (21)

so that the conformal factor ψ satisfies the following wave
equation:

�ψ +
1

3
Rψ = −1

3
ξν∇νR. (22)

Since Eq. (22) is derived from an identity ∇µJ
µ
K = 0,

this result demonstrates that if a conformal Killing vector
exists, its associated conformal factor ∇µξ

µ = 2ϕ must
satisfy the wave equation (22).
It is worth pointing out that in simple cosmological

spacetimes, the conformal Komar current in Eq. (20)
vanishes. It is well known that the Friedmann–Lemâıtre–
Robertson–Walker (FLRW) metric admits a conformal
timelike Killing vector, and it is natural to construct a
Komar current from this vector. The FLRW spacetime
may be described by the line element:10

ds2 = a2(τ)

(

−dτ2 + dr2

1− k r2
+ r2

(

dθ2 + sin2 θ dφ2
)

)

,

(23)
where the conformal time coordinate τ is related to the
usual comoving time coordinate t by dt = a(τ)dτ . It is
straightforward to see that the line element (23) admits a
timelike conformal Killing vector; the only part of the line
element dependent on the coordinate τ is the scale factor
a(τ), which only appears once as a conformal factor. For
the FLRW metric, the Lie derivative is proportional to
the metric:

£ ∂

∂τ

gµν = 2
ȧ(τ)

a(τ)
gµν . (24)

The coordinate basis vector ∂/∂τ is therefore a conformal
Killing vector.
Since the FLRW admits a timelike conformal Killing

vector ∂/∂τ , it is natural to construct a Komar current
from ∂/∂τ . Setting x0 = τ , the components of ∂/∂τ
are δµ0 , with δµν being the Kronecker delta. The Komar
current that results from this vanishes; to see this, note
that the metric component gµ0 form the covariant com-
ponents of the vector δµ0 . In terms of gµ0, the conformal
Komar current is:

Jµ
C = gµα∇β (∂αgβ0 − ∂βgα0) . (25)

10 I set c = 1 and employ the MTW [20] signature (−,+,+,+).

The quantity in the brackets vanishes because the met-
ric is diagonal and g00 depends only on τ . The Komar
current vanishes, and it follows that the resulting Komar
integrals also vanish.11 It is not surprising to find that
the Komar current and its associated charges vanish; the
FLRW spacetime possesses a high degree of symmetry,
and for a closed universe, the vanishing of charges imme-
diately follows from Eq. (4).
The conformal Komar current motivates the construc-

tion of a more general almost-conformal Komar current,
valid in spacetimes which do not admit a conformal
Killing vector. In principle, one can construct Eq. (19)
in a generic spacetime:

�ζµ +Rµνζ
ν = −∇µω. (26)

The Komar current for ζµ satisfying Eq. (26) is:

Jµ
AC = 2Rµ

νζ
ν +∇µ(∇ · ζ) +∇µω. (27)

The divergence of the above yields:

ζν∇νR+ 2Rµν∇(µζν) +�(∇ · ζ) +�ω = 0. (28)

Now since the divergence of the Komar current is iden-
tically zero, Eq. (28) does not constrain the scalar field
ω; Eq. (28) is a property of any solution ζµ to Eq. (26).
Since I intend ζµ to be a generalization of the conformal
Killing vector, I require that ω satisfies equation (22):

�ω +
1

3
Rω = −1

3
ζν∇νR. (29)

One may then solve Eqs. (26) and (29) for ζµ and ω;
the resulting vector field ζµ may then be used to con-
struct a Komar current in a generic spacetime. If they
exist, Killing vectors and conformal Killing vectors both
lie in the solution space of Eqs. (26) and (29). If ξµ is
a Killing vector, then Eq. (26) requires that ω be a con-
stant, and Eq. (29) implies that ω must vanish. If ζµ is
a conformal Killing vector, then Eq. (26) requires that
up to a constant, 2ω = ∇ · ζ, and the wave equation for
ω (Eq. (29)), combined with the property (28), requires
that 2ω = ∇ · ζ holds exactly. The solutions of Eqs.
(26) and (29) therefore provide a suitable generalization
for both Killing vectors and conformal Killing vectors in
generic spacetimes. For situations in which one has an
approximate conformal symmetry, it may be appropriate
to formulate conservation laws using the Komar current
(27) constructed from solutions of Eqs. (26) and (29).

V. GLOBALLY CONSERVED NON-KOMAR

CURRENTS FROM SCALAR TEST FIELDS

As mentioned earlier, the Komar current has theoret-
ical appeal because it can be derived from fundamen-
tal principles in the context of Noether’s theorem [2–4].

11 This applies to the surface integrals in Eq. (4); note that the in-
tegrand of the surface integrals depend on the bracketed quantity
in Eq. (25).
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However, Komar currents may be of limited use in cer-
tain circumstances. As discussed earlier, any globally
conserved charge constructed from the Komar current
will vanish in spatially closed universes, by virtue of Eq.
(4). Even for Schwarzschild and Kerr spacetimes, which
admit a nonvanishing Komar charge for timelike Killing
vectors, the Komar current Jµ

χ (Eq. (5)) for Killing vec-
tors is of little use locally since it vanishes in vacuum
spacetimes. While the currents constructed from gen-
eralized Killing vectors in Eqs. (8) and (27) do not in
general vanish in vacuum spacetimes, and their nonvan-
ishing values measure the degree to which the divergence
of the generalized Killing vector fails to be constant—it
would be preferable instead to have a current which more
completely measures the degree to which the generalized
Killing vector fails to satisfy Killing’s equation. Though
the current Eq. (12) constructed fromMatzner’s approxi-
mate Killing vector can be interpreted as such, it depends
on λ[ξ] which, being constructed from integrals, is diffi-
cult to evaluate on the whole of a noncompact spacetime.
Fortunately, one can construct globally conserved cur-

rents that do not correspond to a Komar current—the
conserved current of Ruiz et al. is one example [15] (note,
however, that it also vanishes in a vacuum spacetime).
There is a more general class of conserved currents (con-
taining the Komar current) defined as those formed from
divergences of superpotentials; the discussion of this ap-
proach is beyond the scope of this article, and I refer the
reader to [5, 21, 22] and references contained therein. In
this section, I examine a simple construction that can
turn a non-conserved current into a globally conserved
current in a generic spacetime. As I shall demonstrate,
the simplicity of this construction facilitates both the
computation and interpretation of the resulting currents.
To motivate this construction, recall that the identity

∇µJ
µ
K = 0 for the Komar current Jµ

K (2) admits a shift
freedom; one can add any divergence-free vector to the
Komar current Jµ

K to obtain another conserved current.
In particular, I note that the current Jµ

K + ∇µϕ is also
divergence-free when the scalar field ϕ satisfies the ho-
mogeneous wave equation �ϕ = 0. In FLRW space-
time, one solution to the homogeneous wave equation
is ϕ = −

∫ (

ρ0/a
2(τ)

)

dτ (where ρ0 is a constant); this
produces a shift in the Komar charge by an amount ρ0 V
where V is the spatial volume when a(τ) = 1. This prop-
erty is reminiscent of the shift freedom in the electrostatic
potential or the Newtonian gravitational potential.12

Given a current Jµ that is not divergence free (∇µJ
µ 6=

0), I may construct a conserved current with a similar
procedure—I add to Jµ a gradient ∇µ which cancels out
the divergence:

Kµ = Jµ −∇µϕ, (30)

12 In the gravitational case, note that for a uniform gravitational
field (like that near the surface of the earth) there is no absolute
definition for the potential energy; the shift freedom corresponds
to a freedom of choice in the reference height.

where the scalar field ϕ now satisfies an inhomogeneous
wave equation:

�ϕ = ∇ · J. (31)

In this framework, the scalar field ϕ absorbs the diver-
gences for the current Jµ, and characterizes the degree to
which the current Jµ and its charges fail to satisfy con-
servation laws. Of course, Eq. (31) admits many more
solutions than necessary for this purpose,13 since one can
add solutions of the homogeneous wave equation �ϕ = 0
to a particular solution of Eq. (31). These additional
solutions correspond to shifts in the conserved charges
(recall the discussion in the preceding paragraph for the
FLRW example). This can be made explicit for the cur-
rent Jµ = Rµνnν , where n

µ is the unit normal vector to
constant t surfaces:

Kµ
R = Rµν nµ −∇µϕ. (32)

The resulting charge Q may be interpreted as an energy
for an FLRW spacetime. For a closed FLRW spacetime
with a scale factor14 a(t) = a0t

q, I obtain the following
solution of Eq. (31) for ϕ = ϕ(t):

ϕ(t) =
3q(q − 1)

t
+ C1

t1−3q

1− 3q
+ C2, (33)

where C1 and C2 are constants of integration. The con-
served charge (evaluated on a constant t surface) is then:

Q = a30C1V, (34)

where V is the volume of the constant t hypersurface
when a(t) = 1. Note that Q depends on the constant
of integration C1; it is straightforward to verify that the
term containing C1 in Eq. (34) is in fact a solution of the
homogeneous wave equation �ϕ, which generates a shift
in the energy. If I set C1 = 0, I recover the result that
the conserved charge (which corresponds to an energy)
vanishes; the C1 = 0 solution therefore yields the cor-
rect value (zero) for the total energy in a closed FLRW
universe. This example further establishes that solutions
to the homogeneous equation correspond to shifts in the
conserved charges.
I now discuss a current closely related to Kµ

R (32),
which endows the scalar field ϕ with an interesting prop-
erty in a spatially closed (not necessarily FLRW) uni-
verse. The current takes the following form:

Kµ
T = T µν Xν −∇µϕ. (35)

13 Here, I assume that for a given set of initial conditions on a
Cauchy surface (and a well-behaved source), unique solutions to
(31) exist for a sufficiently short (but finite) time.

14 Here, I use the usual comoving coordinate t, in which the line
element takes the form ds2 = −dt2 + a2(t)dS2, where dS2 is the
line element for constant t surfaces when a(t) = 1.
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where Xµ is a timelike, future-pointing unit vector, and
T µν is an energy-momentum tensor that satisfies the
dominant energy condition [19, 23], which for the dis-
cussion here takes the form TµνX

µZν ≥ 0 for any two
future-directed timelike unit vectors Xµ and Zµ. I note
that one can always choose initial conditions for ϕ such
that (where nµ is a timelike unit normal vector to a con-
stant t hypersurface):

nµ∇µϕ− Tµνn
µXν = 0, (36)

so that the resulting conserved charge takes the value
Q = 0. Eq. (31) ensures that Kµ

T is divergence-free so
that the value of the charge Q is foliation independent.
If Q = 0, it follows that on any hypersurface Σ:

∫

Σ

nµ∇µϕ
√

|h|d3x ≥ 0, (37)

where h is the determinant of the induced metric on Σ.
Since the above inequality holds for any spacelike hyper-
surface, I find that the dominant energy condition implies
that for any future-directed hypersurface-orthogonal vec-
tor Zµ, the integral of the derivative Zµ∇µϕ on the inte-
gral hypersurfaces of Zµ is positive. This condition is the
statement that on average, ϕ is constant or increasing15

along future-directed integral curves of Zµ. I emphasize
that this property is only true on average, since the in-
equality (37) does not in general imply Zµ∇µϕ < 0 at
every point in Σ. Nevertheless, this property suggests
that ϕ is globally increasing along the integral curves of
a unit hypersurface-orthogonal timelike vector field Zµ.
The current (35) may therefore provide a framework for
studying questions concerning the arrow of time and its
relationship to energy conditions in general relativity.
Finally, I discuss a construction that generalizes the

Komar current Jµ
AK for almost Killing vectors:16

Kµ
AK = Jµ

AK+ξν

(

2∇(µξν) + κgµν (∇ · ξ)
)

−∇µϕ, (38)

where κ is a parameter and ϕ satisfies:

�ϕ = ∇µ

(

ξν

(

2∇(µξν) + κgµν (∇ · ξ)
))

. (39)

The current Jµ
AK does not contribute to the rhs of (39)

because it is a Komar current and is identically con-
served. Note that when ξµ is a Killing vector, Kµ

AK

becomes Jµ
χ (Eq.(5)) after eliminating the superfluous

15 I should point out that since the volume of Σ differs between
hypersurfaces, the inequality in Eq. (37) does not imply that

the integral
∫

Σ ϕ
√

|h|d3x increases for uniform infinitesimal dis-
placements in the direction of nµ. This is only true on maximal
hypersurfaces (hypersurfaces which have vanishing mean curva-
ture).

16 One may instead substitute the more general current Jµ
AC in Eq.

(27), but similar arguments apply—for simplicity, I restrict my
attention to Jµ

AK .

solutions of the wave equation for ϕ (which may be done
with an appropriate choice of initial and boundary con-
ditions). I also point out that the scalar field ϕ may not
always be necessary to ensure conservation; if κ = −2µ
and if ∇(µξν) is null and trace-free,17 the rhs of (39) van-
ishes and ϕ decouples from ξ.
In general, the currentKµ

AK is nonvanishing in vacuum
spacetimes which do not admit Killing vectors. While
this is true to some degree for the currents in Eqs. (8),
(12) and (27), the expression has a clear interpretation
in the µ = 2 case (in which Jµ

AK vanishes for a vacuum
spacetime); the terms explicitly dependent on ξµ provide
a local measure of the degree to which ξµ fails to satisfy
Killing’s equation, and the inhomogeneous solutions ϕ of
Eq. (39) provide a nonlocal measure of the degree to
which ξµ fails to be Killing. The current Kµ

AK therefore
provides an energy- and momentum-like measure of the
deviation from symmetry in a generic spacetime. Note
also that the computation of Kµ

AK is much simpler than
that of Eq. (12), and can be formulated as an initial
value problem for the AKE (7) and the wave equation
for ϕ (39).

VI. OUTLOOK

In this article, I have constructed some Komar currents
(Eqs. (8), (12) and (27)) from various generalizations of
Killing vectors, defined as the respective solutions to Eqs.
(7), (11), and the system given by Eqs. (26) and (29),
which can in principle be constructed in generic space-
times. In spacetimes that admit Killing vectors, I have
shown that Killing vectors lie in the solution space to
these equations, and Killing vector solutions may be re-
covered with an appropriate choice of initial and bound-
ary conditions18—and I have also argued that for Killing
vector solutions, the corresponding currents reduce to the
familiar Komar currents for Killing vectors. Though the
analysis here of these currents and their properties is ad-
mittely a cursory one, I have included a simple example
for the Vaidya spacetime which demonstrates how Komar
currents from approximate Killing vectors can be used to
define conserved quantities that behave in a manner ex-
pected for the energy (up to a factor of 2) contained in
the outgoing radiation. A more detailed investigation,
which I leave for future work, will involve the further
study of the systems (in particular their solutions in var-
ious spacetime geometries) described in Eqs. (7), (11),
and Eqs. (26), (29).
I have also presented a new class of globally conserved

currents which do not correspond to Komar currents,

17 Again, as pointed out earlier in footnote 7, the tensor ∇(µξν) can
be null, even for non-Killing vectors ξmu that are not themselves
null [16]

18 In the case of Eq. (11), one must also select the λ = 0 Eigenso-
lutions.
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and can be constructed from an existing current (which
does not need to be conserved) and a scalar field. While
these currents do not have the same fundamental status
as Komar currents (which can be derived in the frame-
work of Noether’s theorem), they are simple to construct,
and I have shown that they can have interesting fea-
tures which may be of conceptual and calculational util-
ity. I discussed a couple of examples; the current (35) is
constructed from a unit timelike vector and the energy-
momentum tensor, and I have shown that under the dom-
inant energy condition, the scalar field ϕ is on average
constant or increasing in the direction of future-pointing
hypersurface orthogonal timelike unit vectors—this fea-
ture might make this construction a useful framework
for studying questions concerning the arrow of time and
its possible relationship to energy conditions in general
relativity. The current (38) is constructed from almost-
Killing vectors and (with appropriate initial conditions)

yields a globally conserved energy- and momentum-like
quantity which measures the degree to which a given
spacetime deviates from symmetry. The examples dis-
cussed in this article are by no means unique; there are
many more currents that one can construct from the pre-
scription in Eqs. (30) and (31). I leave for future investi-
gation the exploration and identification of other useful
currents that may be constructed with this prescription.
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[8] J. Schmidt and J. Bičák, Journal of Mathematical
Physics 59, 042501 (2018).

[9] E. Poisson, A Relativist’s Toolkit: The Mathematics

of Black-Hole Mechanics (Cambridge University Press,
2004).

[10] A. Komar, Phys. Rev. 127, 1411 (1962).
[11] D. Lynden-Bell and J. Bičák, Phys. Rev. D 96, 104053

(2017).
[12] A. I. Harte, Classical and Quantum Gravity 25, 205008

(2008).
[13] C. H. Taubes, Journal of Mathematical Physics 19, 1515

(1978), https://doi.org/10.1063/1.523859.
[14] C. Bona, J. Carot, and C. Palenzuela-Luque, Phys. Rev.

D 72, 124010 (2005).
[15] M. Ruiz, C. Palenzuela, and C. Bona, Phys. Rev. D 89,

025011 (2014).
[16] R. A. Matzner, Journal of Mathematical Physics 9, 1657

(1968), https://doi.org/10.1063/1.1664495.
[17] C. Beetle, ArXiv e-prints (2008), arXiv:0808.1745 [gr-

qc]; C. Beetle and S. Wilder, Classical and Quantum
Gravity 31, 075009 (2014).

[18] R. A. Isaacson, Phys. Rev. 166, 1263 (1968); 166, 1272
(1968).

[19] R. Wald,General Relativity (University of Chicago Press,

1984).
[20] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravi-

tation (W. H. Freeman, 1973).
[21] A. N. Petrov and J. Katz, Proceedings of the Royal So-

ciety of London A: Mathematical, Physical and Engi-
neering Sciences 458, 319 (2002); J. Katz and G. I.
Livshits, Classical and Quantum Gravity 25, 175024
(2008); B. Julia and S. Silva, 15, 2173 (1998).

[22] L. B. Szabados, Living Reviews in Relativity 12, 4
(2009).

[23] S. Hawking and G. Ellis, The Large Scale Structure of

Space-Time (Cambridge University Press, 1973).
[24] S. Weinberg, Gravitation and cosmology: principles and

applications of the general theory of relativity (Wiley,
1972).

[25] S. Carroll, Spacetime and Geometry: An Introduction to

General Relativity (Addison Wesley, 2004).

Appendix: APPENDIX

1. Killing vectors and conservation laws

In this appendix, I briefly review the relationship be-
tween Killing vectors and global conservation laws, the
discussion of which may be found in a standard reference
on general relativity (see for instance [9, 19, 20, 24, 25])
or in the seminal work of Komar [10]. A Killing vector
χµ is defined by Killing’s equation:

1

2
£χgµν = ∇(µχν) = 0, (A.1)

where £χ is the Lie derivative, and I use the symmetriza-
tion convention A(µν) =

1
2 (Aµν +Aνµ). From Eq. (A.1),

it is straightforward to show that a Killing vector is
divergence-free ∇µχ

µ = 0, and that χµ satisfies the fol-
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lowing wave equation:

�χµ +Rµ
ν χ

ν = 0. (A.2)

where Rµν is the Ricci tensor. Killing vectors describe
the isometries of spacetime; if a metric admits a Killing
vector, there exists a coordinate system in which the met-
ric is independent of a coordinate and the Killing vector
becomes a coordinate basis vector for that coordinate.19

Given a Killing vector, one may construct a conserved
current from the energy-momentum tensor for matter
T µν :

Jµ
T := T µνχν . (A.3)

The divergence of Jµ
T vanishes:

∇µJ
µ
T = ∇(µχν)T

µν + χν ∇µT
µν = 0. (A.4)

The second equality follows from Killing’s equation (A.1)
and the local conservation law∇µT

µν = 0 for the energy-
momentum tensor.
One can construct another conserved current from the

Ricci tensor Rµν :

Jµ
R := Rµνχν . (A.5)

The divergence of Jµ
R takes the following form:

∇µJ
µ
R = ∇(µχν)R

µν + χν ∇µR
µν . (A.6)

The divergence of Rµν does not vanish, but it does satisfy
the contracted Bianchi identity:

∇µR
µν =

1

2
∇νR (A.7)

The last term in (A.6) vanishes by way of χν∇νR =
0; this property follows from the observation that if the
Killing vector χ is a coordinate basis vector so that χ =
∂/∂z, then the metric and the Ricci scalar R become
independent of the coordinate z. It then follows that the
divergence of Jµ

R vanishes

∇µJ
µ
R = 0. (A.8)

It is straightforward to construct globally conserved
quantities from Jµ, provided ∇µJ

µ = 0. To do this,
integrate ∇µJ

µ = 0 over some region of spacetime U
(with boundary ∂U) and apply the divergence theorem
to obtain the result:

∫

U

∇µJ
µ
√

|g|d4x =

∫

∂U

nµ J
µ ε
√

|h|d3y = 0. (A.9)

19 To see this, recall that the Lie derivative with respect to a coor-
dinate basis vector is just the partial derivative. For a coordinate
x, this means that £∂/∂x = ∂/∂x. Killing’s equation for ∂/∂x
then becomes ∂gµν/∂x = 0, which is precisely the condition that
gµν is independent of the coordinate x.

where nµ is the outward pointing unit normal vector to
the boundary ∂U , with ε = nµ nµ = ±1, y are coordi-
nates on ∂U , and h = det(hij), with hij being the in-
duced metric on ∂U (here, I assume the ∂U is non-null).
If the spacetime manifold has topology R × Σ, where Σ
is compact and without boundary,20 I may choose the
boundary to be given by ∂U = Σt1 ∪ Σt2 where Σt1 is
a spacelike constant time hypersurface defined by the
coordinate value t = t1, and Σt2 is defined by t = t2.
Equation (A.9) then implies the following:

∫

Σt2

nµ J
µ
√

|h|d3y =

∫

Σt1

nµ J
µ
√

|h|d3y. (A.10)

Since the above holds for an arbitrary coordinate system
on the spacetime manifold, one may infer that the follow-
ing integral is conserved (assuming spacelike Σ), where
the factor 1/4π is chosen so to yield the appropriate value
of mass for an asymptotically flat spacetime:

Q =
1

4π

∫

Σ

nµ J
µ
√

|h|d3y. (A.11)

In particular, Eq. (A.10) implies that Q is independent of
the choice of spacelike hypersurface Σ in the spacetime;
it is a conserved quantity.

20 I make this assumption to simplify the argument, but one can
make similar arguments for spacetimes with spatial boundary by

imposing suitable boundary conditions.


