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We study the shadow cast by a large gravitating sphere, similar to our Sun. For this, we con-
sider the gravitational field produced by a static mass monopole within the first post-Newtonian
approximation of the general theory of relativity. We study the propagation of a monochromatic
electromagnetic wave in the vicinity of a large, opaque, gravitating sphere. To treat the opaque
nature of the body and its physical size, we implement fully absorbing boundary conditions and
develop a wave-optical treatment of the shadow formed by this object. Based on this approach, we
demonstrate that the structure of the shadow is determined by the Schwarzschild radius of the body
and its physical size. The shadow’s boundary has the shape of a concave rotational hyperboloid
bent inward due to the refractive properties of the curved spacetime. We show that there is no light
in the shadow. However, even in the presence of gravity and related gravitational bending of photon
trajectories there is the bright spot of Arago that is formed behind a perfectly spherical obscuration.

I. INTRODUCTION

We investigate the scattering of light by the curvature of spacetime induced by the gravitational mass monopole of
a large star. Specifically, we study the shadow cast by a large, massive, opaque sphere that is characterized by a weak
gravitational field, similar to that of our Sun. This question is important for our ongoing efforts to study the solar
gravitational lens (SGL) as the means for direct high-resolution imaging and spectroscopy of an exoplanet [1–4].
Although optical properties of the SGL are primarily determined by the solar Schwarzschild radius, the Sun itself,

with its large physical dimensions, acts as a spherical obscuration that blocks a significant part of the incident
wavefront. It is known that in the absence of gravity, a spherical obscuration with sharp boundaries placed in a
beam of monochromatic light results in the formation of the Arago bright spot behind the sphere, which confirmed
the wave-optical nature of light in a famous experiment. How does gravity affect this process? Is there light in the
shadow cast by a large gravitating sphere with sharp boundaries? These questions are of practical importance when
considering the use of the SGL for imaging purposes, which was the primary motivation for this paper.
Towards this objective, recently we studied the electromagnetic (EM) field in the shadow cast by a large, opaque

sphere with soft boundaries in flat spacetime [5]. We considered the scattering of a high-frequency monochromatic
EM wave by the large sphere. It is known that the presence of the spherical obscuration results in a geometric shadow
of cylindrical shape behind the sphere. To describe this shadow, we developed a Mie theory that accounts for the
obscuration and demonstrated that there is indeed no EM field present in the shadow region. One exception is the
presence of the bright spot of Arago, which can form at distances up to z ≪ kR2

⊙ (corresponding to a Fresnel number
F = kR2

⊙/z ≫ 1), where R⊙ is the solar radius and k = 2π/λ is the wavenumber corresponding to the observing
wavelength. For optical and infrared wavelengths, i.e., for λ ∼ 1 µm, these distances are up to z ∼ 98 megaparsec
(Mpc). In addition, to form the Arago spot the edge of the circular obscuration must be sufficiently smooth. However,
it is not clear how the presence of gravity affects this process: if it only modifies the distance where such effect may
exist or if it changes the entire phenomenon altogether.
It is known that gravity introduces refractive properties on spacetime [6]. As light propagates in the vicinity of the

Sun, the direction of its propagation changes by the angle α = 2rg/b, where rg = 2GM/c2 is the Schwarzschild radius
of the Sun, M is the solar mass, and b is the ray’s solar impact parameter. Because of this refraction, in the solar
vicinity photons propagate on hyperbolic trajectories that are bent towards the Sun, resulting in a specific shape of the
shadow. Depending on the impact parameter, the rays will intersect at a heliocentric distance of z ≥ 547.8 (b/R⊙)
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astronomical units (AU) (see Fig. 1). As a result, the shadow forming behind a large, opaque, gravitating sphere,
such is that of our Sun, has a geometric boundary shaped like a concave rotational hyperboloid (studied in [2]).
In [2] we studied the properties of the caustic formed by the SGL at heliocentric distances beyond z0 = 547.8 AU,

where the interference region of the SGL begins (see Fig. 1). This area has the shape of an elongated convex rotational
hyperboloid whose outer boundary is set by the rays just grazing the Sun and thus intersecting the focal line at z0
(i.e., defining the common vertex of the two hyperboloids that of the interference region and that of the shadow.) This
is the region where the SGL acquires its most interesting properties, including extreme magnification and high optical
resolution. The region directly behind the Sun, corresponding to light rays with impact parameters b ≤ R⋆

⊙ ≡ R⊙+rg
is the region of the geometric shadow. The third area is characterized by impact parameters b > R⋆

⊙ and two sets of
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FIG. 1: Three different regions of space associated with a monopole gravitational lens: the shadow, the region of geometric
optics, and the region of interference (from [2]).

heliocentric distances – those smaller than z0 and those larger than z0, but outside the convex rotational hyperboloidal
boundary of the interference region – is called the region of geometric optics (see discussion in [2, 7].)
The primary objective of this paper is to develop a wave-theoretical description of the shadow region of the Sun.

This problem is characterized by a set of widely different scales, namely (i) the wavelength of radiation, λ, is much
smaller than the radius of the Sun, λ ≪ R⊙, and (ii) observational regions, at distances r that much larger than
the solar Schwarzschild radius, rg ≪ R⊙ ≪ r. This is exactly the situation encountered in the study of the optical
properties of the SGL [1, 2] and its applications. Such problems are typically tackled using a geometrical optics
approximation or the usual methods of scalar optics [8]. These approximations can be avoided, however, within a
wave-optical treatment, which is the topic of the present paper. In addition, such treatment allows us to study the
wave nature of light in the presence of gravity, which may be important for some areas of astrophysics that deal with
strong gravitational fields and/or large scales astronomical phenomena in the presence of gravity.
This paper is organized as follows: In Section II, we present the solution for the fictitious EM field of the solar

shadow, given in terms of Debye potentials. Section III is devoted to the investigation of the EM field in the solar
shadow. Using the wave-optical treatment, we show that there is no light present in the shadow region of the SGL
to heliocentric distances up to 547.8 AU. In Section IV, we study the area on the optical axis directly behind the
spherical obscuration in a search for the on-axis EM field that may appear there due to diffraction of light on the
boundaries of a large sphere (that resembles the Sun with its physical size and mass, but has a sharp boundary.)
We show that even in the presence of gravity, there is the bright spot of Arago, that is formed in such conditions on
axis behind a perfectly spherical obscuration. In Section V, we discuss the results that we obtained and present our
conclusions.

II. ELECTROMAGNETIC WAVES IN A STATIC GRAVITATIONAL FIELD

To describe the optical properties of the SGL, we use a static, harmonic metric that represents the gravitational
field produced by a mass monopole, taken in the post-Newtonian approximation of the general theory of relativity.
Due to the spherical symmetry of the problem, we may introduce spherical coordinates (r, θ, φ), where such a metric
in the harmonic gauge is given by the following line element [6, 9]:

ds2 = u−2c2dt2 − u2
(

dr2 + r2(dθ2 + sin2 θdφ2)
)

, (1)

where, to the accuracy sufficient to describe light propagation in the solar system, the quantity u has the form

u = 1 +
rg
2r

+O(r2g), (2)

with rg = 2GM/c2 being the Schwarzschild radius of a gravitating body of massM , thus representing the contribution
of the mass monopole of the body’s gravitational potential to the relativistic space-time (1).
Following [2], we present Maxwell’s equations in the spacetime given by (1)–(2) as

curlD = −u2 1
c

∂B

∂t
+O(r2g), div

(

u2 D
)

= O(r2g), (3)

curlB = u2
1

c

∂D

∂t
+O(r2g), div

(

u2 B
)

= O(r2g), (4)
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where the differential operators curl and div are with respect to the 3-dimensional Euclidean flat metric.
As shown in [2], following the Mie approach [8, 10], one can separate the variables in the Maxwell equations (3)–(4)

and, by following the Mie approach, present a solution to these equations in the form of generic electric and magnetic
Debye potentials, eΠ and mΠ, respectively. Then, by matching these potentials to the incident Coulomb-modified
plane wave, we find that both of these potentials in the vacuum may be given in terms of a single Debye potential
Πg

0(r, θ):

( eΠ
mΠ

)

=

(

cosφ

sinφ

)

Πg
0(r, θ), where Πg

0(r, θ) = E0
u

k2r

∞
∑

ℓ=1

iℓ−1 2ℓ+ 1

ℓ(ℓ+ 1)
eiσℓFℓ(krg, kr)P

(1)
ℓ (cos θ) +O(r2g), (5)

where k = 2π/λ is the wavenumber of the EM wave, Fℓ(krg, kr) and σℓ are the Coulomb function and Coulomb phase

shift of the ℓ-th order, correspondingly [11–15], with P
(1)
ℓ (cos θ) being the associated Legendre-polynomials of the first

order. Note, that we use a heliocentric coordinate system with the z-axis oriented along the incident direction of the
EM wave, where θ is the angle between the z-axis and the direction towards a particular observation point.
In the case of a spherically symmetric gravitational field, we may obtain the components of the EM field corre-

sponding to a Debye potential Π by first constructing the following quantities (see details in [2]):

α(r, θ) = − 1

u2r2
∂

∂θ

[ 1

sin θ

∂

∂θ

[

sin θ (rΠ)
]

]

=
1

u

{ ∂2

∂r2

[rΠ

u

]

+ k2 u4
[rΠ

u

]}

, (6)

β(r, θ) =
1

u2r

∂2
(

rΠ
)

∂r∂θ
+
ik
(

rΠ
)

r sin θ
, (7)

γ(r, θ) =
1

u2r sin θ

∂
(

rΠ
)

∂r
+
ik

r

∂
(

rΠ
)

∂θ
. (8)

Using the Debye potential Πg
0(r, θ) from (5) in place of the quantity Π in these definitions, we obtain the components

of the EM field:
(

Dr

Br

)

=

(

cosφ

sinφ

)

e−iωtα(r, θ),

(

Dθ

Bθ

)

=

(

cosφ

sinφ

)

e−iωtβ(r, θ),

(

Dφ

Bφ

)

=

(− sinφ

cosφ

)

e−iωtγ(r, θ). (9)

However, to derive the total EM field behind the Sun, we need to take into account the physical size of the opaque
massive sphere, representing the Sun. We can do that by imposing appropriate boundary conditions. In this regard,
the fully absorbing conditions that we used in [2, 5] are well-suited for this purpose. To impose such conditions, it

is convenient to represent the Coulomb function, Fℓ, in (5) as a combination of two Hankel functions, H
(±)
ℓ , given in

the form Fℓ =
(

H
(+)
ℓ −H

(−)
ℓ

)

/2i. This yields the following expression for the Debye potential Πg
0(r, θ) from (5):

Πg
0(r, θ) = −E0

u

2k2r

∞
∑

ℓ=1

iℓ
2ℓ+ 1

ℓ(ℓ+ 1)
eiσℓ

(

H
(+)
ℓ (krg, kr)−H

(−)
ℓ (krg, kr)

)

P
(1)
ℓ (cos θ) +O(r2g). (10)

Expression (10) allows us to set the boundary conditions on the surface of a fully absorbing sphere (see discussion

in [2, 5]). First, we recognize the asymptotic behavior of the Hankel functions H
(±)
ℓ (krg, kr). For large values of

the argument kr → ∞ (especially when kr ≫ ℓ, where ℓ is the order of the Coulomb function) and r ≫ rt =
√

ℓ(ℓ+ 1)/k2 + r2g − rg, these functions behave as [2]:

lim
kr→∞

H
(±)
ℓ (krg, kr) ∼ exp

[

± i
(

kr + krg ln 2kr −
πℓ

2
+ σℓ +

ℓ(ℓ+ 1)

2kr

)]

+O
(

(kr)−3
)

. (11)

Thus, the radial function H
(+)
ℓ (krg, kr) represents the outgoing wave, while H

(−)
ℓ (krg, kr) is the incoming wave. This

observation emphasizes the fact, demonstrated by the structure of (10), that in the absence of any interaction, the
Debye potential of a free EM wave may be thought of as a superposition of incoming and outgoing waves.
Next, we recognize that the smallest possible impact parameter represents light rays that are grazing the solar

surface, which corresponds to the heliocentric distance of R∗
⊙ = R⊙ + rg. This extra rg term, in addition to the solar

radius, accounts for the fact that rays of light are bent by the gravitational field of the mass monopole even as they
approach the source. In other words, the rays with b ≤ R∗

⊙ will hit the Sun and will be absorbed by its surface.
Therefore, we require that for impact parameters b ≤ R∗

⊙ there will be no scattered or coherently retransmitted
waves. To implement this condition, we rely on a relation between index ℓ that, in a semiclassical sense, is analogous
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to the partial momentum of a particle, and the impact parameter b, given as ℓ ≃ kb [16–19]. With this semiclassical
relation, our boundary condition is equivalent to the requirement that the Sun completely absorbs waves with partial
momenta ℓ ≤ ℓmax = kR∗

⊙. This fully absorbing boundary condition is easy to implement using the solution (10) and
subtracting the part that corresponds to the outgoing wave, which is blocked by the sphere.
As a result, the solution for the entire Debye potential, Π(r, θ), in the area behind the sphere (i.e, for |θ| ≤ π

2 ), in
the presence of gravity, takes the following form [2]:

Π(r, θ) = Πg
0(r, θ) + δΠg(r, θ) = Πg

0(r, θ) + E0
u

2k2r

kR∗
⊙

∑

ℓ=1

iℓ
2ℓ+ 1

ℓ(ℓ+ 1)
eiσℓH

(+)
ℓ (krg, kr)P

(1)
ℓ (cos θ), (12)

where Πg
0(r, θ) is the Debye potential of the incident wave given by (5) and δΠg(r, θ) is the shadow potential.

In Ref. [2], we obtained a closed form analytical solution for the Debye potential, Πg
0(r, θ), from (5), in the form

Πg
0(r) = −ψ0

iu

k

1− cos θ

sin θ

(

eikz1F1[1 + ikrg, 2, ikr(1− cos θ)]− eikr1F1[1 + ikrg, 2, 2ikr]
)

+O(r2g), (13)

giving the Debye potential of the incident wave in terms of the confluent hypergeometric function, 1F1[a, b, z] [2, 20, 21].
This solution is always finite and is valid for any angle θ. The availability of this exact, closed form solution for the
Debye potential allowed us to investigate the structure of the caustic formed by the lens. In addition, the analytical
solution given in (13) was used [2] to derive the EM field in the interference region of the SGL, including the EM field
on the image plane and the corresponding Poynting-vector. As both forms are equivalent, for various calculations
where Πg

0(r, θ) plays an important role, we will use either the form (5) for this potential or that given by (13).
Also, by taking into account the asymptotic behavior of the hypergeometric functions 1F1[1+ ikrg, 2, ikr(1− cosθ)]

and 1F1[1 + ikrg, 2, 2ikr] at large values of the argument k(r − z) ≫ 1 [11] (and, thus, for θ ≫ 1/
√
kr > 0), we may

establish the asymptotic behavior of the closed form analytical solution for the Debye potential Πg
0(r, θ) from (13).

The corresponding expression takes the following form [2] :

Πg
0(r, θ) = E0

u

k2r sin θ

{

eik
(

z−rg lnk(r−z)
)

− eik
(

r+rg lnk(r−z)
)

+2iσ0 −

− 1
2 (1− cos θ)

(

e−ik
(

r+rg ln 2kr
)

− eik
(

r+rg ln 2kr
)

+2iσ0

)

+O
( ikr2g
r − z

)}

, (14)

were z = r cos θ, constant σ0 is given as σ0 = arg Γ(1 − ikrg) [11, 12], which for large values of krg → ∞ behaves as
[2]

e2iσ0 =
Γ(1− ikrg)

Γ(1 + ikrg)
= e−2ikrg ln(krg/e)−i π

2

(

1 +O((krg)
−1)
)

. (15)

The second term in (12), δΠg(r, θ), is the Debye potential responsible for the “solar shadow”, given as

δΠg(r, θ) = E0
u

2k2r

kR∗
⊙

∑

ℓ=1

iℓ
2ℓ+ 1

ℓ(ℓ+ 1)
eiσℓH

(+)
ℓ (krg , kr)P

(1)
ℓ (cos θ), (16)

which was obtained as a result of applying the fully absorbing boundary conditions, as discussed above. The fully
absorbing boundary is, thus, the asymptotic boundary condition set on the future light cone and deals with the fact
that the physical size of the opaque Sun is much larger than its Schwarzschild radius, R⊙ ≫ rg. Clearly, δΠ

g(r, θ) is
also a solution of the Maxwell equations (3)–(4) with the corresponding EM field computed with (6)–(8), (9).
Eqs. (12)–(16) capture all aspects of the EM field behind a large gravitating opaque sphere. This solution is valid

at all distances and angles. However, because of its complexity, numerical methods are required to explore its physical
implications. In this paper, we explore the solution in the far field [22], where several approximation methods are
feasible. Specifically, to study the contribution of the shadow potential (16), it is convenient to use the asymptotic
behavior of the Hankel functions (11) and present this potential in its asymptotic form as

δΠg(r, θ) = E0
u

2k2r
eik(r+rg ln 2kr)

kR∗
⊙

∑

ℓ=1

2ℓ+ 1

ℓ(ℓ+ 1)
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

P
(1)
ℓ (cos θ) +O(r2g). (17)
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Note that, as rg ≪ R⊙, the asymptotic from of the solution (17) is valid right outside the Sun, for distances r ≥ R∗
⊙

and improves as distance increases. As a result, the solution for the total Debye potential (12), takes the form:

Π(r, θ) = Πg
0(r, θ) + E0

u

2k2r
eik(r+rg ln 2kr)

kR∗
⊙

∑

ℓ=1

2ℓ+ 1

ℓ(ℓ+ 1)
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

P
(1)
ℓ (cos θ). (18)

The behavior of Πg
0(r, θ) given by (13) was established in [2] and now is well understood. It is finite and computable

for any relevant distances and angles, including forward scattering at θ = 0. We used this solution in [2] to investigate
the EM field in the image plane situated in the interference region of the SGL beyond 547.8 AU (Fig. 1). In that
region and near the optical axis θ ≈ 0, the EM field is completely given by (5) (or, equivalently, by (13)), which we
used to derive the field in the image plane and study the optical properties of the SGL. Expression δΠg(r, θ) from
(17) is important, as it provides access to the EM field in the shadow region, which is the main subject of this paper.
We have thus obtained the Debye potential (18) representing the total solution for the problem of the scattering

of EM waves by the gravitational field of a large spherical star, similar to our Sun. Specifically (18), together with
(6)–(9), represents the solution for the EM field propagating on the background of a spherically symmetric, static
gravitational field produced by a large star with opaque surface. This solution allows us to study the physical behavior
of the EM field in the three regions behind this star (see Fig. 1), namely (i) the shadow region, where no incident
light enters (i.e., for impact parameters 0 ≤ b ≤ R∗

⊙), (ii) the region of geometrical optics, where only one ray passes
through any given point (i.e., for impact parameters b > R∗

⊙ and heliocentric distances r < R2
⊙/2rg), and (iii) the

interference region (i.e., r ≥ R2
⊙/2rg, especially for forward scattering, θ ≈ 0). The interference region formed by solar

gravity beyond 547.8 AU behind the Sun is of the greatest importance. The EM field in region is fully characterized
by the Debye potential (13), which was investigated in [2] including the description of the EM field the region of
geometrical optics. Here we focus our attention on the shadow region of the Sun, where the shadow potential (16)
also plays critical role.

III. EM FIELD IN THE SHADOW REGION

To study the EM field in the shadow region, we need to express the components of the EM field in terms of the
variables involved. We do that by using the expression (16) for the Debye potential δΠg(r, θ) responsible for the solar
shadow and deriving the components of the fictitious EM field produced by this potential. This field is generated by
δΠg(r, θ) to compensate the incident EM wave for a particular impact parameter 0 ≃ b ≤ R⋆

⊙ of the incident EM
wave. To develop analytical expressions for this fictitious field, we use (17) in the expressions (6)–(8), deriving the
factors α(r, θ), β(r, θ) and γ(θ), which, to O

(

r2g
)

, have the form

α(r, θ) = E0
eik(r+rg ln 2kr)

k2r2

kR∗
⊙

∑

ℓ=1

(ℓ + 1
2 )e

i
(

2σℓ+
ℓ(ℓ+1)
2kr

)

P
(1)
ℓ (cos θ)

{

u2 − ikrg
ℓ(ℓ+ 1)

}

, (19)

β(r, θ) = −E0
ueik(r+rg ln 2kr)

ikr

kR∗
⊙

∑

ℓ=1

ℓ+ 1
2

ℓ(ℓ+ 1)
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

{∂P
(1)
ℓ (cos θ)

∂θ

(

1− ℓ(ℓ+ 1)

2k2r2u2
+

irg
2kr2

)

+
P

(1)
ℓ (cos θ)

sin θ

}

, (20)

γ(r, θ) = −E0
ueik(r+rg ln 2kr)

ikr

kR∗
⊙

∑

ℓ=1

ℓ+ 1
2

ℓ(ℓ+ 1)
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

{∂P
(1)
ℓ (cos θ)

∂θ
+
P

(1)
ℓ (cos θ)

sin θ

(

1− ℓ(ℓ+ 1)

2k2r2u2
+

irg
2kr2

)}

. (21)

Note that, to derive these expressions, we relied on the asymptotic behaviour of the Hankel functions (11), which
were developed up to O((kr)−3). Therefore, (19)–(21) are also valid to the same order in their phase term, exp

(

i(2σℓ+

ℓ(ℓ+ 1)/2kr)
)

. If needed, using the approach presented in Appendix B of [23], we may include terms with higher

powers in (kr)−1 in (11) and, thus, extend the order of approximation in (19)–(21).
Together with (9), these expressions describe the fictitious EM field produced by the solar shadow. They contain

all the relevant information about the opaque nature of the solar surface and the size of the Sun. We rely on (19)–(21)
to investigate the EM field in the region of interest: the solar shadow.
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A. Solution for the function α(r, θ) and the radial components of the EM field

We begin with the investigation of α(r, θ), given by (19). To evaluate this expression in the shadow region for large

angles, θ ≫
√

2rg/r, we use the appropriate asymptotic representation for P
(1)
l (cos θ) [22, 24, 25]:

P
(1)
ℓ (cos θ) =

−ℓ√
2πℓ sin θ

(

ei(ℓ+
1
2 )θ+iπ4 + e−i(ℓ+ 1

2 )θ−iπ4

)

+O(ℓ−
3
2 ) for 0 < θ < π. (22)

which results in the following form of (19):

α(r, θ) = −E0
eik(r+rg ln 2kr)

k2r2

kR∗
⊙

∑

ℓ=1

(ℓ+ 1
2 )
√
ℓ√

2π sin θ

(

u2 − ikrg
ℓ(ℓ+ 1)

)

ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

(

ei(ℓ+
1
2 )θ+iπ4 + e−i(ℓ+ 1

2 )θ−iπ4

)

. (23)

We recognize that for small impact parameters, 0 ≤ b ≤ rg, light rays will be captured by the solar Schwarzschild
field and, thus, will not be transmitted. For large impact parameters, ℓ ≥ krg, we may replace ℓ+1→ ℓ and ℓ+ 1

2 → ℓ
and also replace the sum in (23) with an integral:

α(r, θ) = −E0
eik(r+rg ln 2kr)

k2r2

∫ kR∗
⊙

ℓ=1

ℓ
√
ℓdℓ√

2π sin θ

(

u2 − ikrg
ℓ2

)

ei
(

2σℓ+
ℓ2

2kr

)

(

ei(ℓθ+
π
4 ) + e−i(ℓθ+π

4 )
)

, (24)

and evaluate this integral by the method of stationary phase. We recall that this method allows evaluating integrals
of the following type:

I =

∫

A(ℓ)eiϕ(ℓ)dℓ, ℓ ∈ R, (25)

where the amplitude A(ℓ) is a slowly varying function of ℓ, while ϕ(ℓ) is a rapidly varying function of ℓ. The integral
(25) may be replaced, to good approximation, with a sum over the points of stationary phase, ℓ0 ∈ {ℓ1,2,..}, for which
dϕ/dℓ = 0. Defining ϕ′′ = d2ϕ/dℓ2, we obtain the integral

I ≃
∑

ℓ0∈{ℓ1,2,..}

A(ℓ0)

√

2π

ϕ′′(ℓ0)
ei
(

ϕ(ℓ0)+
π
4

)

. (26)

Expression (24) shows that the ℓ-dependent part of the phase has the following structure:

ϕ±(ℓ) = ±
(

ℓθ + π
4

)

+
ℓ2

2kr
+ 2σℓ +O

(

(kr)−3
)

. (27)

We recall that the Coulomb phase shift σℓ has the form [2, 11]:

σℓ = σ0 −
ℓ
∑

j=1

arctan
krg
j
, σ0 = argΓ(1− ikrg), (28)

where σ0 was evaluated in [2] to be

σ0 = −krg ln
krg
e

− π

4
. (29)

We may replace the sum in (28) with an integral and, for rg ≪ b ≤ R⋆
⊙ and thus, krg ≪ ℓ ≤ kR⋆

⊙, evaluate σℓ as:

σℓ = −krg ln ℓ+O(r2g). (30)

Therefore, the points of stationary phase, where dϕ±/dℓ = 0, are given from (27) by the following equation:

±θ = 2 arctan
krg
ℓ

− ℓ

kr
, (31)

which is the equation for families of hyperbolae. If we take, from the semiclassical approximation, the connection
between the partial momentum, ℓ and the impact parameter, b, given as ℓ ≃ kb, then for small angles θ (or, large
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Sun Shadow

Incident plane wave

Sun Shadow

Incident plane wave

FIG. 2: Diffraction of light on a large spherical opaque obscuration. Left: Geometric shadow region with a cylindrical shape,
formed in flat space-time (see details in [5]). Right: shadow with a hyperbolic shape (no rays of light exist in this region),
caustic formed at the interference region, and the region of geometric optics in the case of a large gravitating sphere. The
arrows indicate the direction of the Poynting-vector, i.e., the direction of wavefront propagation.

distances from the sphere, r ≫ R⊙), from (31) we see that the points of stationary phase must satisfy the equation
(see [2] for details):

1

r
= ± sin θ

b
+

2rg
b2

+O(r2g), (32)

within the shadow region characterized by rg ≤ b ≤ R⋆
⊙.

The presence of the last term in (32) defines the properties of the shadow region behind the Sun. This term is
absent in flat spacetime, where rg = 0 and the boundary is set by the straight lines b = r sin θ. Based on the sum in
(24), the largest impact parameter that defines the shadow region is bmax = R⊙ + rg, thus, in any given plane that
contains the focal line, (32) is bounded by the two most extreme hyperbolae describing the boundary that coincides
with the two outmost rays that are almost grazing, but are still absorbed by the Sun on opposite sides in the forward
direction, 0 ≤ θ ≤ π

2 and, thus, setting the hyperboloid shape of the boundary of the shadow.
The result given by (32) is different from that given in [5] because, in the case of light bent by gravity, individual

photon trajectories are bent towards the gravitating body, causing light rays to enter the cylindrical region of geometric
shadow that is prohibited in the case of a flat space-time studied in [5] (see Fig. 2).
Equation (32) yields two families of solutions for the points of stationary phase:

ℓ
(1)
0 = ∓kr

(

sin θ +
2rg
r

1

sin θ

)

+O(r2g), and ℓ
(2)
0 = ±2krg

sin θ
+O(r2g). (33)

The ‘±’ or ‘∓’ signs in (33) represent the families of fictitious “shadow” rays propagating on opposite sides from the

Sun. Also, the two families of solutions represent two different waves. Thus, the family ℓ
(1)
0 represents the incident

wave. The family ℓ
(2)
0 describes the scattered wave (see Fig. 1 in [2] and relevant discussion therein and also in [2, 7]).

The first family of solutions of (33), given by ℓ
(1)
0 , allows us to compute the phase for the points of stationary phase

(27) for the EM waves moving towards the interference region (a similar calculation was done in [23]):

ϕ±(ℓ
(1)
0 ) = ±π

4 − 1
2θ

2kr − krg ln kr(1 − cos θ)− krg ln 2kr +O(krθ4, krgθ
2). (34)

Computing the second derivative of the phase, ϕ(ℓ), given by (27), with respect to ℓ, we have

ϕ′′
±(ℓ) =

1

kr
+

2krg
ℓ2

. (35)

After substituting here ℓ
(1)
0 from (33), we have

ϕ′′(ℓ
(1)
0 ) ≡ d2ϕ±

dℓ2

∣

∣

∣

ℓ=ℓ
(1)
0

=
1

kr

(

1 +
2rg

r sin2 θ
+O(r2g)

)

⇒
√

2π

ϕ′′(ℓ0)
=

√
2πkr

(

1− rg

r sin2 θ
+O(r2g)

)

. (36)

Using (36), we may compute the amplitude of the integrand in (24), for ℓ0 = ℓ
(1)
0 , which takes the form

A(ℓ0)

√

2π

ϕ′′(ℓ0)
=

ℓ0
√
ℓ0√

2π sin θ

(

u2 − ikrg
ℓ20

)

√

2π

ϕ′′(ℓ0)
= (∓1)

3
2 k2r2 sin θ

(

1 +
2rg

r sin2 θ

(

1− i

2kr

)

+O(r2g ,
rg
r
θ2)
)

. (37)
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Because of its smallness, we can drop the ∝ 1/(kr) term in the parentheses of this expression.

As a result, for the first family of solutions, ℓ
(1)
0 , from (33), the expression for α(r, θ) from (24) corresponding to

the fictitious incident wave takes the form

αin
±(r, θ) = −E0u

−1 sin θ
(

1 +
rg

r(1 − cos θ)
+O(θ4,

rg
r
θ2)
)

ei
(

kr cos θ−krg ln kr(1−cos θ)
)

. (38)

Now we consider the second family of solutions in (33), given by ℓ
(2)
0 , which leads to the following expression for

the stationary phase

ϕ±(ℓ
(2)
0 ) = ±π

4 − krg ln 2kr + krg ln(1− cos θ)− 2krg ln
krg
e +O(krgθ

2). (39)

Using this result, from (24) we compute the phase of the corresponding solution (by combining the relativistic phase
and the ℓ-dependent contribution):

ϕ
(2)
± (r, θ) = kr + krg ln 2kr + ϕ

(2)
± (ℓ0) +

π
4 = k(r + rg ln kr(1 − cos θ)) + 2σ0 +O(krgθ

2). (40)

Now, using (35) and ℓ
(2)
0 from (33), we compute the second derivative of the phase with respect to ℓ:

ϕ′′
±(ℓ0) =

1

kr
+

sin2 θ

2krg
≃ sin2 θ

2krg

(

1+
2rg

r sin2 θ

)

+O(θ5), thus,

√

2π

ϕ′′(ℓ0)
=

√

4πkrg

sin θ

(

1− rg

r sin2 θ

)

+O(θ5). (41)

At this point, we may evaluate the amplitude of the integrand in (24), for ℓ0 = ℓ
(2)
0 , which takes the form

A(ℓ0)

√

2π

ϕ′′(ℓ0)
=

ℓ0
√
ℓ0√

2π sin θ

(

u2 − ikrg
ℓ20

)

√

2π

ϕ′′(ℓ0)
= (∓1)

3
2
4k2r2g

sin3 θ

(

1− rg

r sin2 θ
− i sin2 θ

4krg

)

. (42)

As a result, the expression for δα(r, θ), for the scattered wave from (24) for ℓ
(2)
0 and for θ ≫

√

2rg/r, takes the form

αsc
±(r, θ) = −E0

(2rg
r

)2 1

sin3 θ
eik(r+rg lnkr(1−cos θ)+2iσ0 ∼ O(r2g). (43)

Thus, to the accepted approximation, there is no scattered wave in the radial direction. This result is consistent with
that reported in [2].
The results (38) and (43) are the radial components of the EM wave (9), Dr, Br, corresponding to the two families

of impact parameters given by (33). We use these solutions to determine the resulting EM field in the shadow region.

B. Evaluating the function β(r, θ)

To investigate the behavior β(r, θ) from (20), we neglect terms of O(rg/kr
2) and obtain the following expression

for β(r, θ):

β(r, θ) = −E0
ueik(r+rg ln 2kr)

ikr

kR∗
⊙

∑

ℓ=1

ℓ+ 1
2

ℓ(ℓ+ 1)
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

{∂P
(1)
ℓ (cos θ)

∂θ

(

1− ℓ(ℓ+ 1)

2k2r2u2

)

+
P

(1)
ℓ (cos θ)

sin θ

}

. (44)

To evaluate the magnitude of the function β(r, θ), we need to establish the asymptotic behavior of P
(1)
l (cos θ)/ sin θ

and ∂P
(1)
l (cos θ)/∂θ. For fixed θ and krg ≤ ℓ → ∞, this behavior is given as (this can be obtained directly from

(22)):

P
(1)
ℓ (cos θ)

sin θ
=
( 2ℓ

π sin3 θ

)
1
2

sin
(

(ℓ+ 1
2 )θ − π

4

)

+O(ℓ−
3
2 ), (45)

dP
(1)
ℓ (cos θ)

dθ
=
( 2ℓ3

π sin θ

)
1
2

cos
(

(ℓ+ 1
2 )θ − π

4

)

+O(ℓ−
1
2 ). (46)
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With these approximations, the function β(r, θ) in the shadow region but outside the optical axis takes the form:

β(r, θ) = −E0
ueik(r+rg ln 2kr)

ikr

kR∗
⊙

∑

ℓ=1

ℓ+ 1
2

ℓ(ℓ+ 1)
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

×

×
{( 2ℓ3

π sin θ

)
1
2
(

1− ℓ(ℓ+ 1)

2k2r2u2

)

cos
(

(ℓ+ 1
2 )θ − π

4

)

+
( 2ℓ

π sin3 θ

)
1
2

sin
(

(ℓ+ 1
2 )θ − π

4

)}

. (47)

For large ℓ≫ krg, the first term in the curly brackets in (47) dominates, so this expression may be given as

β(r, θ) = −E0
ueik(r+rg ln 2kr)

ikr

kR∗
⊙

∑

ℓ=1

ℓ+ 1
2

ℓ(ℓ+ 1)

( 2ℓ3

π sin θ

)
1
2
(

1− ℓ(ℓ+ 1)

2k2r2u2

)

ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

cos
(

(ℓ+ 1
2 )θ − π

4

)

. (48)

To evaluate β(r, θ) from (48), we again use the method of stationary phase. For this, representing (48) in the form
of an integral over ℓ, we have

β(r, θ) = E0
ueik(r+rg ln 2kr)

kr

∫ kR∗
⊙

ℓ=1

√
ℓdℓ√

2π sin θ

(

1− ℓ2

2k2r2u2

)

ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

(

ei(ℓθ+
π
4 ) − e−i(ℓθ+

π
4 )
)

. (49)

Equation (49) shows that the ℓ-dependent part of the phase have a structure identical to (27). Therefore, the same

solutions for the points of stationary phase apply. Then, with (36), for the first family of solutions ℓ
(1)
0 (33), from (49)

we have

A(ℓ0)

√

2π

ϕ′′(ℓ0)
=

√
ℓ√

2π sin θ

(

1− ℓ2

2k2r2u2

)

√

2π

ϕ′′(ℓ0)
=

√
∓1kru−2

{

1− 1
2θ

2 − rg
r

+O(θ4,
rg
r
θ2)
}

=

= ±
√
∓1kru−1

{

cos θ − rg
r

+O(θ4,
rg
r
θ2)
}

. (50)

As a result, similarly to (38), the expression for the function β±(r, θ) of the fictitious incident wave takes the form

βin
± (r, θ) = ±

√
∓1E0u

−1
{

cos θ − rg
r

+O(θ4,
rg
r
θ2)
}

ei
(

±
π
4 +kr cos θ−krg ln kr(1−cos θ)

)

+i
π
4 =

= −E0u
−1
(

cos θ − rg
r

)

eik
(

r cos θ−rg ln kr(1−cos θ)
)

+O(θ4,
rg
r
θ2). (51)

Now we turn our attention to the second family of solutions in (33). Similarly to (42), for ℓ
(2)
0 , we have

A(ℓ0)

√

2π

ϕ′′(ℓ0)
=

√
ℓ√

2π sin θ

(

1− ℓ2

2k2r2

)

√

2π

ϕ′′(ℓ0)
=

√
±1

krg

2 sin2 1
2θ

+O(θ4, r2g), (52)

which yields the following result for β
[0]
± (r, θ):

βsc
± (r, θ) = −

√
±1E0

rg

2r sin2 1
2θ
ei
(

±
π
4 − π

4 + kr + krg ln kr(1 − cos θ) + 2σ0
)

+O(θ4, r2g) =

= −E0
rg

2r sin2 1
2θ
ei
(

k(r+rg ln kr(1−cos θ))+2σ0

)

+O(θ4,
rg
r
θ2). (53)

With (9), expressions (51) and (53) provide the form of the function β(r, θ) that determines the Dθ, Bθ components
of the fictitious EM field representing the solar shadow.

C. Evaluating the function γ(r, θ)

To determine the remaining components of the EM field (9), we need to evaluate the behavior of the function γ(r, θ)
from (21) that is given in the following from:

γ(r, θ) = −E0
ueik(r+rg ln 2kr)

ikr

kR∗
⊙

∑

ℓ=1

ℓ+ 1
2

ℓ(ℓ+ 1)
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

{∂P
(1)
ℓ (cos θ)

∂θ
+
P

(1)
ℓ (cos θ)

sin θ

(

1− ℓ(ℓ+ 1)

2k2r2u2

)}

, (54)
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where, similarly to (44), we dropped the insignificant rg/kr
2 term.

To evaluate this expression, we use the asymptotic behavior of P
(1)
l (cos θ)/ sin θ and ∂P

(1)
l (cos θ)/∂θ given by (45)

and (46), correspondingly, and rely on the method of stationary phase. Similarly to (47), we drop the second term in
the curly brackets in (54). The remaining expression for γ(r, θ) is now determined by the following integral:

γ(r, θ) = E0
ueik(r+rg ln 2kr)

kr

∫ kR∗
⊙

ℓ=1

√
ℓ√

2π sin θ
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

(

ei(ℓθ+
π
4 ) − e−i(ℓθ+

π
4 )
)

. (55)

Clearly, this expression yields the same points of the stationary phase (27) and, thus, all the relevant results obtained

in Sec. III A apply. Therefore, the ℓ-dependent amplitude of (55), is evaluated for ℓ
(1)
0 from (33) as

A(ℓ0)

√

2π

ϕ′′(ℓ0)
=

√
ℓ√

2π sin θ

√

2π

ϕ′′(ℓ0)
= ±

√
∓1kr +O(θ3,

rg
r
θ2). (56)

The function γ±(r, θ) of the incident wave is then given as

γin± (r, θ) = ±
√
∓1E0ue

i
(

±
π
4 +kr cos θ−krg ln kr(1−cos θ)

))

+i
π
4 = −E0ue

i
(

kr cos θ−krg ln kr(1−cos θ)
)

+O(θ4,
rg
r
θ2). (57)

For the second family of solutions (33), we get the following result:

A(ℓ0)

√

2π

ϕ′′(ℓ0)
=

√
ℓ√

2π sin θ

√

2π

ϕ′′(ℓ0)
= ±

√
±1

krg

2 sin2 1
2θ

+O(θ4, r2g), (58)

which yields a result for γsc± (r, θ) that is identical to (53):

γsc± (r, θ) = −E0
rg

2r sin2 1
2θ
ei
(

k(r+rg ln kr(1−cos θ))+2σ0

)

+O(θ4,
rg
r
θ2). (59)

Again, with (9), expressions (57) and (59) provide the function γ(r, θ) that determines the Dφ, Bφ components of
the fictitious EM field representing the solar shadow.
At this point, we have all the necessary ingredients to present the solution for the EM field in the shadow region.

D. Solution for the EM field in the shadow outside the focal axis

To determine the components of the EM field, we use the expressions that we obtained for the functions α(r, θ),
β(r, θ) and γ(r, θ), which are given by (38), (51) and (57), correspondingly, and substitute them in (9). As a result,

we establish the fictitious solution for the incident EM field in the shadow region for angles θ ≥
√

2rg/r:

(

Din
r

Bin
r

)

= −E0u
−1

(

cosφ

sinφ

)

(

1 +
rg

r(1 − cos θ)

)

ei
(

kr cos θ−krg lnkr(1−cos θ)−ωt
)

+O(θ4,
rg
r
θ2), (60)

(

Din
θ

Bin
θ

)

= −E0u
−1

(

cosφ

sinφ

)

(

cos θ − rg
r

)

eik
(

r cos θ−rg ln kr(1−cos θ)−ωt
)

+O(θ4,
rg
r
θ2), (61)

(

Din
φ

Bin
φ

)

= −E0u

(− sinφ

cosφ

)

ei
(

kr cos θ−krg ln kr(1−cos θ)−ωt
)

+O(θ4,
rg
r
θ2). (62)

At the same time, the EM field produced by the Debye potential Π0 of the incident wave (14) has the form [2]:

(

D(0)
r

B(0)
r

)

= E0u
−1

(

cosφ

sinφ

)

sin θ
(

1 +
rg

r(1 − cos θ)

)

ei
(

k(r cos θ−rg ln kr(1−cos θ))−ωt
)

, (63)

(

D
(0)
θ

B
(0)
θ

)

= E0u
−1

(

cosφ

sinφ

)

(

cos θ − rg
r

)

ei
(

k(r cos θ−rg ln kr(1−cos θ))−ωt
)

, (64)
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D
(0)
φ

B
(0)
φ



 = E0u

(− sinφ

cosφ

)

ei
(

k(r cos θ−rg lnkr(1−cos θ))−ωt
)

. (65)

The total field, in accord with (12), is given by the sum of (61)–(62) and (63)–(65). It is easy to see that this total
EM field in the shadow behind the Sun completely vanishes. However, tis is not yet a complete story: we recall that
in the case when gravity is involved, there are two waves that characterize the scattering process, namely the incident
wave (63)–(65) and the scattered wave, which was computed in [2] (see equations (49)–(50) therein) and is given as

(

D
(0)
θ

B
(0)
θ

)

s

=





B
(0)
φ

−D(0)
φ





s

= E0

(

cosφ

sinφ

)

rg

2r sin2 θ
2

ei
(

k(r+rg ln kr(1−cos θ))+2σ0−ωt
)

,

(

D(0)
r

B(0)
r

)

s

= O(r2g). (66)

To verify that the scattered field also vanishes in the shadow, we need to compute the total scattered EM field
in the shadow region behind the Sun. We do this similarly to the discussion of the incident field above, by adding
the corresponding components of the scattered field (66) and those of fictitious scattered fields induced by the solar
shadow (similar to the approach discussed in [26]). Using the results for the functions αsc

±(r, θ), βsc
± (r, θ) and γsc± (r, θ),

given by (43), (53) and (59), correspondingly, we compute the components of the fictitious scattered fields Dsc and
Bsc by substituting these functions in (9). Then, with the help of (12) we compute the total EM field behind the Sun

as Ds = D
(0)
s +Dsc and Bs = B

(0)
s +Bsc. This exercise allows us to verify that there is no scattered wave behind the

Sun, as expected.
This completes our investigation of the EM field in the solar geometric shadow region. We found that, in the

presence of gravity, the solar shadow occupies the heliocentric distances R⊙ ≤ r ≤ R2/2rg ≃ 547.8 AU and, because
of the gravitational deflection of light, it has the shape of a rotational hyperboloid whose boundary is determined
by (32). We found no coherently re-transmitted or scattered light in the solar geometric shadow region, which is
expected from the fully absorbing boundary conditions that we implemented in Sec. II precisely for this purpose.

IV. EM FIELD ON THE OPTICAL AXIS AND THE BRIGHT SPOT OF ARAGO

For practical applications of the SGL, we are interested in the EM field in the area directly behind the Sun [3]. It
is known that, in flat spacetime, the bright spot of Arago is formed exactly on the optical axis behind an obscuration
with a perfectly spherical boundary. This effect is a well-known manifestation of the wave nature of light. It is due the
diffraction of light waves on the edges or boundaries of the obscuration. We search for such an effect in the presence
of gravity, taking into account the related gravitational bending of light trajectories.
In flat spacetime, the bright spot of Arago forms under conditions consistent with the Fresnel approximation [8]

which are satisfied within the range of distances z ≪ kR2
⊙ from the Sun, corresponding to heliocentric distances of

z ≪ 98 (1 µm/λ) Mpc. One encounters this spot behind the sphere on the axis having the amplitude of the incident
wave. Once we take gravity into account, our region of interest is confined to the shadow region, extending from the
solar surface to 547.8 AU.
It is also known that the Fresnel diffraction mechanism responsible for the Arago spot is affected by the roughness

of the spherical boundary. For the Sun to exhibit such an effect, its surface roughness (the width of the Fresnel zone
surrounding the solar disk [27]) has to be on the order of δR ∼ (R2

⊙ − λr)1/2 −R⊙ ∼ 104λ for an Arago spot to form
at a distance of r ∼ 100 AU, which clearly is not the case. The Sun is not a perfect sphere due to its oblate shape and
other deviations from spherical symmetry [28–30]. In addition, the solar corona, which is composed of a free electron
plasma, certainly is not stable on spatial scales of several hundreds of wavelengths (see [23] and references therein).
Thus, a study of the Arago spot in such conditions is of limited practical significance for the SGL (hence it was not
carried out in [5]). Nevertheless, it may be relevant to some applications in astronomy and astrophysics, especially
where longer wavelengths and strong gravitational fields are considered.
In Section III, we have shown that there is no light in the shadow. In the case of the gravitational deflection of

light, this shadow extends up to the heliocentric distance R⊙ ≤ r ≤ z0 = R2
⊙/2rg ≃ 547.8 AU. In this Section, we

consider the EM field in this region, which is characterized by Fresnel diffraction. Our objective is to determine the
EM field in the shadow of the Sun, especially on the optical axis of the SGL.

A. The Debye potential outside the shadow

The presence of the opaque Sun creates a spherical obscuration that blocks the rays of incident light with impact
parameters, 0 ≤ b ≤ R⋆

⊙. Thus, there are no light rays that can enter the shadow region. However, light rays that
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graze the Sun diffract on the edges of the solar disk into the shadow region, leading to the creation of the Arago spot
on the optical axis of the SGL.
We begin by examining the expression (12) together with (10). As these expressions suggest, the EM field outside

the Sun is induced by the Debye potential that, to O(r2g) has the form:

Π(r, θ) = −E0
u

2k2r

∞
∑

ℓ=kR∗
⊙

iℓ
2ℓ+ 1

ℓ(ℓ+ 1)
eiσℓH

(+)
ℓ (krg, kr) + E0

u

2k2r

∞
∑

ℓ=1

iℓ
2ℓ+ 1

ℓ(ℓ+ 1)
eiσℓH

(−)
ℓ (krg, kr)P

(1)
ℓ (cos θ). (67)

The first sum in this expression is the remaining part of the outgoing wave that continues to move forward towards
the larger values of z. The second wave is the incoming wave, which makes no contribution to the EM field on the
optical axis in the area of interest (see [5]). Therefore, we need to investigate the EM filed generated by the first term
in (67), which we call Πout

0 (r, θ). Similarly to (17), we use the asymptotic behavior of the Hankel functions (11) and
present this potential in its asymptotic form as

Πout
0 (r, θ) = −E0

u

2k2r
eik(r+rg ln 2kr)

∞
∑

ℓ=kR∗
⊙

2ℓ+ 1

ℓ(ℓ+ 1)
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

P
(1)
ℓ (cos θ) +O(r2g). (68)

As we have shown in [2], this is the potential that generates the EM field in the focal region of the SGL. Its
components are given by (9), together with α(r, θ), β(r, θ) and γ(r, θ) from (6)–(8) with the potential Π replaced by
Πout

0 (r, θ). Besides being responsible for the EM field in the interference region of the SGL (see Fig. 1), this is the field
that may be responsible for the light that is diffracted into the shadow to generate the Arago spot. To investigate
this possibility, we need to compute the EM field generated by Πout

0 (r, θ). This can be done using the same approach
discussed in Sec. III, where we studied the EM field due to the shadow potential δΠg(r, θ). To that extent, we take
the Πout

0 (r, θ) from (68) and develop analytical expressions for the factors α(r, θ), β(r, θ) and γ(θ), which, to O
(

r2g
)

,
have the form

α(r, θ) = −E0
eik(r+rg ln 2kr)

uk2r2

∞
∑

ℓ=kR∗
⊙

(ℓ + 1
2 )e

i
(

2σℓ+
ℓ(ℓ+1)
2kr

)

{

u2 − ikrg
ℓ(ℓ+ 1)

}

P
(1)
ℓ (cos θ), (69)

β(r, θ) = E0
ueik(r+rg ln 2kr)

ikr

∞
∑

ℓ=kR∗
⊙

ℓ+ 1
2

ℓ(ℓ+ 1)
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

{∂P
(1)
ℓ (cos θ)

∂θ

(

1− ℓ(ℓ+ 1)

2k2r2u2
+

irg
2kr2

)

+
P

(1)
ℓ (cos θ)

sin θ

}

, (70)

γ(r, θ) = E0
ueik(r+rg ln 2kr)

ikr

∞
∑

ℓ=kR∗
⊙

ℓ+ 1
2

ℓ(ℓ+ 1)
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

{∂P
(1)
ℓ (cos θ)

∂θ
+
P

(1)
ℓ (cos θ)

sin θ

(

1− ℓ(ℓ+ 1)

2k2r2u2
+

irg
2kr2

)}

. (71)

We use these expressions to search for the light that may be diffracted by the sharp edges of a large circular
obscuration creating an interference pattern on the optical axis in the presence of gravity.

B. The function α(r, θ) and the radial components of the EM field

It is known that, in the absence of gravity, diffraction of light by an opaque sphere causes the appearance of the
bright spot of Arago [31] within the Fresnel regime. We investigate if such a spot appears in the presence of gravity,
which causes light rays to focus at the distance of R2

⊙/2rg ≃ 547.8 AU. The EM field in the shadow region is derived
from the Debye potential (18) and it is given by the factors α(r, θ), β(r, θ) and γ(r, θ) from (69)–(71). We begin with
the investigation of α(r, θ), given by (69) as

α(r, θ) = −E0
eik(r+rg ln 2kr)

k2r2

∞
∑

ℓ=kR∗
⊙

(ℓ + 1
2 )
(

u2 − ikrg
ℓ(ℓ+ 1)

)

ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

P
(1)
ℓ (cos θ). (72)

To evaluate expression (72) directly on the optical axis or, more broadly, for 0 ≤ θ ≃
√

2rg/r, we use the asymptotic

representation for P
(1)
l (cos θ) from [22, 24, 25], valid when ℓ→ ∞:

P
(1)
ℓ (cos θ) =

ℓ+ 1
2

cos 1
2θ
J1
(

(ℓ+ 1
2 )2 sin

1
2θ
)

. (73)
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This approximation may be used to transform (72) as

α(r, θ) = −E0
eik(r+rg ln 2kr)

k2r2 cos 1
2θ

∞
∑

ℓ=kR∗
⊙

(ℓ+ 1
2 )

2
(

u2 − ikrg
ℓ(ℓ+ 1)

)

ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

J1
(

(ℓ+ 1
2 )2 sin

1
2θ
)

. (74)

It is easy to see that for θ = 0, α(r, θ) vanishes. Therefore, even in the absence of gravity, when rg = 0, the radial
components of the EM field, (Dr, Br), cannot be responsible for the bright spot of Arago [31, 32]. This remains true
when the propagation of light is affected by gravity, when rg 6= 0. Therefore, we turn our attention to the other two
components of the EM field, governed by the functions β(r, θ) and γ(r, θ).

C. The functions β(r, θ) and γ(r, θ) and the spot of Arago in the presence of gravity

In studying the solar shadow region, we consider rays with impact parameters 0 . b ≤ R⋆
⊙, which correspond to the

partial momenta 1 . ℓ ≤ kR⋆
⊙. We are concerned with the interaction of light with the surface of the sphere where

b = R⋆
⊙, which corresponds to ℓ0 = kR⋆

⊙. In this case, we may neglect terms ∝ ℓ2/4k2r2u2 ≃ (R∗/2r)2 in (70)–(71),
as their contributions are very small, reaching 5.4×10−6 at r = 1 AU. In addition, we may neglect the terms irg/2kr

2

in the functions β(r, θ) and γ(r, θ) from (70) and (71), correspondingly. This allows us to present these functions as

β(r, θ) = γ(r, θ) ≡ A(r, θ), (75)

where the function A(r, θ) is given as

A(r, θ) = E0
eik(r+rg ln 2kr)

ikr

∞
∑

ℓ=kR∗
⊙

ℓ+ 1
2

ℓ(ℓ+ 1)
ei
(

2σℓ+
ℓ(ℓ+1)
2kr

)

{∂P
(1)
ℓ (cos θ)

∂θ
+
P

(1)
ℓ (cos θ)

sin θ

}

. (76)

To evaluate the magnitude of this function, we need to use the asymptotic behavior of the Legendre-polynomials

P
(1)
l (cos θ) in the relevant regime [33], characterized by w = (ℓ+ 1

2 )θ being fixed and ℓ→ ∞. These are given in the
following form:

P
(1)
ℓ (cos θ)

sin θ
= 1

2ℓ(ℓ+ 1)
(

J0(w) + J2(w)
)

,
dP

(1)
ℓ (cos θ)

dθ
= 1

2ℓ(ℓ+ 1)
(

J0(w) − J2(w)
)

. (77)

Using the expressions (77), we transform (76) as follows:

A(r, θ) = E0
eik(r+rg ln 2kr)

ikr

∞
∑

ℓ=kR∗
⊙

(ℓ+ 1
2 )e

i
(

2σℓ+
ℓ(ℓ+1)
2kr

)

J0
(

(ℓ+ 1
2 )θ
)

. (78)

Thus, we see that β(r, θ) and γ(r, θ) may be responsible for the bright spot of Arago, as neither of them vanish at
θ = 0. By replacing the sum in (78) with an integral, we have:

A(r, θ) = E0
eik(r+rg ln 2kr)

ikr

∫ ∞

ℓ=kR∗
⊙

ei
(

2σℓ+
ℓ2

2kr

)

J0
(

ℓθ
)

ℓdℓ. (79)

The analysis of the EM field in the interference region of the SGL is based on the investigation of the refractive
properties of the gravitational field of the Sun. It tells nothing about diffraction of light by the spherical obscuration
in the presence of gravity. However, the same integral (78) also describes the diffraction of light on the boundaries of
a spherical obscuration. Evaluation of this integral for these purposes requires the tools of numerical analysis, as no
analytical solution to (78) is known. For this purpose, we present a set of useful approximations. We first examine
the total phase of this expression, ϕ, which, by using expression for σℓ from (30) and taking ℓ ≃ kb, may be given as

ϕ = kr +
ℓ2

2kr
− krg ln

ℓ2

2kr
≃ k

(

r +
b2

2r
− rg ln

kb2

2r

)

+O(r2g). (80)

The terms in this expression have clear meaning: The first one is the classical phase due to a free-wave propagation
towards the image plane. The second term is the phase of the spherical wave obeying the Fresnel approximation,
which is used to describe the bright spot of Arago. The third term is new and is due to gravitational Shapiro delay.
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Evaluating expression (80) numerically for b = R⊙, we see that within the shadow region, both of these terms are
about the same order of magnitude. However, at heliocentric distances r < r0 ≃ 20.3 AU, the phase (80) is dominated
by the first term due to the classical Fresnel diffraction. But then, after crossing r0, the phase changes sign and, for
r > 20.3 AU, it becomes increasingly dominated by the second term due to the refraction of light in gravity. Such
a dominant behavior is because of the gravitational 1/r potential (2) whose presence is evident even at very large
distances from the gravitating sphere.
With result (80) we present (79) in the following identical form:

A(r, θ) = E0
eik

ikr

∫ ∞

ℓ=kR∗
⊙

ei
(

ℓ2

2kr
−krg ln ℓ2

2kr

)

J0
(

ℓθ
)

ℓdℓ, (81)

where all three phase contributions, namely the phase shift due to the length of the propagation path, the phase shift
due to Fresnel diffraction, and the Shapiro phase shift due to gravity are clearly shown.
We first consider (81) in flat spacetime, i.e., by setting rg = 0, and evaluating the resulting integral by parts:

A0(r, θ) = E0
eikr

ikr

∫ ∞

ℓ=kR∗
⊙

ei
ℓ2

2kr J0
(

ℓθ
)

ℓdℓ = E0e
ikr
{

ei
kR⋆2

⊙

2r J0
(

kR⋆
⊙θ
)

− θ

∫ ∞

ℓ=kR∗
⊙

ei
ℓ2

2kr J1
(

ℓθ
)

dℓ
}

. (82)

Recognizing that for ℓθ → 0, the Bessel function J1(ℓθ) behaves as J1(ℓθ) =
1
2ℓθ− 1

16ℓ
3θ3 +O(ℓ5θ5), we keep only the

leading term for J1(ℓθ) and present the second term on the right hand side of (82) as below:

θ

∫ ∞

ℓ=kR∗
⊙

ei
ℓ2

2kr J1
(

ℓθ
)

dℓ ≃ 1
2θ

2

∫ ∞

ℓ=kR∗
⊙

ei
ℓ2

2kr ℓdℓ ≃ −ikρ
2

2r
ei

ℓ2

2kr

∣

∣

∣

∞

ℓ=kR∗
⊙

, (83)

where we used θ = ρ/r and, for small angles, r ≃ z, with z being the heliocentric distance to the image plane and
ρ being the distance from the optical axis on that plane. Clearly, (83) vanishes both when r increases and/or when
ρ→ 0, approaching the optical axis. Therefore, this term may be neglected. As a result, (82) takes the form

A0(r, θ) = E0 exp
[

ik
(

r +
R⋆2

⊙

2r

)]

J0
(

kR⋆
⊙θ
)

, (84)

which has the properties of the bright spot of Arago [31], describing the corresponding intensity distribution on the
image plane. Thus, we have established that our wave-optical treatment recovers the well-known features of diffraction
by the boundary of a spherical obscuration.
The same result may be obtained by using the approach relying on the scattering transfer function, η(ℓ), that

captures the interaction of light with the sphere. The normalized scattering function in this case has the from
η(ℓ) = δ(ℓ − kR⋆

⊙)ir/R
⋆
⊙ (which is consistent with [34, 35], which deals with the problems of nuclear scattering, and

[36] that deals with practical applications of the Arago spot in designing solar coronagraphs), where δ(·) is Dirac’s
delta function, can be used to select the innermost impact parameter just outside the Sun, representing rays of light
that are diffracted by the edge of the solar disk. Using this scattering function, we perform the integration of (82) as

A(r, θ) = E0
eikr

ikr

∫ ∞

0

η(ℓ)ei
ℓ2

2kr J0
(

ℓθ
)

ℓdℓ = E0e
ikrei

kR⋆2
⊙

2r J0
(

kR⋆
⊙θ
)

. (85)

Clearly, the result (85) is identical to (84). Using this expression for the functions β(r, θ) and γ(r, θ) in (9), we
compute the components of the corresponding EM field and verify that the Poynting vector of the EM field that is
responsible for the Arago spot has only one non-vanishing component, namely that along the z-axis:

SArago
z =

c

8π
E2

0J
2
0

(

2π
ρ

λ

R⋆
⊙

z

)

. (86)

The light intensity distribution on the image plane resulted from (86) is consistent with that of the bright spot of
Arago (see [31, 32, 36] and references therein), thus confirming the know result [8].
Now we consider the same process, but in the presence of gravity. Unfortunately, it is not possible to analytically

integrate (81) in a general case for rg 6= 0; however, we can easily do this for θ = 0, which is sufficient for our purposes.
Indeed, using the properties of the upper incomplete Gamma function, Γ[a, z], [11]. We integrate (81) for θ = 0 as

A(r, 0) = E0e
ikr
{

exp
[

ik
(R∗2

⊙

2r
− rg ln

kR∗2
⊙

2r

)]

− e
π
2 krg

(

Γ
[

1− ikrg,−i
∞2

2kr

]

+ ikrgΓ
[

− ikrg,−i
kR∗2

⊙

2r

]

)}

. (87)
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Given realistic values of the parameters involved (i.e., k, rg and R⊙), the part containing the incomplete Gamma
function vanishes. As a result, (87) takes the form:

A(r, 0) = E0 exp
[

ik
(

r +
R∗2

⊙

2r
− rg ln

kR∗2
⊙

2r

)]

. (88)

Clearly, in the limit rg → 0, the result (88) reduces to (84), taken on-axis. Thus, we see that apart from an additional
gravity-induced phase shift, the Arago spot appears, as expected, in the shadow region. To integrate (81) in the
general case, we may use the approach relying on the scattering function η(ℓ) that was discussed above, which yields

A(r, θ) = E0
eik

ikr

∫ ∞

0

η(ℓ)ei
(

ℓ2

2kr
−krg ln ℓ2

2kr

)

J0
(

ℓθ
)

ℓdℓ = E0 exp
[

ik
(

r +
R∗2

⊙

2r
− rg ln

kR∗2
⊙

2r

)]

J0
(

kR∗
⊙θ
)

. (89)

Thus, although in the presence of gravity, the Arago spot acquires an additional large phase shift, its magnitude
remains unchanged. The intensity distribution of the EM field in the shadow on the optical axis behind the large
opaque spherical obscuration is still given by (86). These results consistent with the approach relying on the sharp
boundary of an opaque sphere. A more refined modeling of the interaction of the EM wave with the surface of the
sphere is possible using methods discussed in [33, 34, 37]. However, this is beyond the scope of this paper.
For completeness, we mention that the EM field in the interference region of the SGL, for r ≥ R2

⊙/2rg = 547.8 AU,
was studied in [2] (see, (121) therein). In that case, the integral (81) was evaluated by using the method of stationary
phase with the functions β(r, θ) = γ(r, θ) ≡ ASGL(r, θ) were obtained in the form

ASGL(r, θ) = E0

( 2πkrg
1− e−2πkrg

)
1
2

J0

(

k
√

2rgrθ
)

eikr . (90)

This expression describes the properties of the only non-vanishing component of the Poynting vector along the z-axis,
Sz, which, from (90), together with k = 2π/λ and θ = ρ/z, is given as (see [2] for details)

Sz =
c

8π
E2

0

4π2

1− e−4π2rg/λ

rg
λ
J2
0

(

2π
ρ

λ

√

2rg
z

)

. (91)

This expression summarizes the optical properties of the SGL in its interference region providing the means to describe
its major signal amplification and significant angular resolution [2]. As evident from (91), the largest amplification of
the SGL occurs on the z axis (i.e., with ρ = 0), where no other fields are present. This is a somewhat intuitive result,
but, nevertheless, now we have provided a confirmation for this fact relying on the wave-optical treatment.

V. DISCUSSION AND CONCLUSIONS

We investigated the EM field in the shadow cast by a large gravitating sphere and developed a wave-optical
treatment of this problem. The results obtained here are relevant to our ongoing work on the imaging with the SGL
[2–4]. These results are also relevant to some other practical applications, such as Rutherford scattering microscopy
[38] where one encounters similar potentials in addressing the scattering of focused beams in a refractive medium.
Thus, description of the shadow in the case of a repulsive Coulomb potential (i.e., the gravitational field produced by
a relativistic mass-monopole (2)) presented here has an immediate practical value in describing the beam diffraction
pattern for light as well as other massless particles.
However, our primary motivation is the study of the optical properties of the SGL and especially its potential for

high-resolution imaging and spectroscopy of exoplanets. In this regard, we have demonstrated that the fully absorbing
boundary conditions introduced in Sec. II allow for a proper description of the shadow region behind the Sun. We
have shown that, in the presence of gravity, light rays are bent towards the Sun and the resulting solar shadow has
the shape of the rotational hyperboloid. We have also shown that there is no light in the shadow region, except for
that diffracted by the sharp boundary of a large spherical obscuration to form the bright spot of Arago within the
shadow of the SGL on its optical axis. Furthermore, in the presence of gravity, the total EM field in the interference
region is given solely by the incident light, which is deflected by the solar gravity towards the optical axis where it
forms a caustic, thereby significantly amplifying the intensity of the incident light, as discussed in [2].
Our next steps involve investigation of the effect of the solar plasma (using, for instance, the approach developed

in [23]) and of the solar non-sphericity and optical properties of the caustic formed by the gravitational field of the
extended Sun. These topics are currently being investigated; results, once available, will be reported elsewhere.
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