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Abstract

A crucial property of Weyl gravity is its conformal invariance. It is shown how
this gauge symmetry is exactly reflected by the two constraints in the Hamiltonian
framework. Since the spatial 3-metric is one of the configuration variables, the phase
space of Weyl gravity can be extended to include internal gauge freedom by triad
formalism. Moreover, by canonical transformations, we obtain two new Hamiltonian
formulations of Weyl gravity with an SU(2) connection as one of its configuration
variables. The connection-dynamical formalisms lay the foundation to quantize Weyl
gravity nonperturbatively by applying the method of loop quantum gravity. In one of
the formulations, the so-called Immirzi parameter ambiguity in loop quantum gravity
is avoided by the conformal invariance.

PACS numbers: 04.50.Kd, 04.20.Fy, 04.60.Pp.

1 Introduction

Modified gravity theories have received increasingly attention due to motivations coming
from cosmology, astrophysics as well as quantum gravity. One of the most interesting
theories of modified gravity is the Weyl gravity [1], whose action is defined by the square
of the Weyl tensor C),, s as

1
I= -7 / d*xCpe CMP7 /=g, (1)

where we consider 4-dimensional Lorentzian spacetimes and use the geometrical unit sys-
tem, g denotes the determinant of the spacetime metric g,,,. Besides the diffeomorphism
invariance, the other intriguing property of this theory is its invariance under the local
conformal transformation of the spacetime metric, g, — QQgW. As a higher-order deriva-
tive theory of gravity, it is argued that its perturbative quantization is renormalizable [2].
Moreover, Weyl gravity is closely related to supergravity [3,4] and it also emerges from the
twistor string theory [5]. Furthermore, Weyl gravity is also closely related to Einstein’s
general relativity (GR). This fact can be seen by comparing the equations of motion of the
two theories [6]. It is also argued that Weyl gravity could be employed to account for the
dark matter problem (see [6] and references therein).
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The variation of action (1) leads to the following Bach equation [7]
OV 3V, OO 1 COmBR = (. 2)

Alternatively, action (1) can also be written as

1
I= / 2(R, R™ — §R2)w/_—gd4x + / Gy/—gd'z, (3)

where the integral of the term G will give the Gauss-Bonnet-Chern topological invariant [8].
Hence this term does not contribute to the equations of motion. The variation of the first
term in action (3) leads to the following equivalent form of Bach equation [6]

1 174 H v, v vaog v
0 =5g" R + BRI — RISV — RV — 2RIORY,

+ %g’“’RagRo‘ﬁ ~ %g’wR;o‘;a + gRW + %RR‘“’ ~ ég"”RQ.
Then it is straightforward to see that the solution of vacuum Einstein equation, R, = Ag,,
(with the cosmological constant A allowed to be zero or non-zero), is also a solution of
vacuum Weyl gravity. Hence, the solution set of vacuum Weyl gravity contains all solutions
of vacuum Einstein gravity. An interesting question is whether the different conformally
equivalent classes of the solutions of Weyl gravity can be characterized by the different
solutions of GR? The answer is negative. In particular, it is shown that there exist solutions
to Bach equation that are not conformally equivalent to Einstein spaces [9-11]. This fact
implies richer structures in Weyl gravity than those in GR. Hence Weyl gravity may bring
more interesting physical phenomena in our eye shot.

The goal of this paper is to set up a classical Hamiltonian formulation towards nonper-
turbative quantization of Weyl gravity. It is well known that loop quantum gravity (LQG)
has been widely investigated for quantizing GR [12-16| as well as scalar-tensor theories of
gravity [17,18]. One of the impressive aspects of LQG is the so-called background indepen-
dence. This background-independent quantization approach relies on the key observation
that classical GR and scalar-tensor gravity can be cast into the connection-dynamical for-
malism with the structure group of SU(2) [19-21]. Bases on the geometrodynamics of Weyl
gravity in [22], this paper is devoted to establish the connection-dynamical formalism for
Weyl gravity.

In section 2, we discuss the two conformal constraints in the Hamiltonian framework of
Weyl gravity, which turn out to be generators of spatial and temporal conformal transfor-
mations respectively. In section 3, we bring triad language into the spatial metric for the
sake of going towards connection-dynamical formalism. The triad formalism has an addi-
tional constraint with respect to the rotation gauge freedom of the triad. The first-class
property of the constraint algebra is unchanged as the rotation constraint is imposed. The
gauge transformations generated by the constraints are analysed. In section 4, we derive
the connection-dynamical formalisms of Weyl gravity in two different schemes by canonical
transformations from its triad formalism. The Gaussian and diffeomorphism constraints in
the connection formalism are similar to those of GR coupling to matters [14]. The so-called
Immirzi parameter ambiguity can be avoided in one of the schemes. The results of this
paper are summarized and remarked in the last section.

2 Conformal constraints in canonical Weyl gravity

2.1 Geometrodynamics

In this subsection we briefly outline the geometrical dynamics of Weyl gravity obtained
in [22]. By a (3+1) decomposition of spacetime, one obtains the induced spatial 3-metric



hay and the extrinsic curvature K 4 of the foliation hypersurface ¥;. The action (1) can
be written as

I= / dt / d*zNVh (cabcncabcn — 2canbncanbn), (4)
>t

where h represents the determinant of h,,, we have denoted Cupen = Cuypohéf hy hfn° and
Conbn = Mpm,hf; hynfn? respectively, with n? being the unit normal of ¥;. Note that the
Weyl tensor contains the derivative of the extrinsic curvature as

1 1 1
Canbn - _5 (5255 - ghabh6d> <£and - Rcd - chK - NDchN> (5)

and
Caben = 2D[aKb}c + DdK[C(llhb}c - D[aKhb}ca (6)

where NN is the lapse function, £,, denotes the Lie derivative along n” and D, denotes the
spatial covariant derivative compatible with hq,. One could check that action (4) is still
invariant for conformal transformations g, — QQgW.

The 341 form consists of basic variables (hqp, Kap, £1Kqp, N, N), where N is the shift
vector. In order to reduce this higher order derivative theory into second-order derivative
one, a Lagrangian multiplier A% is introduced into the action as

I = / dt / BrNVh (Cabcncabm — 2098 Contm + AP (Lnhay — 2Kab)> G
3t

Then the basic variables are increased as (hap, £thap, Kapy £1Kap, N, N, )\“b). In Hamilto-
nian formulation, one obtains momentum variables conjugate to the 3-metric and extrinsic

7_[_cal _ )\cd\/E’
rpcd _ QCcndn \/E’

curvature respectively as
(8)
with the canonical relations

{hab(x)a WCd(y)} = {Kab(x)’ PCd(y)} = 6€a6lcyl)63(x, y) (9)
From action (7), one can easily derive the diffeomorphism constraint H, and Hamiltonian
constraint Hy as

*

H, = —2hgy D1 4+ P* Dy Ky — 2Dy (P* K ye)
Pabfpab
2vVh

where the sign “=” means “equal on the constraint surface”. Moreover, one obtains the fol-
lowing two conformal constraints due to the traceless of P¢ and its consistency condition:

0,
(10)

Hy = 27 K, — +P®Rypy + PPK K + Dy Dy P — VhCapen C™, £ 0,

*

P =haP®=0

_ ab ab * (11)

One can check that all the constraints are of first class. Hence the physical degrees of
freedom of Weyl gravity reduce to 6(=6 +6 — 4 — 2).



2.2 Conformal gauge transformation

The conformal invariance of action (1) is encoded in the constraints (11) in the Hamil-
tonian formalism. In this subsection we will show how to generate spacetime conformal
transformations by those constraints. In order to become functions on the phase space,
the two constraints (11) should be smeared over suitable test fields wy(z) and w, (z) as

P(wl):/ dgwal,
P

(12)
Qwy) = / d3wa4.
3¢
Then it is straightforward to get
{hap, Q(we)} = 2wehay,
{ﬂ'“b, Qwy)} = —2Wg7Tab, (13)
{Kap, Qwr) } = weKgp,
{Pab’ Q(Wﬁ) — w[Pab,
and
{hap, P(w1)} =0,
(7% Plw,)} = —w, PP, (14)
{Kap, P(wi)} = wihap,

{P* P(w.)} =0,

respectively. Note that the infinitesimal transformations of 7% in (13) and (14) imply that
the Lagrange multiplier A introduced in action (7) has to be transformed as

A — Q7PN — 20 P nt9), In Q) (15)

under a finite conformal transformation: g, — QQQW/. The finite spacetime conformal
transformation induces transformations on X; as

hab — Q2haba
Koy — QK + habn“GMQ, (16)
Pab N Q—lpab’

where n, — Qn, and K, = %f nhap are used. The relation between the conformal factor
2 and the test fields wy and w, can be explored, if the transformations (13) and (14)
generated by constraints Q(wy) and P(w ) contribute the infinitesimal version of (16).

Note that finite conformal transformations on the phase space can be constructed by
the exponential maps of the Hamiltonian vector fields dual to functions Q(wy) and P(w ).
However, (13) and (14) imply that the action order of the exponential maps exp[Xg(y,)]
and exp[Xp(w L)] will effect the resulted transformation of the extrinsic curvature K. A
straightforward calculation gives

=1 =1
exp[Xp(y,)] exp[X o) © Kap =) T { (Z — e, Q(wz)}(m) ,P(wl)}
k=0 n=0 "

=QKap + w1 Qhap,

w (17)

where Q0 = Y ° %wg = e*¢, and the suffix on the Poisson bracket denotes the iteration:
{Kab, Qwe) } g1y = ({Kab, Qwe) }(ny, Q(we) }- On the other hand, another order of action
gives

exp[X g (w)] exP[Xp(w )] © Kap = WKap + w1 Q%hgp. (18)
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Therefore it is obvious that

eXp[Xfp(wL)] eXP[XQ(W)] 7§ eXp[XQ(wz)] eXp[Xfp(wL)]. (19)
This noncommutative property can be understood as follows. The Poisson algebra
{Pwi), Qwe)} = Plwe - wi), (20)
together with Jacobi identity

{{Kaw, Qwe)}, Plwi)} + {{Qwe), P(wi)}, Kap} + {{P(wi), Kap}, Qwe)} =0, (21)

gives
{Kap, Qwe) }, Pwi)} + wew i hap = {{HKap, P(wi)}, Qwe)}, (22)

which implies (19). However, there is no such a problem for the spatial metric hqp due to

{hab, P(wl)} = 0.

Suppose that the Hamiltonian vector field of the linear combination,
C(Wg,bdl) = Q(Wﬁ) + P(WL)a (23)

generates a spacetime conformal transformation (16). By imploying the Lie product for-
mula in Lie group theory,

exp[Xo(u,) + Xp(,)] = lim <eXp [X%Qw] eXP {X%WUDN

n—o0

n (24)
= Jim (exp [Xppe] e [Xyown])

the above order ambiguity can be avoided. A straightforward calculation (see Appendix
A) shows that the test fields are related to the conformal factor by

wp =1In Q‘Et’ (25)
(InQ)n*0,0
LI T 2
LT s (26)

3 Triad formalism

3.1 Canonical variables in extended phase space

In this subsection we will extend the phase space of Weyl gravity coordinatized by (hqp, 7% K ap, P¢4)
to triad formalism in order to bring some internal gauge degrees of freedom into the the-

ory. Let e?(i = 1,2,3) be any triad on X; such that h = e?el]’»éij. The densitized triad

is defined as Ef := \/Ee?. We denote the inverse of Ef by Efl and the determinant of Ef

by E. Suppose ﬂg is the variable conjugate to E;'. We equip the extended phase space
coordinatized by (i, E?; K;j, Pk with symplectic structure defined by

{mi(x), B2 (y)} = 658%0% (2, ),

[y (2), PR ()} = 8561, 5% (2, ), (1)

and

{76 (2), Kij ()} = {ma(2), P ()} = {EL(2), Kij ()} = {B{(2), P (y)} = 0. (28)



Note that the canonical variables 7% () and E;-’(y) have 9 degrees of freedom respectively,

while K;;(x) and P*(y) have 6 respectively. The new variables are related to the original
variables by o
hap = 0i; ELE}E, 7°? = to be determined,

Ku = KijELEIE, P =E1PHEED

Note that by contracting with the triad, the canonical variables Ky, and P°@ can be

expressed as internal tensors K; and P, So the key issue is to find the expression of
cd

(29)

in terms of new variables. Let 7°¢ = 7° (7Tb, E? KZ],Pkl) We can solve it from the

following equations with respect to the symplectic structure (27) and (28),
Ohap () 7 (y)
Ry (), = —/
(ha(oln == | SO
0K 4p() 57TCd(y) K ap(z) O 3
_ — d’z =10
He) 0Ky 5Pz ) T (B0
B 5l (y) 577ab(x) Smed( Br—0
5Ef(z) 671'3[(2) P4 (z) 6K;j(2) '

&’z = 6(,0)6° (),

<
~—

Let ¢ = 74 — U? where

_ 1
7= —(BEYE 7 BT — B E* B (31)
and U = U Cd(E“ KU,P”). Note that the Euclidean metric d;; is employed to up or
down the internal indices ¢, 7, k,---, while hy, is employed to up or down the external
spatial indices a,b,c,---. Then the first equation in (30) is satisfied automatically, while
the second and third equations in (30) give
d _ 111 plj (e =d)
U =E'K'PYEE]. (32)
Hence we recover 7% in extended phase space as
d - d
mel = — <E(E 7Bl — B E]) - EKZ PUECEY. (33)

By a tedious calculation, the Poisson bracket between two 7 reads
{ﬂ_ab( ) ( )} _ T (hachb + hchda + hadGcb + hbdGca)( )(53(1',21), (34)

where G = E_lEZ@E?G” with G = QWLiEj}C + 4K[il73ﬂl. Note that on the extended
phase space G% generates exactly the internal SO(3) rotations of the new variables, which
keep the original variables (hgp, 7 K, PCd) invariant. Hence to go back to the original
phase space, we need to impose the “rotation” constraint

G =g /Z PG A = (35)
t

on the extended phase space, where A% is an arbitrary internal anti-symmetric tensor-
valued test function. In addition, the functions G(A) constitute a closed constraint algebra
as

{G(A), G(A")} = G([A, A]). (36)
It is easy to check that
{G(A)7 hab(x)} =0,
{G(A), 7 (z)} =0,
{G(M), Kap(x)} =0, (37)
{G(A), P ()} =0.



3.2 Triad formalism as a first-class system

We want to show that all previous constraints together with the rotation constraints on
the extended phase space constitute a first-class constrained system. Note that except for
G(A), all other constraints can be obtained by naive substitution of gy, 7l K, and
P in (10) and (11) with (29) and (33), which denote as P’, @', H/, and H} respectively.
Since the expressions of P’, Q' H and H|, may contain the rotation constraint which
can be neglected on the constraint surface, one usually use some alternative expressions
of those constraints without the terms containing the rotation constraint. We denote
P=P +2Zp, Q=9 + Zg, H, = H| + Z,, and Hy = H, + Zy, where Zp, Zo, Z, and
Zp vanish on the constraint surface of the rotation constraint. Since P’, Q', H] and H)
are defined in terms of (29) and (33), (37) ensures that P’, @', H/ and H|, are invariant
under the internal rotation generated by G(A). Together with (36), we conclude that

{G’P}’ {G, Q}, {Ga Ha}, {G, H()} XX G ; 0.

Thus G form an ideal of the constraint algebra. Since (10) and (11) are indeed first-class,
we have shown that P, Q, H,, Hy together with G;; are also first-class in extended phase
space. Since the constraint algebra in the original phase space is known [22], one can
use the symplectic reduction formulas (30) and (34) to derive the constraint algebra in
extended phase space. For instance, let H{ (¢ fz EH)d3x and H)(n fz nHyd3z be
the smeared Hamiltonian constraints. To calculate {HO( ), Hy(n)}, we can first calculate

e gy [ (HRE) SH0)  SHY(E) SHy(n)
et = | (S0 im0 * iro i ‘_(5“")> e
(@) Fola)l, + [ s [ LB oo ey,

(38)

where Hy = Hy(hap, 7%, Ky, P°?) is the Hamiltonian constraint coordinatized by (hap, 7¢%; Ky, PY),
and {Hy (&), Ho(n)}|r, takes the same result as that of the original constraint algebra. Then
we substitute all functions of (hgp, 7% Kqp, P°?) by functions of (72, Eb U,Pkl). Thus
we obtain the constraint algebra in extended phase space by naive substltutlon as
{Ho, Ho} o Hy @ P'© G, {H,, Hy} < HL® G, {Hp, Hy} o Hy & G,
{P/’H(l)} O(P/® Qla {Q/’HO} O<P @HO@G’ {Q/’Hc/l} (8 Q/@G’ (39)
{P'H} xP', {P,Q}xP.
Then it is straightforward to calculate the algebra for the constraints with G linear com-
bination as
{Ho, Ho} = {Hg + Zo, Hy + Zo} = {Ho, Ho} + {Zo, Zo},
{HaaHb} = {H;—FZG,H{)—{—ZI;} = {Hé,Hl/;}‘F{Za,Zb}a (40)
{HO’ Ha} = {H(/) + ZO’H{I + ZCL} = {Hé?Htlz} + {ZO’ Za}’

Since the constraints form a first-class system in extended phase space, the physical degrees
of freedom of Weyl gravity can also be read as 6 =94+6—-3—-1—-2— 3.

3.3 Conformal, diffeomorphism and rotation constraints in extended
phase space
The naive substitution of the conformal constraints (11) in terms of new variables reads
P =P =5,;PY =0,

‘ . (41)
Ql =0Q=- (27TZLEZQ + KUPU) =

7



It is easy to check that they Poisson commute with G(A),
{G(A), P(wp)} ={G(A), Qwy } =0, (42)

where we omitted the “primes”. Q(wy) and P(w ) still generate conformal transformations.
Note that the minus sign in the expression of Q arises from the fact that in the new
coordinates we employed the densitized triad E;’ as the momentum variable conjugate to
L.

The naive substitution of the diffeomorphism constraint in (10) reads

™

H!, = E’Dy7} — Dy(niE?) + PYD,K;j + §(GiijjDaE,§ — Dy(GyELEY)) £ 0. (43)
By removing the terms containing the rotation constraint, we obtain
H, = E!D i — Dy(7L EY) + PUD,Ky; = 0. (44)

It turns out that it is H, rather than H/ generates the spatial diffeomorphisms of the new
variables, since the smeared version of H, takes the form

Ho(€") = /Z d*a¢" (B! Dyml — Dy(miEY) + P Do K5 )
t

S (45)
_ / P (B2 £ + PY L)
P
where £% is any test vector field on Y; satisfying suitable boundary condition.
The Poisson bracket between two rotation constraints can be calculated as
{G(M),G(N)} = G([A,A']). (46)

It is easy to see that the canonical transformations generated by G(A) on (WZ,E?) are
exactly the internal rotation as in GR [12,14]. G(A) also generates internal rotations on
(Kij, PX) as

{Kij(2), G(A)} = A/ Kyj(2) + A} Ka(x) = [A, Klij(x), (47)
{PY(2), G(A)} = NyPY(z) + PN () = [A, P (x).

The infinitesimal conformal transforms generated by Q(wy) and P(w ) are calculated
as

{ma(@), Qwe)} = —2wem (@),
{E}(2), Qwe)} = 2w B} (2),
{Kij(.%'), Q(wé)} = —WgKij(m)7 (48)
{PY(x), Qwe)} = wP (),
and '
{ma(z), P(wi)} =0,
{E£] (), P(wi)} =0,
{Kij(x),P(wi)} = dijw (z), (49)
{P(x), P(w1)} =0,

respectively. The conformal generator P only affects K;; and thus U part of 7.



4 Connection-dynamical formalism

4.1 The first scheme

In the triad formalism studied in last section, the configuration variable 7% is a Lie algebra
50(3) (or su(2)) valued one-form. However, 7’ is not a connection since the rotation
constraint is not the Gaussian constraint of a gauge theory. Similar to the case of GR,
we can construct a su(2) connection by a canonical transformation on the extended phase

space as: ‘ ‘ '
Ay = Lo+, (50)

where T is the su(2) spin connection determined by E;’
I zleijkeb(ae : — Ouepj + eqreSopel) (51)
a 2 k b aj a bj al 7 bCec)s

and ~ is an arbitrary nonzero real number. We further define (“/)E]l? = %E]b Then

(AL ('Y)E]l?) constitute a new canonical pair. Combining the rotation constraint G¥¢;j; = 0
with the compatibility condition:

Do E¢ = 9,F¢ + ¢;j 2 B = 0, (52)
we obtained the standard Gaussian constraint:
g, = ({9a(ﬂ/)Eg + eijkAg(ﬂ/)Eak + Giijijlk = 0. (53)

Hence A! is an su(2) connection, and the internal tensor K;; and P play the role of the
source of this gauge theory.

The fundamental Poisson brackets can be derived from the symplectic structure (27)
and (28) as

{4i (@), DY (y)} = 5iobd (), {Kyj(a), P (y)} = 5E6) 6% (2. p).

{Al(2), A(y)} = {Ah(2), Kij(9)} = {Au(), P ()} = 0, (54)
{VE} (@), VE}(y)} = {7V Ef (2), Kij(y)} = {7V E} (x), P (y)} = 0.

Since the Gaussian constraint is a linear combination of the rotation constraint and the
compatibility condition, it also contributes a closed constraint algebra:

{G(A), G(A)} = G([A, A)). (55)

The curvature of A% reads ‘ ' o
Fy = 20, A3 + €, AL AL (56)

One can define a new covariant derivative D, associated with connection A% by
DV =0,V + €, AIVF. (57)
The original geometric variables can be rewritten in terms of new variables as

hap = ,Y(“/)E(’Y)Eé(“/) Eyi,

cd _ W ple@) pd i piyt) pai _ ) pe(y) pdic g1 _ piGy) pa _ i pli(y) ple(y) pd)
T N EJ E;’ (A, —T,)VE E] EY (A, —T)VEY —2KYP E; EJ ] ,

Ko =yYVEOME ™ EZKij,

ped = 1) p=10) E,‘;(’”Efl??“.
(58)



Then the constraints can be recast as
g, = Da(’y)EZq + 2€iijijlk = 0,
P =0,;P9 =0,
Q = —2(A; —T)" B} — KiyPY =0, (59)
H, = F,VE} + PUD,K;; — yn'Gi = 0,
Ho=7"2Ha+~ "Hp+Ho+72Hp =0,
where H, and Hj can be derived from (44) and (10) by naive substitution respectively,
and the terms H, Hp, Hc and Hp can be expressed in term of new variables as

1
2V E
Hp =) EEIZ,(“/) Ef) M g1 [Dapbpij _ 4€ikl(v)wakpb73jl _ Qeiklpjlpb(v)ﬂak + 6Pik() 7Tak(v)ﬂ-li)

Ha=— PPy,

— 4P gy Dl — 25ij7>kl(w)ﬂ§(v)ﬂé] + ™ Eflpij ™) EJQL(‘K) EPR%.
Ho =Kij Mgl — 3kl pe 2Kinil7?lj,
%D =V (V)Ecabcncabcn-
(60)
Note that (7% = 7t = A% — T does not depend on v actually, and we have made use of
the conformal constraints Q@ and P for sake of obtaining Hp and H¢o. The expression of
Cabch“bcn reads

CabenC™, = e®ef9(D, Kyo) D Ky + €™/ (Do Ky ) Dy K, (61)
which can be rewritten in term of new variables as
Copen G, = p=10) pa () b cigm kin (DGK,, - 2(7)7T5Kr(iel)pr> (DbKjk — 20, jek)qs>
+ (V)E—l(v)EZ(v)Ebp (DaKij _ Q(V)WZKl(iej)kO <DbKij _ Q(V)W?Kn(iej)mn>

_ (“/)Efl(“/)Eai(’Y)E? (DaKﬂ _ 2(7)7T§Km(j€l)km> (Dsz‘l _ Q(W)Wng(iel)np) .
(62)

Note that except for the Hamiltonian constraint, all of the rest constraints do not contain
the parameter ~ explicitly. Hence v does not affect the gauge transformations they gen-
erate. However, the Hamiltonian constraint consists of 4 polynomials of v with different
powers. This fact may lead to different dynamics for different values of v in the quantum
theory.

The Poisson bracket between connection variable A (z) and conformal constraint Q(wy)
reflects the spatial conformal transformation of the connection variable. The conformal
constraint reads

Q(we) = — /E & [2@4;’ ~THVEL + Kjﬂﬂ'l] wy. (63)

Hence we have

{AL(@), Qwe)} = —2we(@)[Af () — Ty (2)] + €V Eg;O) By (). (64)
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4.2 The second scheme

Unlike GR, Weyl gravity is conformally invariant. Eq.(48) shows that the conformal trans-
formations of the conjugate pair 7 and Eé’ admit the form in the canonical transformation
in last subsection. Thus it is reasonable to consider the possibility that the canonical trans-
formations with different values of v are actually conformally equivalent to each other. This
is not the case for the canonical transformations defined in last subsection, since the other
conjugate pair K;; and P remains unchanged there while it should be changed by the
conformal transformations. In fact, the conformally equivalent canonical transformations
can be defined as , , , A
Ty = Ay = T4 + 97,

B lp =g
J 0% J 77

(65)
Kij — ﬁKl] = (’Y)KZ’]’,
1
Pkl N _Pkl = (f\/)rpkl.
ﬁ

Then the original geometric variables are related to the new variables by

hap = 7(v)jgj(v)Eé(“/) Ebi,

aod — L [ptmp d)(A —TH(Mpai — (’Y)EC( VB4 (AL — TR — 20 i plit) e gd) ||
g L i i

K, = ’Y% MEM ELO) Ez ™) Kij,
ped _ ,Yf%(w)E*l(v)Eg(v) B0,
(66)
The constraints can be recast as
G =D, VE? + QEijk( )KJ (plk =
P = 75,;0PY L0,
Q= —2A —TH)WEs — W E,;0pi =g, (67)
H, = F,Eb + piup, O )K —Mzitg, £,

H():’y*% <( )HA+()HB+()HC+()HD); )

where
Dy = — — = _Cpii)p,,
2WVOE
NHp = = )1 (V)EEI (V)Eb) {D D, P — ikl(v)ﬂakpb(v)pjl _ Qeikl(v)pjlpb(v)%k
+ 6N PIEN 7 Nt AN PUO 7, Nzl 25ij(v)pkl(v)ﬂ§(w)ﬂé] + &(v)pﬂ( M g B Rik

e :(“/)_K i gai — 300 g 7i () e Q(V)Kij("/)Kil(’Y)Plj’
(V)HD _

T)E [(V)Ea ) b tamehin <Da(7)Kil - 2(’Y>w£(”)Kr(iel)pr) <Dmejk - Q(V)WE(V)KS(jek)qL‘;)

n (W)ES( ) fpbp <Da('y)Kij _ 2(V)7T2(V)Kl(i€j)kl> (Db(’Y)KU _ 2(’7) m(y) gnli J)mn)
ai j m(j b
S <DG(V)K]1 — 2 k() gmlie )km) (Db("/)Kil — 2 g7 (“/)Kp(iel)np) ]

(68)
Note that the Hamiltonian constraint in (67) consists of 4 terms of v with the same power.
In this connection-dynamical formalism, different values of the parameter v of the basic
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variables can be generated by particular conformal transformations. Since Weyl gravity
is conformally invariant, the so-called Immirzi parameter ambiguity can be avoided in the
corresponding loop quantum Weyl gravity. This observation can be confirmed by the fact
that the parameter  can be removed from the expressions of all the constraints in (67).

5 Summary

In previous sections, the Hamiltonian structure of Weyl gravity has been studied in details.
The conformal invariance of the theory is encoded in the conformal constraints Q(w,) and
P(wy), which generate spatial and temporal conformal transformations respectively. The
relation of the smeared fields wy and w; with the conformal factor €2 is worked out as (25)
and (26). The Hamiltonian geometrodynamics of Weyl gravity is then recast into triad
formalism by including the internal gauge degrees of freedom of a triad. The relation of the
basic variables in triad formalism and the original ones is worked out as (29) and (33). The
rotation constraint (35) is imposed for recovering the phase space of geometrodynamics
from the extended phase space. It is shown that the new constrained system is still first
class as that in geometrodynamics. In comparison to the case of original phase space, the
conformal transformations generated by P(w ) on the extended phase space take simpler
forms. The variable 7¢ conjugate to the densitized triad E]l? keeps unchanged by the
temporal conformal transformations, and only the diagonal elements of the components of
the extrinsic curvature K;; are affected by it.

The main purpose of this paper is to construct certain connection dynamical formalism
of Weyl gravity, in order to apply the method of LQG to this theory. This purpose has been
realized by two schemes of canonical transformations on the extended phase space. In the
first scheme, only the conjugate pair (WQ,E?) are transformed into an SU(2) connection
and its momentum, while the other conjugate pair (Kij,Pkl) keep unchanged. The so-
called Immirzi parameter v ambiguity in LQG of GR exists also in the corresponding
quantum theory of Weyl gravity in this formalism. However, in the second scheme, both
conjugate pairs are transformed, and the canonical transformations with different values
of the parameter v are related by certain conformal transformations generated by the
constraint Q(wy). Therefore, the connection formalisms with different values of v belong
to a conformally equivalent class. There will be no Immirzi parameter ambiguity in the
corresponding quantum theory in this formalism. This intriguing feature of connection
formalism of Weyl gravity deserves further investigating in its loop quantization. Another
interesting issue in both schemes is the role played by the conjugate pair (Kij,Pkl) in
the connection-dynamical formalism. From the expressions of the Gaussian constraint and
diffeomorphism constraint in (59) or (67), (K;j, P*) or ((WK;;, WPk look like certain
internal tensor valued matter fields in GR. This implies possible geometrical origin of
certain matter fields from Weyl gravity, which also deserves further investigating in its
quantum theory.
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A Conformal transform by assembled generator

One can write down the Oth and first order terms of exp[C(wy,w | )] K4, and then iterate
the procedure to obtain

Oth K
Ist weKap + w1 hap
2nd w?Kab ~+ 3wpw | hap
3rd wg’Kab + 7wgwl Pab
69
4th w?Kab + 15W?wj_hab (09
nth w?Kab + (an—l + 1)w2‘_1wlhab
(n+ 1)th W Ky + (26 + Dww A

Thus we have to solve the sequence b,4+1 = 2b, + 1 and get its solution as b, = 2" — 1.
Therefore the Taylor series of exp[C(wy,w ] )] o Ky are expressed by two equations

1
N=Qly, = Z n|w? = e

S gn g (70)
n* 0,0 =wi Z _' én_l)

n=0
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