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If the Universe’s energy density was dominated by a fast-rolling scalar field while the radiation
bath was hot enough to thermally produce dark matter, then dark matter with larger-than-canonical
annihilation cross sections can generate the observed dark matter relic abundance. To further
constrain these scenarios, we investigate the evolution of small-scale density perturbations during
such a period of kination. We determine that once a perturbation mode enters the horizon during
kination, the gravitational potential drops sharply and begins to oscillate and decay. Nevertheless,
dark matter density perturbations that enter the horizon during an era of kination grow linearly
with the scale factor prior to the onset of radiation domination. Consequently, kination leaves a
distinctive imprint on the matter power spectrum: scales that enter the horizon during kination
have enhanced inhomogeneity. We also consider how matter density perturbations evolve when the
dominant component of the Universe has a generic equation-of-state parameter w. We find that
matter density perturbations do not grow if they enter the horizon when 0 < w < 1/3. If matter
density perturbations enter the horizon when w > 1/3, their growth is faster than the logarithmic
growth experienced during radiation domination. The resulting boost to the small-scale matter
power spectrum leads to the formation of enhanced substructure, which effectively increases the
dark matter annihilation rate and could make thermal dark matter production during an era of
kination incompatible with observations.

I. INTRODUCTION

There are no direct observational probes of the period
between the end of inflation and the beginning of Big
Bang Nucleosynthesis (BBN), and as a result, our under-
standing of this period is severely limited. Unfortunately,
this ignorance hinders our ability to understand both
baryogenesis and dark matter production [e.g. 1]. There
is hope that the spectrum of gravitational waves gener-
ated prior to BBN could probe this era, but these probes
either require futuristic gravitational wave detectors [2–
6] or a network of cosmic strings [7]. The matter power
spectrum provides another way to probe this era. For
example, an early-matter-dominated era (EMDE) prior
to BBN enhances the small-scale matter power spectrum
and increases the abundance of microhalos [8, 9]. These
microhalos enhance the dark matter annihilation rate by
several orders of magnitude, depending on the cutoff in
the small-scale matter power spectrum. These boosted
annihilation rates are sufficient to bring some EMDE sce-
narios with otherwise undetectable dark matter parti-
cles into tension with Fermi-LAT observations of dwarf
spheroidal galaxies [9, 10].

Another possibility is that there was a period of ki-
nation between the end of inflation and the beginning
of BBN, during which the Universe was dominated by a
fast-rolling scalar field (a kinaton) [11–13]. Kination was
initially proposed as a post-inflationary model that allows
the Universe to transition to radiation domination even
if the inflaton does not fully decay into radiation [11].
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Kination also facilitates baryogenesis [12], and the kina-
ton can mimic the effects of a cosmological constant if
its potential energy becomes dominant at very late times
[13–17].

In Ref. [18], we explored how the dark matter density
evolves if it is thermally produced during an era of ki-
nation, and we derived analytic expressions for the dark
matter relic abundance; see also Refs. [19–27]. To obtain
the observed dark matter relic abundance, dark matter
that is thermally produced during an era of kination re-
quires larger annihilation cross sections than dark matter
that is thermally produced during radiation domination.
Using recent observational limits on dark matter anni-
hilations within dwarf spheroidal galaxies [28] and the
Galactic Center [29], we were able to place tight con-
straints on the dark matter mass and the temperature at
which kinaton-radiation equality occurs, provided that
the dark matter reaches thermal equilibrium during an
era of kination [18].

In this work, we study what effect kination has on the
growth of dark matter density perturbations. If kination
enhances the growth of dark matter density perturba-
tions, the resulting small-scale structure would increase
the dark matter annihilation rate. This boost to the an-
nihilation rate would place even tighter constraints on
scenarios where dark matter reaches thermal equilibrium
during an era of kination. If the growth of perturbations
during kination amplifies the dark matter annihilation
rate by a factor of 10, then dark matter that is ther-
mally produced during kination and annihilates via the
bb, τ+τ−, or W+W− annihilation channels will be ruled
out [18].

First, we numerically determine the evolution of cos-
mological perturbations during an era of kination. Sur-
prisingly, we find that dark matter density perturbations
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grow linearly with the scale factor for perturbation modes
that enter the horizon during kination. To better un-
derstand this linear growth, we derive analytic expres-
sions for the evolution of the gravitational potential Φ
and fractional dark matter density perturbation δχ not
only during an era of kination but also for scenarios where
the dominant component of the Universe has a generic
equation-of-state parameter w. We determine that once
a mode enters the horizon, the gravitational potential
drops sharply and then oscillates with a decaying am-
plitude if the dominant energy density has w > 0. In
addition, if w > 1/3, then δχ ∝ a3w/2−1/2, where a is the
scale factor. Therefore, if a perturbation mode enters
the horizon during an era of kination (w = 1), then δχ
grows linearly with the scale factor. This growth leaves
an imprint on the matter power spectrum. We deter-
mine that for modes that enter the horizon during an era
of kination, δχ/Φ0 ∝ k1/2, where k is the comoving wave
number, and Φ0 is the value of the gravitational potential
on superhorizon scales during kination.

Our perturbation analysis is applicable for scenarios in
which dark matter does and does not reach thermal equi-
librium during an era of kination. References [18, 26] de-
termined that if dark matter reaches thermal equilibrium
during an era of kination, annihilations do not cease un-
til after the Universe becomes radiation dominated. We
determine that these “relentless” annihilations do not sig-
nificantly influence the evolution of δχ after a mode has
entered the horizon. Since dark matter annihilation can-
not lead to deviations from adiabaticity on superhorizon
scales [30–32], “relentless” annihilation has a minimal ef-
fect on the matter power spectrum.

In Section II, we present the evolution equations that
govern density and velocity perturbations. In Section
IIIA and III B, we derive analytic expressions for the
evolution of the gravitational potential and dark matter
density perturbations, respectively. In Section IV, we
determine how the matter power spectrum scales with
wavenumber following an era of kination. In Section V,
we summarize our results and discuss their implications.
The appendices detail the derivation of the perturbation
evolution equations and their initial conditions. Natural
units (~ = c = kB = 1) are used throughout this work.

II. PERTURBATION EVOLUTION

We consider a three-fluid model consisting of dark mat-
ter, radiation, and the kinaton. The kinaton is a fast-
rolling scalar field: w ≡ Pφ/ρφ ≃ 1, where Pφ is the ki-
naton pressure and ρφ is the kinaton energy density. We
assume that the dark matter is composed of Majorana
particles and that the kinaton does not decay nor oth-
erwise interact with radiation or dark matter. However,
dark matter and radiation are thermally coupled via pair
production and annihilation. Therefore, the equations
for ρφ, the radiation energy density ρr, and the dark

matter number density nχ are

d

dt
ρφ = −6Hρφ, (1a)

d

dt
nχ = −3Hnχ − 〈σv〉(n2

χ − n2
χ,eq), (1b)

d

dt
ρr = −4Hρr + 〈σv〉Eχ(n

2
χ − n2

χ,eq), (1c)

where 〈σv〉 is the velocity-averaged dark matter annihila-
tion cross section, 〈Eχ〉 = ρχ/nχ is the average energy of
a dark matter particle, and nχ,eq is the number density
of dark matter particles in thermal equilibrium. For a
dark matter particle with mass mχ and internal degrees
of freedom gχ within a thermal bath of temperature T ,

nχ,eq =
gχ
2π2

∫ ∞

mχ

√

E2 −m2
χ

eE/T + 1
E dE. (2)

We approximate nχ,eq as

nχ,eq ≃ gχ
2π2

m2
χ T K2

(mχ

T

)

, (3)

where K2(z) is a modified Bessel function of the sec-
ond kind. Equation (3) matches Eq. (2) to within 0.1%
for mχ/T & 6. In addition, when evaluating 〈Eχ〉, we
make the approximation that 〈Eχ〉 ≃

√

m2
χ + (3.151T )2,

which matches ρχ/nχ to within 10%.
Since the kinaton does not interact with either the

radiation or dark matter, the kinaton energy density
scales as ρφ ∝ a−6. Even though the dark matter and
radiation are thermally coupled via pair production and
annihilation, this interaction is not sufficient to influ-
ence the evolution of the radiation energy density ρr,
and thus, ρr ∝ a−4 [18]. If dark matter does not reach
thermal equilibrium, the dark matter “freezes in”. In
these scenarios, after pair production ceases, (when
T . mχ/4) the dark matter energy density scales as
ρχ ∝ a−3. If dark matter does reach thermal equilib-
rium, the dark matter “freezes out”, and annihilations do
not cease until after kinaton-radiation equality [18, 26].
As a result, ρχ ∝ (a3[1 + ln(a/af)])

−1 between freeze-out
(a = af) and kinaton-radiation equality [18].1

Perturbation modes are characterized by their comov-
ing wave number k. A perturbation mode enters the
horizon when k = aH , where H is the Hubble param-
eter. Each fluid has fractional density perturbations
δi ≡ (ρi − ρ0i )/ρ

0
i , where ρ0i (t) is the fluid’s background

1 The logarithmic scaling of ρχa
3 is the same for kination mod-

els and cannibalistic dark matter models. In cannibalistic dark
matter models, the dark matter undergoes self-heating, which
produces a pressure term in the perturbation equations [33–36].
This pressure term is absent in kination models because the en-
ergy released by dark matter annihilations is transferred to the
radiation bath.
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energy density. Each fluid also has velocity perturbations
θi ≡ a∂jv

j , where vj = dxj/dt is the fluid’s comoving pe-
culiar velocity. We assume that the relativistic particles
are tightly coupled so that we may neglect the higher
moments of the radiation perturbation.
In Appendix A we present the derivation of the per-

turbation evolution equations using the conformal New-
tonian gauge. These equations govern the evolution

of δ and θ for all fluids. To numerically evaluate the
perturbation equations, we rewrite them in terms of
the scale factor and dimensionless parameters. We de-
fine E(a) ≡ H(a)/H1, k̃ ≡ k/H1, and θ̃i ≡ θi/H1, where
H1 ≡ H(a = 1) and a = 1 is the start of the numerical
integration. Using these conventions, the perturbation
equations for the kinaton φ, radiation r, and dark mat-
ter χ are

δ′φ +
2θ̃φ

a2E(a)
+ 6Φ′ = 0, (4a)

θ̃′φ − 2
θ̃φ
a

+
k̃2Φ

a2E(a)
− 1

2

k̃2δφ
a2E(a)

= 0, (4b)

δ′χ +
θ̃χ

a2E(a)
+ 3Φ′ =

〈σv〉ρ0χ
mχH1aE(a)



Φ







1−
(

ρ0χ,eq
ρ0χ

)2






− δχ +

(

ρ0χ,eq
ρ0χ

)2

(2δχ,eq − δχ)



 , (4c)

θ̃′χ +
θ̃χ
a

+
k̃2Φ

a2E(a)
=

〈σv〉
(

ρ0χ,eq
)2

mχρ0χH1aE(a)

(

θ̃r − θ̃χ

)

, (4d)

δ′r +
4

3

θr
a2E(a)

+ 4Φ′ =
〈σv〉

(

ρ0χ
)2

mχρ0rH1aE(a)



−Φ







1−
(

ρ0χ,eq
ρ0χ

)2






+ 2δχ − δr −
(

ρ0χ,eq
ρ0χ

)2

(2δχ,eq − δr)



 , (4e)

θ̃′r +
k̃2Φ

a2E(a)
− 1

4

k̃2δr
a2E(a)

=
〈σv〉

(

ρ0χ
)2

mχρ0rH1aE(a)





3

4
θ̃χ − θ̃r +

1

4

(

ρ0χ,eq
ρ0χ

)2

θ̃r



 , (4f)

where ′ denotes a derivative with respect to the scale
factor, δχ,eq ≡ nχ,eq/n

0
χ,eq − 1 is the dark matter equi-

librium density perturbation, and Φ and Ψ are metric
perturbations [see Eq. (A6)]. In addition, the perturbed
time-time component of the Einstein equation yields

k̃2Φ + 3a2E2(a) (Φ′a+Φ) =
3

2
a2 (ρ̃φδφ + ρ̃rδr + ρ̃χδχ) ,

(5)

where ρ̃i ≡ ρ0i /ρc and ρc ≡ 3H2
1 m

2
PL/8π. When deriv-

ing Eqs. (4) and (5), we use the fact that, since scalar
fields cannot have anisotropic stress to first order in the
perturbations, Φ = −Ψ.
We numerically solve Eq. (4) for various k values start-

ing well before each mode enters the horizon and after the
dark matter becomes nonrelativistic (mχ/T & 3). For
any given k mode, we assume that the perturbations are
adiabatic before horizon entry.2 This implies that the
initial perturbations are all directly related to the initial
gravitational potential Φ0: see Appendix B.

2 References [31, 32] demonstrated that perturbations that are ini-
tially adiabatic remain adiabatic before horizon entry even in the
presence of energy exchange between fluids.

It has been well established that for modes that enter
the horizon during radiation domination, matter density
perturbations grow logarithically with the scale factor
[37]. Once the Universe becomes matter dominated, the
matter density perturbations grow linearly with the scale
factor. By numerically solving the perturbation evolution
equations, we determine that if a mode enters the horizon
during an era of kination, matter density perturbations
grow linearly with the scale factor prior to the onset of ra-
diation domination. Figure 1 shows the evolution of dark
matter density perturbations obtained by numerically
solving Eq. (4) for freeze-in and freeze-out scenarios. The
two modes shown in Figure 1 both enter the horizon dur-
ing an era of kination. The two modes have wavenumbers
k = 43 kKR and k = 3075 kKR, where kKR ≡ aKRH(aKR)
is the wavenumber of the mode that enters the hori-
zon at kinaton-radiation equality. The two modes en-
ter the horizon respectively at a = 1300 and a = 150,
while kinaton-radiation equality occurs at aKR = 104. In
the freeze-in scenarios, the dark matter density pertur-
bations are initially constant in conformal Newtonian
gauge. Since our perturbation evolution starts after pair
production has mostly ended, ρχ ∝ a−3. To ensure that
the curvature perturbation ζχ = Φ− δχρχ/(aρ

′
χ) remains

constant outside the horizon, δχ must also be constant
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FIG. 1: The evolution of dark matter density perturbations for two modes that enter the horizon during an era of kination. The
left panel corresponds to scenarios where dark matter freezes in during an era of kination with 〈σv〉 = 1.4× 10−46 cm3 s−1. The
right panel corresponds to scenarios where dark matter freezes out during an era of kination with 〈σv〉 = 1× 10−23 cm3 s−1 and
freeze-out occurring at aF = 2.5. The short-dashed line corresponds to the dark matter equilibrium density perturbation δχ,eq.
In both panels, mχ = 105 GeV and kinaton-radiation equality occurs at aKR = 104. One mode has wavenumber k = 3075 kKR

and enters the horizon at a = 150, while the other mode has wavenumber k = 43 kKR and enters the horizon at a = 1300.

outside the horizon for freeze-in scenarios. The situa-
tion is more complicated for freeze-out scenarios because
δχ = δχ,eq until freeze-out, after which δχ decreases to-
ward Φ0 to maintain adiabaticity before horizon entry.

Once a mode enters the horizon, the dark matter den-
sity perturbation experiences a kick from the decaying
gravitational potential (see Figure 3). After the kick, the
dark matter density perturbations grow linearly with the
scale factor until kinaton-radiation equality, after which
they grow logarithmically. The evolution of dark mat-
ter density perturbations is oddly similar during an era
of kination and matter domination, in spite of the fact
that the pressure of the kinaton forces Φ to evolve very
differently during an era of kination. In the following
sections, we analytically solve for the evolution of Φ and
δχ in order to determine the physical mechanism behind
the linear growth of δχ during kination.

III. ANALYTIC EXPRESSIONS

A. Φ Evolution

To understand the evolution of δχ, we must first un-
derstand the evolution of Φ. To do so, we compare how
Φ evolves for modes that enter the horizon during vari-
ous eras. To form a single differential equation for Φ, we
start with the time-time and space-space components of

the perturbed Einstein equations:

k2Φ+ 3
ȧ

a

(

Φ̇− ȧ

a
Ψ

)

= 4πGa2δρ, (6a)

Φ̈ +
ȧ

a

(

2Φ̇− Ψ̇
)

−
(

2
ä

a
− ȧ2

a2

)

Ψ (6b)

+
k2

3
(Φ + Ψ) = −4πGa2δP,

where a dot represents differentiation with respect to con-
formal time, and δρ and δP are the dominant fluid’s
energy density and pressure perturbations. Assuming
that the dominant fluid has a constant equation of state,
δP = w δρ. Combining Eq. (6) with the second Fried-
mann equation yields a second-order differential equation
for Φ that is dependent on w:

Φ̈ +
6(1 + w)

3w + 1
τ−1Φ̇ + wk2Φ = 0, (7)

where τ is the conformal time. The solution to Eq. (7)
for w > 0 is

Φ(τ) = C1 (2τ + 6wτ)
b
J−b

(

w1/2k τ
)

+ C2 (2τ + 6wτ)b Y−b

(

w1/2k τ
)

, (8)

where b = 1/2− 3(1 + w)/(3w + 1), C1 and C2 are inte-
gration constants, Jb is a Bessel function of the first kind,
and Yb is a Bessel function of the second kind. Confor-
mal time and the scale factor are related via w: since
H(a) = H1a

−3(1+w)/2, τ = [H1(3w + 1)/2]−1 a(3w+1)/2.
Using this relation, Eq. (8) is rewritten in terms of the
scale factor, and C1 and C2 are determined by demanding
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FIG. 2: The evolution of Φ given that the perturbation mode
enters the horizon when the dominant component of the Uni-
verse has w = 1, 0.75, 0.5, 0.33, or 0.25. All of these scenarios
involve a mode with k/H1 = 10−5, but they enter the horizon
at varying values of a.

that Φ → Φ0 as a → 0:

Φ(a) = Φ0 Γ(1− b)w
b
2

(

k̃

3w + 1

)b

a
b
2
(3w+1)

× J−b

(

w1/2 2k̃

3w + 1
a

3w+1

2

)

, (9)

where Γ(x) is the Gamma function.
Figure 2 shows the analytic evolution of Φ given by

Eq. (9). Each curve represents a perturbation mode that
enters the horizon when the dominant component of the
Universe has w = 1, 0.75, 0.5, 0.33, or 0.25. All the curves
have k̃ = 10−5, and therefore the ratio between k and H1

is the same for all scenarios, and the perturbation mode
in each scenario starts out equally far outside the horizon.
However, since E(a) ∝ a−3(1+w)/2, these modes enter the
horizon at different values of a. Apart from the varying
horizon entries, the overall evolution of Φ is qualitatively
the same for w > 0. Once a perturbation mode enters the
horizon, the fluid’s pressure overwhelms the gravitational
attraction, causing a sudden drop in Φ, after which Φ os-
cillates with a decaying amplitude. Setting w > 1, which
does not necessarily violate causality [26, 38, 39], leads to
the same Φ evolution. In contrast, Φ is constant during
matter domination. Therefore, the linear growth expe-
rienced by matter perturbations that enter the horizon
during an era of kination is fundamentally different from
the linear growth experienced during matter domination.
During an era of kination, w = 1, and

Φ(a) = Φ0
4

k̃a2
J1

(

k̃a2

2

)

, (10)

since Γ(2) = 1. Expanding the Bessel function in Eq. (10)

around k̃a2 = 0 reproduces the initial condition for Φ de-

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

100 101 102 103 104 105 106

Φ
/Φ

0

scale factor (a/aI)

k = 3075 kKR
k = 43 kKR

FIG. 3: The evolution of Φ for two modes that en-
ter the horizon during an era of kination. In this fig-
ure, mχ = 105 GeV, 〈σv〉 = 1.4× 10−46 cm3 s−1, and kinaton-
radiation equality occurs at aKR = 104. One mode has
wavenumber k = 3075 kKR and enters the horizon at a = 150,
while the other mode has wavenumber k = 43 kKR and enters
the horizon at a = 1300. The solid lines represent the numeric
solution to Eq. (5) and the dashed lines represent the analytic
approximations for Φ using Eq. (10).

rived in Appendix B: Φ ≃ Φ0 − k̃2Φ0 a
4/32 for k̃2a4 ≪ 1.

Figure 3 shows the evolution of Φ for the same modes as
those shown in Figure 1 (the evolution of Φ is identi-
cal for freeze-in and freeze-out scenarios since ρχ ≪ ρφ).
The solid curves represent the numeric solution to Eq. (5)
and the dashed lines represent the analytic approxima-
tion given by Eq. (10). We see from Figure 3 that Φ
remains constant while the perturbation mode is outside
the horizon. Upon horizon entry, Φ drops sharply and be-
gins to oscillate around zero with a decaying amplitude.
The percent error between the numeric and analytic solu-
tions for Φ remains below 0.1% as long as a . 0.25 aKR.
For a . 0.25 aKR, the assumption that ρφ is the sole com-
ponent of the Universe is valid because ρφ contributes at
least 95% of the total energy density of the Universe.
If a perturbation mode enters the horizon near kinaton-
radiation equality, Eq. (10) becomes inaccurate because
it assumes that the kinaton is the sole component of the
Universe.

B. δχ Evolution

If a perturbation mode enters the horizon during an
era of kination, we have seen numerically that the dark
matter density perturbation experiences linear growth.
By deriving an analytic expression for δχ we will gain an
understanding of where this linear growth originates. In
the limit of kinaton domination, Eqs. (4c) and (4d) can
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be rewritten as

δ′χ = −θ̃χa− 3Φ′, (11a)

θ̃′χ = − θ̃χ
a

− ak̃2Φ. (11b)

From these equations, we derive a single second order
differential equation for δχ:

δ′′χ = Φ

(

a2

a4hor

)

− 3Φ′′ ≡ S(k, a), (12)

where ahor is the scale factor value at horizon entry. The
right hand side of Eq. (12) is the source term S(k, a). To
solve Eq. (12), we first solve the homogeneous equation
δ′′χ = 0: δχ = C1+C2 a, where C1 and C2 are integration
constants. The full solution to Eq. (12) is a combination
of the homogeneous solution and the particular solution.
The particular solution is the integral of the source term
times the Green’s function (GF). The Green’s function it-
self is a linear combination of the homogeneous solutions.
If the homogeneous solutions are D1(a) and D2(a), the
general Green’s function is

GF(a, b) =
D1(a)D2(b)−D1(b)D2(a)

D′
1(b)D2(b)−D1(b)D′

2(b)
, (13)

where ′ denotes a derivative with respect to b. Given the
homogeneous solutions C1 and C2a, the Green’s function
for an era of kination is (a− b). Therefore, the particular
solution (PS) is

PS(a) =

∫ a

0

db S(k, b) (a− b) . (14)

The particular solution and its derivative equal zero at
a = 0. If we neglect the effects of dark matter anni-
hilations, the adiabatic initial condition for δχ requires
δχ = Φ0 and δ′χ(a) = 0 at a = 0, which implies that
C2 = 0 and C1 = Φ0. Combining the homogeneous and
particular solution produces the final analytic expression
for δχ:

δχ = Φ0 +

∫ a

0

db S(k, b) (a− b) . (15)

Using the analytic expression for Φ given by Eq. (10),
we evaluate the source term and determine the evolu-
tion of δχ well after the mode enters the horizon. If the
integral in Eq. (15) is evaluated for a ≫ ahor, changing
the upper bound on the integral from a to ∞ does not
change the value of the integral because the source term
goes to zero at a ≫ ahor. With this approximation, we
find that, well after horizon entry, δχ is equal to the sum
of a constant term and a term that grows linearly with

the scale factor:

δχ = A+B a, (16a)

A = Φ0 +

∫ ∞

0

db S(k, b) (−b) = Φ0 − Φ0 = 0, (16b)

B =

∫ ∞

0

db S(k, b) = 2
Γ(3/4)

Γ(5/4)
k̃1/2 Φ0 ≃ 2.7 k̃1/2Φ0.

(16c)

Therefore, if a perturbation mode enters the horizon dur-
ing kination, the subhorizon evolution of δχ for a ≫ ahor
during kination is

δχ = 2.7 k̃1/2Φ0 a = 2.7Φ0

(

a

ahor

)

. (17)

The last equality follows from the fact that we defined
k̃ ≡ k/H1 = ahorH(ahor)/H1 = ahorE(ahor). During an

era of kination, E(a) = a−3, and therefore ahor = k̃−1/2.

After the Universe becomes radiation dominated,
δχ grows logarithmically and aδ′χ is constant:
aδ′χ(a) ≃ aKRδ

′
χ(aKR). Solving for the evolution of

δχ after kinaton-radiation equality and connecting it
with Eq. (17) yields

δχ = 2.7Φ0

(

aKR

ahor

)[

1 + ln

(

a

aKR

)]

. (18)

Figure 4 shows the evolution of δχ using the numeric so-
lution to Eq. (4) and the analytic expressions given by
Eqs. (15) and (18) for freeze-in and freeze-out scenar-
ios. Equation (15) matches the numeric expression for
δχ to within 5% for a < 0.5 aKR for freeze-in scenarios.
We see in the right panel of Figure 4 that the numeric
evolution of δχ does not match the analytic evolution
for freeze-out scenarios before horizon entry. This dis-
crepancy is due to the fact that Eq. (15) was derived
neglecting dark matter annihilations and assuming that
δχ = Φ0 at a = 0. For freeze-out scenarios, the condition
that δχ = Φ0 at a = 0 is not valid, but δχ does evolve
toward Φ0 after freeze-out, as seen in Figure 1. As ahor
becomes much larger than aF, δχ gets closer to Φ0 before
horizon entry, and Eq. (15) better matches the numeric
solution to Eq. (4). For example, with ahor/aF = 485,
Eq. (15) must be multiplied by a factor of 0.95 to match
the numeric evolution of δχ between ahor < a < 0.5 aKR.
If ahor/aF = 57, the correction factor varies between 0.85
and 0.95 for different a values. These corrections must
also be taken into account when comparing Eq. (18) to
the numeric evolution of δχ for freeze-out scenarios. For
freeze-in scenarios, Eq. (18) matches the numerics after
a = 10 aKR to within 5%.
To compare the evolution of δχ for modes that enter

the horizon during an era of kination to those that en-
ter during radiation domination, we repeat our previous
analysis for modes that enter the horizon when the dom-
inant component of the Universe has a generic equation-
of-state parameter w. Given that the dominant com-
ponent of the Universe has a constant w, the evolution
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FIG. 4: Evolution of a dark matter density perturbation that enters the horizon during an era of kination. The left panel
corresponds to scenarios where dark matter freezes in during an era of kination with 〈σv〉 = 1.4× 10−46 cm3 s−1. The right panel
corresponds to scenarios where dark matter freezes out during an era of kination with 〈σv〉 = 1× 10−23 cm3 s−1 and freeze-out
occurring at aF = 2.5. In both panels, mχ = 105 GeV and aKR = 104. The mode shown has wavenumber k = 3075 kKR and
enters the horizon at a = 150. The solid curve represents the numerical solution for δχ using Eq. (4), the short dashed line
represents the analytical expression for δχ using Eq. (15), and the long-dashed line corresponds to Eq. (18).

equations for δχ and θ̃χ are

δ′χ = −θ̃χa
−3

2
( 1
3
−w) − 3Φ′, (19a)

θ̃′χ = − θ̃χ
a

− k̃2a
−3

2
( 1
3
−w)Φ. (19b)

Combining these equations results in a second-order dif-
ferential equation for δχ:

δ′′χ +
3

2
(1− w)

δ′χ
a

= k̃2a−3( 1
3
−w)Φ− 9

2
(1− w)

Φ′

a
− 3Φ′′.

(20)

The homogeneous equation corresponding to Eq. (20) is

δ′′χ + 3
2 (1− w)

δ′χ
a = 0. If w 6= 1/3, the homogeneous so-

lution is

δχ = C1 + C2 a
3
2
w− 1

2 , (21)

whereas if w = 1/3, the homogeneous solution is

δχ = C1 + C2 ln(a). (22)

We showed in Figure 2 that the evolution of Φ is quali-
tatively the same for perturbation modes that enter the
horizon when the dominant component of the Universe
has w > 0. Therefore, the source term will also be qual-
itatively the same for these scenarios. Since the integral
of the source term is constant at late times, the Green’s
function produces a similar functional form for the evolu-
tion of δχ compared to the homogeneous solution. There-
fore, if a perturbation mode enters the horizon and w > 0
and w 6= 1/3, then the Green’s function demands

δχ = A+B a
3
2
w− 1

2 , (23)

and, if w = 1/3, then

δχ = A+B ln(a), (24)

where A and B are integration constants. Overall,
the logarithmic growth experienced by subhorizon mat-
ter perturbations during radiation domination is a by-
product of the homogeneous solution to Eq. (20). Sim-
ilarly, it is the homogeneous solution that leads to the
linear growth of subhorizon matter perturbations during
an era of kination.
The different δχ growth rates can be attributed due

to the motion of the dark matter particles. We saw in
Figure 1 that once a mode enters the horizon, the dark
matter density perturbation experiences a kick from the
decaying gravitational potential. This kick causes the
dark matter particles to drift toward overdense areas,
even after Φ → 0. The comoving displacement of massive
particles is

~s =

∫

v
dt

a
∝
∫

dt

a2
∝
∫

da

a3 H
, (25)

where v ∝ 1/a is the physical particle velocity. Express-
ing the Hubble parameter in terms of w, Eq. (25) im-
plies that ~s ∝ a(3w−1)/2 for w > 1/3 and ~s ∝ ln a for
w = 1/3. To linear order, δ evolves in the same manner

as ~s: δ = −~∇ · ~s. Therefore, δχ grows as a direct con-
sequence of the particles’ drift toward overdense regions.
If 0 < w < 1/3, δχ does not grow because the expansion
of the comoving grid is faster than the particles’ drift ve-
locity. During radiation domination, the comoving drift
velocity decays as a−2, which is the same as the expansion
of the comoving grid (H ∝ a−2), resulting in logarithmic
growth. During an era of kination, H(a) decreases faster
than during radiation domination, so the expansion of



8

the comoving grid slows down faster, thereby allowing a
particle with a given drift velocity to cover more comov-
ing space, which results in an enhanced growth rate for
δχ. It is important to note that this mechanism for dark
matter perturbation growth is different than that expe-
rienced during matter domination. During matter domi-
nation, the gravitational potential is constant in time and
the dark matter particles experience a perpetual gravita-
tional force, thereby causing δχ to grow linearly with the
scale factor.
The fact that dark matter particles are drifting toward

initially overdense regions does not necessarily mean
structure will form during an era of kination. In other
words, it is still uncertain how δχ will evolve in the non-
linear regime. One possibility is that dark matter par-
ticles are moving fast enough that, instead of collapsing
and forming structure, they pass by each other and over-
dense regions becomes underdense. Collapse may still
be possible, however, if local areas of matter domina-
tion persist long enough to halt the motion of particles
through the overdense region. Further investigation is
required to determine how δχ evolves in the non-linear
regime during an era of kination or radiation domina-
tion. However, we can be certain that modes that re-
main linear until matter-radiation equality will form ha-
los. In addition, these halos form earlier than they would
if the Universe had been radiation dominated when the
relevant scales entered the horizon, due to the enhanced
growth of δχ during kination.

IV. THE MATTER POWER SPECTRUM

To analyze the matter power spectrum, we evalu-
ate δχ at a fixed time for various k values. Figure 5
shows how δχ changes with k when numerically eval-
uating Eq. (4) at a fixed value of the scale factor
well after kinaton-radiation equality. The scenario de-
picted is a freeze-in scenario with mχ = 105GeV and
〈σv〉 = 1.4× 10−46 cm3 s−1. The transfer functions for
freeze-in and freeze-out scenarios differ by less than 4%
for modes with ahor/aF & 800: these modes are unaf-
fected by “relentless” annihilations. In Figure 5, there
are three distinct behaviors. Modes with k . 0.01 kKR

are still outside the horizon at a = 100 aKR. To pre-
serve adiabaticity, superhorizon modes evolve and δχ in-
creases by a factor of 4/3 as the Universe transitions
from an era of kination to radiation domination. Thus,
δχ(100 aKR) = (4/3)Φ0.
Modes with 0.01 . k/kKR . 1 enter the horizon dur-

ing radiation domination. The evolution of δχ for these
modes follows the function

δχ(a) = Φp

[

A ln

(

B a

ahor

)]

, (26)

with A = 9.11, B = 0.594 [37]. In this expression, Φp is
defined as the superhorizon gravitational potential dur-
ing radiation domination. To determine how Φp relates

to Φ0, the superhorizon gravitational potential during
an era of kination, we evolve a superhorizon mode across
aKR. As the Universe transitions from an era of kination
to radiation domination, a superhorizon mode will evolve
to keep the curvature perturbation ζ ≡ Φ+ 2Φ/(3 + 3w)
constant. Since w = 1 during an era of kination,
ζK(a < aKR) = (4/3)Φ0. During radiation domination
w = 1/3, and ζR(a > aKR) = (3/2)Φp. Since ζK = ζR
for a superhorizon mode, then Φp = (8/9)Φ0. The long
dashed line in Figure 5 corresponds to Eq. (26) evalu-
ated at a = 100 aKR with Φp = (8/9)Φ0. This analytical
model matches the numeric solution to Eq. (4) extremely
well for modes with 0.05 . k/kKR . 1. As expected, if a
mode enters the horizon during radiation domination, it
is unaffected by the preceding era of kination.
Modes with k/kKR & 1 enter the horizon during an

era of kination. We wish to express the evolution of
δχ for these modes in the same fashion as Eq. (26).

From Eq. (18), we see that A = (9/8)× 2.7 aKRk̃
1/2 and

ln(B) = 1 + ln(ahor/aKR). Since Figure 5 is in terms of
k/kKR, we similarly need to express A and B in terms of

k/kKR. Using the fact that ahor = k̃−1/2 during an era

of kination and that aKR = k̃
−1/2
KR 21/4, we determine that

for modes with k/kKR & 1,

δχ(a) = 2.7Φ0

(

k
√
2

kKR

)1/2

ln

[

e

(

kKR

k
√
2

)1/2
a

ahor

]

. (27)

The short dashed lines in Figure 5 correspond to Eq. (27),
where a is evaluated at 100 aKR. This analytical model
matches the numeric solution very well for modes with
k/kKR & 100. We also found a fitting function that not
only smoothly connects Eqs. (26) and (27), but also
matches the numeric solution of δχ to within 5% for
modes with 0.05 < k/kKR < 1000:

δχ(a) =
8

9
Φ0

[

A ln

(

B a

ahor

)]

A = 2.29

[

0.11× 9.112.64 + 2.9

(

k

kKR

)1.32
].38

B =

[

0.594−6.59 + e−6.59

(

k

kKR

)3.29
]−.15

. (28)

From Eq. (27), it is clear that if a mode enters the
horizon during an era of kination, δχ/Φ0 ∝ k1/2. In con-
trast, it has been shown in Refs. [8, 9] that if a mode
enters the horizon during an EMDE, δχ/Φ0 ∝ k2. Both
of these scalings are consistent with linear growth prior
to the onset of radiation domination. Since a mode en-
ters the horizon at k = aH , during an era of kination
ahor ∝ k−1/2, and during an EMDE ahor ∝ k−2 [8, 9].
Therefore, even though δχ ∝ a/ahor during both eras, δχ
scales differently with k.
With this scaling, we can determine how the mat-

ter power spectrum scales with k for modes with
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FIG. 5: The dark matter density perturbation evaluated at
100 aKR for various k modes. In this figure, mχ = 105 GeV,
〈σv〉 = 1.4× 10−46 cm3 s−1, and kinaton-radiation equality
occurs at aKR = 104. The solid curve represents the numeric
evaluation of Eq. (4), while the long dashed lines and short
dashed lines represent the analytical evolution via Eqs. (26)
and (27).

k > kKR. The power spectrum of density pertur-
bations is Pδ = PΦ(δ/Φ0)

2, where PΦ ∝ kns−4 is the
power spectrum of curvature fluctuations and ns is
the scalar spectral index. Since δχ/Φ0 ∝ k1/2 for
modes that enter the horizon during an era of kina-
tion, Pδ ∝ kns−3 for k > kKR. In comparison, Pδ ∝ kns

for modes with k < keq and Pδ ∝ kns−4 ln2k for modes
with keq < k < kKR, where keq is the wavenumber of the
mode that enters the horizon at matter-radiation equal-
ity. Thus, there is a small-scale enhancement to the mat-
ter power spectrum due to an era of kination compared
to modes that enter the horizon during radiation domina-
tion. In addition, the matter power spectrum is shallower
on small scales for modes that enter the horizon during
kination compared to modes that enter the horizon dur-
ing an EMDE, implying that collapse at a given scale
will happen later following an era of kination compared
to following an EMDE.

V. CONCLUSION

We determined how the gravitational potential Φ and
the dark matter density perturbations δχ evolve for
modes that enter the horizon during an era of kina-
tion. In addition to numerically solving for the evolu-
tion of Φ and δχ during kination, we also derived ana-
lytic expressions for their evolution during eras in which
the dominant component of the Universe has a general
equation-of-state parameter w. We determined that the
gravitational potential vanishes upon horizon entry if the
dominant energy component has w > 0. In addition, if
w > 1/3, then δχ ∝ a3w/2−1/2. Consequently, if a per-
turbation mode enters the horizon during an era of ki-

nation (w = 1), δχ grows linearly with the scale fac-
tor. This linear growth is due to the drift of the dark
matter toward initially overdense regions. The comov-
ing displacement of massive particles under pure drift is
~s ∝ a(3w−1)/2 for w > 1/3. If 0 < w < 1/3, the expansion
rate of the Universe is greater than the particles’ drift ve-
locity and ~s cannot grow, thereby not permitting pertur-
bation growth. For modes that enter the horizon during
an era of kination, the linear growth of δχ during kination

implies that δχ/Φ0 ∝ k1/2. Therefore, for modes that en-
ter the horizon during kination, the matter power spec-
trum Pδ ∝ kns−3. In comparison, for modes that enter
the horizon during radiation domination Pδ ∝ kns−4 ln2k
and there is a small-scale enhancement to the matter
power spectrum due to an era of kination compared to
modes that enter the horizon during radiation domina-
tion.

The linear growth experienced by δχ during kination
will lead to enhanced small-scale structure formation fol-
lowing kination. The presence of small-scale structure
effectively increases the dark matter annihilation rate.
If a perturbation mode enters the horizon during an
EMDE, δχ grows linearly with the scale factor and the
dark matter annihilation rate is enhanced by several or-
ders of magnitude, depending on the formation time of
the microhalos [8, 9]. However, the boost to the dark
matter annihilation rate is limited to 106 if halos only
form after z ∼ 500 [8, 9]. In Ref. [18] we found that in
order to produce the observed dark matter relic abun-
dance, freeze-in scenarios during an era of kination re-
quire 〈σv〉 be between 10−50 cm3 s−1 and 10−37 cm3 s−1

for 10−2GeV . mχ < 105GeV. The strongest obser-
vational bound on 〈σv〉 is 〈σv〉 < 10−27 cm3 s−1, and
that bound is applicable to 1GeV . mχ . 10GeV [28].
Therefore, even with a boost factor of 106, the dark mat-
ter annihilation signal for freeze-in scenarios during an
era of kination is still not observable.

For freeze-out scenarios during an era of kination, the
〈σv〉 values that would produce the observed dark matter
relic abundance are nearly ruled out by Fermi-LAT[28]
and H.E.S.S.[29] observations. A modest boost factor of
10 would completely rule out freeze-out scenarios during
an era of kination if dark matter annihilates via the bb,
τ+τ−, or W+W− annihilation channels. It remains to
be determined if the growth of perturbations during kina-
tion is capable of generating this enhancement. Although
an EMDE can easily lead to boost factors of order 1000
or more, the linear growth of perturbations during kina-
tion leads to a shallower enhancement to the small-scale
power spectrum: P (k) ∝ kns−3 instead of P (k) ∝ kns .
As a result, the formation of microhalos will be delayed
relative to EMDE cosmologies because a given value of
k/kKR will go nonlinear far later than the same value of
k/kRH, where kRH is the scale that enters the horizon
at the end of an EMDE. Equivalently, larger values of
k/kKR are required to form microhalos at a given red-
shift, which increases the likelihood that these scales will
be suppressed by the free-streaming of the dark matter
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particles [40]. An analysis of the microhalo abundance
predicted by Press-Schechter theory [41] following the
same procedure as Refs.[8, 9] would provide an estimate
of the boost factor and determine if freeze-out scenar-
ios during kination are compatible with current observa-
tional bounds on dark matter annihilation.
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Appendix A: Derivation of the Perturbation

Equations

The perturbation evolution equations are derived by
perturbing the covariant form of the energy-transfer
equations given in Eq. (1). We follow the same approach
as that outlined in Refs. [8, 9, 42, 43]. The kinaton, dark
matter, and radiation all behave as perfect fluids with
energy momentum tensors

T µν = pgµν + (ρ+ p)uµuν, (A1)

where ρ is the fluid’s energy density, p is its pressure, and
uµ ≡ dxµ/dλ is its four velocity. The kinaton has p = ρ,
the radiation has p = ρ/3, and the dark matter is a pres-
sureless fluid. Equation (1) implies that the three fluids
exchange energy. This energy exchange is expressed co-
variantly as

∇µ

(

(i)T µ
ν

)

= Q(i)
ν , (A2)

where i represents the individual fluids. In the absence
of spatial variations,

∇µ

(

(i)T µ
0

)

= −ρ̇i − 3H(ρi + pi), (A3a)

∇µ

(

(i)T µ
j

)

= 0, (A3b)

where a dot represents differentiation with respect to
proper time. Using Eq. (A3) and Eq. (1), the covariant
energy exchange for this three-fluid model is

Q(φ)
ν = 0, (A4a)

Q(χ)
ν = −Lν , (A4b)

Q(r)
ν = Lν, (A4c)

where

Lν =
〈σv〉
mχ

(

ρ2χ u(χ)
ν − ρ2χ,eq u

(r)
ν

)

. (A5)

Equation (A5) is different than the definition of Lν in
Ref. [9]. We have corrected the expression for Lν to ac-
count for the fact that, while in thermal equilibrium, the
dark matter is pair-produced with the same velocity as

the radiation. This change introduces coupling terms
between θχ and θr that are only relevant while pair pro-
duction is important.
Next, we evaluate Eq. (A2) using the perturbed FRW

metric

ds2 = − (1 + 2Ψ) dt2 + a2(t)δij (1 + 2Φ) dxidxj . (A6)

Perturbations are introduced into the density of each
fluid with ρi(t, ~x) = ρ0i (t) [1 + δi(t, ~x)], where ρ0i (t) is
the background energy density of each fluid and
δi(t, ~x) ≡ δρi/ρ

0
i is the density perturbation of each

fluid. In addition, perturbations are introduced into
the four-velocity of each fluid: u0 = −(1 + Ψ) and
uj(i) = a2δkjv

k
(i), where vk(i) ≡ dxk/dt is the peculiar ve-

locity of the ith fluid. The combination of perturbations
to the metric, energy density, and four-velocity introduce
perturbations to the energy exchange variables Qν and
Lν : the first-order components are

Q
(φ),(1)
0 = Q

(φ),(1)
j = 0, (A7)

L
(1)
0 = −〈σv〉

mχ

[

(

ρ0χ
)2

(2δχ +Ψ)−
(

ρ0χ,eq
)2

(2δχ,eq +Ψ)
]

,

(A8)

L
(1)
j =

〈σv〉
mχ

a2
[

(

ρ0χ
)2

δijv
i
(χ) −

(

ρ0χ,eq
)2

δijv
i
(r)

]

, (A9)

where δχ,eq is the dark matter equilibrium density per-
turbation. We see that both the zeroth and first order
components of Q

(φ)
0 and Q

(φ)
j are zero, whereas Lν con-

tains both a zeroth and first-order component.
Taking into account first-order perturbations, the

µ = 0 component of Eq. (A2) requires that each fluid
obey the equation

dδi
dt

+ (1 + wi)
θi
a
+3 (1 + wi)

dΦ

dt
=

1

ρ0i

(

Q
(i),(0)
0 δi −Q

(i),(1)
0

)

, (A10)

where wi is the equation of state parameter for a given
fluid, θi ≡ a∂jv

j is the divergence of the fluid’s physical

velocity, and Q
(i),(0)
0 and Q

(i),(1)
0 are the zero-order and

first-order components of Q
(i)
0 for each fluid. The diver-

gence of the spatial component of Eq. (A2) requires that
each fluid obey the equation

dθi
dt

+ (1− 3wi)Hθi +
∇2Φ

a
+

wi

1 + wi

∇2δi
a

=

1

ρ0i

(

∂iQi

a (1 + wi)
+Q

(i),(0)
0 θi

)

. (A11)

Applying Eqs. (A10) and (A11) to the kina-
ton (wk = 1), dark matter (wχ = 0), and radiation
(wr = 1/3) yields the following perturbation equations
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dδφ
dt

+
2θφ
a

+ 6
dΦ

dt
= 0, (A12a)

dθφ
dt

− 2Hθφ +
∇2Ψ

a
+

1

2

∇2δφ
a

= 0, (A12b)

dδχ
dt

+
θχ
a

+ 3
dΦ

dt
=

〈σv〉
mχρ0χ

[

−Ψ
{

(

ρ0χ
)2 −

(

ρ0χ,eq
)2
}

−
(

ρ0χ
)2

δχ +
(

ρ0χ,eq
)2

(2δχ,eq − δχ)
]

, (A12c)

dθχ
dt

+Hθχ +
∇2Ψ

a
=

〈σv〉
(

ρ0χ,eq
)2

mχρ0χ
(θr − θχ) , (A12d)

dδr
dt

+
4

3

θr
a

+ 4
dΦ

dt
=

〈σv〉
mχρ0r

[

Ψ
{

(

ρ0χ
)2 −

(

ρ0χ,eq
)2
}

+
(

ρ0χ
)2

(2δχ − δr)−
(

ρ0χ,eq
)2

(2δχ,eq − δr)
]

, (A12e)

dθr
dt

+
∇2Ψ

a
+

1

4

∇2δr
a

=
〈σv〉
mχρ0r

(

(

ρ0χ
)2
{

3

4
θχ − θr

}

+
1

4

(

ρ0χ,eq
)2

θr

)

. (A12f)

The perturbed time-time component of the Einstein
equation yields

∇2Φ

a2
+ 3H

(

HΨ− dΦ

dt

)

= −4πG
(

ρ0φδφ + ρ0χδχ + ρ0rδr
)

.

(A13)

Equation (A12) assumes that the scalar field does not in-
teract with either the dark matter or radiation and also
assumes that the dark matter is created solely from ther-
mal production.

Appendix B: Initial Conditions

The evolution of density and velocity perturbations for
a single plane-wave perturbation mode with wavenum-
ber k are obtained by numerically integrating Eq. (4)
from a = 1 to some scale factor value well after kinaton-
radiation equality. The integration begins when the
mode is well outside the horizon (k ≪ aH). To solve for
the perturbation initial conditions, we simplify Eq. (4)
using the fact that at early times the Universe was dom-
inated by the kinaton, so E(a) ≈ a−3 and ρ̃φ ≈ a−6.
We first solve for the evolution of the kinaton pertur-

bations and the gravitational potential during an era of
kination for superhorizon modes. Simplifying Eqs. (4a),
(4b), and (5) yields:

δ′φ + 2 a θ̃φ + 6Φ′ = 0, (B1a)

θ̃′φ − 2

a
θ̃φ + k̃2aΦ− 1

2
k̃2 a δφ = 0, (B1b)

k̃2 Φ+ 3a−4 (Φ′ a+Φ) =
3

2
a−4 δφ. (B1c)

One would initially suspect that given these three equa-
tions with three unknowns, we would have a fully defined
set of differential equations. Yet in solving these equa-
tions, we discover that there is an ambiguity in the so-
lution to θ̃φ such that these three equations do not fully

define the evolution of θ̃φ for superhorizon modes. Equa-
tion (B1a) corresponds to ∇µT

µ
0 = 0 and Eq. (B1b) cor-

responds to ∇µT
µ
i = 0. If Eqs. (B1) formed a complete

set, then they would be able to produce an algebraic ex-
pression for G0

i using the Bianchi identity, which states
that ∇µG

µ
ν = 0. Yet the Bianchi identity does not pro-

vide an algebraic expression for G0
i and there remains an

undermined initial condition. The time-space component
of the perturbed Einstein equation contains additional
information regarding our system of equations:

k̃2 (Φ′ a+Φ) = −3 a−2 θ̃φ. (B2)

Equations (B1) and (B2) form a complete set of differen-
tial equations and initial conditions. Utilizing Eqs. (B1)
and (B2), we solve for the evolution of the gravitational
potential and the kinaton perturbations for superhorizon
modes as an expansion in k̃2:

Φ = Φ0 −
1

32
k̃2Φ0a

4 +O(k̃4), (B3a)

δφ = 2Φ0 +
17

48
k̃2Φ0a

4 +O(k̃4), (B3b)

θ̃φ = −1

3
k̃2Φ0a

2 +O(k̃4). (B3c)

Since the number of relativistic particles created or
destroyed from dark matter annihilations is not sufficient
to influence the evolution of ρr, the interaction between
dark matter and radiation will not influence the evolution
of radiation perturbations. Evaluating Eqs. (4e) and (4f)
in the superhorizon limit, while ignoring the effects of
dark matter annihilations, results in

δr =
4

3
Φ0 +

17

72
k̃2Φ0a

4 +O(k̃4), (B4a)

θ̃r = −1

3
k̃2Φ0a

2 +O(k̃4). (B4b)
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The initial condition for δχ is chosen to ensure that the
perturbations are adiabatic at superhorizon scales. For
freeze-out scenarios, while the dark matter is in thermal
equilibrium, the terms on the right-hand side of Eq. (4c)
are much larger than the terms on the left-hand side.
To make the terms on the right-hand side vanish while
ρχ = ρχ,eq,

δχ = δχ,eq. (B5)

Equation (B5) maintains adiabaticity while the dark
matter is in thermal equilibrium; if ρχ = ρχ,eq, then
Eq. (B5) makes δi(ρi/ρ

′
i) the same for all fluids.

For freeze-in scenarios, the initial condition for δχ is
more difficult to determine from the perturbation equa-
tions. We therefore choose the freeze-in initial condi-

tion for δχ to ensure that δi(ρi/ρ
′
i) is the same for all

fluids. Equations (B3b) and (B4a) already imply that
the perturbations to the kinaton and radiation are adi-
abatic. To solve for the initial condition for δχ we set
δχ(ρχ/ρ

′
χ) = δφ(ρφ/ρ

′
φ). Since ρφ ∝ a−6,

δχ = −1

6
δφ

a ρ′χ(a)

ρχ(a)
. (B6)

Finally, since adiabatic perturbations require θ to be the
same for all fluids [30],

θ̃χ = −1

3
k̃2Φ0a

2 +O(k̃4) (B7)

for superhorizon modes.
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