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Abstract

We discuss an example of a subvacuum effect, where a quantum expectation value is below the
vacuum level, and is hence negative. The example is the time average of the mean squared electric
field in a non-classical state where one mode is excited. We give some specific examples of such
states, and discuss the lower bound on the squared field or its time average. We show when a lower
bound can be obtained by diagonalization of the squared electric field operator, and calculate this
bound. We also discuss the case of an instant time mean squared electric field, when the operator
cannot be diagonalized. In this case, a lower bound still exists but is attained only by the limit of
a sequence of quantum states. In general, the optimum lower bound on the mean squared electric
field is minus one-half of the mean squared electric field in a one photon state. This provides a
convenient estimate of the subvacuum effect, and may be useful for attempts to experimentally

measure this effect.
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I. INTRODUCTION

It is well known that quantities such as the energy density or squared fields, which
are positive in classical physics, can acquire negative expectation values in quantum field
theory. It was proven by Epstein et al [1] that this is a general feature of all quantum
field theories. Reviews of negative energy density and its effects are given in Refs. [2, 3].
Examples include the electromagnetic energy density in the Casimir effect, or in nonclassical
quantum states. Effects such as negative energy density can arise because we are dealing
with a renormalized expectation value, from which a formally infinite quantity has been
subtracted. In boundary-free flat spacetime, this means normal ordering of the relevant
operator. The expectation value of the normal-ordered operator vanishes in the vacuum
state, and is positive in states describing classical excitations. Thus when the mean energy
density or squared electric field becomes negative, it is below the vacuum level, and we refer
to this as a subvacuum effect. There has been considerable interest in recent years in the
phenomenon of negative energy density, or violation of the weak energy condition, because of
its potential gravitational effects. However, the magnitude and duration of negative energy
density and other subvacuum effects is constrained by quantum inequalities [4-11]. For

massless fields in four dimensional spacetime, these are inequalities of the form

" gt o) = -5 (1)

Here p(t) is the expectation value of the energy density or other classically positive operator
in an arbitrary quantum state at a given spatial point, C' is a positive constant, and ¢(t) is a
sampling function in time with characteristic width 7. We normalize the sampling function
by

oo
/ gty dt =1. 2)

—0
In the h = ¢ = 1 units, which we adopt in this paper, C' is dimensionless, and typically
smaller than unity.

The quantum inequalities severely constrain large subvacuum effects, but this does not
mean that such effects are unobservable. Several proposals have been made for systems
where these effects might be large enough to observe. These include transient increases in
the magnetization of a spin system [12], increases in the lifetimes of excited atoms in a

cavity [13], and increases in the speeds of pulses in a nonlinear material [14]. The latter two



effects involve negative mean squared electric field, which will be of special interest in the
present paper. The role of the squared electric field operator in a nonlinear material as an
analog for the effects of negative energy density and its fluctuations in gravity theory was
discussed in Refs. [15, 16].

With the exception of the two-spacetime dimensional inequality of Ref. [8], the quantum
inequalities are not known to be optimal. That is, it is not known whether the lower
bound is actually attained by any quantum state. The optimal lower bound in Eq. (1)
would be the lowest eigenvalue of the averaged operator. This is the usual situation in
quantum mechanics, where the smallest value which may be found in any measurement of
an observable is the lowest eigenvalue of the associated operator. The lowest eigenvalue
is also the lowest bound on the expectation value of the observable in any quantum state,
and a bound which is only attained when the quantum state is the eigenstate associated
with the lowest eigenvalue. Thus finding this lowest eigenvalue is one way to compute
optimal bounds. A method for diagonalizing quadratic operators was given by Colpa [17]. A
numerical implementation was developed by Dawson [18], and was recently used in Ref. [19]
in a study of the probability distribution for stress tensor fluctuations. An alternative
method for estimating the optimum lower bound from the moments of the operator was
discussed in Ref. [20]. In the present paper, which is based in part on Ref. [21], we will be
concerned with the case of the squared electric field when one mode is excited. This is the
case which most relevant to the experiments proposed in Refs. [13, 14], and one where the
diagonalization may be performed in closed form.

In Sect. II, we give some explicit examples of quantum states leading to a subvacuum
effect, a negative mean squared electric field. The squared electric field operator for a single
mode is diagonalized in Sect III, and the state which minimizes the expectation value of
this operator is discussed. A related discussion of this diagonalization was recently given in
Ref. [19]. The lowest eigenvalue, which gives the maximal subvacuum effect is also obtained
in Sect III. The physical meaning of the associated lower bound is further discussed in
Sect IV, and the results of the paper are summarized in Sect V. Throughout this paper we

use Lorentz-Heaviside units with A = ¢ = 1.



II. SUBVACUUM EFFECTS

In this section, we will illustrate the concept of a subvacuum effect, a negative expectation
value of a classically positive quantity, with some explicit examples. Here we consider the
case of the squared electric field for a single mode. The electric field operator in this case

may be written as

E(x,t) = af(x)e ™" + af £*(x) ™" (3)

where a and a' are the annihilation and creation operators for a mode with spatial mode
function f(x) and angular frequency w. This could be a standing mode in a resonant cavity,

for example. The normal-ordered squared field is
DB (x,t) = 2|f(x)[*ala + a* £(x) - £(x) e 2 4+ (o) £*(x) - £5(x) ¥ (4)

In some situations, we may be more interested in a time or space average of : E?(x,1t) :
over a finite region. This is a better model of the response of a physical detector which
requires a finite time to perform a measurement. Here we consider only a time average,
which may be described by a sampling function g(¢), which we take to be real, even, and
normalized by Eq. (2). The time average of the squared electric field at a fixed spatial point

becomes
T = /_O:O DB (x,t) 1 g(t)dt = 2|f(x)]? a’a + [aQ f(x) - f(x) + (a")? £ (x) - f*(x)} §(2w), (5)

where

§w) = [ gltyetat (6)

—0o0

is the Fourier transform of g(¢), and is itself real and even. We can write T as

T =Ad'a+ Ba*+ B*(a')?, (7)
where
A=2fx)*>0, (8)
and
B = £(x) - £(x) §(20) . (9)

The local energy density operator or that for the time-averaged energy density for a single

mode may also be written in the form of Eq. (7).
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Now we wish to illustrate how subvacuum effects for the squared electric field or the
energy density can arise in certain quantum states. One simple example is a superposition
of the vacuum and a two-particle state

1
¥) = ﬁ(!@ +e€2)), (10)

where we may take € to be real. The expectation value of T" in this state becomes

(T)

which will be negative if € is chosen to have the opposite sign as B + B* and |¢| < v/2|B +

€
14 e2

[V2(B+ B") + 4c A] (11)
B*|/(4A). In this example, the subvacuum effect of negative squared electric field or energy
density arises as a quantum interference effect between states of different particle number.

Note that the mean number of particles in the state [¢) is

2¢>
W=iya

(12)
and hence will be small if || < 1.

Another class of quantum states which lead to subvacuum effects are the squeezed vacuum
states, introduced by Stoller [22], and reviewed in Refs. [23, 24]. These are a one complex

parameter family of states defined by

€)= 5(0)10), (13)

where the squeeze operator is defined by

S(Q) = e [ (¢a? ~ ca™)] (14)

This is a unitary operator which satisfies S(—¢) = ST(¢) = S7({). The squeezed vacuum
states may arise from quantum particle creation effects, as described for example in Sect. 7.2
of Ref. [24]. When a classical pump field passes through a nonlinear material with nonzero
third-order susceptibility, the squeezed vacuum is created by degenerate four-wave mixing as
was first done by Slusher, et al [25]. If a material with a nonzero second-order susceptibility
is used, the squeezed vacuum is generated by degenerate parametric down-conversion, as
was first achieved by Wu, et al [26].

We can see from Egs. (13) and (14) that the squeezed vacuum state, |(), is a superposition

of all possible even number particle eigenstates. It may be shown [23, 24| that
STaS = acoshr — a'e® sinhr (15)
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where ¢ = re®. From this relation, it follows that
(¢la®|¢) = (¢|a™|¢)* = —e® sinhr coshr (16)
and that the mean number of particles in the state |¢) is
(n) = (Cla" a|¢) = sinh®r. (17)
If we take the expectation value of Eq. (7) in this state, the result may be written as
(T) = sinhr [A sinhr — 2 coshr Re(B ¢”)] . (18)

Consider the case where T' is the squared electric field given in Eq. (4), and assume that

6 = 0 and that the mode function f is real. then we have
A =2f%(x) and B = f?(x) e 2" (19)

SO

(: B*(x,t) :) = 2f*(x) sinhr [sinhr — coshr cos(2wt)]. (20)

Note that (: E?(x,t) :) is a periodic function of time at a fixed spatial point. Because coshr >
sinh r, it will be negative near t = 0. However, its time average over a sufficiently long time
will be positive. Note that when r < 1, the squeezed vacuum state |() is approximately the

vacuum plus two-particle state of Eq. (10) with € ~ r/+/2.

III. DIAGONALIZATION

In this section, we treat the diagonalization of quadratic operators for a single mode,
such as those describing energy density or squared electric field. The basic strategy will
be to change the basis of creation and annihilation operators on such a way as to find the
eigenstates and eigenvalues of the original operator.

Consider an operator of the form of Eq, (7), where a and a' are the annihilation and
creation operators for a single mode of any bosonic quantum field, A > 0 is a real constant,

and B is a complex constant. We wish to find a Bogolubov transformation of the form

a=ab+pbl, (21)



where b and b form a pair of annihilation and creation operators for the same mode. The

commutation relations, [a,a!] = [b, bT] = 1, require that the constants a and 3 satisfy
o =8P =1. (22)
If we substitute Eq. (21) into Eq. (7), the result may be expressed as

T = [A(|a* + |8]) + 2BapB + 2B*a*B*]b'b + [AaB* + Ba® + B*(5*)?] b’
+ [Aa*B + B*(a*)* + BB?| (b1 + A|B|> + Bap + B*a*5*. (23)

We now wish to impose the diagonalization condition,
AaB* + Ba® + B*(5*)* =0, (24)

to remove the b? and (b7)? terms in 7. Write B = |B|e”, a = |ale”, and 8 = |3]e¥, to

write this condition as

Alal|B] + |B] (|af? /0#7H0) 4 |J2 =i m+0)) = (25)

However, because A > 0 and |a| > |3, this condition may only be satisfied if e+ = —1,
which is fulfilled if

YHn+o=m, (26)

We take a solution of this condition where n = 0, so « is real and positive, and where
d=m—7. (27)

so Eq. (22) becomes

a=/1+|82. (28)

We can now write Eq. (25) as an equation for |§]?, as

A% |B2(14|61%) = |BI (14 2|87, (29)
which has the solution
1 A2

leading to




Note that this solution is meaningful only if
A>2|B|, (32)

which is the condition that 7" be diagonalizable.
If we substitute Egs, (30) and (31) into Eq. (7), and note that BS = B*8* = —|B||5|,
we find the diagonal form of T,
T =Qbb+ ). (33)

Here
Q= A(lal? + |8]2) + 2BaB + 2B*a* 8" = /42 — 4|BP, (34)

and

o= A|B|* + Baf + B*a" 5" :; (,/A2—4|B|2—A> . (35)

Note that Eq. (33) has the form of a quantum harmonic oscillator Hamiltonian with fre-
quency §2, and zero point energy A\g. However, T" has the physical interpretation of a local
operator, such as energy density, or the time average over a finite interval of such an opera-
tor. Note that in the limit B — 0, we obtain 2 — A and \¢ — 0, which is consistent with
Eq. (7).

The eigenstates of 1" are the number eigenstates |n), in the b-basis,
Tln)y = An In)s (36)

with eigenvalues A, = nQ+4+ \g for n =0,1,2,.... We are especially interested in the lowest
eigenvalue, )\g, which is associated with the b-vacuum state, |0),. First, we note that this

eigenvalue is always negative if B # 0,

Mo = ; <,/A2 —4|BP - A) <0. (37)

As the lowest eigenvalue of T, it represents the maximal subvacuum effect when a single
mode is excited. Furthermore,

1
)\0 > —§A, (38>

with this lower bound on Ay being approached arbitrarily closely in the limit A — 2|B|.
Equation (38) is a quantum inequality bound on the expectation value of 7" in any quantum
state, and hence on the magnitude of any subvacuum effect for the observable associated

with this operator.



The associated state may be represented in the a-Fock space as
DIESADN (39)
The inverse transformation to Eq. (21) is
b=aa— fal. (40)
If we act on Eq. (39) with this relation, the result is
i {acn\/ﬁ]n — 1o — BeaVn+ 1n + 1)4 =0, (41)
n=0
which may be written as
io [OCCnHW— 501@—1\/5} 7)q - (42)

This leads to a recurrence relation for the ¢,,

5] n
n+1 — n—1 - 43
Gt alln+1 Cn—t ( )

Note that each ¢, depends only on ¢, 5, so the ¢, for even n and those for odd n are
independent of one another. We require that |0), — |0), as B — 0, and hence § — 0. This

will be achieved if ¢; = 0, so ¢, = 0 for odd n. The recurrence relation may now be solved

to obtain

for n > 1. The normalization condition for the state is 0% |c2,|*> = 1. This may be

combined with the identity

> (2n — ! n «a
H;@(?n)!l!) <|m> == (45)

o) T e—pE

to write the lowest eigenstate of T" as

1
0h = 75

The state |0), is a squeezed vacuum state in the a-Fock space, as may be shown as follows.

Note that if we let ( — —(, then Eq. (15) becomes

«

a3y E (2) \2n>a]. (46)

S()aST(¢) = acoshr + a'e” sinhr (47)
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which is Eq. (40) with o = coshr and 8 = —e® sinhr. Thus, if b = S(¢)aST(¢), then b|0), =
S(¢)aSt(¢)S(¢)]0), = S(¢)al0), = 0. This shows that the operator b which annihilates the
state |0), is also the operator given by the inverse Bogolubov transformation, Eq. (40), so
|0), = S(()]0), is a squeezed vacuum state.

The mean number of particles in the lowest eigenstate is
(n)o = {0la’al0), = 4(0[(ad + 5°b)(ad + B0T) 0), = |B], (48)

which in our case becomes

A 1

<n>0:2\/‘42—74|3|2_2. (49)

Note that (n)y — oo as |B| — 3 A, the limit in which 7" ceases to be diagonalizable. However,

unless 2|B|/A is very close to one, (n)q is of order one. For example, 2|B|/A = 0.98 leads
to (n)o ~ 2.0. Thus, in many cases, a vacuum plus two particle state, Eq. (10), is a fair
approximation to the lowest eigenstate, |0);, of 7.

It is instructive to return to the instant time expectation value of the local squared electric
field in a general squeezed vacuum state, Eq. (20). Note, from Eq. (19), that A = 2|B| in
this case, so the operator is not diagonalizable. The maximally negative expectation value

occurs at t = 0, where
(: B*(x,0) :) = 2f%(x) sinhr (sinhr — coshr) = f(x)? (—1 + e ). (50)

We see that this value approaches a lower bound of —f?(x), but only in the limit that
r — o0, corresponding to an infinite mean number of particles. For the operator to be
diagonalizable, there would have to exist a state corresponding to the lowest eigenvalue and
hence lowest expectation value. In this case, the lowest expectation value is only approached
as the limit of an infinite sequence of states. However, it is only the squared electric field at
one time which fails to be diagonalizable. Any time averaging, as in Eq. (5), will result in

a diagonalizable operator. We may see this from Egs. (8) and (9) and from

§(2w) = / 7 g(t) cos(2wt) dt < /_ Z g(t)dt =1. (51)

Thus the time-averaged squared electric field has a well-defined lowest eigenstate, which
represents the maximal subvacuum effect. The mean number of photons in this state is
given by Egs. (8), (9) and (49) to be

1

o= 2.,/1— §(2w)

10
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Consider the explicit case of a Lorenztian sampling function of width 7,

gr(t) = A1) (53)
for which
Go(2w) = /_ Z g(t) cos(2wt) dt = e 27 | (54)

In this case, the mean number of particles in the lowest eigenstate is

(n) 1 1
nyy = ——.
0 241 — e—47r7-/T 2

where T = 27 /w is the period of the excited mode. This number is very small unless 7 < T,

(55)

as is illustrated in Fig. 1.

(n)o

10+
0.100 -
0.001 -

1075 ¢

1074 0.001 0.010 0.100 1

N

FIG. 1: The mean number of particles in the lowest eigenstate of the Lorentzian averaged squared
electric field is plotted as a ratio of the sampling time 7 and the period T' of the excited mode.
This is the state which maximizes the subvacuum effect in this case, and we see that unless 7 is

very small, this mean number is relatively small.

Another class of sampling functions of interest are functions with a finite temporal du-

ration, that is, functions of compact support. These are more realistic descriptions of a
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measurement than functions such as Lorentzians or Gaussians, which have infinite tails into
the past. In field theory with an infinite number of degrees of freedom, the probability of
large stress tensor fluctuations is greatly enhanced when the sampling functions have finite

duration [27]. An example of such a function is defined by

K 72
gr(t) = — exp |—

1 1
——T <t < =7, 56
renGr-n) 27717 %0)

and gp(t) = 0 if [t| > 7. Here K = 4.50457, and is found from numerical integration

of Eq. (2). This non-analytic, but infinitely differentiable function has duration 7 and is

plotted in Fig. 2 As was shown in Ref. [27], the switch-on part of this function near 7 = — 17

FIG. 2: The finite duration function, gp(t) is plotted.

accurately describes the rise in current in a simple electrical circuit just after the switch
is closed. Thus functions of this type may be regarded as reasonable models for physical

switching processes. The Fourier transform, gr(2w), may be computed numerically and used
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FIG. 3: Here the mean number of particles in the lowest eigenstate of the squared electric field
averaged over a finite time is plotted as a function of 7/7T. In this case, this mean number is larger

than for the case of Lorentzian averaging.

to find (n)o for this case, which is plotted in Fig. 3. Note that the mean number of photons
in the lowest eigenstate tend to be larger for given 7/T. in the case of gr(t), as compared

to gr(t), but is still of order one unless 7 < T'.

IV. PHYSICAL MEANING OF THE LOWER BOUND

In this section, we will examine the physical interpretation of the results obtained in the
previous section. The key result is the lowest eigenvalue )y of the operator 7', given in

Eq. (37). We examine the case where T' is the time averaged squared electric field given in

13



Eq. (5) and the spatial mode function f(x) is real. In this case,

A=2fx), (57)
and
B = Ag(2), (58)
and the lowest eigenvalue becomes
o = —F2(x) (1 ~Ji- 92(%)) . (59)

This is the smallest value which could be found in an individual measurement of the time
averaged squared electric field.

Consider the case where the measurement occurs on a time scale which is small compared
to the temporal period of oscillation of the mode, so that §(2w) ~ 1, (See Eq. (54), for
example.) and hence

Ao = —£2(x). (60)

We can gain some insight into the meaning of this result by noting that the expectation

value of T in a one-photon state is
(1IT]) = A =2f*(x). (61)

This means that the maximal subvacuum effect involves a decrease below the vacuum level
whose magnitude is one-half of the increase when a single photon is added to a cavity in
the vacuum state. In this sense, maximal subvacuum effect is that of —1/2 of a photon.
If the effect of adding one photon is observable, then there is a reasonable chance that
the subvacuum effect could also be observable. The subvacuum effect is a suppression of
quantum fluctuations below the vacuum level. Just as the zero point energy of a quantum
harmonic oscillator is one-half of the energy difference between higher energy levels, the
maximal subvacuum effect in a quantity such as squared electric field is one-half of the
effect of adding one photon. Note that the maximal subvacuum effect described by Eq. (60)
requires that the cavity be prepared in the special quantum state |0), given in Eq. (46), and
the effect be measured on a sufficiently short time scale. When this time becomes of the
order of or longer than the oscillation period, then both §(2w) and hence the magnitude of

Ao decrease.

14



We can illustrate the maximal subvacuum effect given by Eq. (60) explicitly in the context
of the model given in Ref. [13]. The key idea of this model is that a squared electric field
can alter the decay rate of an atom in an excited state. An increase in the squared electric
field compared to the vacuum state increases the decay rate, and can be viewed as the
effect of stimulated emission. In contrast, a decrease in the squared electric field below the
vacuum level decreases the decay rate. This can be viewed as a suppression of the vacuum
fluctuations which are essential for spontaneous emission. If there were no coupling of the
atom to the quantized electromagnetic field, all of its energy levels could be eigenstates of
the Hamiltonian, and hence stable. In the model of Ref. [13], the atom passes through one
direction of a rectangular cavity which is small compared to the other dimensions. The lowest
mode of the cavity is a TE mode whose frequency depends upon the longer two dimensions.
At least in principle, the transit time of the atom through the shortest direction could be
made smaller than the oscillation period. Then the decrease in decay rate at the maximal
subvacuum effect is about one-half of the increase which would occur when one photon is
added to a cavity in the vacuum state.

Another illustration of the implications of Eq. (60) comes from the models described in
Refs. [14, 15]. Here a probe pulse propagates in a nonlinear material with nonzero third-order
susceptibility which also contains photons of longer wavelength in a squeezed vacuum state.
The latter create regions of negative mean squared electric field which in turn increase
the speed of the probe pulse. (Note that the nonlinear material in which this occurs is
distinct from the material used to create the squeezed state in the first place, and the two
materials can be in different locations.) In this model, it is assumed that dispersion can be
neglected over the frequency bandwidth of the pulse, so that the phase and group velocities
are approximately equal. If the size of the wave packet of the probe pulse is smaller than
the wavelength of the squeezed light, then this wave packet can propagate in a region of
nearly maximally negative squared electric field. In this case, the maximal subvacuum effect
described by Eq. (60) is nearly attained. It can be estimated as having a magnitude one-half
of the speed decrease produced by adding one photon with the wavelength of the squeezed
light to the vacuum state.

In both of these models, there is some averaging in space and time produced by the
specific experimental configuration. In the case of the atom in a cavity, the cavity geometry

and atom’s trajectory define an averaging. In the case of the probe pulse in a nonlinear
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material, the geometry of the material and the shape of the pulse wave packet can determine
an averaging. In both cases, if the atom or the pulse can primarily sample the region of
maximally negative squared electric field, the maximal subvacuum effect can occur. Given
the form and width of the sampling function, calculations of (n)q, such as those illustrated
in Fig. 1 and 3, give us the mean number of photons, and hence squeeze parameter from
Eq. (17), of the quantum state which leads to the maximal effect. Note that this mean
number depends upon the form of the sampling function, which is in turn defined by the
physical averaging process.

Finally, we should note that although Egs. (1) and (38) are both quantum inequality
bounds, they have very different forms. The reason for this is that Eq. (1) is required to
hold for all quantum states in a quantum field theory with an infinite number of degrees of
freedom. This includes states in which modes with arbitrarily short wavelengths are excited.
Such modes can produce negative energy density or negative squared electric field with high
magnitudes, but correspondingly short durations, as described by Eq. (1). In contrast,
Eq. (38) is the bound satisfied by all quantum states where only one mode is excited. In

this case, the bound approaches a finite limit as the sampling time 7 becomes very small.

V. SUMMARY

We have treated negative expectation values of the mean squared electric field operator as
an example of a subvacuum effect which might be observable in an experiment. We consider
quantum states in which a single mode of the field is excited, and gave some examples
of states leading to negative expectation values. We then diagonalized the time averaged
squared electric field operator, and constructed its lowest eigenstate, which is a squeezed
vacuum state, and the corresponding eigenvalue. This state gives the maximal subvacuum
effect for this operator. The time average is essential for the operator to be diagonalizable.
The square of the electric field at one spacetime point cannot be diagonalized because its
lowest expectation value is not achieved by a single quantum state, but rather is approached
asymptotically by a sequence of states. We also calculated the mean number of photons in
the lowest eigenstate of a time-averaged operator, and found that it is of order one if the
averaging time is of the order of the period of the mode, but grows when the averaging time

becomes small. The maximal subvacuum effect occurs when the mean squared electric field

16



is negative and has a magnitude equal to one half of its value in a one photon state for

the chosen mode. This provides a convenient estimate of the magnitude of the subvacuum

effect, and suggests that it may be observable in an experiment in which the effect of a single

photon can be measured.
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