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Signature change has been identified as a generic consequence of holonomy modifications in spher-
ically symmetric models of loop quantum gravity with real connections, which includes modified
Schwarzschild solutions. An extension of this result to 2-dimensional dilaton models, including in
particular the Callan-Giddings-Harvey-Strominger (CGHS) solution, further elucidates properties
of black holes in this setting. In addition, new obstructions are found to coupling matter and to
including operator-ordering effects in an anomaly-free manner.

I. INTRODUCTION

Several bouncing black-hole scenarios based on loop-
motivated models with real connection variables have
been described recently, following @] The main mech-
anism that allows one to avoid the classical singularity
is a modification of the dynamics, suggested by the use
of holonomies instead of connection components in loop
quantum gravity. However, constructing these models
has so far been possible only by using classical gauge fix-
ings or other assumptions about the structure of space-
time, and therefore comes at the expense of not being
able to discuss the anomaly problem of quantum gravity.
It is then unclear whether there is any consistent space-
time structure at all. In some cases, it has been pos-
sible to extend the modified dynamics to anomaly-free
versions. These models have been shown to manifest sig-
nature change once the anomaly problem has been suit-
ably addressed ﬂ] With a Euclidean phase in the core
of black holes, deterministic evolution is impossible and
the bounce picture no longer applies. In this paper, we
further elaborate on these questions.

General covariance is deformed in most of the existing
midisuperspace models of loop quantum gravity (LQG),
in the sense that structure functions in the hypersurface
deformation algebroid do not have the classical form B]
In particular, non-singular signature change is possible in
the presence of holonomy modifications in models based
on real connection variables; for complex connections see

,B] These results have been derived by effective E, 6

| and operator methods ﬂg], and they appear in a related
form in cosmological perturbation theory ﬂm, |ﬂ]

Since the effective signature of space-time determines
the form of well-posed initial or boundary value prob-
lems, modified space-time structures that allow for sig-
nature change have an important influence on the causal
behavior of black-hole models in loop quantum gravity.
Signature change results from the presence of holonomy
modifications in the theory, which are the same effects
often used to argue that singularities are removed in
such models. However, even if curvature invariants re-
main bounded, signature change in the high-curvature
region would imply that there is no deterministic evolu-
tion through high curvature. A black-hole model rather
different from simple bounce models is then obtained,

with problematic aspects owing to the presence of new
Cauchy horizons ﬂﬁ] While diverging curvature may be
avoided, a serious problem (much like a naked singular-
ity) persists in the sense of a space-time incompletely
determined by initial data.

In order to extend space-time across the Euclidean
region, one requires additional data on the part of its
boundary that borders on the future Lorentzian space-
time. This additional requirement is reminiscent of other
proposals of black-hole models, for instance the final-
state condition in ﬂﬁ] To some degree, it is also re-
lated to ‘stretched horizons’, introduced in the context
of black hole complementarity (see, for instance [14]),
except that, with signature change, unexpected degrees
of freedom are not located at a horizon. In any case, the
detailed analysis of anomaly-free black hole models in
loop quantum gravity points towards a much more sub-
tle non-singular description of quantum space-time than
usually postulated in simplified bounce models. Just as
an outside observer finds the stretched horizon as a mem-
brane storing and later releasing information in the form
of microphysical degrees of freedom, additional informa-
tion is encountered once an observer moves into the fu-
ture of a Euclidean region embedded in space-time. How-
ever, in the case of black-hole models of loop quantum
gravity, there is as yet no microscopic theory that would
restrict or determine possible data around Euclidean re-
gions. Geometrically, signature change demonstrates the
existence of novel non-classical geometries in loop quan-
tum gravity, from which classical space-time emerges in
an effective picture [15].

In this paper, we extend the analysis of signature
change in modified Schwarzschild space-times in several
ways. First, we use the formalism of [16] in order to
study signature change for all 2-dimensional dilaton mod-
els with holonomy modifications. (Loop quantum grav-
ity also suggests inverse-triad corrections, which have a
behavior rather different than holonomy modifications.
In particular, inverse-triad corrections do not give rise
to strong space-time effects such as signature change,
and therefore they will be ignored here.) Secondly, in
Section [[V] we incorporate a canonical transformation,
suggested by ﬂﬂ], that may be used to modify the ki-
netic term of the Hamiltonian constraint (quadratic in
extrinsic curvature). Although some of the formal as-



pects relevant for signature change seem to be absent for
some choices of such canonical transformations, we will
show that signature change is still realized. Finally, we
obtain new partial obstructions to anomaly-free formula-
tions with holonomy modifications when operator effects
or matter terms are included (Sections [V-Cland [V]). This
last result is another example of no-go theorems found in
this context. As always, such statements are useful be-
cause they indicate how the usual assumptions may have
to be modified in order to evade the conclusions of a no-go
theorem. Our results therefore contribute to the ongo-
ing construction of consistent models of loop quantum
gravity, and to an analysis of some of their properties.

II. 2-DIMENSIONAL DILATON GRAVITY

We begin with a brief review of different choices of
variables used to describe 2-dimensional models of dila-
ton gravity, referring to ﬂE, @] for further details. In
two space-time dimensions, the general form of dilaton
gravity models has the first-order action HE]
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for a dyad e® with volume form e, the dilaton field ¢
and a connection 1-form w which appears in the covari-
ant derivative D. The fields X, are Lagrange multipliers
that ensure torsion-freedom. The potential V(¢) is an
arbitrary function and characterizes different models.

A. First-order variables and Poisson Sigma model

After integrating by parts (ignoring boundary terms),
we obtain

S=—

(2)
As used in Poisson Sigma models ], it is convenient
to collect the fields in two triplets, X! = (X—, X, ¢)
and A; = (e, e, ,w;) of canonical fields, and one triplet
A; = (e ,e; ,w;) of multipliers. (Components with plus
and minus superscripts refer to internal light-cone coor-
dinates.) The action then takes the compact form
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with a Poisson tensor

P=| 3V(¢) 0 Xt |. (4)
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The canonical formulation leads to Poisson brackets

{X"(x),4;(y)} = 2G856(x —y), (5)
and three first-class constraints
i — 1 iy ij A
—ﬁ((X)ﬂLP i) - (6)

The component C? generates SO(1,1) rotations of the
Lorentzian dyad and connection, while the linear combi-
nation D = A;C* = A;(X")" generates spatial diffeomor-
phisms. The remaining independent combination of Cc+t
and C~ serves as a Hamiltonian constraint.

B. Variables invariant under SO(1,1)

A comparison with canonical variables commonly used
in spherically symmetric models, based on a symmetr
reduced Arnowitt—Deser—Misner (ADM) formulation ﬂﬁ]l
of canonical gravity, is facilitated by first introducing
combinations of the fields invariant under the SO(1,1)
transformations generated by C®. Instead of X+ and
e, we follow [16] and work with

X =VvVXtX- and e:=+Veles (7)

and two boost parameters o and S such that

X* = Xexp(£8) and ef

z =

eexp(+a). (8)

One can turn these into canonical variables by intro-
ducing

Q°=2Xcosh(a— ) and Q%= 2eXsinh(a—3)
9)

such that

{Q°(z),e(y)} ={Q%(2), )} = {¢(2), wa(y)} = 2G(x—y).

(10)
The original variables can be obtained from the canonical
ones as

X+ = @ exp(+a). (11)
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We now have the constraints
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C. Transformation to standard variables of
spherical symmetry

The usual connection or extrinsic-curvature variables
of spherically symmetric gravity ﬂﬁ] are finally obtained
by a canonical transformation from (Q¢,e; Q%, «; ¢, w,)

(See Eq. (42) in [16].) The spherically symmetric vari-
ables have Poisson brackets

{Ko(2), E*(y)} = 2Go(z—y)
- an
as defined in [23]. A suitable combination of C* and

C~, written in these variables, takes the usual form of
the Hamiltonian constraint

H[N] = C*[2712N¢!/* exp(—a)] = C~ 272N exp(a)]

©
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in spherically symmetric variables for the appropriate
dilaton potential, V(E®) = —2/vE?; see Eq. (46) of

]. For an arbitrary potential, the equations general-
ize the connection formulation of spherically symmetric
canonical gravity to arbitrary dilaton models, including
the CGHS model [24] for constant V.

At this point, we can compare the results with ﬂﬂ], see
alscﬁ-?]. The expression for e in ([I4]) is the same as (51)
in [17], Q¢ in () is (57), and w, in (8] is (60), just in
slightly different notations. However, the formulation of
the CGHS model presented [17] is different. In particu-
lar, the canonical transformation to connection variables
used there is simpler than in the spherically symmetric
model, and the Hamiltonian constraint has only a term of
the form KK, in its kinetic part but no contribution of
Kf,. It amounts to renaming the SO(1,1)-invariant vari-
ables by w, = K, Q° = K, and e = E¥. These are the
variables introduced in Eq. (20) of [16], corresponding to
a standard first-order formulation in variables as used in
Poisson Sigma models. Since the Hamiltonian constraint
then has only one term Q°w, = K, K, of variables iden-
tified with extrinsic-curvature components, there is no

0= {Ka(x), Kp(y)} = (Kga(y){Kz(x)vEx(y)b} + aKy(z)

GK,(E*)"1(2b — a)d(z — y)
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term of the form K i in the resulting Hamiltonian con-
straint, as is clear from (23) of [16] (our (IZ)) and red-
erived in [17].

D. Contribution to kinetic terms

As the examples discussed so far make clear, the
form of the kinetic contribution to the Hamiltonian con-
straint is not invariant under canonical transformations.
In general, if one starts with a generic combination
aKf,E“"/\/E_’”” + KIKS(,\/ﬁ with some real number a
(equal to @ = 1/2 in (X)), as it appears in the standard
connection formulation of spherically symmetric canon-
ical gravity, one can always transform to new canonical
variables that amount to setting a = 0. To do so, we
need a new

K, =K, +aK,E?/E" (18)
and K, = K,(E*)® with a second parameter b. If we also
choose E¥ = (E*)~*E% and leave E* E* unchanged,
the tilde variables are canonical provided that b = %a:
The only non-trivial bracket is

E*(y)®
E(2)

(E%(2), K¢<y>}> 5z — )
(19)

{Ky(2), E?(y)} = Go(z—y)



using (7). The new kinetic term is (F*)/*K, K, with-
out a contribution from K 3,. The choice made in [17] for
the CGHS model amounts to applying such a canonical

transformation.

Previous derivations of signature change in spherically
symmetric models with holonomy modifications used
both contributions to the kinetic term of the Hamiltonian
constraint, Kf, and K K, based on ([I8). As we will re-
view in the next section, there is an interesting interplay
between allowed modifications of these two terms in an
anomaly-free formulation. If one of them can be removed
by a canonical transformation, one may wonder whether
the same conclusions can still be drawn. In the present
paper, we answer this question in the affirmative.

IIT. MODIFIED SCHWARZSCHILD MODELS

Spherically symmetric models have already been ana-
lyzed in detail |2]. At an effective level, one can work with
different kinds of constraint systems, given by the usual

fi(Ky)E?
ECE

HIN] = —% /de <7 +2VE K, fo(K,) +

with two free functions of K, fi and f,. The holonomy
modification function fi(K,) is typically chosen to be
sin(pK,)/p, but may be kept more general. The system
is anomaly-free if

_1dfi
- 24K,

f2(Ky) (20)

in which case the classical structure functions are modi-
fied by an additional factor of [6]

_dfy _1d%h
- dK, 2dK2°

B(Ky) (21)

This function is negative around a local maximum of
f1(K,), or in any regime where an upper bound on cur-
vature is achieved by the modification.

hypersurface deformation brackets on one hand and a
partially Abelianized system without structure functions
on the other ] The latter is easier to deal with when
one attempts a full quantization, but as shown in E], it
obscures the important question of covariance because
it is not obvious that a consistent set of hypersurface-
deformation generators may be recovered in the modi-
fied or quantized system. If one analyzes possible real-
izations of hypersurface-deformation brackets in the par-
tially Abelianized system with quantum modifications,
the structure functions turn out to be modified and sig-
nature change is obtained in the same way as in a direct
treatment of the brackets. In ﬂ], the analysis was done
at an effective level; here we complement it with operator
considerations, and further generalizations.

A. Deformed covariance

It is possible to modify (I8]) while keeping the system
first-class. In spherically symmetric models, the possibil-
ity of anomaly-free holonomy corrections has been ana-
lyzed based on a Hamiltonian constraint

E? _ ((E7))?

— +
VE*  4E*\E?

\/ﬁ(Ex)/(Eap)/ \/ﬁ(Ex)//
@ E

B. Abelianization of the constraints and operator
ordering

As shown in ﬂ], it is possible to construct a partially
Abelianized system with holonomy modifications, using
the methods of m] If one replaces the local Hamiltonian
constraint H by a linear combination

Ex / 4 /Ez
with the local diffeomorphism constraint D =

G '(—3(E") K, + K ,E¥), the component K, cancels
out and greatly simplifies the bracket of two constraints
C: We have

S

C = —é% (\/E_ <1 - <(2]§2> )) + % (Ez)/fl(m,) +2VETKL f2(K,). (23)

One can show that the Abelianization succeeds if C' is
a total derivative by x, which requires the same con-

dition (20) that follows from anomaly freedom: with



f2 = 2df1/dK,, we have

oot ((E””)’)Q VERA(K,)
REre: 2E% Bl
(24)
If, on the other hand, one starts with the classical
Abelianized system and modifies the dependence of C
on K, as proposed in Hﬁ], hypersurface-deformation
brackets can be recovered only if there is a modification
function 8 in the structure functions, implying signature
change [2].

However, obstructions to recovering hypersurface-
deformation brackets, and therefore obstructions to co-
variance, are obtained if one tries to couple a matter
field to the modified system. While this can be done
within the Abelianized system HE], it is no longer pos-
sible to recover hypersurface-deformation brackets from
the modified system @] Another question not yet ad-
dressed is whether additional quantum effects, such as
ordering choices, may affect the outcome.

It is possible to turn the modified, partially Abelian-
ized constraints C' and D into operators without anoma-
lies. However, this quantization step could introduce
further properties, in addition to holonomy modifica-
tions, that prevent one from recovering hypersurface-
deformation brackets even in the vacuum case. This
possibility turns out to be realized for the Schwarzschild
model.

We demonstrate the sensitivity to ordering questions
by working with quantized constraints at a formal level.
We only indicate the non-commuting nature of our vari-
ables by paying attention to their position in products,

but do not go into details of regularizations such as point
splitting.

We begin with the partially Abelianized system of
spherically symmetric constraints, as derived in ] but
written here as formal operators:

Géss = —% (\/E (1 — f‘i + fl(Kg;))) (25)
GDss = —5 (B K, + RLE?. (26)

The brackets of these constraints are such that any factor
ordering choice is allowed for Dgg while Cgg is free from
operator ordering ambiguities. At the formal level we are
working with here, it is easy to see that two smeared Cgg
commute because any non-zero commutator introduces a
delta function which gives zero once the antisymmetric
bracket is imposed.

Let us start with a factor ordering choice for the diffeo-
morphism constraint as shown in Eq. (28). For simplic-
ity, we will not write hats anymore, but all expressions
in this subsection remain objects sensitive to ordering
choices. We can recover the original Hamiltonian and
diffeomorphism constraints as generators of the hyper-
surface deformation brackets, if we write them as linear
combinations

1 fo(Ky) VE®
= —C 2=—r-—— D 27
Hss ") ss + &) Ss (27)
while Dgg remains unmodified, and fo(K,) =

1df1(K,)/dK, as before. (This procedure retraces the
steps taken in [25].) We begin by rewriting Css as

(EI)I 2 / (Ew)l dfl(Kw) !
GCss = — 1-T 2VE*T T, — —=f1(K,) - VE* ——= K . 28
Css = =5z (17Tl + oLo = o me 1) dK, ¢ (28)
(We use the spin-connection component I'y, = —$(E®)'/E¥ of spherically symmetric gravity as a shortcut.) Conse-

quently, for our factor ordering choice for the diffeomorphism constraint, the Hamiltonian constraint (as defined in

@27)) has the form

- o — E¢ EVE® dfi(Ky) .,
Gss =~ (1718 + VBT~ s e h o)~ Ty —aw,
K WVEK, + Y L) o o 29

This expression does not reduce to the usual one of the
Hamiltonian constraint because the last term in the first
line of Eq. (29) does not cancel out with the last term
in the second line even if fy = %dfl/ng,. Instead, a
non-zero commutator [E¥, f(K,)K}] remains. Thus, it
is not possible to obtain the generators of the hypersur-
face deformation brackets from the newly defined system
of constraints, once operator orderings are taken into ac-
count.

(ET)

We could have started with the other factor ordering
choice in the diffeomorphism constraint from the begin-
ning. This is the only other choice left to be exploited
because Csg does not have any factor ordering ambigui-
ties. Had we started with the diffeomorphism constraint
of the form

1 .. .
GDss = —§(E$)/Km + E¥K, (30)



we would have, for the Hamiltonian constraint, the ex-
pression

A T 0l

GHss = NI (1-T2)+2VE"T), —2\/ﬁf1(K@)
E*\VE® df1(K,) ., -

- (By dK: R

+2\/;]:2)( )E“’K’ (31)

Once again, the unwanted terms do not cancel out even if
fo= %dfl/ng,, but rather give a non-zero commutator
[E¥, f2(K,)]. We conclude that, with operator order-
ings, one cannot reproduce the hypersurface deformation
brackets from the newly defined system of constraints
with a (partially) Abelianized algebra.

IV. DILATON GRAVITY MODELS

For a general 2-dimensional dilaton gravity model with
potential V(¢), the Hamiltonian constraint in the con-
nection variables of HE] differs from the spherically sym-
metric one only in the term that does not depend on ex-

J
- / dzN (41@,1{1

DIN*] = /def (E?K), - (B*)K.,) .

H[N] =

For simplicity, we have set the 2-dimensional Newton’s
constant, Gs, equal to one. Moreover, we have dropped
tildes on the transformed variables for simpler notation
even though we have applied the previous transformation
from (K E* K, E¥) to (K, E*, K, E¥), described in
Sec. [l We have also applied a second transformation

from (Kx,Ew) to (Kz,E ) by defining K, = 4K, and

Er =1 Ew The latter transformation turns the variables
into strlct canonical pairs without numerical factors. Fi-
nally, we have absorbed a factor of v/E® in the lapse
function. Since E® is a scalar without density weight,
this last step does not change the behavior of the Hamil-
tonian density under spatial diffeomorphisms.

Classically, the hypersurface-deformation brackets do
not change by a canonical transformation combined with
absorbing a spatial scalar in the lapse function. They are
still given by

{D[N®], D[M*]} = D[LN=M"] (35)
{H[N], DIN*]} = —H[Ly=N] (36)
{H[N1], H[Nz]} = D[q"*(N1N;y — NaN{)|. (37)

The only non-vanishing component of the (mverse of the)

1-dimensional spatial metric, ¢** = 1/(E¥)?, appears as

iV(Em)E“" + -

trinsic curvature or spatial derivatives of the densitized
triad; see Eq. (46) in [16], or (I8) here. This term does
not affect the constraint algebra, and therefore the same
partial Abelianization found in m] for spherically sym-
metric models can be applied to arbitrary 2-dimensional
dilaton gravity models. The general Abelianized con-
straints are

ce=— (vEr (NEL - r2 v o) ) @

dx VEz
1 xr
GD = _§(E ) Ky + K, E? (33)
where dW (E®)/dE* = —1V (E®). This simple result can

also be found in ﬂﬂ T he same ordering obstructions as
in the spherically symmetric model follow thanks to the
closely related structure of the constraints, as do matter
obstructions to be discussed in more detail in Sec. [V]

A. Simplified kinetic term

Using a canonical transformation, the Hamiltonian
and diffeomorphism constraints of 2-dimensional dilaton
models can be brought to the form

LB (B2 (B9 = 1B (B) ).

a structure function. (After the transformation described
above, the variables used here should be identified with
E¥ = E¥/V/E® using a = 1/2, b = 1/4 in the definitions
of Sec. Therefore, 1/(E¥)?, dropping the tilde after
the transformation, is the same as the usual structure
function E*/(E¥)? in spherically symmetric models if
one includes the factor of v/E* absorbed in the lapse
function.)

If one follows the common steps to use loop quan-
tum gravity as a motivation of a specific quantization
of this model , ], one has well-defined holonomy op-
erators which are exponentiated versions of the extrinsic-
curvature components but are not weakly continuous in
those variables anymore. However, the holonomies cor-
responding to the K, variables are extended along the
edge of a (one-dimensional) spin network. As a conse-
quence, the holonomy corrections arising from these are
non-local in nature and difficult to implement [29]. (How-
ever, using partial Abelianization techniques as in ],
a suitable redefinition of the constraints makes it possi-
ble to eliminate the K, variable.) On the other hand,
the point-wise holonomy operators, corresponding to the
K, component, act at the nodes of the spin networks.
These are local modifications and can be included in our



Hamiltonian constraint

HIN = = [ oy (4508, = JV(ER)E? + (7Y (B9 (B9) = 1B (B*) ). (38)

The diffeomorphism constraint remains unmodified as suggested by the simple geometrical action of finite diffeomor-

phisms on states.

The hypersurface deformation brackets that do not contain structure functions remain unaltered while the only

modified bracket is

(N HIM]) = [ sy @a1() | {1700 (500 (B2 (57 )2}

)@, - (E ) E )+ )

_ /dx(NM’ ~ N'M) [—meE”E(E%’)*2 — f(E®) (E®)2

innr v
_/d (NM NM)(M2
o / ! f

=D <(NM —NM)(EW)Q

As expected, the dilaton potential does not contribute
to the bracket. The structure function ¢** is modified
by the presence of f := df/dK,, which is equal to one
for the classical case but not if holonomy modifications
are present. The underlying space-time symmetry is de-
formed for this system as in the Schwarzschild case. How-
ever, it is not as straightforward to conclude that this
definition can give rise to signature change: The first
derivative of the modification function appears here in
the structure function, which unlike the second deriva-

+F(E?)(B)7 + fK,(B) 7]

(K,E? — K.(E")")

tive in (2I) does not necessarily change sign near a local
maximum. Nevertheless, the same relationship can be
established as we will do now.

B. Partial Abelianization of the constraint algebra

The unsmeared modified constraints are

H = (KK, + 7V(EY)E? — (B (B9) (B9) 2 4 1(E*)'(B9) ™ (40)

1
D = E*K), — (E*)'K,.

(41)

We redefine the system of constraints by keeping the diffeomorphism constraint the same while defining a new
constraint as a linear combination of the (old) Hamiltonian constraint and the diffeomorphism constraint as

_1EY Ky
C= 1 e H— o D
= e @) - L (o By (B9) 4 B (B ) - KK,
16 E¥ 16 16 e

71 x\/ T 1(EI)Id x\/ p\—1 /

= e (EYV(E) + L (B () ) - (KK,

_ _i l x _ i x\/ p\—1 2

- (W E o) - o5 (B E) ) (12)
where dW (E”)/dE* = — 1V (E®) (with an extra factor of 1/2 from our canonical transformation). We have introduced

a new function g(K,) via f(K,) = dg(K,)/dK,. The smeared version of the new constraint is obtained after



integrating by parts and using L as the new smearing function:

ClL) = /de (%W(Ew) +g(K,) — 31—2 ((E””)’(E’S")_l)2 + const.) ) (43)

The new constraint, so defined, is such that it commutes
with itself

{C[L1],C[L2]} =0, (44)

while its Poisson bracket with the diffeomorphism con-
straint is

{CIL], DIN"]} = —C[Ln-L]. (45)

The Poisson bracket between two diffeomorphism con-
straints remains unaltered.

The (partial) Abelianization of the constraint algebra
helps us to demonstrate signature change in all dilaton
models, including the CGHS black hole model. If one
were to follow [25], one would first Abelianize the al-
gebra classically and then insert the holonomy modifi-
cation function in the new constraint. This procedure,
sometimes called ‘polymerization’, replaces the extrin-
sic curvature component K, with a bounded function of
K, usually sin(pKy,)/p, in the new constraint. Claims
about singularity resolution, as in m, @], are based on
this boundedness property. However, as we have seen
in Eq. (89), what appears in the deformation of the
structure function is df/dK, = d?g/dKZ, the second
derivative of the holonomy modification function in C[L].
At maximum curvature, the bounded function g¢(K,)
reaches its maximum and therefore its second derivative
must be negative. We obtain hypersurface-deformation
brackets with the same sign for normal deformations as

AV = - [ 4N (a) [4@%)‘%(&@% -l

DIN®] = / deN"(2) [KLE7 — (B7) K,

The operator ordering of the Hamiltonian constraint is
subtle as can be seen from the first term in the Hamil-
tonian constraint, where there is no triad component E¥
classically, but it is important to introduce this variable
into the quantum operator. The resulting operator ver-
sion of the hypersurface-deformation brackets takes the
form

[D[Nw],D[Mw]} — D[L = M?] (48)
|

TIN], DIN®]| = —H[Ly-N]

V(BB + (B (B9 (B¥)

one would have in the case of Euclidean gravity. Thus,
singularity resolution in the vacuum CGHS black hole
in the framework of loop quantum gravity, just like for
the vacuum Schwarzschild black hole, cannot be divorced
from signature-change.

C. Operator ordering in the Abelianization

For the spherically symmetric case, starting from the
partially Abelianized constraints, we have shown that
none of the possible factor ordering choices lead us to the
required form of the hypersurface-deformation brackets.
One can repeat the analysis for all 2-dimensional dilaton
models, including the CGHS black hole model, following
the same procedure and show that there is a similar ob-
struction. Instead, we shall arrive at the same conclusion
following a different approach. We shall find a suitable
operator ordering for the generators of the hypersurface-
deformation brackets, the original Hamiltonian and dif-
feomorphism constraints, and then try to define the new,
partially Abelianized constraint while keeping in mind
that we are now dealing with objects sensitive to ordering
choices. (Again, our treatment of operators is formal.)

Our first task is to find a factor ordering for the orig-
inal system of constraints such that the hypersurface-
deformation brackets are realized. Following E], one fac-
tor ordering choice with closed brackets is

- - 1

S

(Ew>"<E¢>-1} . (46)

(47)

E[[Nl]uﬁ[Nﬂ} =D

(5%)~> ( o ) (N1V; - NzN{O%O)

The details of the operator ordered constraints closing
into an algebra are shown in the Appendix.

The next step is to start from these constraint oper-
ators and try to define a factor ordered new set of con-
straints for a (partially) Abelianized system. In fact what
we shall find below is that there is no consistent way to
carry out the Abelianization procedure anymore, once
we start from these factor ordered constraint operators.

(49) We try to define the new constraint in such a way that



we cancel out the F*K, term coming from the Hamil-
tonian constraint operator with a similar term from the
diffeomorphism constraint operator.

5 (EI)/ '’ o\ —2 £ 10 T
¢= 1Ty pefucapen e

[

As is evident from Eq. (&), operator ambiguities play a

- - 1

major role in choosing the pre-factor of the second term.
This nontrivial operator ordering is chosen so as to make
the cancellation mentioned above possible. However, the
term which was a total derivative of the holonomy cor-
rection function earlier is more complicated due to the
structure of the factor ordering chosen

€= V(BB = (B (B*) (— o (B (B9Y(B*) = o (B*)(B9) ) = (B9) (KB RLE? (52

The non-zero commutator of K, and EY¥ presents an
obstruction to writing the last term as a total deriva-
tive, which is the reason why we do not have a partially
Abelianized system of constraints anymore.

V. OBSTRUCTIONS TO ADDING MATTER TO
THE HOLONOMY-MODIFIED CGHS MODEL

In this section, we refer specifically to the CGHS
model because of its importance in discussions of Hawk-
ing radiation, which require a scalar field. However, the
same conclusions can easily be achieved for general 2-
dimensional dilaton models.

If we add the simplest type of matter, a minimally
coupled scalar, to the CGHS model, the total constraints
take the form

HCGHS [N] = /de [ngav + 7_[mattcr] 5 (53)

Dous|N"] = / AeN" [Dyay + Donasier] » (54)

with the gravitational and matter parts of the constraints
given by

Horay = —4K, K, — 4\ E? — i(EI)’(E“’)’(E“’)*
J

{ngav[Nl]a ngav[N2]} = Dgrav [(NMI - N/M)

{Hmatter [Nl], Hmatter[N2]} = Dmatter |:(NM/ - N/M)

with the gravitational and matter parts of the Hamilto-
nian constraint now mismatched in their brackets. The
Poisson bracket of the total Hamiltonian constraint with
itself does not close into the full diffeomorphism con-
straint and one does not have a first-class system any-
more. One natural recourse might be to introduce a

1
+3(E) (B9, (5)
P2 (90/)2
Hmatter = E_i + Fe (56)
Dgrav = —K.(E*) + E¥K],, (57)
Dratter = ga(pl . (58>

(The Hamiltonian of a spherically symmetric free and
massless scalar field is given by 3 [ dzNgz.'? (P3+(9')%),

in which, after the canonical transformations, q;zl /% s
turned into a factor of (E¥)~! from the metric.) We
have extended the gravitational phase space by a scalar
field, with Poisson bracket {¢(x), P,(y)} = d(x,y). The
classical total constraints satisfy the usual hypersurface-
deformation brackets, as expected.

However, once we incorporate holonomy effects in
the constraints, Hgrav contains a modification function
(K, — f(K,)) whereas Hmatter does not since there are
no K, components in the matter part of the Hamiltonian
constraint. Thus, we have

s | (59
el o)

holonomy correction function in the matter part of the
Hamiltonian constraint, by hand, but then we have a
non-vanishing cross term between the gravitational and
matter parts,

{ngav[Nl]uHmatter[N2]} - (Nl A N2) 7& 07 (61)



which still leads to anomalies. For details, see ﬂ]

Another way to address this problem would be to try
and (partially) Abelianize the full constrained system
(with both gravity and matter), as we did before. In this
case, for the classical constraints, the Abelianization goes
through due to some subtle cancellations as shown below.
That the classical constraint algebra remains Abelianized
has already been shown in ﬂﬂ] We show crucial parts of
the calculation here which help us to emphasize why the
quantum algebra is not anomaly free. We write

_ e, f(EKy)
Cegus = 1 g BT D

= Cgrav + Cmatter ; (62>

where we have defined
Corav := —\E") — Kg,K:a
L (e") "
_ = BT —
16 E¥ <( ) (E¥)?

_1% ((5:5; Py - i((g;; (¥")? - %Pwa{’m)

Lﬁ)l(wy) ;o (63)

Cmatter =

The Poisson bracket {Ccaus[N1], Coans[Nz2]} can be de-
composed as

{Cccus[N], Cocus[Na]} = {Carav [N1], Carav[Na] }
+ {Catter[V1], Cmatter[N2] }
= {Cgrav[N1], Cmatter[ V2] }
—(Nl (—>N2) (65)

We already know from Eqs. @3) and @4) that
{Carav[N1], Carav[N2]} = 0. (Although we write the grav-
itational part of the new constraint C[N] in a differ-
ent way, it is essentially the same as the total deriva-
tive term in ([@2]) with the modification function equal
to the classical one.) If we calculate the other brack-
ets, we find that both {Chatter[V1], Cmatter|[N2]} and
{Cqrav[N1], Crmatter[N2]} — (N1 <> N2) are non-zero but
they cancel each other. The most crucial cancellation
from our point of view is the following, where the Pois-
son bracket proportional to

LY e 1Y
et TEEe) o

from {Chatter[IV1], Cinatter[N2] } is cancelled by terms pro-
portional to

L (BN (B9) Ko,
{1_6< o ) (E‘p) ) _EPV’QP} (67>

coming from {Cgrav[N1], Crmatter[N2]} — (N1 <+ N2). This
cancellation can take place precisely due to the linear fac-
tor of K, in the last term of the matter part of the new
constraint. If this factor is replaced by the holonomy
modification function as we should have to in case of
holonomy modifications, these two terms do not cancel
anymore and we, once again, end up with an anomaly.
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This is just another way of expressing the fact that we
cannot add a massless scalar to the holonomy-modified
CGHS model in a covariant quantization, at least in the
standard regularization procedure of loop quantum grav-
ity.

Our result extends a set of no-go theorems which had
previously been proved for the Schwarzschild black hole
[2] and Gowdy models [], to the CGHS black hole and
all other 2-dimensional dilaton models. An open question
was left in ﬂﬂ, @] whether one could add matter to the
vacuum CGHS model and still have an anomaly free and
covariant system. We have answered this question in
the negative in the present article and, as a consequence,
provided an obstruction to studying Hawking radiation in
this context. It is possible to show that this obstruction
can be generalized to other possible matter models, by
a calculation which is essentially the same as what has
already been shown for the spherically symmetry case in

2.

VI. CONCLUSIONS

We have discussed an extension of holonomy-modified
anomaly-free models of loop quantum gravity from spher-
ical symmetry to dilaton models. We have obtained new
obstructions to anomaly-free midisuperspace models with
holonomy modifications, given by ordering effects and
matter terms. The second set of obstructions is partic-
ularly important because it spoils attempts to discuss
Hawking radiation. Such a discussion is possible within
a partially Abelianized system, only when one considers a
background treatment, but such models cannot be covari-
ant. Even for such partially Abelianized systems, there
are obstructions to adding matter to the effective theory
in a covariant manner [2]. In cases in which anomaly
freedom can be achieved, holonomy modifications are ac-
companied by signature change. According to ], new
non-classical space-time structures are then obtained.
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Appendix A: Factor ordering for the CGHS
constraints

We introduced an operator ordering for the gravita-
tional CGHS constraints in (46) which gives a closed form
of the constraint brackets [ g]). It is easy to observe that
the subset of the full hypersurface-deformation brackets,
involving at least one diffeomorphism constraint, works
with this factor ordering. The most subtle calculation is
for the bracket between two Hamiltonian constraint oper-



ators which has been shown below [H[N], H[M]]+ (N
M). (We drop the hats from now on.)

[ ey N@M) |10 (@) ) B @Role) (B ) E0) B )]
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The bracket between the first term and the third one
of [H[N], H[M]] is

(A1)

Combining this with the corresponding commutator between the last term of H[N] and the first term of H[M], we

get

/ da (N'M — M'N)(E#)~2 ( F(Ko)E" K, + f(K@)E“"’) :

(A2)

The bracket between the first term and the last one in [H[N], H[M]] 4+ (N + M) give the terms

/dx ((N'M — M'N) (—2E¥"(E?) 72 fo(K,)E?) + (N"M — M"N) ((E?)"?f(K,)E¥)) .

Performing an intergration by parts on the last term, we have

- / da (N'M — M'N) (B9) (K KB + (B9) [ (K,)B7')

(A4)

The required cancellation between the second term of (A4) and the second term of (A2]), as it happens in the
classical case, is obtained here with our choice of the factor ordering for the Hamiltonian constraint:

[H[N], H[M]] = /dfl7 [N (2)M'(x) = N'(2)M ()] (E? ()7 == (K (2) E? () — B (2) Ko () -

The term on the right-hand side is the required diffeo-

df(Ky)
dK, (45)

morphism constraint, with the proper operator ordering,
as proposed in ([@g).
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