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Gravitational waves perturb the paths of photons, impacting both the time-of-flight and the arrival
direction of light from stars. Pulsar timing arrays can detect gravitational waves by measuring the
variations in the time of flight of radio pulses, while astrometry missions such as Gaia can detect
gravitational waves from the time-varying changes in the apparent position of a field of stars. Just
as gravitational waves impart a characteristic correlation pattern in the arrival times of pulses from
pulsars at different sky locations, the deflection of starlight is similarly correlated across the sky.
Here we compute the astrometric correlation patterns for the full range of polarization states found
in alternative theories of gravity, and decompose the sky-averaged correlation patterns into vector
spherical harmonics. We find that the tensor and vector polarization states produce equal power
in the electric- and magnetic-type vector spherical harmonics, while the scalar modes produce only
electric-type correlations. Any difference in the measured electric and magnetic-type correlations
would represent a clear violation of Einstein gravity. The angular correlations functions for the
vector and scalar longitudinal modes show the same enhanced response at small angular separations
that is familiar from pulsar timing.

I. INTRODUCTION

Gravitational wave astronomy has made it possible to
test gravity in the dynamical, strong field regime. The
first binary black hole [1] and binary neutron star [2] de-
tections have been used to carry out a wide range of tests,
including placing stringent bounds on the difference in
propagation speed of gravity and light [3, 4], constrain-
ing departures in the waveforms from the predictions of
general relativity [5], and constraining the polarization
content of the signals [6–8]. The existing array of ground
based interferometers is not ideal for testing the polar-
ization content of the signals as the two LIGO detectors
and the single Virgo detector provide only a limited num-
ber of projections of the polarization. It takes at least 5
(mis-aligned) detectors to unambiguously resolve the po-
larization content [9]. The pulsar timing approach to de-
tecting gravitational waves is better suited to measuring
polarization [10–13] as each pulsar line-of-sight provides
a separate projection of the polarization state. The astro-
metric approach to detecting gravitational waves [14–16]
is similarly well suited to constraining the polarization
content, with astrometric missions such as Gaia [17] ob-
serving billions of stars across the sky.

Photon trajectories are perturbed by gravitational
waves, resulting in time delays and changes in the ap-
parent position of the source. Gravitational waves cause
the relative position of two stars on the sky to oscil-
late in a tensor correlation pattern. The formal expres-
sion for this tensor two-point correlation pattern, valid
for any gravitational wave polarization, was first derived
by Book and Flanagan [14], however they only provided
explicit expressions for the transverse-tensor modes of
general relativity. Here we complete the derivation for
the additional four polarization states that are possible
in other metric theories of gravity [18, 19]. Book and
Flanagan [14] also derived the angular power spectrum,
found by expanding the two-point correlation in terms of

electric type (E) and magnetic type (B) vector spherical
harmonics and integrating over the locations of the stars
on the sky. This analysis is analogous to what is done
when studying the polarization of the microwave back-
ground, where the polarization of the microwave photons
are separated into curl-free E-modes and divergence-free
B-modes. The tensor-transverse (TT) modes of general
relativity produce identical angular correlation patterns
for the EE and BB correlations at large angles, and dif-
fer slightly at small angular separations (the EB cross
correlations vanish for all polarization states) [14]. Here
we compute the angular power spectra for the additional
non-Einsteinian polarization modes. The BB correlation
vanishes for the scalar-transverse (ST) and the scalar-
longitudinal (SL) polarizations while the EE correlation
does not, indicating the the difference in the correlation
functions ∆ = (EE−BB) provides a powerful null test of
general relativity. The vector-longitudinal (VL) polariza-
tions evade this test since they produce identical EE and
BB correlation patterns. Both the vector and scalar lon-
gitudinal modes produce an enhanced response at small
angular separations that depends on the product of the
gravitational wave frequency f and the distance to the
stars L. The enhancement is logarithmic for VL and lin-
ear for SL. Precisely the same enhancements occur in the
two-point correlation functions for these modes for pul-
sar timing [10–12]. This implies that astrometry missions
like Gaia will be able to place much stronger constraints
on the energy density in the longitudinal modes than for
the transverse modes, as is the case for pulsar timing [13].

In the final stages of writing this paper a preprint was
posted with an independent calculation of the astromet-
ric two-point correlation functions for non-Einsteinian
polarization modes [20]. After accounting for some dif-
ferences in notation, we verified that our expressions for
the two-point functions agree. Their treatment stopped
short of computing the E and B mode angular power
spectra, and those results are reported here for the first



2

time. We work in geometrical units with G = c = 1.

II. SUMMARY OF RESULTS

Our calculation begins with the expression for the as-
trometric deflection δn(n,p, t) for a star in the n di-
rection perturbed by a gravitational wave source in the
p direction. Book and Flanagan [14] provided a for-
mal expression for the deflection that is valid for any
gravitational wave polarization. The next step is to
compute the two-point correlation function Cij(n,n′, f)
which describe the tensor deflection pattern produced
by an isotropic stochastic background of gravitational
waves. Book and Flanagan [14] computed a formal ex-
pression for Cij(n,n′, f) that is valid for all polarizations.
In practice, to make a detection, we need to combine
measurements of the angular deflections between many
pairs of stars since the angular deflections between any
two stars is expected to be small relative to the noise
in the measurement. This is analogous to measurements
of the cosmic microwave background, where correlations
are computed over large areas of the sky and expressed in
terms of angular power spectra. To compute the angular
power spectra of the astrometric deflections we decom-
pose the angular deflections into electric-type (E) and
magnetic-type (B) vector spherical harmonics and com-
pute the correlations EE,EB,BB averaged over the dis-
tribution of stars in the sky. Assuming a uniform distri-
bution of stars, the correlations only depend on the angle
Θ = acos(n · n′) between the stars, or equivalently, the
multipole moment `.

The astrometric deflection δn(n,p, t) depends on the
phase of the gravitational wave at the Earth and at the
star. In the distant source limit, where the product of the
gravitational wave frequency f and the distance to the
star L is large, the phase of the star term is uncorrelated
between stars located at Ln and L′n′ unless Θ ≈ 0. For
the transverse polarization states the star term can be
safely ignored, but not so for the longitudinal modes. The
general expression for the two-point correlation function
for an isotropic stochastic background can be written as

Cij(n,n′, f) =

∫
dΩp〈δni(n,p, f)δni(n′,p, f)〉

=
3H2

0

32π2

Ωgw(f)

f3
Hij(n,n′) , (1)

where H0 is the Hubble constant, Ωgw(f) is the energy
density in gravitational waves per logarithmic frequency
interval, scaled by the critical density ρc = 3H2

0/(8π),
Hij are the components of the deflection tensor

H(n,n′) = α(Θ)(a⊗ a)− σ(Θ)(b⊗ c), (2)

and the unit triad a,b, c is defined by a = (n×n′)/ sin Θ,
b = (n(n · n′) − n′)/ sin Θ, c = (n′(n · n′) − n)/ sin Θ.
The angular correlations functions for the tensor trans-
verse (TT), scalar transverse (ST) and vector longitudi-
nal (VL) modes can be computed in closed form in the

distant star limit fL→∞, and are given by

αTT = σTT = (1/12)(7 cos Θ− 5)

−8 ln(sin(Θ/2))(sin6(Θ/2)/sin2Θ)

αST =
1

12

σST =
1

12
cos(Θ)

αVL = σVL =
sin2(Θ/2)

sin2(Θ)

[
8 sin2(Θ/2)ln(sin(Θ/2)

+
1

3

(
3 + 2 cos(Θ)− cos(2Θ)

)]
. (3)

Plots of the TT, ST and VL correlation patterns are
shown in Figure 1.

FIG. 1. The analytic correlation functions α(Θ) and σ(Θ)
for the TT, ST and VL modes.

The scalar longitudinal (SL) case is more complicated
as the star terms need to be included to arrive at a finite
expression at small angular separations. We were unable
to derive a closed-form expression for the SL correlation
functions that is valid for all angles, and instead quote
results that are valid for Θ = 0 and Θ � 1/(fL). For
large angles we have

αSL ≈ − sin2(Θ/2)

3 sin2(Θ)

[
1 + cos(Θ) + 3 ln(sin(Θ/2))

]
σSL ≈ − sin2(Θ/2)

6 sin2(Θ)

[
4 + 5 cos(Θ) + cos(2Θ)

+6 ln(sin(Θ/2))
]
. (4)

The divergence at Θ = 0 in these expressions is regular-
ized to a logarithmic dependence on the distance to the
stars when the star terms are included. To leading order
in fL� 1 we find

αSL(0) = σSL(0) =
1

8

[Φ2
s − Φ′s

2

4ΦsΦ′s
ln(Φ2

s − Φ′s
2
)

+ ln(ΦsΦ
′
s)−

Φ2
s + Φ′s

2

4ΦsΦ′s
ln(Φs + Φ′s) + . . .

]
, (5)
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where Φs = 2πfL and Φ′s = 2πfL′.

FIG. 2. The correlation functions α(Θ) and σ(Θ) for the SL
mode. The solid lines show the analytic approximation, valid
for Θ � 1/(fL). The dotted lines are found by numerical
integration for the case fL = fL′ = 10.

The angular power spectra can be expressed in terms
of the multipole coefficients

CQQ
′

`m`′m′ =

∫
d2Ωnd

2Ωn′Y Q∗`mi(n)Y Q
′

`′m′j(n
′)Hij(n,n

′).

(6)
Here Q,Q′ refer to the electric-type and magnetic-type
vector spherical harmonics

YE
lm(n) = (`(`+ 1))−1/2∇Y`m(n)

YB
lm(n) = (`(`+ 1))−1/2(n×∇)Y`m(n) (7)

The EB cross-correlations vanish due to the different par-
ity of the E and B modes. For an isotropic distribution
of stars we find

CQQ
′

`m`′m′ = δQQ
′
δ``′δmm′

1

`(`+ 1)

4π

2`+ 1
QQ` , (8)

where

QQ` =

∫
dΘP`(cos Θ)QQ(Θ) . (9)

The formal expressions for the EE and BB correlation
functions are:

EE(Θ) = ∇i∇′j
[
Hij(n,n′)

]
BB(Θ) = ∇l∇′p

[
εiklεjmpn

kn′
m
Hij(n,n′)

]
. (10)

Note that EE(Θ) and BB(Θ), or equivalently EE` and
BB`, are physical observables that can be inferred from
astrometric data, just as the EE and BB power spectra
for the CMB polarization are physical observables. A

method for extracting CQQ
′

`m`′m′ , and hence EE` and BB`,
from Gaia observations is described in Ref. [21].

At large angles we find that EE(Θ) = BB(Θ) for the
TT and VL modes, and for the scalar modes ST and

FIG. 3. The upper plot shows EE and BB angular correlation
functions for the longitudinal modes. The solid lines are the
analytic approximations from Eq. (11) and the dotted lines
are from a numerical evaluation with fL = 10.

SL we find BB(Θ) = 0, as expected from the even par-
ity of the scalar perturbations. Additional care must be
taken when computing the angular power spectra as the
derivatives acting on Hij(n,n

′) act on the phase of the
star term, and modify the behavior at small angles. In
the distant star limit we find

EETT(Θ) =
2

3

[
2−

(1− cosΘ

2

)
+6
(1− cosΘ

2

)
ln
(1− cosΘ

2

)]
BBTT(Θ) = EETT(Θ)

EEVL(Θ) ≈ −1

3

(
3 + 4 cos(Θ) + 6 ln(sin(Θ/2))

)
BBVL(Θ) = EEVL(Θ)

BBST(Θ) = BBSL(Θ) = 0

EEST(Θ) =
1

3
cosΘ

EESL(Θ) ≈ − 1

12
(3 + 8 cos Θ), (11)

Note that up to an overall scaling, the correlation pat-
tern for the TT mode is identical to the Hellings-Downs
curve from pulsar timing. Similarly, the EE correlation
for the ST mode has the same form as the ST correlation
function from pulsar timing, aside from an overall con-
stant offset and scaling. The expressions for the scalar
longitudinal and vector longitudinal modes are only valid
for Θ � 1/(fL). Derivatives of the star terms become
important at small angular separations. A complete nu-
merical treatment would need to integrate over the radial
distribution of stars, but to simplify the calculation we
will assume that all the stars are at the same distance.
Figure 3 compares the closed-form approximations to the
correlation functions for the longitudinal modes to the
numerical evaluation with fL = 10.



4

FIG. 4. The EE angular correlation functions are compared
to the corresponding correlation functions Γ for pulsar tim-
ing. Aside from overall scalings and offsets, the correlation
functions for the transverse modes are identical. The vector
longitudinal correlation functions are identical at large angles,
but differ slightly at small angles, though both share a similar
ln(fL) scaling at Θ = 0 . The correlation functions for the
scalar longitudinal modes are qualitatively similar, but differ
in their detailed form. They share a similar fL dependent
scaling at Θ = 0. The plots are shown for fL = 10.

The derivatives of Hij(n,n
′) that appear in the defi-

nition of the EE and BB correlation functions enhance
the importance of the star terms at small angular sepa-
rations and produce an enhanced response. For the VL
modes we find that the enhancement at Θ = 0 scales
as ln(fL), while for the SL mode we find that the en-
hancement scales as fL. These enhancement factors are
identical to those found for the VL and SL angular cor-
relation functions for pulsar timing. This implies that
astrometric observatories such as Gaia will be able to
place much tighter constraints on the energy density of
the longitudinal modes, as is the case for pulsar tim-
ing [13]. Figure 4 compares the numerically computed
EE correlation functions to the corresponding two-point
angular correlation functions Γ for pulsar timing [10].
Aside from an overall difference in scaling and a constant
shift for the scalar mode, the correlation functions for the
transverse modes are identical for astrometry and pulsar
timing. The vector longitudinal correlation functions are
identical at large angles, but differ slightly at small an-
gles, though both scale as ln(fL) at small angles, albeit
with different scaling coefficients. The correlation func-
tions for the scalar longitudinal modes are qualitatively
similar, but differ in their detailed form. They both scale
as fL for small angles, but with different scaling coeffi-
cients.

III. COMPUTING THE TWO-POINT
CORRELATION FUNCTIONS

The angular deflection of a star at location N =
nL caused by a plane gravitational wave hij(t,x) =

<[Hije−2πif(t−p·x)] propagating in the p direction is
given by [14]

δni(n,p, t) = <
[
Rikl(n,p)Hkle−2πift

]
(12)

where

Rikl(n,p) =
1

2

[ (Tn1
ni + Tp p

i)nk nl

1 + p · n
− Tn2

nkδil
]

(13)

and

Tn1
= 1− i(2 + p · n)

Φs(1 + p · n)
eiΦs(1+p·n)

Tp = 1− i

Φs(1 + p · n)
eiΦs(1+p·n))

Tn2
=

1

2
− i

Φs(1 + p · n)
eiΦs(1+p·n) (14)

with Φs = 2πfL. To compute the two-point correla-
tion function Cij(n,n′, f) we define the orthonormal co-
ordinate system (m, l,n) and introduce the gravitational
wave polarization tetrad (u,v,p):

p = cos θ n + sin θ(cosφm + sinφ l),

u =
(− sin θ cosφn + cos θm)√

sin2 θ cos2 φ+ cos2 θ
,

v = −
(
sin θ cos θ sinφn + sin2 θ cosφ sinφm

)√
sin2 θ cos2 φ+ cos2 θ

+
(sin2 θ cos2 φ+ cos2 θ) l√

sin2 θ cos2 φ+ cos2 θ
(15)

The basis tensors for the various gravitational wave po-
larization states are then

ε+
TT = u⊗ u− v ⊗ v

ε×TT = u⊗ v + v ⊗ u

ε�ST = u⊗ u + v ⊗ v

εuVL = u⊗ p + p⊗ u

εvVL = v ⊗ p + p⊗ v

ε�SL = p⊗ p . (16)

The n′ vector can be written as

n′ = cos Θn + sin Θ(cos Φm + sin Φ l) . (17)

The two-point correlation function Cij(n,n′, f) can be
written in terms of the tensor Hij(n,n′) = α(Θ)aiaj −
σ(Θ)bicj . Written in the the (m, l,n) coordinate system
we have

a = (− sin Φm + cos Φ l)

b = −(cos Φm + sin Φ l)

c = − sin Θn + cos Θ(sin Φm + cos Φ l) . (18)
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The angular correlation functions are given by

αP (Θ) =
1

4π sin2(Θ)

∫
d2Ωpa

iRikl(n,p) εPkl(p)

× ajRjrs(n′,p)∗ εPrs(p)

σP (Θ) = − 1

4π sin2(Θ)

∫
d2Ωpb

iRikl(n,p) εPkl(p)

× cjRjrs(n′,p)∗ εPrs(p) (19)

where d2Ωp = sin θ dθdφ . The correlation functions for
the TT and VL modes are defined as being summed over
the +,× or u, v states. The correlation functions for ST
and SL only have a single contribution. The full expres-
sion for the correlation functions are lengthy. To render
the expressions manageable we follow Ref. [14] and in-
troduce the quantities κ = n · p, κ′ = n′ · p, λ = n · n′,
ν2 = 1−κ2, ν′2 = 1−κ′2, µ = sin Θa·p, which satisfy the
identity 1 + 2λκκ′ = µ2 + λ2 + κ2 + κ′2. The correlation
functions are then given by

αTT(Θ) =
1

16π sin2(Θ)

∫
d2Ωp

[µ2(ν2ν′2 − 2µ2)

(1 + κ)(1 + κ′)
TpT

∗
p′

−µ
2(κ′κ2 − 2λκ+ κ′)

(1 + κ)
TpT

∗
n′

2

−µ
2(κκ′2 − 2λκ′ + κ)

(1 + κ′)
Tn2

T ∗p′

+(λ− κκ′)(1− λ2 − µ2)Tn2
T ∗n′

2

]
(20)

σTT(Θ) = − 1

16π sin2(Θ)

∫
d2Ωp ×[ (λκ− κ′)(λκ′ − κ)(ν2ν′2 − 2µ2)

(1 + κ)(1 + κ′)
TpT

∗
p′

− (λκ− κ′)[λ(ν2ν′2 − 2µ2)− ν2(λ− κκ′)]
(1 + κ)

TpT
∗
n′

2

− (λκ′ − κ)[λ(ν2ν′2 − 2µ2)− ν′2(λ− κκ′)]
(1 + κ′)

Tn2T
∗
p′

+[λ2(ν2ν′2 − 2µ2 − ν2 − ν′2)

+λκκ′(ν2 + ν′2) + ν2ν′2]Tn2T
∗
n′

2

]
(21)

αST(Θ) =
1

16π sin2(Θ)

∫
d2Ωp

[
µ2(1− κ)(1− κ′)TpT ∗p′

+µ2κ′(1− κ)TpT
∗
n′

2
+ µ2κ(1− κ′)Tn2

T ∗p′

+(µ2κκ′)Tn2
T ∗n′

2

]
(22)

σST(Θ) = − 1

16π sin2(Θ)

∫
d2Ωp ×[

(λκ− κ′)(λκ′ − κ)(1− κ)(1− κ′)TpT ∗p′

+(λκ− κ′)(λκ′ − κ)(1− κ)κ′TpT
∗
n′

2

+(λκ− κ′)(λκ′ − κ)(1− κ′)κTn2
T ∗p′

+[λ2ν2ν′2 − λ(λ− κκ′)(ν2 + ν′2)

+(λ− κκ′)2]Tn2T
∗
n′

2

]
(23)

αVL(Θ) =
1

16π sin2(Θ)

∫
d2Ωp

4µ2κκ′(λ− κκ′)
(1 + κ)(1 + κ′)

TpT
∗
p′

−2µ2κ(λ− 2κκ′)

(1 + κ)
TpT

∗
n′

2
− 2µ2κ′(λ− 2κκ′)

(1 + κ′)
Tn2

T ∗p′

+[λµ2 − κκ′(4µ2 + λ2 − 1)]Tn2T
∗
n′

2

]
(24)

σVL(Θ) = − 1

16π sin2(Θ)

∫
d2Ωp ×[4(λκ− κ′)(λκ′ − κ)κκ′(λ− κκ′)

(1 + κ)(1 + κ′)
TpT

∗
p′

−2(λκ− κ′)[2λκκ′(λ− κκ′)− κ(κ′ − κ′κ2 + λκ)]

(1 + κ)
TpT

∗
n′

2

−2(λκ′ − κ)[2λκκ′(λ− κκ′)− κ′(κ− κκ′2 + λκ′)]

(1 + κ′)
Tn2

T ∗p′

+[(κ2 − κ′2)2 + λ2(λ2 − 1) + µ2(µ2 − 1)]Tn2T
∗
n′

2

]
(25)

αSL(Θ) =
1

16π sin2(Θ)

∫
d2Ωp

[ µ2κ2κ′2

(1 + κ)(1 + κ′)
TpT

∗
p′

− µ
2κ′κ2

(1 + κ)
TpT

∗
n′

2
− µ2κκ′2

(1 + κ′)
Tn2T

∗
p′

+µ2κκ′Tn2T
∗
n′

2

]
(26)

σSL(Θ) = − 1

16π sin2(Θ)

∫
d2Ωp ×[ (λκ− κ′)(λκ′ − κ)κ2κ′2

(1 + κ)(1 + κ′)
TpT

∗
p′

− (λκ− κ′)(λκ′ − κ)κ2κ′

(1 + κ)
TpT

∗
n′

2

− (λκ′ − κ)(λκ− κ′)κ′2κ
(1 + κ′)

Tn2T
∗
p′

+[(λ2 + 1)κ2κ′2 − λκκ′(κ2 + κ′2)]Tn2
T ∗n′

2

]
(27)
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with

Tn1 = 1− i(2 + κ)

Φs(1 + κ)
eiΦs(1+κ)

Tp = 1− i

Φs(1 + κ)
eiΦs(1+κ))

Tn2 =
1

2
− i

Φs(1 + κ)
eiΦs(1+κ)

Tn′
1

= 1− i(2 + κ′)

Φ′s(1 + κ′)
eiΦ

′
s(1+κ′)

Tp′ = 1− i

Φ′s(1 + κ′)
eiΦ

′
s(1+κ′))

Tn′
2

=
1

2
− i

Φ′s(1 + κ′)
eiΦ

′
s(1+κ′) . (28)

In the distant star limit, Φs,Φ
′
s � 1, and away from

θ = π, the phase terms oscillate rapidly and can be dis-
carded, allowing the integrals to be evaluated in closed
form to give the expressions quoted in Eqs.(3,4). With-
out the phase terms, the α and σ integrands for SL mode
diverge at θ = π. Restoring the phase terms renders the
integrands finite, but the integrals are then intractable,
save at Θ = 0, where the leading order terms scale loga-
rithmically with fL, as shown in Eq.(5).

IV. COMPUTING THE ANGULAR POWER
SPECTRA

In contrast with pulsar timing, where the small num-
ber of millisecond pulsars allow searches for gravitational
waves to be performed directly in terms of the two-point
correlation functions, the large number of stars available
for an astrometric search make it more natural to inte-
grate over the distribution of stars on the sky and com-
pute angular correlation functions, as is done with the
cosmic microwave background. To achieve this, the as-
trometric deflections δn are first decomposed in terms of
vector spherical harmonics:

δni(n,p, f) =
∑
`m

δnE`m(f)YE
`m(n) + δnB`m(f)YB

`m(n).

(29)
The angular power spectra are found by integrating the
two-point correlation function Cij(n,n′, f) over a uni-
form distribution of stars n, n′:

ΓQQ
′

`m`′m′(f) =

∫
d2Ωnd

2Ωn′Y Q∗`mi(n)Y Q
′

`′m′j(n
′)Cij(n,n′, f)

=
3H2

0 Ωgw(f)

16π3f3
δQQ

′
δ``′δmm′CQ` (f) , (30)

Here Q = E,B label the electric and magnetic terms,

and CQ` (f) defines the angular power spectrum

CQ` (f) =

∫
d2Ωnd

2Ωn′Y Q∗`mi(n)Y Q`mj(n
′)Hij(n,n′)

=
4π

2`+ 1

∫
d(cos Θ)P`(cos Θ)QQ(Θ) . (31)

To arrive at this expression, the derivatives of the ordi-
nary spherical harmonics that appear in the definitions
of the vector spherical harmonics are converted to deriva-
tives acting on the angular displacement tensor Hij by
integrating by parts, resulting in the formal expressions:

EE(Θ) = ∇i∇′j
[
Hij(n,n′)

]
BB(Θ) = ∇l∇′p

[
εiklεjmpn

kn′
m
Hij(n,n′)

]
. (32)

Recalling the expression for Hij from Eq. (33), we
see that the derivatives will act on both the basis ten-
sors and the α, σ correlation functions. Writing H̃lp =
εiklεjmpnkn

′
mH

ij we find that

H̃(n,n′) = σ(Θ)(a⊗ a)− α(Θ)(b⊗ c). (33)

For the TT and VL modes α = σ, so that H̃ij = Hij

and EE(Θ) = BB(Θ). For the ST and SL modes α 6= σ
and EE(Θ) 6= BB(Θ). Indeed, a direct calculation shows
that the magnetic-type correlation vanishes for the scalar
modes, BBST(Θ) = BBSL(Θ) = 0, which follows from the
even parity of the scalar perturbations. Evaluating the
derivatives that appear in Eq. (32) we find

∇iaiaj =
(n · n′)n′j − nj

sin2(Θ)

∇ibicj =
(n · n′)[(n · n′)n′j − nj ]

sin2(Θ)

∇i∇′jaiaj =
2(n · n′)
sin2(Θ)

∇i∇′jbicj = −1

∇iσ(Θ) = −σ′(Θ)
n′i − (n · n′)ni

sin(Θ)

∇′jσ(Θ) = −σ′(Θ)
nj − (n · n′)n′j

sin(Θ)

∇i∇′jσ(Θ) = σ′(Θ)

{
δij − ninj − n′in′j + (n · n′)nin′j

−sin(Θ)

+
cos(Θ)[n′i − (n · n′)ni][nj − (n · n′)n′j ]

−sin3(Θ)

}

+σ′′(Θ)
[n′i − (n · n′)ni][nj − (n · n′)n′j ]

sin2(Θ)
(34)

and similarly for α(Θ). Here the primes denote deriva-
tives with respect to Θ. Combining these pieces together
yields

EE(Θ) = −σ′′(Θ) +
1

sin Θ
α′(Θ)− 2

cos Θ

sin Θ
σ′(Θ) + σ(Θ)

BB(Θ) = −α′′(Θ) +
1

sin Θ
σ′(Θ)− 2

cos Θ

sin Θ
α′(Θ) + α(Θ)

(35)

Care needs to be exercised in evaluating these expres-
sions: each of the terms are separately infinite at Θ = 0,
and, moreover, the derivatives also act on the “star”
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terms, which changes the character of the integrand over
the the source direction p. The longitudinal terms can
no longer be evaluated in closed form for all Θ. Ignoring
the star terms yield the expressions quoted in Eq.(11).
These expressions are valid everywhere for the transverse
modes, but are only valid for Θ� 1/(fL) for the longitu-
dinal modes. Figure 5 compares analytic and numerical
evaluations of αVL(Θ), α′VL(Θ), α′′VL(Θ). The numerical
evaluation includes the contribution from the star terms,
while the analytic expressions do not. We see that star
term plays an important role in determining the small
angle behavior of α′′VL(Θ). The same if true for α′′(Θ)
and σ′′(Θ) for all the polarization modes.

FIG. 5. Comparing the analytic expressions without the star
term for αVL(Θ), α′VL(Θ), α′′VL(Θ) to a numerical evaluation
with the star terms illustrates the differences that occur at
small angles, which are especially significant for the α′′VL(Θ)
term. The star terms play an important role in determining
the behavior of the EE(Θ) and BB(Θ) correlation functions
for small angles. The α terms for fL = 10 and fL = 100 are
compared to the expression without the star term (fL→∞).
As fL becomes large, the star term is only important in a
small region near Θ = 0.

The correlation functions for the longitudinal modes
are enhanced at small angles. To study the small an-

gle behavior of the correlation functions in more detail
we re-write Eq.(35) in terms of ᾱ(Θ,p) and σ̄(Θ,p),
where α(Θ) =

∫
dΩp ᾱ(Θ,p) and similarly for σ(Θ).

The correlation functions are then given by EE(Θ) =∫
dΩp ee(Θ,p) and similarly for BB, where the inte-

grands ee(Θ,p) and bb(Θ,p) are finite at Θ = 0. Us-
ing these expressions we find several interesting results:
First, the EE and BB correlation functions for the trans-
verse traceless modes are not equal at small angles since

EETT(Φs)|Θ=0 =
22

15
+O

( 1

Φ2
s

)
BBTT(Φs)|Θ=0 =

8

3
+O

( 1

Φ2
s

)
. (36)

The fact that EETT(Θ) 6= BBTT(Θ) at small angles was
missed by Book and Flanagan [14] since they neglected
the star terms. A similar small-angle departure from the
Hellings-Downs curve occurs due to the pulsar terms [22].
Note that equality between EE and BB can not be used
as a null test of general relativity at small angular sep-
arations. Second, we find that the VL correlations are

FIG. 6. The EE and BB correlation functions for the TT
mode at small angular separations. The star terms break
the equality between EE and BB. The plots are shown for
fL = 10.

enhanced by a leading factor that is logarithmic in fL:

EEVL(Φs)|Θ=0 = 2 ln(2 Φs)−
38

15
+ 2γE +O

( 1

Φs

)
BBVL(Φs)|Θ=0 = 2 ln(2 Φs)−

14

3
+ 2γE +O

( 1

Φs

)
.(37)

Third, the SL modes are enhanced by a leading factor
that is linear in fL:

EESL(Φs)|Θ=0 =
1

2

[
− 19

10
+ 3γE +

π

3
Φs

−log(2 Φs) +O
( 1

Φs

)]
, (38)

where γE is the Euler-Gamma constant. Note that as fL
becomes large, the region in Θ where the star terms are
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important shrink as 1/(fL). Thus the region where the
fL enhancement occurs gets smaller and smaller. For ex-
ample, the scalar longitudinal EE correlation essentially
becomes as step function starting at π2fL/3 at Θ = 0
and rapidly dropping to ∼ −11/12 for Θ > 1/(fL).

The enhanced response to longitudinal gravitational
waves will allow us to place far more stringent bounds
on the energy density in these modes. The majority of
stars in the Gaia catalog are at distances of L = 0.1→ 10
kpc [23] and the duration and cadence of the Gaia mission
will allow us to probe gravitational frequencies between
3 × 10−9 Hz and 5 × 10−7 Hz [16]. Thus the typical
values for fL will range between 30 and 5× 105, and the
bounds for the SL mode in particular should be orders of
magnitude tighter than for the usual TT modes of GR.

V. DISCUSSION

Astrometry is a promising new approach for detecting
gravitational waves [14–16]. Astrometry is particularly
well suited to constraining the polarization content of
gravitational waves. The expressions for the two-point
correlation functions and the E and B mode correlation
patterns that we have computed here provide a starting
point for the analysis of data from the Gaia mission [17].
Implementing such an analysis will be challenging: our
expressions for the EE and BB correlations assumed a

uniform distribution of stars on the sky, and we placed all
the stars at the same distance from the Earth. In reality
the Gaia’s sky coverage will be non-uniform in location
and distance, and techniques similar to those used in cos-
mic microwave background analyses will have to be used
to extract the uniform correlation patterns from experi-
ments with non-uniform sky coverage [21, 24]. The van-
ishing of the BB correlations for scalar polarizations and
the near-equality of the EE and BB polarization modes
for general relativity provides a potentially powerful null
test. It will be interesting to assess how the power of this
test is impacted by non-uniform sky coverage and ob-
servation noise. In addition to measuring the locations
of billions of stars in our galaxy, Gaia will also measure
the locations of thousands of quasars. These quasars are
at vastly larger distances, making the fL dependent en-
hancements for the longitudinal modes much more sig-
nificant. Pairs of nearby quasars, or individual strongly
lensed quasars that produce multiple images, may well
provide the strongest limits to the energy density of lon-
gitudinal polarization states.
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