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Recent progress in high sensitivity Cosmic Microwave Background (CMB) polarization experi-
ments opens up a window on large scale structure (LSS), as CMB polarization fluctuations on small
angular scales can arise from a combination of LSS and ionization fluctuations in the late universe.
Gravitational lensing effects can be extracted from CMB datasets with quadratic estimators but
reconstructions of electron density fluctuations (EDFs) with quadratic estimators are found to be
significantly biased by the much larger lensing effects in the secondary CMB fluctuations. In this
paper we establish a bispectrum formalism using tracers of LSS to extract the subdominant EDFs
from CMB polarization data. We find that this bispectrum can effectively reconstruct angular
band-powers of cross correlation between EDFs and LSS tracers. Next generation CMB polariza-
tion experiments in conjunction with galaxy surveys and cosmic infrared background experiments
can detect signatures of EDFs with high significance.

PACS numbers:

I. INTRODUCTION

Secondary fluctuations of the cosmic microwave back-
ground (CMB) arise from gravitational perturbations
and Compton scattering that occur after the epoch of re-
combination, as the relic photons traverse a universe that
has spatial and temporal variations in the gravitational
potential and electron density. These secondary fluctu-
ations are rich in information about structure formation
in the universe, and are becoming invaluable probes for
studying large scale structure (LSS) and physical pro-
cesses during the epoch of reionization and in the recent
universe.

The CMB is impacted by LSS in several ways, includ-
ing gravitational lensing by fluctuations in the gravita-
tional potential and differential screening from electron
density fluctuations (EDFs). EDFs can be generated by
patchiness in the ionization fraction during the epoch of
reionization, and by baryon density fluctuations in the
late universe. Measuring EDFs can thus be used to learn
about the first generation of stars and also about feed-
back effects on cosmic gas from Active Galactic Nuclei
and star formation. Quadratic estimators have been de-
vised to map the matter distribution through CMB grav-
itational lensing effects [1, 2], and this has been detected
at very high significance from both CMB temperature
(T ) and polarization (E and B) [3–9]. Quadratic estima-
tors for EDFs have been applied to CMB data sets and
no detection has been made to date, indicating that the
EDF signal is subdominant to CMB lensing. For exam-
ple, the TB quadratic estimator was applied to Wilkinson
Microwave Anisotropy Probe 7-year data and no signal
of EDFs was found [10]. This analysis was recently up-
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dated with the Planck 2015 temperature data [11]; the
constraint on EDFs was greatly improved but no signal
was detected.

Using numerical simulations, previous works have in-
vestigated reconstruction of the EDFs with a EB flat-sky
estimator [12] and a full sky EB estimator [13]. The re-
construction formalism of EDFs resembles CMB lensing
but both studies [12, 13] found significant biases in recon-
structed power spectra. The secondary CMB fluctuations
induced by EDFs are expected to be orders of magnitude
smaller than those induced by CMB lensing, and the first-
order approximation for the EDF reconstruction is not
sufficient. Higher order corrections to both EDFs and
CMB lensing are not negligible in the four-point corre-
lation functions that arise when calculating these power
spectra.

In this paper, we develop a bispectrum technique us-
ing tracers of LSS to both extract EDF signal and delens
the CMB simultaneously. This bispectrum technique is a
generic formalism that can be applied to other subdom-
inant secondary effects.

II. BISPECTRA GENERATED BY
GRAVITATIONAL POTENTIAL AND

ELECTRON DENSITY FLUCTUATIONS

The bispectrum can be generally defined as

b̂`1`2`3 =
∑

m1m2m3

(
`1 `2 `3
m1 m2 m3

)
〈a`1m1a`2m2a`3m3〉 (1)

for any modes a`m where a`ms are spherical harmonic
coefficients and (...) is the 3-j Wigner symbol. We use
a full-sky formalism to take into account curvature of
the sky. The CMB in the sky direction n with both
the gravitational lensing (φ) effect and spatially varying
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optical depth (τ = τ0 + δτ) can be described as

X(n) = X̃(n +∇φ(n))e−τ(n) (2)

which can be expanded to leading order in both ∇φ and
τ . Here X can be observed CMB temperature (T ), and
Stokes parameters (Q and U) for the CMB polarization,

while the unlensed and unscreened CMB field is X̃. In
the rest of the paper, we neglect the constant part e−τ0

and refer δτ to τ for simplicity.
Rather than working directly with the Stokes param-

eters Q and U , we will instead work in a basis that
is more traditional for CMB work, E and B modes.
These are related to the Stokes parameters as Q± iU =
−∑`m(E`m±iB`m)±2Y`m. Here ±2Y`m is a spin-2 spher-
ical harmonic function. In addition to primordial and
gravitational lensing B modes, CMB polarization fluc-
tuations can also be generated by screening effects and
Thomson scattering of the local temperature quadrupole.
Following [10–12], we focus on a reconstruction of spa-
tially varying optical depth with B modes of screening
effect and defer a comprehensive discussion of all possi-
ble B-mode sources in future work.

Symbolically, the bispectrum involving observed CMB
fields (X and Y defined in Eq. (2)) and a tracer map Ψ
can be split into two components as

〈XYΨ〉 ∝ C`(X,Y )CφΨ
`′ + C`(X,Y )CτΨ

`′ . (3)

We expand the CMB fields in Eq. (2) to first order in
both φ and τ , and substitute them in the bispectrum de-
fined in Eq. (1), which is further simplified by replacing
the correlated fields by power spectra and using proper-
ties of Wigner 3-j symbols. Specializing to polarization E
and B modes, we express the two component-separated
reduced bispectra as

b
(φ)
`1`2`3

(E,B,Ψ) = C̃EE`1 CφΨ
`3

[
`2 `3 `1
±2 0 ∓2

]
Π`1`2`3ξ`1`2`3 ,

(4)
and

b
(τ)
`1`2`3

(E,B,Ψ) = C̃EE`1 CτΨ
`3

[
`2 `3 `1
±2 0 ∓2

]
Π`1`2`3 . (5)

Here ξ`1`2`3 = [`1(`1 + 1) + `3(`3 + 1)− `2(`2 + 1)]/2 and

Π`1`2`3 =
√

(2`1 + 1)(2`2 + 1)(2`3 + 1)/(4π). For spin-2
fields, we also define a hybrid 3-j Wigner symbol as[

` L `′

±2 0 ∓2

]
=

1

2i

[(
` L `′

2 0 −2

)
−
(
` L `′

−2 0 2

)]
. (6)

From lengthy derivations, we find that the general bis-
pectrum estimators involving two arbitrary CMB modes
have very similar mathematical structures as Eqs. (4, 5).
For the flat-sky limit, similar results can be derived by
replacing (`imi) to a 2D vector l and replacing the 3-j
symbols to a real or imaginary part of e−i∆θ, where ∆θ
is the angle between vectors l1 and l2. Also, a non-zero

3-j Wigner symbol requires a triangle relation L = l1 +l2
is satisfied.

The lensing and screening bispectra in Eqs. (4, 5) are
sensitive to the power spectra of the CMB and the cross-
spectrum of the tracer field with either φ or τ . The CMB
related power spectra can be conveniently computed by
CAMB [14], and we use the halo model formalism [15] to
calculate all the theoretical auto- and cross-power spec-

tra among φ, τ and Ψ, forming six power spectra Cφφ` ,

Cττ` , CΨΨ
` , Cφτ` , CφΨ

` and CτΨ
` . For simplicity, we chose

the CAMB’s reionization model [16], and self-consistently
derived the reionization history according to the latest
Planck constraint τ = 0.058 ± 0.012 [17]. To leading
order, the EDFs are linearly proportional to density con-
trasts of both matter and ionizing fields. The statistical
properties of the ionizing field are determined by a bubble
model [18, 19] in which we assume that the bubble size
satisfies a simple logarithmic distribution and the char-
acteristic variance of the bubble size is set to unity. The
redshift-dependent bubble size is self-consistently solved
when the ionization fraction is given. In practice, us-
ing LSS tracers, we find that the signal is dominated by
density fluctuations rather than the patchy signal from
reionization. Also, it is assumed that helium is singly
ionized along with hydrogen while the double ionization
of helium is neglected. More detailed discussions of the
reionization model can be found in [20]. In this paper
we only focus on hydrogen reionization and the approach
discussed in this work can be easily applied to helium
reionization as well. Second reionization of helium pro-
vides a particularly interesting application of this formal-
ism, which we defer to future work.

A tracer map is required to construct the bispectra.
We assume a survey like Large Synoptic Survey Tele-
scope (LSST) [21] and adopt the redshift distribution
from Ref. [22] for the galaxy density contrast modeling.
In addition, the broad redshift distribution of the cosmic
infrared background (CIB) traces a substantial portion
of the large scale structure in the late universe so it is
also a sensitive tracer field Ψ. We use the Planck CIB
model [23] and calculate all the aforementioned angular
power spectra at 857 GHz (350 µm) as we do for the
galaxy surveys, assuming a full-sky CIB experiment with
negligible instrumental noise.

As well as the external tracers discussed above, a direct
map of φ from CMB lensing reconstruction can be chosen
as a tracer field Ψ but the signal-to-noise ratio per pixel is
not high enough to trace the EDF signal even with CMB-
Stage 4 (CMB-S4) [24] datasets. More importantly, the
lensing reconstruction of the observed CMB maps might
contain a small EDF signal [12], which can contaminate
the reconstruction of the τ -type bispectrum in Eq. (5),
so we use the external tracers – galaxy number count (g)
and the CIB (Θ).

We create CMB and tracer simulations to validate the
bispectrum algorithm. We perform the Cholesky decom-
position of the covariance matrix among φ, τ and Ψ to
generate correlated Gaussian simulations. We numeri-
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cally validate that the six power spectra calculated from
the correlated simulations can exactly recover the input
ones. The noise realizations are also generated for differ-
ent tracers and CMB polarization maps. The shot noise
component for the galaxy tracer field is generated from
Gaussian simulations with a flat power spectrum.

Using all the theoretical power spectra and full-sky
simulations, we first run Taylens [25] to make lensed
CMB polarization simulations and then perform X(n) =

X̃(n)e−τ(n) to encode a EDF field for each lensed real-
ization. Moreover, we create unlensed, lensed (φ-only),
τ -only and full CMB polarization simulations that con-
tain both φ and τ fields. From the φ- and τ -only simula-
tions, it is seen that the excess power generated by EDFs
is about three orders of magnitude smaller than that of
gravitational lensing, verifying that the signal of EDFs
can not be extracted at the power spectrum level and
estimators with higher order correlation functions, such
as the bispectrum, are required.

We construct likelihood functions for φ-induced and

τ -induced bispectra with parameters AφΨ
` and AτΨ

` , re-
spectively. The amplitude AcΨ` is the ratio between the
reconstructed and the input band-powers CcΨ` and c = φ
or τ . A solution corresponding to the maximum likeli-
hood can be expressed as[

f̂
(φ)
` b̂

f̂
(τ)
` b̂

]
=

[
f̂

(φ)
` b(φ) f̂

(φ)
` b(τ)

f̂
(τ)
` b(φ) f̂

(τ)
` b(τ)

] [
AφΨ
`

AτΨ
`

]
, (7)

which can be used to reconstruct both 〈φΨ〉 and 〈τΨ〉
power spectra simultaneously. No iteration for this es-
timator is required because it already reaches the maxi-
mum likelihood. Here we define an operator

f̂
(i)
` =

∑
`1`2

b
(i)
``1`2

CΨΨ
` CEE`1 CBB`2

(8)

which acts on a bispectrum. The bispectrum b̂ can be
calculated from either real or mock polarization data
with both φ and τ signals. The simulations are used

to derive the right-hand side which consists of b(φ)

and b(τ) that are constructed by 〈E`mB(φ)
`′m′Ψ`′′m′′〉 and

〈E`mB(τ)
`′m′Ψ`′′m′′〉, respectively. Here B(φ) and B(τ) are

CMB B modes generated from φ- and τ -only simulations.
Based on this method, we optimally decouple φ- and τ -
type bispectra, extracting the signal of EDFs while de-
lensing the CMB polarization data.

Ideally, one can subtract the lensing-induced bispec-
trum (Eq.(4)) and obtain the power spectrum from the
delensed bispectrum that is only generated by the EDFs.
We will show in the next sections that the lensing-induced
bispectrum is significantly larger than the τ -induced one,
so a tiny uncertainty on the lensing bispectrum would re-
sult in a significant contamination on the signal of EDFs.
This indicates that a nearly perfect delensing of the CMB
maps will be required. In principle, one can first delens
the CMB polarization data and then use the delensed one

to construct a bispectrum estimator which eliminates the
φ-type in Eq. (7) but the delensing efficiency is not equal
to 100% at all angular scales so such a two-step approach
still leaves some residual of the lensing signal in the CMB
polarization data. This can easily contaminate the much
fainter signal of EDFs which is about three orders of mag-
nitude weaker than CMB lensing in terms of CMB angu-
lar power. With the approach described by Eq. (7), we
do not need extra efforts to delens the data, but instead
extract both lensing and EDF signals simultaneously.

The summation in Eq. (8) would be very time-
consuming if `max is very large. We adopt an efficient

algorithm to compute the operator f̂`b which can be
mathematically factored into three weighted maps. We
first define filtered maps X, Y , and Z as

±2X
(c,i)(n) =

∑
`m

α
(c,i)
` E`m±2Y`m(n), (9)

∓2Y
(c,i)(n) =

∑
`m

β
(c,i)
` B`m∓2Y`m(n) (10)

and

0Z
(c,i)(n) =

∑
`m

γ
(c,i)
` Ψ`m 0Y`m(n). (11)

We can then efficiently compute the operator f̂`b as

f̂
(c)
` b(c)δ``′δmm′ =

∑
i

〈F−1[±2X
(c,i)(n)∓2Y

(c,i)(n)]`m

× Z
(c,i)
`′m′〉. (12)

In this equation, F−1 refers to spin-0 inverse spherical
harmonic transformation, c = φ or τ , i is the index listed
in Tables I and II. This efficient procedure can be applied
to all the terms in Eq. (7) and we use φ-only and τ -only

simulations to generate two types of bispectra b(c). All
the filtering functions α, β and γ are given in Tables I and
II for φ- and τ -type bispectrum estimators. The CMB
noise power spectra are included in the denominator of
the filters in the Tables, and NΨΨ

` denotes either the shot
noise of the galaxy survey or instrumental noise for the
CIB experiment.

From simulations we find that the temperature-related
bispectrum estimators for the next generation CMB ex-
periments and LSS surveys have much smaller signal-to-
noise ratios than polarization-related estimator so we do
not include the four pairs TTΨ, TEΨ, TBΨ and only
focus on EBΨ. We will discuss all the six estimators, as
well as the minimum variance estimator, in future work.

The full-sky formalism in this work can be applied to
sky patches with arbitrary sizes, including small patches
that are observed by several current ground-based experi-
ments. For small-sky patches, the full-sky formalism can
be approximated by a flat-sky version. In the flat-sky

limit, the reduced bispectra b
(c)
`1`2`3

in Eqs. (4, 5) should
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FIG. 1: Raw bispectra from CMB lensing and electron density fluctuations. The top and bottom panels correspond to raw
bispectra with galaxy and CIB tracers, respectively. (Left):φ-channel bispectrum components (first row of Eq. (7)); (Right):
τ -channel bispectrum components (seconds row of Eq. (7)). In the left panel, the red and green curves overlap with the black.
The dashed portions are negative. The simulations are done at HEALPix resolution Nside = 2048 and `max = 4096 with fsky
= 1, ∆P =

√
2µK-arcmin and θFWHM = 1′. In the left panel, φ-type bispectrum is about three orders of magnitude higher

than the τ -type, but in the right panel, the τ -type bispectrum is substantially amplified, giving rise to a detectable 〈τΨ〉 signal.

be replaced by b
(c)
l1l2l3

, where l1, l2, and l3 are now vec-
tors in a 2d Fourier space rather than spherical harmonic
multipole numbers. This can be factored into the CMB
power spectrum CXY|l| , the cross-power spectra CcΨ|l| , and

combinations like l1 · l2 cos ∆θl1l2 and il1 · l2 sin ∆θl1l2 .
Here li denotes a 2D vector in the Fourier domain and
∆θl1l2 is the angle between vectors l1 and l2. The sum-
mation of the operator in Eq. (8) is then replaced by∫
d2l1/(2π)2

∫
d2l2/(2π)2.

III. RESULTS

In Figure 1, we show different components of the EBΨ
bispectrum. The black lines and the simulated band pow-
ers in the left and right panels are the two terms on the
left-hand side of Eq. (7), i.e., the raw bispectra filtered
by the φ- and τ -type channels, respectively. The red and
light blue lines in each panel are φ- and τ -type bispec-
tra filtered by each channel, corresponding to each row

of the right-band side of Eq. (7). It is clearly seen that
the φ-type bispectrum is about three orders of magnitude
higher than the τ -type in the left panel (φ-channel), but
in the right panel, the τ -type bispectrum is substantially
amplified in the τ -channel and the φ-type bispectrum is
significantly suppressed. The sum of the φ- and τ -type
bispectra in each panel is equal to the raw bispectrum,
as the yellow lines show so the bispectrum estimators
in Eq. (7) are fully validated as unbiased. The recon-

structed band powers CφΨ
` and CτΨ

` are shown in Figure
2 for the two tracers – galaxy number count and CIB, and
no significant biases are seen at all the angular scales.

We forecast the detection significance for the 〈τΨ〉
power spectrum. For CMB-S4, we assume the polar-
ization noise ∆P =

√
2µK-arcmin, the full-width-half-

maximum (FWHM) θ = 1′, and the sky fraction is fsky =

0.5. The LSST galaxy survey will cover 18000 deg2, i.e.,
fsky = 0.44. We use the redshift distribution in Ref. [22]

and derive the mean galaxy number per arcmin2 which is
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FIG. 2: The reconstructed 〈φΨ〉 and 〈τΨ〉 cross-power spectra from 〈EBΨ〉 bispectrum estimator. The symbol X in the y-axis
denotes either φ or τ . (Left) reconstructed band-powers 〈φg〉 and 〈τg〉; (Right) reconstructed band-powers 〈φΘ〉 and 〈τΘ〉.
The simulations are done at HEALPix resolution Nside = 2048 and `max = 4096 with fsky = 1, ∆P =

√
2µK-arcmin and

θFWHM = 1′. A LSST-type galaxy survey and a full-sky CIB measured at 857 GHz are assumed.
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FIG. 3: Signal-to-noise ratios of 〈τΨ〉 with respect to instrumental noise ∆P (left) and `max (right). The horizontal gray dashed
line denotes a 3σ detection threshold.

n̄ = 67 arcmin−2. We simulate all maps with HEALPix
at Nside = 2048 and `max = 4096 and apply a 44% mask
to the simulations. The 〈EBg〉 and 〈EBΘ〉 can both
make ∼ 7σ and ∼ 8σ detection of the cross-power spec-
tra 〈τg〉 and 〈τΘ〉, respectively.

In Figure 3 (left), we investigate the relationship be-
tween instrumental noise in polarization data and the
overall the signal-to-noise ratio (SNR) of the 〈τΨ〉 cross-
power spectrum. We use the experimental specifications
of CMB-S4, AdvACT [26], SPT-3G [27] and Simons-
Array (SA) Wide [28] to forecast the detection signifi-
cance at Nside = 2048, `max = 4096 and 1′ beam. All the
SNRs are given in Table III. We find that a 3σ detection

TABLE I: The φ-type bispectrum b(φ)(E,B,Ψ). The noise
terms of CMB polarization and tracer are included in the
power spectra in the denominators.

i α
(φ,i)
` β

(φ,i)
` γ

(φ,i)
`

0
`(`+1)C̃EE`

2C`

1
C`

C
φΨ
`

CΨΨ
`

+NΨΨ
`

1
C̃EE`
C`

- `(`+1)
2C`

C
φΨ
`

CΨΨ
`

+NΨΨ
`

2
C̃EE`
C`

1
C`

`(`+1)C
φΨ
`

2(CΨΨ
`

+NΨΨ
`

)

can be achieved when ∆P < 4µK-arcmin. In the right
panel of Figure 3, we study the relationship between `max
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TABLE II: The τ -type bispectrum b(τ)(E,B,Ψ). The noise
terms of CMB polarization and tracer are included in the
power spectra in the denominators.

i α
(τ,i)
` β

(τ,i)
` γ

(τ,i)
`

0
C̃EE`
C`

1
C`

CτΨ
`

CΨΨ
`

+NΨΨ
`

TABLE III: The experimental specifications

CMB-S4 AdvACT SPT-3G SA (wide)

fsky 0.5 0.5 0.06 0.4

∆P [µK-arcmin]
√

2 10 2.5 5.5

θFWHM [′] 1 1.4 1.2 3.5

SNR (GAL) 7σ 0.5σ 1.3σ 1.0σ

SNR (CIB) 8σ 0.6σ 1.7σ 1.6σ

and the SNR which can be further increased when more
modes are used for both tracers. Moreover, we use nu-
merical simulations to check the fsky impact on the 〈τΨ〉
detection significance which is found to be proportional

to f
1/2
sky .

Electron density fluctuations can arise from both bary-
onic matter fluctuations and fluctuations in the ioniza-
tion fraction. Using LSS tracers that do not substan-
tially overlap with the epoch of reionization, the matter-
induced fluctuations are the dominant contribution to
EDFs in the cross-correlations that we have explored in
this paper. Despite this, there is a great possibility of ob-
taining a high redshift tracer in the future, so the recon-
structed 〈τΨ〉 power spectrum could contain a significant
contribution from patchy reionization.

The signal-to-noise ratio of the bispectrum is generally
lower than the trispectrum but for the latter, there are
complicated biases for the τ -related signal that are very
hard to deal with. Moreover, the signal-to-noise ratios
of the trispectrum would be greatly reduced once those
biases are taken into account. With the bispectrum for-
malism presented in this work, we can get an unbiased
τ signal that is sufficiently sensitive to detect the EDFs.

Furthermore, a broad range of tracers can be used to en-
hance the detectability of the signatures of the EDFs in
the secondary CMB fluctuations. In this work, we have
shown that successful reconstructions of 〈τΨ〉 from both
galaxy and CIB tracers can be achieved.

IV. CONCLUSION

In this paper we establish a bispectrum formalism
to reconstruct the secondary signatures generated by
EDFs. The unbiased cross correlations between EDFs
and LSS tracers can be detected from next generation
CMB experiments and LSS surveys. We further study
the detection significance of the EDFs from a few future
CMB experiments in conjunction with tracers of large
scale structure. Using as examples a galaxy survey from
LSST and maps of the CIB, we find that a 3σ detection
can be achieved for high-resolution CMB polarization
measurements with noise levels ∆P < 4µK-arcmin.
Furthermore, this method can be even extended to
incorporate multiple tracers with redshift information so
the detectability of the EDF signal will be dramatically
improved, making the cross correlation 〈τΨ〉 a new
probe of cosmology and astrophysics.
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