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We propose a new method to measure the tensor-to-scalar ratio r using the circular polarization
of the 21 cm radiation from the pre-reionization epoch. Our method relies on the splitting of the
F = 1 hyperfine level of neutral hydrogen due to the quadrupole moment of the CMB. We show that
unlike the Zeeman effect, where MF = ±1 have opposite energy shifts, the CMB quadrupole shifts
MF = ±1 together relative to MF = 0. This splitting leads to a small circular polarization of the
emitted 21 cm radiation. In this paper (Paper I in a series on this effect), we present calculations on
the microphysics behind this effect, accounting for all processes that affect the hyperfine transition.
We conclude with an analytic formula for the circular polarization from the Dark Ages as a function
of pre-reionization parameters and the value of the remote quadrupole of the CMB. We also calculate
the splitting of the F = 1 hyperfine level due to other anisotropic radiation sources and show that
they are not dominant. In a companion paper (Paper II) we make forecasts for measuring the
tensor-to-scalar ratio r using future radio arrays.

PACS numbers: 98.70.Vc, 98.62.Ra, 98.80.Bp

I. INTRODUCTION

One of the major programs in modern cosmology is
the search for primordial gravitational waves from infla-
tion. Inflation is the leading paradigm for the solution to
the horizon and flatness problems, and for the origin of
large-scale structure, which is ascribed to quantum per-
turbations in the early Universe [1–3]. In addition to
scalar (or density) perturbations, inflation also predicts
a spectrum of tensor (or gravitational wave) perturba-
tions, whose amplitude is directly related to the Hubble
rate during inflation. A confirmed detection of the ten-
sor perturbations would be a major victory for inflation,
and characterization of the background would open a new
window into the earliest fraction of a second of cosmic
history.

At present, the most advanced probe of the primor-
dial tensor perturbations is the polarization of the cos-
mic microwave background (CMB) [4–7]: the quadrupole
anisotropy in the CMB induced by the shear strain of the
gravitational wave is transformed via Thomson scatter-
ing into a polarization signal. In the late 1990s, it was
found that one type of polarization mode in the CMB
– the B-mode – is not sourced at linear order by scalar
perturbations and is thus a potentially clean probe of the
tensors [8, 9]. The B-mode polarization is expected to
show two peaks due to the two visible epochs with free
electrons available: a “recombination” peak at angular
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scales of a few degrees, and a “reionization” peak at an-
gular scales of several tens of degrees.

In 2014, the BICEP2 experiment reported a detec-
tion of degree-scale B-mode polarization consistent with
a tensor-to-scalar ratio of r ≈ 0.2 [10]. However, joint
analyses of the BICEP2 and Planck data revealed that
the observed B-mode polarization could be attributed to
Galactic dust [11–14]. The present upper bound on r
from combinations of multi-frequency CMB polarization
data with more model-dependent constraints is r < 0.07
(95% CL) [15].

While the near term agenda for primordial gravita-
tional wave studies focuses on the B-mode polarization
produced by linear theory, there remains a great deal of
interest in other potential methods to probe primordial
gravitational waves, both to confirm this interpretation
of a detected polarization signal (as opposed to other ex-
otica that can produce B-modes [16]) and to measure its
spectral properties such as the tensor spectral index nt.
Several proposals are based on conventional CMB and
large-scale structure observables. One is to use higher-
order correlation functions of the galaxy and arcminute-
scale CMB polarization fields [17]. Another is to use the
tidal alignment of galaxies observed in weak lensing sur-
veys [18–20] (the detection of the weak lensing shear B-
mode in next-generation galaxy surveys seems unpromis-
ing [21]). Yet another idea is to use the frequency depen-
dence of Rayleigh scattering immediately after hydrogen
recombination to obtain an additional set ofB-mode mul-
tipoles [22]. In the longer term, the community has re-
alized that other observables have the potential to either
probe much smaller values of r and/or extend the range
of wave numbers k, if the daunting technical challenges
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can be addressed. At the high-k end of the spectrum,
direct detection of inflationary gravitational waves with
a network of laser interferometers may be possible [23–
25]. At the cosmic scale, the ultimate probe of large scale
structure (in terms of the number of modes available) is
provided by the redshifted 21 cm line of hydrogen [26].
A very futuristic cosmic variance-limited 21 cm experi-
ment sensitive to gravitational waves down to r ∼ 10−9

via gravitational lensing and intrinsic alignment effects
on the local power spectrum [27, 28].

In a series of earlier papers [29, 30] we considered the
effect of primordial magnetic fields on the statistics of 21
cm radiation, which arises due to the Zeeman splitting
of the F = 1 hyperfine excited level of hydrogen. (We
use the conventional quantum number F for the total
angular momentum of the atom, including electron and
nuclear spins.) We showed that this splitting changes
the angular distribution of emitted radiation from atoms
that were excited by an anisotropic radiation field, and
hence leads to a characteristic correction to the observed
brightness temperature at 21(1 + z) cm at second order
in the optical depth τ . During the course of our investi-
gations, we learned that the CMB anisotropy also leads
to a splitting of the F = 1 level, but that the splitting
has different symmetry properties (in the Zeeman effect
the MF = ±1 levels have opposite energy shifts, whereas
the CMB quadrupole shifts MF = ±1 together relative
to MF = 0). This leads to a qualitatively different out-
come: whereas the Zeeman effect on the 21 cm line leads
to an anisotropic temperature power spectrum, the CMB
anisotropy results in a small circular polarization in the
21 cm line. This circular polarization is in principle ob-
servable to us today since (unlike linear polarization) it is
not scrambled by Faraday rotation during its propagation
through the Milky Way (and possibly the intergalactic
medium). The purpose of this paper (“Paper I” in this
series) is to report on the calculation of the microphysics
of this effect. In a companion paper (“Paper II”) we as-
sess the detectability of primordial gravitational waves
through this novel channel and discuss the foreground
challenges.

This paper is organized as follows: we outline the for-
malism used for our calculation in Sec. II. We compute
the relative change in the hyperfine energy levels due to
an anisotropic photon bath in Sec. III. The key calcula-
tion of this paper is contained in Sec. IV, in which we
compute the orientation of the hydrogen spins due to
the precession associated with the energy splitting, and
provide a semi-classical explanation of the effect. We cal-
culate the effect of the remote CMB quadrupole on 21 cm
polarization in Sec. V, and we summarize our results in
Sec. VI.

II. BACKGROUND AND FORMALISM

The signal described in this paper has three major in-
gredients. First, the hydrogen atom spins are aligned

by short-wavelength density perturbations due to the fi-
nite optical depth in the 21 cm line. Second, the spins
precess in the background CMB quadrupole (which is
nearly constant over scales much larger than the density
perturbations). Finally, the decay of the spin-polarized
upper state of the hydrogen atoms produces polarized
21 cm radiation. This section summarizes the formalism
of Venumadhav et al. [29] (hereafter V17) for describing
these processes.

A. Atomic spin polarization

The distribution of the hydrogen atoms among the 4
hyperfine states |FMF 〉 is described by a quantum me-
chanical density matrix, as described in V17. Averaged
over timescales longer than 2π/ωhf ∼ 0.7 ns, the corre-
lation between the |a〉 = |00〉 state and the three F = 1
states becomes zero. However, we must fully describe
the 3× 3 sub-block ρMFM ′

F
corresponding to the degen-

erate F = 1 states; for this purpose, we use the spherical
components

Pjm =
√

3(2j + 1)
∑
m1m2

(−1)1−m2

×
(

1 j 1
−m2 m m1

)
ρm1m2

, (1)

defined for j = 0, 1, 2 and −j ≤ m ≤ j. There are 9 inde-
pendent real numbers here since Pj,−m = (−1)mP∗

jm.
The probability of being in the F = 1 state is the trace of
the F = 1 sub-block, which is equal to P00, and the prob-
ability of being in the |00〉 state is given by ρaa = 1−P00.
Note that the density matrix transforms like the expecta-
tion value of a spherical operator, not a state: for exam-
ple, under a right-handed active rotation of the system
by angle α around the z-axis, Pjm acquires a factor of
eimα, not e−imα.

The orientation and alignment of the hydrogen atom
spins is described by the j = 1 and j = 2 components of
Pjm, respectively. In particular, we note that the mean
spin of a hydrogen atom is

〈F 〉 =
~√
3

[
−2(<P11 êx + =P11 êy) +

√
2P10 êz

]
,

(2)
where the symbols < and = denote the real and imag-
inary parts, respectively. The alignment or quadrupole
moment of the distribution of spins is

〈F〈µFν〉〉 =
~2

√
3

×


−
√

1
6P20 + <P22 =P22 −<P21

=P22 −
√

1
6P20 −<P22 −=P21

−<P21 −=P21

√
2
3P20

 ,

(3)
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where the 〈〉 brackets in the subscript denote the
traceless-symmetric part.

B. Alignment by density perturbations

In a homogeneous and isotropic Universe, the hydro-
gen atom spins in the pre-reionization gas would point in
random directions on average, i.e. Pjm = 0 for j 6= 0. A
density perturbation in the pre-reionization cosmic gas,
however, results in a local velocity gradient, ∂ivj , that
has a traceless-symmetric part. This means that the
optical depth of the 21 cm line is less than the cosmic
mean optical depth for photons traveling in the “com-
pressing” direction, and is greater for photons traveling
in the “stretching” direction. Thus, the 21 cm radiation
field incident on the hydrogen atoms is anisotropic; due
to the transverse nature of electromagnetic waves, there
is an associated anisotropy in the local magnetic field
that is responsible for exciting the atoms to the F = 1
level. The hydrogen atoms thus develop a spin polariza-
tion, with j = 2 symmetry (P2m 6= 0) since it is sourced
by a j = 2 perturbation to the velocity gradient.

The alignment so produced for a single Fourier mode
has been calculated in Eq. (96) of V17:

P2m(k) =
1

20
√

2

T?
Tγ

(
1− Tγ

Ts

)
τ

1 + xα,(2) + xc,(2)

×f δ(k)

√
4π

5
Y2m(k̂), (4)

where k is the Fourier wave vector; δ is the matter den-
sity perturbation; f is the rate of growth of structure,
and is ≈ 1 in the matter-dominated era; Y2m is a spheri-
cal harmonic; τ is the cosmic mean optical depth in the
21 cm line; T? = 68 mK is the hydrogen hyperfine split-
ting in temperature units; Tγ = 2.725(1 + z) K is the
CMB temperature; xα,(2) and xc,(2) are coefficients de-
scribing the rate of de-alignment of polarized hydrogen
atoms (these are dimensionless because they are defined
relative to the rate of stimulated emission via the CMB);
and we have dropped the term involving primordial mag-
netic fields (assumed negligible in this paper). Note that
the alignment is proportional to the 21 cm optical depth,
and would vanish in the case of Ts = Tγ . Furthermore,
the alignment is in the direction of k, as must be true for
a linear scalar perturbation.

The net spin orientation of j = 1 symmetry (P1m or
〈F 〉) must be zero for linear scalar perturbations because
it transforms as an axial vector. Even going beyond linear
perturbation theory, 21 cm absorption and emission can
only source P1m if there is incident circularly polarized
radiation (see Eqs. 34, 37, and B12b of Ref. [29]). Thus
we conclude that if only the conventional mechanisms are
included, then P1m = 0.

C. Precession in an anisotropic background

Hydrogen atoms that are aligned (in the j = 2 or
“headless-vector” sense) emit linearly but not circularly
polarized radiation. As we will see in Sec. II D, we need
P1m 6= 0 to produce circular polarization.

If the hydrogen atoms are subjected to an anisotropic
perturbation that lifts the degeneracy of the three F = 1
states, then they will precess and ρMFM ′

F
will change.

Even a very weak perturbation will suffice: an F = 1
hydrogen atom has a lifetime of td ∼ T?/(ATγ) ∼ 10 kyr
(where A is the Einstein coefficient), and so order-unity
precession angles could be realized if the energy levels
shift by ∼ ~/10 kyr. This was the key idea behind the
search for ultra-weak magnetic fields with cosmological
21 cm radiation [29].

Quantum mechanically, precession of a spin-F system
is described by a Hermitian perturbation Hamiltonian
∆EMFM ′

F
where MF ,M

′
F ∈ {−F... + F}. The pre-

cession causes the density matrix evolves according to
ρ̇|prec = i[ρ,∆E ]. Like the density matrix, the perturba-
tion Hamiltonian has spherical components that trans-
form as j = 0, 1, ...2F (in our case: j = 0, 1, and 2).
The monopole (j = 0) part of the perturbation Hamilto-
nian corresponds to an overall shift of the energy levels
and causes no precession. The dipole (j = 1) part of
the perturbation Hamiltonian would be sourced by an
external magnetic field (the Zeeman effect). It results in
solid-body rotation of the atomic density matrix, but this
does not convert an alignment P2m into an orientation
P1m.

The main effect of interest in this paper is that the
CMB anisotropy can source the quadrupole (j = 2) part
of the perturbation Hamiltonian. External perturbations
with j ≥ 2 lead to more complicated evolution of the
atomic density matrix since the precession is not a solid-
body rotation: in particular, they can inter-convert align-
ment P2m and orientation P1m. This means that in the
presence of a CMB quadrupole, the density perturba-
tions can align the hydrogen spins by radiative transfer
effects, and then precession can lead to a net spin orienta-
tion 〈F 〉 6= 0. Section IV provides a detailed calculation
of this effect.

D. Emission of circularly polarized radiation

When a hydrogen atom decays from F = 1 to F =
0, its angular momentum is transferred to the emitted
21 cm photon. Therefore, if an observer views the gas
along the z-direction, the observer will see a net circular
polarization proportional to Fz or P10.

Following the formalism of Ref. [29], we describe cir-
cular polarization in terms of the multipole moments of
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the photon phase space density:

f++(r, ω, n̂)− f−−(r, ω, n̂)

2

=

∞∑
j=0

j∑
m=−j

√
4π

2j + 1
fV,jm(r, ω)Y ∗jm(n̂), (5)

where f++ and f−− are the phase space densities for
right- and left-circularly polarized radiation at angular
frequency ω, direction n̂, and position r. Since there is
a rapid change in the solution at the 21 cm line itself,
the independent variable ω is usually replaced by the
cumulative line profile X =

∫
φ(ω) dω, where φ(ω) is the

line profile (e.g. a Gaussian for a thermally broadened
line); we have X = 0 on the red side of the line and
X = 1 on the blue side. The radiative transfer equation
is solved with the boundary condition of pure CMB (i.e.
no circular polarization) at X = 1, in much the same way
as the original Sobolev line transfer problem [31]. The
properties of the emitted radiation are extracted at X =
0, and then transformed into observable quantities by
assuming free-streaming (phase space density conserved
along a geodesic).

We will show in Sec. V B that in the limit of τ � 1,
the circular polarization on the red side of the line is

fV,1m(X = 0) =

√
8

3

TγTs
T 2
?

τP1m. (6)

All aspects of this equation except for the numerical
pre-factor could be anticipated based on simple physical
arguments. It is proportional to the net spin 〈F 〉 of
the hydrogen atoms and the optical depth τ , and has a
dipolar form (if the radiation is right circularly polarized
as seen from one direction, it is left circularly polarized
as seen from the opposite direction). The factor of Tγ/T?
is the stimulated emission factor. Finally, the factor of
Ts/T? is the Rayleigh-Jeans phase space density that
one would expect for an optically thick line.

III. MAGNETIC DIPOLE SPLITTING

In this section, we will compute the perturbations to
the sublevels of the F = 1 level for neutral hydrogen
atoms (in their ground electronic state) immersed in a
possibly anisotropic CMB.

There is a history of finite-temperature calculations of
the shifts of energy levels of atoms. Much of this work fo-
cused on the second order electric dipole induced shift in
the ground and excited states [32–36], and recently finite-
temperature quantum electrodynamics has been applied
[37]. There has also been work on the effect of exter-
nal fields (both static and dynamic) on the hyperfine
splitting [38–41]. The energy shift caused by blackbody
radiation has even been measured experimentally in al-
kali atom Rydberg states [42] and in the 133Cs hyperfine

transition [43, 44]. None of these calculations provides
the quantity we need, which is the relative change in
the sub level energies (e.g. EMF =1 − EMF =0) due to an
anisotropic external blackbody. That calculation is the
subject of this section. While the discussion here is self-
contained, it draws heavily on the methodology of the
aforementioned references.

A. Setup

According to second-order perturbation theory, an in-
teraction leads to a change in the Hamiltonian matrix
element between two otherwise degenerate states:

∆Eji =

〈
〈j|Hint|i〉+

∑
n,Γ

〈j|Hint|n,Γ〉〈n,Γ|Hint|i〉
Ej − En,Γ

〉
rad

,

(7)
where Hint is the Hamiltonian of the interaction, |n〉 de-
notes an intermediate state of the hydrogen atom, Γ de-
notes a state of the radiation field, and En,Γ is the en-
ergy of |n〉 plus the additional energy due to all photons
present or absent in the intermediate state |Γ〉 relative
to the initial radiation state. The expectation value is
taken over statistical realizations of the radiation field.

Before we evaluate Eq. (7), some simple comments are
in order. We will consider here both the electric dipole
and magnetic dipole interactions here, as it is not a priori
obvious which dominates. In both cases, the interaction
Hamiltonian can be written schematically in the form:

Hint =
∑
mnA

CmnA|m〉〈n|aA + h.c., (8)

where aA is a photon annihilation operator in mode A
(we have not chosen the planar or spherical basis yet)
and CmnA is a set of coefficients. Since averaged over a
wave period the annihilation operator has zero expecta-
tion value, the expectation value of the first-order term
in Eq. (7) vanishes and we are left with the second-order
term. Conceptually, this is because the mean of the elec-
tric or magnetic field of the radiation vanishes at the
position of the atom. The second-order term in Eq. (7)
with the schematic form of Eq. (8) gives

∆Eji = ∆Eji(vac) +
∑
n,AB

〈a†BaA〉

×
(

CjnAC
∗
inB

Ej − En − ~ω
+

C∗njBCniA

Ej − En + ~ω

)
, (9)

where ω = ωA = ωB is the frequency of the back-
ground photon, ∆Eji(vac) is the energy shift in vacuum
(the Lamb shift) and the radiation operators have been
normal-ordered. The vacuum shift does not affect the de-
generacy of the MF sub levels since it respects isotropy,
and in any case is already included in the measured hy-
perfine frequency.

Since all of the states for which we are computing en-
ergy shifts have positive parity, the remaining two terms
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in Eq. (9) can be broken down into two pieces: a mag-
netic dipole shift (where both Hints are magnetic dipole
operations) and an electric dipole shift (where both are
electric dipoles); cross-terms must vanish by parity. The
magnetic dipole interaction is weaker, but has a smaller
energy denominator for illumination by CMB photons;
thus we do not know without a calculation which con-
tribution dominates. The magnetic dipole term is calcu-
lated in the main text, where it is shown that it domi-
nates. The electric dipole term is calculated in Appendix
A.

B. Computation of the magnetic dipole interaction

We first consider the case of a magnetic dipole, where
the interaction of the atom with incident radiation is de-
scribed by a magnetic-type transition dipole moment µ
and an interaction Hamiltonian Hint = µ ·B. For inci-
dent radiation at frequency ω,

∆Em.d.
ji =

∑
nµν

〈:Brad(−)
µ Brad(+)

ν :〉

×
[

(µµ)ni(µν)jn
Ej − En − ~ω

+
(µν)ni(µµ)jn
Ej − En + ~ω

]
, (10)

where Brad
µ is the µ-component of the magnetic field asso-

ciated with the radiation and the subscripts µ and ν are
summed over the 3 coordinate axes. Pairs of Roman sub-
scripts on the right-hand side are shorthand for matrix
elements of the dipole moment between atomic states.
The (±) superscripts denote the positive and negative-
frequency components, and :: is a reminder of normal
ordering (which is already satisfied in this case).

The magnetic dipole operator from the 1s1/2(F = 1)
level connects only to the 1s1/2(F = 0) and 1s1/2(F = 1)
levels, with the electron magnetic moment dominating.
As in V17, we use a lowercase roman “a” to denote the
1s1/2(F = 0) level, and the appropriate magnetic quan-
tum number to denote sublevels of the 1s1/2(F = 1) level.
The relevant matrix elements of the transition dipole mo-
ment are

(µν)am =
geµB
~
〈a|Se,ν |1m〉 =

geµB
2

e(m),ν , (11)

where µB is the Bohr magneton and ge ≈ 2 is the electron
g-factor, and we used the notation for the helicity basis
vectors

e(0) = ez and e(±1) = ∓ 1√
2

(ex ± iey). (12)

We find for the F = 1 level that

∆Em.d.
mm′ =

µ2
B

~
∑
µν

〈:Brad(−)
µ Brad(+)

ν :〉

×
[
− ωhf
ω2 − ω2

hf

(e(m′)νe
∗
(m)µ + e(m′)µe

∗
(m)ν)

+(µν antisym.)
]
, (13)

where “µν antisym.” denotes terms antisymmetric in µ
and ν that will not be needed. Taylor-expanding to first
order in Ej−En (valid since CMB photon frequencies are
much greater than ωhf ), we can write

∆Em.d.
mm′ =

µ2
B

~ω
∑
µν

〈:Brad(−)
µ Brad(+)

ν :〉

×
[
−ωhf

ω
(e(m′)νe

∗
(m)µ + e(m′)µe

∗
(m)ν)

+(µν antisym.)
]
. (14)

The magnetic field power spectrum 〈: Brad(−)
µ B

rad(+)
ν :

〉 is µν symmetric if the CMB has only intensity and
linear polarization (with negligible circular polarization).
Therefore we drop the “µν antisym.” term. The angular
anisotropy (including the quadrupole ` = 2, but not the
dipole ` = 1 due to parity considerations) can contribute
to the surviving term. The isotropic CMB background
can contribute as well, but it shifts all three MF values by
the same amount and so does not contribute to splitting.

We can now estimate the magnetic dipole energy shift
caused by the CMB. For a blackbody at temperature
Tγ , the radiative part of the magnetic field has a mean
squared value 〈: Brad 2 :〉 = 4πaradT

4
γ , where arad is the

radiation energy density constant. Using that half of the
energy density is at positive frequency and half at nega-
tive, and that the mean square magnetic field is equally
distributed on the 3 coordinate axes, we find

〈:Brad(−)
µ Brad(+)

ν :〉 =
2

3
πaradT

4
γ δµν . (15)

The mean value of ω−2 over the spectrum, weighted by
energy density, is 〈ω−2〉 = (5/2π2)(kBTγ/~)−2. Thus the
CMB-induced energy shift is

∆Em.d.
mm′ = −µ

2
B

~
5ωhf

2π2(kBTγ/~)2

2πaradT
4
γ

3
(2δmm′)

= −1.2× 10−9 s−1

(
Tγ

60 K

)2

~δmm′ . (16)

The energy splitting between different values of m
arises from the quadrupole anisotropy in the CMB that
causes the tensor 〈:Brad 2 :〉 to have a symmetric-traceless
component. Let us consider a quadrupole anisotropy of
the form T (n) = Tγ [1 + a20Y20(n)]. Then by symmetry
around the z-axis, the magnetic fields on the x, y, and z
axes are still uncorrelated, but the z magnetic dipole sees
a mean temperature of Tγ [1−(20π)−1/2a20] and the x and

y dipoles see a mean temperature of Tγ [1+(80π)−1/2a20].
This difference in temperatures leads to a difference in
the energy given by

∆Em.d.
11 −∆Em.d.

10

~
=−
√

5

π3

µ2
BωhfaradT

2
γ

k2
B

a20

=−4.4× 10−10 s−1

(
Tγ

60 K

)2

a20. (17)
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For typical CMB quadrupole anisotropies of order 2 ×
10−5, and temperatures of order 60 K (z ∼ 20), the en-
ergy splitting and hence the precession rate is of order
10−14 s−1.

C. Generalization to arbitrary CMB anisotropy

The calculation above is valid strictly only for the a20

quadrupole moment of the CMB. However, it is easily
generalized to other components. First, we recall that the

tensor 〈:Brad(−)
µ B

rad(+)
ν :〉 has spin-0, 1, and 2 parts, all of

positive parity, and that symmetry requires that they can
be contributed only by the CMB monopole (mean tem-
perature), the circular polarization dipole (` = 1), and
the quadrupole anisotropy (` = 2 T or E-mode polariza-
tion) respectively. Neglecting the E-mode polarization in
comparison to the much larger temperature quadrupole,
we conclude that the energy shift matrix element due to
the CMB anisotropies, ∆Em.d.

mm′ , has the property

∆Em.d.
m,m′ ∝

∑
m′′

(−1)m
(

1 2 1
−m m′′ m′

)
a2,m′′ (18)

on account of the Wigner-Eckart theorem. Defining the
combination of constants

Kmag ≡
√

50

3π3

µ2
BωhfaradT

2
γ,0

k2
B

= 1.65× 10−12 s−1, (19)

we may use Eq. (17) to find the constant of proportion-
ality in Eq. (18):

∆Em.d.
m,m′ = ~Kmag(1 + z)2

×
∑
m′′

(−1)m
(

1 2 1
−m m′′ m′

)
a2,m′′ . (20)

IV. EFFECT ON ATOMIC DENSITY MATRIX

The main result of the previous section is Eq. (20),
which is the perturbation to the sublevels of the F = 1
level of neutral hydrogen atoms due to a quadrupolar
CMB anisotropy. In this section, we will derive the effect
of this perturbation on the density matrix of the hydro-
gen atoms.

A. Computation of the change in density matrix

The relevant part of the atomic density matrix evolves
in accordance with the energy shift ∆Em,m′ just as it does
with any other energy shift:

ρ̇shift
mm′ = i[ρ,∆E ]mm′ = iρmm1

∆Em1m′ − i∆Emm1
ρm1m′ .

(21)
Using Eq. (20), we can determine the evolution of the
spherical components of the density matrix,

Ṗjm =
√

3(2j + 1)
∑
m1,m2

(−1)1−m2

(
1 j 1
−m2 m m1

)
ρ̇m1,m2

= i
√

3(2j + 1)Kmag(1 + z)2
∑

m′′,m3,m1,m2

(−1)−m2+m1

(
1 j 1
−m2 m m1

)(
1 2 1
−m1 m′′ m3

)
a2,m′′ρm3,m2

+ h.c.

= i
√

2j + 1Kmag(1 + z)2
∑

m′′m3j′m′m1m2

(−1)−1+m1

(
1 j 1
−m2 m m1

)(
1 2 1
−m1 m′′ m3

)
a2,m′′

×
√

2j′ + 1

(
1 j′ 1
−m2 m′ m3

)
Pj′m′ + h.c.

= i
√

2j + 1Kmag(1 + z)2
∑

j′m′m′′

(−1)1+j+j′+m′√
2j′ + 1

{
j 2 j′

1 1 1

}(
j 2 j′

m m′′ −m′
)
a2,m′′Pj′m′ + h.c.

= i
√

2j + 1Kmag(1 + z)2
∑

j′m′m′′

(−1)1+j+j′+m′√
2j′ + 1

{
j 2 j′

1 1 1

}[(
j 2 j′

m m′′ −m′
)
a2,m′′Pj′m′

−(−1)m
(

j 2 j′

−m m′′ −m′
)
a∗2,−m′′P∗

j′,−m′

]
= 2i

√
2j + 1Kmag(1 + z)2

∑
j′m′m′′, j+j′ odd

√
2j′ + 1

{
j 2 j′

1 1 1

}
(−1)m

′
(
j 2 j′

m m′′ −m′
)
a2,m′′Pj′m′ . (22)

[Here “h.c.” denotes the addition of the same term but
with the replacement m → −m, a complex conjugate,

and a factor of (−1)m. In the last steps this term is
evaluated, leading ultimately to a cancellation if j + j′
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is even and a factor of 2 if j + j′ is odd. The unusual
factor of (−1)m

′
rather than (−1)m is the result of the

complex conjugation conventions: spherical tensor oper-
ators such as Pjm are defined to pick up a factor of eimα

under active right-handed rotation by α around the +z
axis, whereas the CMB multipole moments a2m are de-
fined like coefficients of quantum states to have a factor
of e−imα.] Due to the j + j′ = odd rule and the trian-
gle inequality, only the terms with (j, j′) = (1, 2) or (2, 1)
contribute, and the 6j-symbols for these parameters eval-
uate to −1/

√
20. Thus we find that

Ṗ00 = 0, (23a)

Ṗ1m = −
√

3 iKmag(1 + z)2
∑
m′m′′

(
1 2 2
m m′′ −m′

)
× (−1)m

′
a2,m′′P2m′ , and (23b)

Ṗ2m = −
√

3 iKmag(1 + z)2
∑
m′m′′

(
2 2 1
m m′′ −m′

)
× (−1)m

′
a2,m′′P1m′ . (23c)

[Since the precession does not move atoms into or out of

the F = 1 level, we already knew that Ṗ00 = 0. However
the terms describing orientation and alignment required
a detailed calculation.]

The key result of this section is Eq. (23b). This
equation demonstrates that in the presence of a CMB
quadrupole anisotropy (a2,m′′) and atoms aligned by an
anisotropic local velocity gradient (P2,m′), a net mag-
netic moment of the atoms will develop (P1,m). This is a
new feature that is not caused by a background magnetic
field (static Zeeman effect) due to its different symmetry.
As we will see later, the net magnetic moment manifests
itself observationally by producing circularly polarized 21
cm radiation.

B. Semiclassical explanation of the effect

While Eq. (23) was derived via a fully quantum me-
chanical calculation, it is instructive to have a semiclassi-
cal explanation of the magnetic dipole effect. In classical
language, the aforementioned calculation argues that a
high-frequency oscillating magnetic field (say, on the z-
axis) can interact with atoms whose magnetic moments
have no net orientation (〈F 〉 = 0) but have a quadrupole
alignment (say, 〈FxFz〉 > 0), and endow them with a
net orientation (in this case, 〈Fy〉 > 0). There are some
uniquely quantum aspects to this effect, but it turns out
that the basic phenomenon exists in classical mechanics.

Let us consider a simple classical model consisting of
an electron of spin Se and magnetic moment µe, and
a proton of spin Sp and magnetic moment µp. We as-
sume that the electron explores a cloud around the pro-
ton with probability distribution given by the 1s orbital,
and henceforth ignore the electron’s positional degrees

of freedom. We then impose an external magnetic field
B(t) with zero mean value.

Let us first neglect the spin of the proton, i.e., assume
the electron is isolated. In this case, the electron spin
evolves due to the torque exerted by the external mag-
netic field, i.e.,

Ṡe = µe ×B(t)

= − gee

2mec
Se ×B(t). (24)

Now let us suppose that the oscillating magnetic field
has the form B0 cos(ωt) (we will take B0 to be in the z-
direction, i.e., toward the North Pole in the descriptions
in the text). It is possible to solve Eq. (24) exactly, but
for our purposes, it is sufficient to treat the effect of the
magnetic field perturbatively (in powers of the amplitude
B0) around a background state with the electron spin

fixed in direction along S
(0)
e . In this case, the first order

piece S
(1)
e satisfies

Ṡ(1)
e = − gee

2mec
S(0)
e ×B0 cos(ωt). (25)

Integrating, we find

S(1)
e = − gee

2mecω
S(0)
e ×B0 sin(ωt). (26)

We can recognize this as the standard precession of the
direction of electron spin, except that the direction of
precession alternates due to the oscillatory nature of the
field: it is a quarter-cycle out of phase with the driving

field, as expected, and is in the usual S
(0)
e ×B0 direction

of magnetic torque. This is illustrated in Fig. 1a: when
B0 is on the z-axis, the trajectory explores the “east-
west” direction relative to the unperturbed spin vector.

Next, we include the spin of the proton. The torque
on the electron now takes the form

Ṡe = µe ×B(t)− ωhf
~
Se × Sp

= − gee

2mec
Se ×B(t)− ωhf

~
Se × Sp, (27)

where the precession frequency of the electron spin
around the proton is identified as the hyperfine splitting
frequency. (The prefactor shown is quantum mechani-
cally correct, since it corresponds to an interaction en-
ergy of ωhfSe ·Sp/~.) There is a similar relation for the
proton,

Ṡp =
ωhf
~
Se × Sp. (28)

We neglect the direct torquing of the proton by the oscil-
lating magnetic field, since this torque is negligible com-
pared to that on the electron.

We perturbatively solve Eqs. (27) and (28) (in powers
of B) about a background state with the electron and

proton spins parallel and fixed S
(0)
e = S

(0)
p . We further

assume that ω � ωhf , so that the electron spin oscillates
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(a) Isolated electron (b) Electron + proton (c) Effect on spin distribution

FIG. 1: Semiclassical explanation of the effect. All panels assume an oscillating externally applied magnetic field,
B = B0ẑ cosωt. Left panel: The blue line is the trajectory of the tip of an isolated electron’s spin vector Se (shown

with dashed black lines). Points A, B, C, and D are positions on the trajectory at ωt = 0, π/2, π, and 3π/2,
respectively. Middle panel: This shows the effect of adding a proton spin Sp with a hyperfine interaction

(ωhf/~)Se · Sp. The blue trajectory and points A, B, C, and D are as in the left panel. The red lines show the
instantaneous torque on the spin Se due to the external magnetic field. Due to the additional oscillation along the

polar direction, the average torque over a period is nonzero. Hence, the trajectory of the spin is no longer closed, and
secularly drifts. Right panel: This shows the statistical effect of the secular drift of the middle panel. Colors show a

quadrupolar probability distribution (of the x-z type; blue is higher) of the direction Ŝe on the unit sphere. The
eastward (westward) secular drift in the upper (lower) hemisphere leads to a net bias in the distribution toward ŷ.

faster than it can exchange angular momentum with the

proton and hence S
(1)
e � S

(1)
p . In this case, Eq. (27)

gives us that

Ṡ(1)
e = − gee

2mec
S(0)
e ×B0 cos(ωt)− ωhf

~
S(1)
e ×S(0)

p , (29)

or integrating:

S(1)
e = − gee

2mecω
S(0)
e ×B0 sin(ωt)−ωhf

~

[∫
S(1)
e dt

]
×S(0)

p .

(30)

This is a recursive form for S
(1)
e . In the limit ω � ωhf ,

it has the solution

S(1)
e = − gee

2mecω
S(0)
e ×B0 sin(ωt)

−ωhf
~

gee

2mecω2
(S(0)

e ×B0)× S(0)
p cos(ωt)

+O(ω−3). (31)

The first term in this equation is identical to that in
Eq. (26), and has the same interpretation. The second
term is new, and represents a “north-south nodding” in

the plane containing S
(0)
e and B0 that is in phase with

the applied field. The recursive solution for S
(1)
e makes

its physical origin clear: the electron spin is trying to

precess around the proton spin due to the hyperfine in-
teraction. The solution is illustrated by the thick solid
blue curve in Fig. 1b. When ωt = −π/2 (i.e., the stan-
dard precession is at its western limit; this is point D
in the figure), the electron spin vector points slightly to
the west of the proton spin vector, and hence the hyper-
fine interaction nudges the electron spin to the south and
the proton spin to the north. The opposite happens at
the eastern limit (point B in the figure). Hence when
ωt = 0 (the oscillating magnetic field points to the North
Pole; point A in the figure), the electron spin is slightly
south of its mean position, and when ωt = π (the os-
cillating magnetic field points to the South Pole; point
C in the figure), the electron spin is slightly north of its
mean position. The net result is that the spin traces out
a trajectory that loops around the unperturbed direction

S
(0)
e .
The second term in Eq. (31) is interesting because it is

in phase with the applied magnetic field, and hence leads
to a nonzero time-averaged torque. This torque is

〈µe ×B(t)〉

=
ωhf
2~ω2

(
gee

2mec

)2

[(S(0)
e ×B0)× S(0)

p ]×B0

=
ωhf
2~ω2

(
gee

2mec

)2

(B0 · S(0)
p )(B0 × S(0)

e ). (32)
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This torque is eastward if the atom spin is in the northern
hemisphere and westward if it is in the southern hemi-
sphere.

The reason for the nonzero net torque becomes clear
when we consider Fig. 1b. Magnetic torques only act
on the component of magnetic moment perpendicular to
B. If the atom spin is in the northern hemisphere, as
in the figure, then this component µ⊥ is larger when the
electron spin is south of its mean position (ωt = 0, i.e.
point A in the figure) and smaller when it is north of the
mean position (ωt = π, i.e. point C in the figure). Thus,
there is an imbalance between eastward and westward
precession, which prevents the trajectory from closing in
on itself and makes it secularly drift eastward (as shown
by the thin blue line in the figure). The imbalance has
the opposite sign in the southern hemisphere, and the
resulting drift is westward.

Figure 1c shows how this secular drift acts on an initial
quadrupole moment with x-z alignment and produces a
net atomic spin in the y-direction, 〈Fy〉 > 0. This is
because the secular drift is inequivalent to a solid body
rotation: the hot spots in the northern and hemispheres
are moved eastward and westward, respectively, which
biases the spin distribution towards the ŷ direction.

Using that the electron and proton spins are of order ~
and assuming angular misalignments of order unity, the
inverse timescale for this process is of order

τ−1
quad→dip ∼

|〈µe ×B(t)〉|
~

∼ ωhf
2~ω2

(
gee

2mec

)2
Brad 2~2

~

∼ ωhf
ω2

(
geµBB

rad

~

)2

. (33)

Using Eq. (15) for the magnetic field, ω ∼ ~Tγ/kB , and
inserting a factor of the anisotropy a20 since only the
anisotropic part of the radiation field contributes [note
in Eq. (32) that the torque averaged over directions of
B0 vanishes], we see that this inverse timescale is indeed
of order Kmag(1 + z)2.

V. EFFECT ON 21 CM POLARIZATION

We are now ready to compute the effect of the CMB
quadrupole on the local power spectrum of 21 cm radi-
ation and its circular polarization. We consider a small-
scale Fourier mode with wave vector k, in the presence
of a background CMB quadrupole a2m. We first com-
pute the orientation part of the density matrix P1m in
Sec. V A, by taking into account precession as well as the
conventional radiative processes that de-polarize the hy-
drogen spins. Next, in Sec. V B, we compute the resulting
circular polarization seen by a distant observer.

A. The orientation of the hydrogen spins

In this section, we will collect the rates of all the im-
portant processes that create or destroy the orientation
part of the density matrix, P1m, and use these rates to
compute the equilibrium value of the orientation.

In the standard picture of the 21 cm excitation, the
F = 1 hyperfine level is populated and depopulated via
both collisional and radiative processes. Radiative pro-
cesses, i.e., ones involving the emission or absorption of
photons, are further subdivided according to whether the
photons involved are resonant with the 21 cm transition.
Absorption, and spontaneous and stimulated emission in-
volve resonant photons, while the Wouthuysen-Field ef-
fect involves pumping of the hyperfine transition by non-
resonant Lyman-α photons. The new process we study in
this paper is radiative, but involves both resonant 21 cm
and nonresonant CMB photons. We require the rate of
change of the orientation P1m due to all these processes.

First, we note that atomic collisions do not source or
destroy the orientation P1m, since collisions are domi-
nated by spin exchange and this does not affect the total
(vector sum) spin of the atoms in question [29].

For the radiative processes, it is worth listing all the
relevant quantities that are nonzero at linear order in
perturbation theory. The hydrogen atom density ma-
trix has a nonzero trace P00 (which is parametrized
by the spin temperature) and alignment P2m. The
21 cm and CMB radiation fields have nonzero tempera-
ture quadrupoles (which dominate the linear polarization
quadrupoles, which we neglect), but no circular polariza-
tion. None of these quantities have the right symmetry
to produce orientation P1m at linear order. Hence, at
this order, radiative processes can only destroy the ori-
entation.

Among radiative processes involving only resonant
photons, the dominant contribution is that of stimulated
emission against the 21 cm background. The resulting
decay of the orientation P1m is

Ṗ1m|st.em. = −ATγ
T?

P1m, (34)

where A = 2.86× 10−15 s−1 is the Einstein coefficient of
the 21 cm transition, T? = 68.2 mK is the hyperfine gap
in temperature units, and, as in Sec. III, Tγ is the CMB
temperature.

The calculation of the contribution of the Wouthuysen-
Field effect is more involved. We can derive this term
using the methodology of §VIC of V17. In Appendix C,
we derive this piece by considering resonant scattering
in the Lyman-α line. The resulting rate of decay of the
alignment is

Ṗ1m|Lyα = −0.445× 6πλ2
Lyαγ2pJ(νLyα) P1m, (35)

where λLyα = 121.6 nm, γ2p = Γ2p/4π = 50 MHz, and
J(νLyα) are the wavelength, HWHM, and the input pho-
ton number flux (i.e., flux on the blue side) of the Lyman-
α transition, respectively. In writing Eq. (35), we have
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assumed a constant photon flux across the core of the
Lyman-α line, i.e., neglected the spectral distortion in
the line itself.

The final piece to include is the production of align-
ment by the effect we propose in this paper. Note that
the splitting of energies ∆Emm′ of the F = 1 level due
to the CMB quadrupole, which drives the effect, is small
compared to the inverse-lifetime of the state, which is
Γ1 ≥ ATγ/T?. (This formula only includes stimulated
emission by the Rayleigh-Jeans tail of the CMB as a
source of width; inclusion of other processes will only
increase it). Therefore we treat the precession due to
the CMB as a perturbation to the pre-existing alignment
produced at linear order. Even though our effect enters
at second order in the primordial fluctuations, it is im-
portant to include it since P1m is neither present, nor
produced, at linear order. We can read off this contribu-
tion from Eq. (23b).

We combine Eqs. (23b), (34), and (35), and write the
evolution equation for the orientation:

Ṗ1m = −
√

3 iKmag(1 + z)2
∑
m′m′′

(
1 2 2
m m′′ −m′

)
×(−1)m

′
a2,m′′P2m′

−Tγ
T?
A(1 + 0.75x̃α)P1m, (36)

where we have rewritten the Lyman-α flux, J(νLyα), in
terms of a dimensionless coefficient x̃α:

x̃α = 0.445×
8πλ2

Lyαγ2pT?

ATγ
J(νLyα)

= 3.6× 10−2

(
1 + z

20

)−1 [
J(νLyα)

10−12cm−2Sr−1s−1Hz−1

]
,

(37)

which parametrizes the rate of depolarization by Lyman-
α photons relative to that by stimulated emission.

In steady-state, valid when the background parameters
change on timescales long compared to the depolarization
timescale Γ−1

1 ∼ T?/ATγ , we may set the left-hand side
of Eq. (36) to zero. The final value of the orientation
P1m is nonzero only to second order in the primordial
fluctuations, and thus we use the linear theory value of
V17 for the alignment P2m, i.e., the result in Eq. (4).
Substituting in Eq. (36), and using Tγ = Tγ0(1 + z), we
find that

P1m = −
√

6

40
i

T 2
?Kmag

T 2
γ0A(1 + 0.75x̃α)(1 + x̃c + x̃α)

×
(

1− Tγ
Ts

)
fδτ

∑
m′m′′

(
1 2 2
m m′′ −m′

)

×(−1)m
′
a2,m′′

√
4π

5
Y2m′(k̂). (38)

B. The resulting circular polarization

We can determine the radiation field in the vicinity of
the 21 cm line in perturbation theory by repeating the
analysis that lead to Eq. (91) of V17. We describe the
radiative transfer of the photons using the Boltzmann
equation for the phase space density

∂fαβ
∂t

+ c n̂ ·∇fαβ +
dω

dt

∂fαβ
dω

= ḟαβ |s, (39)

where α and β are polarization indices. The circular
polarization piece of the phase space density is defined
in Eq. (5). We can isolate the j = 1 circular polarization
piece fV,1m in Eq. (39) using the appropriate projection
in polarization space.

The right hand side of Eq. (39) is the source term,
which describes the injection and removal of photons due
to interaction with the atoms. Circular polarization is
not sourced at linear order in the primordial fluctuations;
from the discussion in Sec. II D, we need a nonzero ori-
entation P1m, and from Eq. (38), we see that P1m is
itself produced only at second order. Thus, the right
hand side of Eq. (39) is of second order in the primordial
fluctuations.

The left hand side in Eq. (39) describes free streaming,
and the second and third terms within describe advection
and redshift, respectively. As long as we restrict our-
selves to cosmological fluctuations on large scales (larger
than the Jeans length), we can neglect the advection
term. The background and linear parts of dω/dt and
fαβ were calculated in V17. The linear part of dω/dt has
a quadrupole dependence on angle n̂, while at linear or-
der the quadrupole pieces of f++ + f−− and f+− = f∗−+

(i.e., of the intensity and linear polarization) are nonzero.
These two quadrupoles are combined in the third term in
Eq. (39); however, this combination does not result in a
spin-1 tensor. Thus in the final equation for the evolution
of the circular polarization, we can replace dω/dt by its
background value −Hω (where H is the Hubble expan-
sion rate) and use the second order piece for fαβ/fV,1m

on the left hand side, i.e.,

∂fV,1m

∂t
−Hω∂fV,1m

dω
= ḟV,1m|s. (40)

We now describe the evaluation of the source term on the
right hand side. Among the processes listed in Sec. V A,
only the resonant processes contribute. The rates of these
processes were derived in §VII B of V17. Specifically,
the rates of absorption, and spontaneous and stimulated
emission are given by Eqs. (83–85) of V17, which are
phrased in terms of the moments of the photon phase
space density in its ‘unprojected’ form, i.e., (fαβ)jm. We
combine these equations, use Eq. (5) to project out the
circular polarization part, and obtain the total source
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term for the j = 1 moment fV,1m:

ḟV,1m(ω)|s = nHx1s
σ(ω)c

3

[
− (3− 4P00) fV,1m(ω)

+

√
3

2
(1 + fI,00) P1m

]
, (41)

where nH is the hydrogen number density, x1s is the neu-
tral fraction, and σ(ω) is the absorption cross-section for
the 21 cm line. In writing Eq. (41), we have neglected
stimulation emission involving the moments fI,2m, fV,3m,
and P2m, since these latter terms are themselves of
higher order in the 21 cm optical depth.

Next, we substitute Eq. (41) into Eq. (40), and drop
the time derivative ∂f/∂t in the vicinity of the line. This
is equivalent to assuming that a steady state develops,
with the injection of photons by radiative processes bal-
anced by the redshifting due to Hubble expansion. Under
this assumption, the radiative transfer equation reduces
to

∂fV,1m

∂X
= τ

[
fV,1m −

√
8

3

TγTs
T 2
?

P1m

]
, (42)

where X is the cumulative line profile (ranging from 0 at
the red edge of the line to 1 at the blue edge), the factors
involving the absorption cross-section give the 21 cm op-
tical depth τ , and in the final term in Eq. (41), the spon-
taneous emission has been neglected relative to the stim-
ulated emission by the phase-space density fI,00 ≈ Tγ/T∗.
With the boundary condition of no “input” circular po-
larization (i.e. fV,1m = 0 at X = 1) and in the limit of
τ � 1, the solution at the red edge X = 0 is

fV,1m(X = 0) =

√
8

3

TγTs
T 2
?

τP1m. (43)

An observer looking in the +z direction (i.e. looking
at photons propagating in the −z direction) sees a phase
space density in circular polarization of −fV,10, or in tem-
perature units

Vobs = − T?
1 + z

fV,10. (44)

Putting this together with Eqs. (38) and (43) yields

Vobs =

√
π

5
√

5
i

TsT?Kmagfτ
2δ

Tγ0A(1 + 0.75x̃α)(1 + x̃c + x̃α)

×
(

1− Tγ
Ts

) ∑
m′m′′

(−1)m
′
(

1 2 2
0 m′′ −m′

)
×a2,m′′Y2m′(k̂). (45)

Substituting the 3j symbols allows us to expand the sum.
There are only nonzero terms for m′′ = m′ and m′ 6= 0.
The terms with m′ ↔ −m′ are negative complex conju-
gates of each other, which allows us to write the sum in

terms of the imaginary part of only 2 terms. This leads
to

Vobs = −
√

2π

25
√

3

TsT?Kmagfτ
2δ

Tγ0A(1 + 0.75x̃α)(1 + x̃c + x̃α)

×
(

1− Tγ
Ts

)
=[a21Y21(k̂) + 2a22Y22(k̂)].

(46)

Thus, we see that the circular polarization transfer func-
tion ∂Vons/∂δ depends on the direction of the wavenum-

ber k̂.
For standard cosmological parameters (as in V17),

with a mean optical depth of τ = 0.0097(Tγ/Ts)[(1 +

z)/10]1/2, and with f = 1 in the matter-dominated era,
this transfer function takes the numerical value

∂Vobs

∂δ
= −8.6 mK

(
1 + z

20

)2
Tγ
Ts

(
1− Tγ

Ts

)
× 1

(1 + 0.75x̃α)(1 + x̃c + x̃α)

×=[a21Y21(k̂) + 2a22Y22(k̂)]. (47)

The transfer function (and by extension the associated
circular polarization power spectra) thus depend on 4
of the 5 types of the CMB quadrupole moments. The
circular polarization signal does not depend on the m = 0
CMB quadrupole mode that is symmetric around the line
of sight.

VI. SUMMARY AND DISCUSSION

In this paper we have shown that the cosmological 21
cm radiation should pick up a small circular polarization
due to the quadrupole moment of the CMB. The signal
is very small; for typical CMB quadrupole moments of
a2m ∼ 10−5, Eq. (47) predicts a circular polarization of
∼ 0.1µK times the density perturbation δ. This is five
orders of magnitude fainter than the intensity signal that
is the target of current experiments. Nevertheless, the
signature is very different from other 21 cm signals dis-
cussed in the literature. We thus propose it as a method
to measure the remote quadrupole of the CMB during
the cosmic Dark Ages.

The physical basis of this method relies on the split-
ting of the F = 1 hyperfine level of neutral hydrogen
due to the remote (i.e. at the position of the emitting
gas, rather than the observer) quadrupole moment of
the CMB. Unlike the Zeeman effect, where MF = ±1
have opposite energy shifts, the remote CMB quadrupole
shifts MF = ±1 together relative to MF = 0. This split-
ting leads to a small circular polarization of the emitted
21cm photon, which encodes information about the re-
mote CMB quadrupole through Eq. (46). The calcula-
tion assumes that the magnetic field is small compared
to the saturation value, which would have to be verified
from the 21 cm intensity power spectrum [29, 30]. If this
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assumption is valid, it would also ensure that there is no
circular polarization resulting from the Zeeman-induced
radial displacement of the 21 cm-based density maps in
the right vs. left circular polarizations.

To estimate the circular polarization signal we present
a detailed calculation of the atomic density matrix cou-
pled to an anisotropic non-resonant photon bath. This
yields the relative change in the sub level energies
EMF =1 − EMF =0. The main results of this paper are
Eqs.(46) and (47) which show that the circular polariza-
tion signal depends on four of the five types of quadrupole
moments of the CMB. While the CMB quadrupole and
atomic physics determine the angular structure of the sig-
nal, the amplitude depends on astrophysical inputs such
as the gas temperature and Lyman-α flux.

The method outlined in this paper presents a novel
method to construct a remote CMB quadrupole field, us-
ing the circular polarization of the redshifted 21 cm line.
Such a field can in turn be decomposed into E and B-
modes, much like the CMB polarization field; just as for
the CMB polarization, it turns out that the B-mode piece
can be generated by tensor modes but not scalar modes.
In Paper II of this series (Mishra & Hirata 2017), we
discuss the detectability of the 21 cm circular polariza-
tion signal, and present forecasts for measuring the the
B-modes of the remote quadrupole field and predicted
uncertainties on r with future radio arrays.
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Appendix A: Electric dipole splitting

We now compute the splitting of the F = 1 level of
hydrogen by the electric field of the anisotropic CMB

(dynamic Stark effect). It is shown herein that the split-
ting is negligible compared to that of the magnetic dipole
splitting. In the main text, the electric dipole splitting is
therefore ignored.

Since the interaction energy for an electric dipole is
−d ·E, the electric dipole energy shift is very similar in
form to the magnetic dipole energy shift, Eq. (10):

∆Ee.d.
ji =

∑
nµν

〈:Erad(−)
µ Erad(+)

ν :〉

×
[

(dµ)ni(dν)jn
Ej − En − ~ω

+
(dν)ni(dµ)jn
Ej − En + ~ω

]
. (A1)

The principal difference is that the electric dipole oper-
ator connects 1s1/2(F = 1) to the npj(F ) states. Since
the electric dipole operator does not act on the spin state
of the electron or proton, if there were no fine or hyper-
fine structure in the excited states, then we could choose
a basis of definite quantum numbers nlmlQMQ (where
the total spin angular momentum Q = S + I excludes
the orbital angular momentum; i.e. the total angular
momentum is F = L + Q), and then the expression in
Eq. (A1) would be trivially diagonal in QMQ and inde-
pendent of QMQ. Therefore it is profitable to separately

break out the non relativistic Hamiltonian (H(0)) and
the perturbation H(1) (which includes fine and hyper-
fine structure). The first term in brackets in Eq. (A1),
summed over the intermediate state, can be represented
as

∑
n

(dµ)ni(dν)jn
Ej − En − ~ω

= 〈j|dν
1

Ej −H − ~ω
dµ|i〉, (A2)

where j and i are the true initial and final states. If we
split H = H(0) +H(1), and suppose that |i〉 is the eigen-
state of H corresponding to the unperturbed eigenstate
|1s,Q′MQ′〉 of H(0) and |j〉 is the eigenstate of H corre-
sponding to the unperturbed eigenstate |1s,QMQ〉, then
this matrix element of Eq. (A2) is

〈1s,QMQ|dν
1

Ej −H(0) − ~ω
dµ|1s,Q′MQ′〉+ 〈1s,QMQ|dν

1

Ej −H(0) − ~ω
H(1) 1

Ej −H(0) − ~ω
dµ|1s,Q′MQ′〉

+〈1s,QMQ|H(1)Π
1

Ej −H(0)
dν

1

Ej −H(0) − ~ω
dµ|1s,Q′MQ′〉

+〈1s,QMQ|dν
1

Ej −H(0) − ~ω
dµ

1

Ej −H(0)
ΠH(1)|1s,Q′MQ′〉. (A3)

This is to first order in H(1) and including both the perturbations to the operator H and to the initial and final
eigenstates. The operator Π projects out the original state |1s,QMQ〉 or |1s,Q′MQ′〉 (in general, it may be taken
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as a projection that removes the unperturbed 1s states). Of the 4 terms in Eq. (A3), the first one is proportional
to δQQ′δMQMQ′ – i.e. it produces the same energy shift for all of the states in the 1s configuration. Thus it can be
neglected for the purposes of obtaining energy splittings. We thus consider the contributions involving the perturbation
H(1).

The perturbation H(1) contains relativistic terms that are spin-independent and hence of no interest to us, fine
structure terms ∝ L · S/r3, and hyperfine structure (interaction of the electron and proton magnetic moments). We
first consider the fine structure terms, since they are larger than hyperfine structure by the ratio of the electron
to proton magnetic moment (µe/µp ∼ 103). Since the 1s configuration states are eigenstates of L with eigenvalue

zero, the fine structure Hamiltonian H
(1)
fs contributes only to the second term in Eq. (A3). This term is however

antisymmetric in µ and ν since a term ∝ L · S/r3 can be factored as∑
σ

〈1s|dν
1

Ej −H(0) − ~ω
Lσ
r3

1

Ej −H(0) − ~ω
dµ|1s〉〈QMQ|Sσ|Q′MQ′〉

=
∑
σ

〈1s|dν
1

Ej −H(0) − ~ω
r−3 1

Ej −H(0) − ~ω
Lσdµ|1s〉〈QMQ|Sσ|Q′MQ′〉

= i~
∑
σ

εσµρ〈1s|dν
1

Ej −H(0) − ~ω
r−3 1

Ej −H(0) − ~ω
dρ|1s〉〈QMQ|Sσ|Q′MQ′〉

= i~
∑
σ

εσµνCE〈QMQ|Sσ|Q′MQ′〉, (A4)

where in the first equality we used that [H(0), Lσ] = 0
since H(0) is rotationally invariant and contains no spins;
in the second equality we used that the dipole moment
operator is a vector so that [Lσ, dµ] = i~εσµρdρ and that

Lσ|1s〉 = 0; and finally, since the operators H(0) and r−3

are spherically symmetric, the spatial matrix element in
the third line must have the form CEδνρ, where CE is
some constant. The µν antisymmetry of the resulting
expression implies that it only couples to circularly po-
larization of the incident radiation field (see Eq. A1).
Since the circular polarization of the CMB is a factor
of � 10−3 smaller than the anisotropies, we will neglect
it unless the hyperfine Hamiltonian contributions that
come from anisotropic radiation are suppressed by some
symmetry.

The hyperfine Hamiltonian given by Eq. (22.1) of
Ref. [45] contains terms of the form

H
(1)
hf 3

2gpµNµB
~2r3

(3r̂αr̂β − δαβ)SαIβ , (A5)

where r is the electron position operator. (The remaining
terms either contain factors of L ·I or S ·I; the former is
suppressed since again it couples only to circular polar-
ization, and the latter is not relevant for energy splittings
since for all 1s F = 1 states, S · I = 1

4~
2 is a constant.)

The term in Eq. (A5), however, leads to a nonzero con-
tribution in Eq. (A3). In the limit where ω � ωLyα so
that we can neglect ~ω in the denominators in Eq. (A3),
we find that Eq. (A3) reduces to∑

n

(dµ)ni(dν)jn
Ej − En

=2e2gpµNµBKνµ,αβ

×〈1MF (j)|SαIβ
~2
|1MF (i)〉, (A6)

where the constant Kνµ,αβ is given by

Kνµ,αβ=〈1s|(rνGqαβGrµ + qαβΠGrνGrµ

+rνGrµGΠqαβ)|1s〉 (A7)

and we have used that dµ = −erµ, introduced the
quadrupole position operator qαβ = (3r̂αr̂β − δαβ)/r3

and the Green’s function G = (E1s −H(0))−1. (Techni-
cally, G should use the energy of the true hyperfine-split
level EF=1 rather than the unperturbed 1s energy. This
“residual” correction [46] has no effect on the splitting of
the MF sub levels and is ignored here.) The projector Π
is presented here but is technically unnecessary since it
always acts on a state with l = 2. The µ→ ν symmetry
and the traceless-symmetric nature of qαβ force Kνµ,αβ
to have the form

Kνµ,αβ = K

(
1

2
δναδµβ +

1

2
δνβδµα −

1

3
δµνδαβ

)
, (A8)

where K is a constant. A numerical evaluation gives

K = 2.350
a0

e4
; (A9)

the computation in Ref. [47] translated into the language
of our discussion gives the exact analytic value of the pre
factor as 47

20 , in agreement with our numerical estimate.
(An earlier version of the calculation is given by Ref. [48],
although it appears to be missing some terms.) It then
follows that the radiation-induced energy splitting in the
F = 1 sub levels is:

∆Ee.d.
ji = 4e2gpµNµBK

∑
µν

〈:Erad(−)
µ Erad(+)

ν :〉

×〈1MF (j)|
S〈µIν〉

~2
|1MF (i)〉, (A10)
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where the angle brackets refer to the traceless-
symmetrization of the indices shown.

The shift in Eq. (A10) is sourced entirely by the
traceless-symmetric part of the electric field covariance,
which is in turn sourced by the CMB temperature
quadrupole anisotropy (and the polarization quadrupole,
but we ignore this here since the temperature anisotropy
is larger). In the case of isotropic radiation, the electric
field covariance is

〈:Erad(−)
µ Erad(+)

ν :〉isotropic =
2

3
πaradT

4
γ δµν . (A11)

If there is a radiation quadrupole a20, then using the rules
derived in §III B for the temperature seen in different
directions, the traceless-symmetric part of this is

〈:Erad(−)
〈µ E

rad(+)
ν〉 :〉 = −4

√
π

3
√

5
aradT

4
γ a20

 − 1
2 0 0

0 − 1
2 0

0 0 1

 .

(A12)
Since this quadrupole is symmetric around the z-axis, it
does not mix different MF states, but it does mean that
the MF = ±1 states shift relative to the MF = 0 state.
Using the matrix elements

〈11|
S〈µIν〉

~2
|11〉 − 〈10|

S〈µIν〉

~2
|10〉 =

 − 1
4 0 0

0 − 1
4 0

0 0 1
2

 ,

(A13)
we see that

∆Ee.d.
11 −∆Ee.d.

10 = −4
√
π√
5
e2gpµNµBKaradT

4
γ a20

= −4× 10−12 s−1

(
Tγ

60 K

)4

a20. (A14)

This effect is 2—3 orders of magnitude smaller than the
magnetic dipole effect, and so it is neglected here.

We note that the blackbody radiation-induced shift in
the 133Cs hyperfine transition frequency is due mainly
to the electric dipole rather than the magnetic dipole
effect [40, 41]. The difference relative to the case of the
hydrogen atom is two-fold: (i) the existence of low-lying
electric dipole transitions in the alkalis (e.g. [Xe]6s →
[Xe]6p at 1.4 eV in Cs versus 1s → 2p at 10.2 eV in H)
with large matrix elements strongly enhances the Stark
effect; and (ii) the bulk of the quadratic Stark shift in the
1H hyperfine frequency involves the contact interaction
∝ S · Iδ(3)(r) [47], which does not lift the degeneracy
among the MF -sublevels.

Appendix B: Splittings from other radiation sources

We have considered the splitting of MF -sublevels due
to the CMB anisotropy. However, in principle we must
consider splittings from other sources of anisotropic ra-
diation. These sources are weaker than the CMB but

may have larger quadrupole moments. The three consid-
ered here are the 21 cm background itself, the kinematic
quadrupole, and (at lower redshift) starlight from early
sources.

1. The 21 cm anisotropy

To study the effect of the 21 cm anisotropy, we must
return to Eq. (13) because this background consists of
radiation at ω ∼ O(ωhf ) and hence the high-frequency
limit used for the CMB is inapplicable. We may instead
replace the blackbody formula for the magnetic field fluc-
tuations with the Rayleigh-Jeans limit,

〈:Brad(−)
µ Brad(+)

ν :〉 =
2kB
3πc3

δµν

∫
ω2TRJ(ω) dω, (B1)

where TRJ(ω) is the classical (Rayleigh-Jeans) radiation
temperature. The replacement for Eq. (17) in the case
of a quadrupole moment in the a20 mode in the long-
wavelength radiation is then

∆Em.d.
11 −∆Em.d.

10

~
=

kBµ
2
Bωhf√

5π3/2~2c3

∫
ω2

ω2 − ω2
hf

×TRJ(ω)a20(ω) dω. (B2)

For radiation sources such as the 21 cm radiation that
have ω ∼ O(ωhf ), the integral will be dominated by the
regime where ω ≈ ωhf . In this case, we may approximate
ω2/(ω2−ω2

hf ) ≈ ωhf/2(ω−ωhf ). Endowing ωhf with an

infinitesimal positive imaginary part (equivalent to giving
the |1s, F = 0〉 state an exponentially decaying natural
amplitude) then gives

ω2

ω2 − ω2
hf

≈ P
ωhf

2(ω − ωhf )
+
iπωhf

2
δ(ω − ωhf ), (B3)

where P denotes the principal part (significant only when
taking the integral over ω). This results in

∆Em.d.
11 −∆Em.d.

10

~
=

kBµ
2
Bω

2
hf

2
√

5π3/2~2c3

[
P

∫
TRJa20(ω)

ω − ωhf
dω

+iπTRJ(ωhf )a20(ωhf )

]
. (B4)

Using that the Einstein coefficient for the 21 cm line is
A = 4µ2

B(ωhf/c)
3/(3~) and that T? = ~ωhf/kB , this

simplifies to

∆Em.d.
11 −∆Em.d.

10

~
=

3A√
320π T?

[
1

π
P

∫
TRJa20(ω)

ω − ωhf
dω

+iTRJ(ωhf )a20(ωhf )

]
. (B5)

Since the difference of the temperatures seen by the x and
y dipoles and the z dipole is 3/

√
80π TRJa20(ωhf ), the

last term can be identified as the difference in lifetime
(imaginary energy) due to the orientation-dependent
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probability for stimulated emission. This effect is already
taken into account in the formalism of V17 and should
not be double-counted; it is therefore dropped here.

In order to establish whether the splitting of the hy-
perfine line by ambient 21 cm radiation is significant, we
need an order-of-magnitude argument for Eq. (B5). This
can be obtained by supposing that at any given point
r, the 21 cm radiation from neighboring points is of the
form

TRJ(r, ω, n̂) = [isotropic] +
∂T21

∂δ
δ(r + sn̂), (B6)

where s = (ωhf −ω)/(aH) is the comoving distance over
which a photon redshifts from the hyperfine frequency
ωhf to ω. The multiplying factor ∂T21/∂δ (units of K)
is the change in 21 cm brightness temperature per unit
change in the over density, measured at the redshift of
interest (i.e. it is a factor of 1 + z greater than the cor-
responding factor observed at Earth and thus reported
in predictions of the 21 cm signal [26]). This approach
neglects redshift-space distortions, which should suffice
for an order of magnitude calculation. We take TRJ to
be isotropic blue ward of the 21 cm line, since the 21 cm
emission (or absorption) has no effect there. We then
find that the frequency splitting in Eq. (B5) reduces to

∆ω10 =
3A√

320π3 T?

∂T21

∂δ

∫
δ(r + sn̂)Y ∗20(n)

ds

s
d2n̂.

(B7)
The variance of the integral I can be obtained from the
power spectrum of the matter,

Var I =

∫
d3k

(2π)3
Pδ(k)

∣∣∣∣∫ d2n̂Y ∗20(n̂)

∫
ds

s
eik·sn̂

∣∣∣∣2
=

∫
d3k

(2π)3
Pδ(k)

∣∣∣∣−4π Y ∗20(k̂)

∫
ds

s
j2(ks)

∣∣∣∣2
=

∫
2k2 dk

9π
Pδ(k)

=
4π

9
σ2
δ , (B8)

where we have used the identity
∫∞

0
j2(x) dx/x = 1

3 .
Thus the root-mean-square frequency splitting coming
from the 20 quadrupole moment is

[Var ∆ω10]1/2 =
A

4
√

5πT?

∂T21

∂δ
σδ. (B9)

At e.g. z = 40, typical values of ∂T21/∂δ and σδ are
−1 K (remember the factor of 1 + z since we want the
temperature perturbations at z = 40) and 0.1, respec-
tively [26]; this leads to a root-mean-square frequency
splitting of 1.5 × 10−16 s−1. This is two orders of mag-
nitude smaller than the splitting coming from the CMB
anisotropy, and hence is neglected here. We also note
that the 21 cm self-induced quadrupole should be further
distinguishable from a gravitational wave signal, since it
peaks on smaller scales (it “inherits” the shape of the

density power spectrum, with no factors of k). More-
over, it is locally sourced, and does not have a preferred
direction coherent over large scales in the same sense as
the CMB quadrupole-induced polarization.

2. Kinematic quadrupole

The motion of baryonic gas relative to the CMB rest
frame leads to a dipole intensity perturbation at linear
order as measured in the baryon rest frame. However,
a dipole intensity perturbation does not split the MF

sub levels of hydrogen – only a quadrupole perturba-
tion does that. At second order in the baryon-radiation
relative velocity, however, the baryons see a “kinematic
quadrupole” due to second-order terms in the Doppler
shift formula [49]; see Ref. [50] for an extensive discus-
sion in the context of secondary CMB anisotropies.

The splitting due to the kinematic CMB quadrupole
can easily be computed. Let us first consider the case
of a gas parcel moving at velocity βc in the z-direction.
The squared CMB temperature seen by that parcel in
direction n̂ is(

T (n)

Tγ

)2

= 1 + 2βP1(n̂3) + 2β2P2(n̂3) +O(β3). (B10)

Recall that the dynamic magnetic dipole splitting of
the MF levels is proportional to radiation temperature
squared, so we should consider the quadrupole moment
of T 2 rather than some other power. This is equivalent
to a an anisotropy akin

20 =
√

4π/5β2. Generalizing to
arbitrary β gives

akin
2m =

√
6π

∑
m′m′′

(−1)m
(

2 1 1
−m m′ m′′

)
βm′βm′′ ,

(B11)
where the polar components of βm have been used, the
form with the 3j symbol is required by spherical sym-
metry, and the pre factor was chosen to re-produce the
specific example considered above. The power spectrum
corresponding to the kinematic quadrupole is

Ckin
2 = 〈|akin

2m|2〉 =
4π

15
β4

rms, (B12)

where βrms is the root-mean-square baryon velocity rela-
tive to the CMB (summed over all axes: i.e. 〈β∗m′βm′′〉 =
β2

rmsδm′m′′/3) and we have assumed a Gaussian velocity
distribution so that Wick’s theorem applies in the sim-
plification of Eq. (B12).

The root-mean-square velocity is given in linear per-
turbation theory by

βrms =

√∫
dk

k
∆2
δ(k)

(
faH

k

)2

(B13)

and should scale in linear perturbation theory as ∝ (1 +
z)−1/2. Using the Fisher matrix code of Ref. [51], the
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above integral evaluates to 5.3 × 10−4 at z = 19. We
thus conclude from Eq. (B12) that

Ckin
2 = 6.4× 10−14

(
1 + z

20

)−2

. (B14)

As compared to the primordial quadrupole of C2 =
∆2
ζ/25 = 10−10, this is smaller by a factor of 1600 (in

power).
However, the expected contamination to the primor-

dial gravitational wave signal is much lower since the
velocity perturbations are dominated by small scales –
of order k ∼ keq – whereas the CMB perturbations (in-
cluding those from tensor modes) are dominated by the
horizon scale, k ∼ aH. To determine the kinematic
quadrupole fluctuations on large scales, we write the
power spectrum,

〈akin∗
2m (k)akin∗

2m′ (k)〉 = (2π)3δmm′P
(m)
kin (k)δ(3)(k− k′),

(B15)
where we set k to be on the z-axis. The power spectra

P
(m)
kin (k) = P

(−m)
kin (k) by parity. Since akin

2m is a simple
product of velocities in real space, its power spectrum
is an auto-convolution of the velocity power spectrum,
which is the density power spectrum multiplied by factors

of faH/k1 and with a factor of k̂1:

P
(m)
kin (k) = 12π

∫
d3k1

(2π)3

(
faH

k1

)2(
faH

k2

)2

×Pδ(k1)Pδ(k2)
∑

m1m2m3m4

(
2 1 1
−m m1 m2

)
×
(

2 1 1
−m m3 m4

)
[k̂1]∗m1

[k̂2]∗m2
[k̂1]m3

[k̂2]m4
,

(B16)

where k2 ≡ k − k1. [The factor of 12π comes from the√
6π in Eq. (B11) and a combinatorial factor of 2.] In

the limit of k � keq, we may approximate k2 ≈ −k1 and
this simplifies to

P
(m)
kin (k) = 12π

∫
d3k1

(2π)3

(
faH

k1

)4

[Pδ(k1)]2

×

∣∣∣∣∣ ∑
m3m4

(
2 1 1
−m m3 m4

)
[k̂1]m3 [k̂1]m4

∣∣∣∣∣
2

,

=
4

25π

∫
k2

1

(
faH

k1

)4

[Pδ(k1)]2 dk1, (B17)

where in the second equality we performed the angular

integral over k̂1, leaving only the radial integral explicit.
(The angular average of the square norm in the first ex-
pression is 2/75.) This integral is independent of m and

evaluates to limk→0 P
(m)
kin (k) = 1.9×10−7 Mpc3 at z = 19.

For a white noise spectrum (independent of k), and
taking into account the 5 possible values of m = −2, ...+

2, the total variance coming from scales < kcut is
(5k3

cut/6π
2)P (k). This leaves

Ckin
2 (< kcut) = 6× 10−17

(
kcut

2.8aH

)3

(B18)

at z = 19. We have scaled kcut relative to the wavenum-
ber 2.8aH, since modes with k < 2.8aH contribute 90%
of the variance of the CMB quadrupole. This suggests
that at the horizon scale, kcut/(aH) ∼ O(1), the kine-
matic quadrupole is 6 orders of magnitude below the
CMB quadrupole, and hence would only become im-
portant for an experiment capable of probing tensor-to-
scalar ratios of O(10−6). This leaves aside the fact that
the kinematic quadrupole is derived from the scalar per-
turbations and hence it should be possible to predict it
from the density field measured in 21 cm experiments.

3. Starlight

At the lower redshifts, which are also the most observa-
tionally accessible, the spin temperature of the hydrogen
atoms is likely to be “pumped” to Ts ≈ Tk by Lyman-α
radiation [52–56]. However, during this epoch the am-
bient radiation field of the starlight – which is probably
much more anisotropic than the CMB – will lead to a
radiatively-induced splitting of the hydrogen F = 1 level.
In order to assess the suitability of this epoch for studies
of primordial gravitational waves, we need to determine
the order of magnitude of this effect.

We first note that, according to our calculations of
the energy splittings induced by anisotropic blackbod-
ies, that the electric dipole splitting will dominate at
temperatures exceeding ∼ 600 K or photon wavelengths
λ . 5 µm, because of the additional two powers of fre-
quency. (This ultimately results from the fact that the
magnetic dipole operator connects the 1s levels to each
other, whereas the electric dipole operator only connects
them to electronically excited states np.) Thus for our
studies of starlight-induced splitting, we focus on the
electric dipole rather than the magnetic dipole splitting.
This splitting is proportional to the covariance matrix of
the electric field, and hence to the total energy density
multiplied by the anisotropy. If we assume an order-unity
anisotropy, then we should estimate the order of magni-
tude of the electric dipole splitting by the replacement in
Eq. (A14):

aradT
4
γ a20 → nbε?, (B19)

where ε? is the energy in starlight per baryon. This leads
to

∆Ee.d.
11 −∆Ee.d.

10

~
∼ 10−19 s−1

(
1 + z

20

)3
ε?
eV

, (B20)

where the 1 + z scaling arises since we normalized the
starlight energy to the number of baryons. The evolution
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of ε? is uncertain, but it is estimated that the Lyman-
α coupling becomes saturated (in the sense of x̃α ∼ 1)
when there are 3 eV of starlight per baryon per ln ν in
the vicinity of Lyman-α [57]. If a fraction of order unity
of the starlight from early galaxies emerges in the far-
ultraviolet, then, it is reasonable to expect an energy
splitting of . 10−18 s−1 due to starlight when x̃α ∼ 1 (we
use the . sign here since the anisotropy of the radiation
may be less than of order unity). This is ∼ 4 orders of
magnitude less than the expected energy splitting from
the CMB, and hence we neglect it.

Appendix C: Depolarization due to Lyman-α
scattering

In this section, we consider neutral hydrogen atoms
(in their ground 1s electronic state) immersed inside an
isotropic and unpolarized Lyman-α radiation field. The
resonant scattering of the photons within the Lyman-
α line causes two-step transitions between the hyperfine
sublevels. We will write down the resulting evolution
of the atomic density matrix within the hyperfine basis,
and infer the rate of depolarization of aligned states (i.e.,
states with nonzero P1m).

Note that due to the above assumptions, there is no
tensor of spin greater than zero that we can form from
the incident Lyman-α radiation field. If we neglect stim-
ulated emission from the short-lived intermediate state
in the scattering process, the rates do not depend on the
outgoing radiation. Hence, Lyman-α scattering can only
connect the spherical components of the atomic density
matrix (the Pjm of Eq. (1)) with the same j and m.

In the space of the hyperfine sublevels of the 1s state,
the perturbation due to resonant scattering is similar to
the Hamiltonian of Eq. (7). The relevant terms are those
with the intermediate state (labeled by the index n in
Eq. (7)) within the 2p state. In our application, we re-
place the energy En → En − iΓn, where the width Γn
accounts for the finite lifetime of the 2p states.

The interaction matrix element between the atom and
a photon is

〈a|Hint|i〉 = −dai ·E = −i
√

2πω e · dai, (C1)

where e and E are the polarization and electric field of
the photon, and d is the transition dipole moment. In
this equation (and in the rest of the section), we omit all
factors of ~ and c.

The cross-section for the transition between levels i→

f is given by the Fermi Golden rule:

dσi→f = 2π|∆Efi|2
ω2
B d

2n̂B
(2π)3

, (C2)

where ωB and n̂B are the energy and direction of the
outgoing photon, the final term is its density of states,
and the term ∆Efi is obtained by substituting Eq. (C1)
into Eq. (7).1

For the purposes of fixing the notation, we first write
down the net cross-section in the case where the initial
atom is not polarized, i.e., only the net population P00

is nonzero. The initial state can have either Fi = 0 or 1.
Expanding out the matrix element in Eq. (C2), we get

dσi→f = ωAω
3
Bc

µναβ
i→f ē

B
µ e

A
ν e

B
α ē

A
β d

2n̂B , (C3)

where

cµναβi→f =
1

2Fi + 1
e4
∑
mi,mf

∑
a,b

〈f |rµ|a〉〈a|rν |i〉〈i|rβ |b〉〈b|rα|f〉
(ω + ωi − ωa + iΓa/2) (ω′ + ωf − ωb − iΓb/2)

.

(C4)

In the above equation, the subscript A refers to the in-
coming photon, the unsubscripted letter e is the charge of
the electron (not to be confused with the polarization of
the photon, whose components are always subscripted),
and Greek indices indicate the spherical coordinate sys-
tem, conjugates in which are indicated by bars. The sums
over the azimuthal quantum numbers are equivalent to
averaging over the orientation of the spin of the initial
atom, and summing over that of the final atom.

The average over the polarization of the incoming pho-
ton, and the sum over the polarization and direction of
the outgoing photon lead to the replacement

ēBµ e
A
ν e

B
α ē

A
β d

2n̂B →
8π

3
gµαgνβ , (C5)

where gµν = (−1)µδµ,−ν is the metric tensor in the spher-
ical coordinate system.

Next, we need to generalize Eq. (C3) to the case where
the initial and final states of the atoms are polarized,
i.e., some Pjm with j 6= 0 is nonzero. An inspection of
Eq. (C4) points the way forward: we need to replace the
uniform sums over the azimuthal quantum numbers mi

andmj with weighted sums, with coefficients that project
out the spherical components Pjm from the density ma-
trix components ρm1m2

.
We can read off these coefficients from the definition

in Eq. (1) and its inverse. We write these down for a
general level with total angular momentum F :

1 This derivation is standard, and we have omitted the intermedi-
ate steps. The reader might be confused by the fact that both

the perturbation of Eq. (9), and the rate for a process with a
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PF
jm =

√
(2j + 1)(2F + 1)

∑
m1,m2

(−1)F−m2

(
F j F
−m2 m m1

)
ρFm1,Fm2 (C6)

and

ρFm1,Fm2
=
∑
jm

√
2j + 1

2F + 1
(−1)F−m2

(
F j F
−m2 m m1

)
Pjm. (C7)

One final identity we need is the decomposition of the combination of metric tensors in Eq. (C5) into spin-K irreducible
parts, which facilitates the rest of the calculation (see Ref. [55]):

gµαgνβ =

2∑
K=0

Π
(K)
µναβ , where Π

(K)
µναβ = (2K + 1)

∑
mK

(−1)K−mK

(
1 1 K
µ ν mK

)(
1 1 K
α β −mK

)
. (C8)

Now we have all the pieces needed to calculate the cross section σi→f,(j) for the scattering of the jth spherical moment

moment from the level i to f (i.e., PFi
jm → P

Fj

jm). First, we begin with Eq. (C4), in which we replace the sums

over mi and mj with weights chosen from Eqs. (C6) and (C7) to project out the (j,m) moment in both the initial
state i, and final state j. Second, we use the Wigner-Eckart theorem for all the matrix elements in Eq. (C4). Third,
we average and sum over the polarizations of the initial and final photons, respectively using Eq. (C5). Finally, we
substitute Eq. (C8) for the metric tensors, and write the required cross section as

σi→f,(j) =
8π

9
ωAω

3
B

∑
K

Ḡ
(K)
i→f,(j). (C9)

The right hand side is a sum over irreducible spherical components (of spin-K) of this cross-section, each of which is

Ḡ
(K)
i→f,(j) =

√
2j + 1

√
2Ff + 1

2Fi + 1
(2K + 1)e4

∑
µ,ν,α,β,MK ,m1,m2,m′

1,m
′
2,a,b,ma,mb,j′,m′

√
2j′ + 1

〈f‖r‖a〉〈a|r‖i〉〈i‖r‖b〉〈b‖r‖f〉
(∆ωai + iΓa/2) (∆ωbi − iΓb/2)

× (−1)K−MK

(
1 1 K
µ ν MK

)(
1 1 K
α β −MK

)
(−1)Ff−m2

(
Ff j Ff
−m2 m m1

)
(−1)Fi−m′

2

(
Fi j′ Fi
−m′2 m′ m′1

)
× (−1)Ff−m1

(
Ff 1 Fa
−m1 µ ma

)
(−1)Fa−ma

(
Fa 1 Fi
−ma ν m′1

)
× (−1)Fi−m′

2

(
Fi 1 Fb
−m′2 β mb

)
(−1)Fb−mb

(
Fb 1 Ff
−mb α m2

)
. (C10)

The double-barred symbols are the reduced matrix elements of the position operator. This expression can be simplified
using the definition of the 6j symbol:

Ḡ
(K)
i→f,(j) =

√
2Ff + 1

2Fi + 1
(2K + 1)e4

∑
a,b

〈f‖r‖a〉〈a|r‖i〉〈i‖r‖b〉〈b‖r‖f〉
(∆ωai + iΓa/2i) (∆ωbi − iΓb/2)

(−1)K+j

×
{
K Fi Ff
Fa 1 1

}{
K Ff Fi
Fb 1 1

}{
j Fi Fi
K Ff Ff

}
. (C11)

Given this result, we can perform the sum over the index K in Eq. (C9) and use the symmetries of the reduced matrix
elements to obtain∑

K

Ḡ
(K)
i→f,(j) =

√
2Ff + 1

2Fi + 1
e4
∑
a,b

〈a‖r‖f〉∗〈a‖r‖i〉〈b‖r‖i〉∗〈b‖r‖f〉
(∆ωai + iΓa/2) (∆ωbi − iΓb/2)

(−1)Fi−Ff

{
Fa Fb j
Fi Fi 1

}{
Fa Fb j
Ff Ff 1

}
. (C12)

cross-section (which is nominally the square of the perturbation)
are both linear in the flux of the incident radiation. The resolu-
tion is that in the derivation of the transition rate, the average
over the radiation field should be performed after squaring the

matrix elements (for more information, see, e.g., §61 of Ref. [58],
or the derivation of Eq. (III,11) of Ref. [59]).
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The Lyman-α line is split into six lines due to spin-orbit and hyperfine corrections; their parameters are given in
Table B1 of Ref. [55]. Exactly following their treatment, we can express the reduced matrix elements in terms of the
(identical) HWHM of these lines γ2p = Γ2p/4π, and the terms involving the frequency offsets lead to the line and
interference profiles, φAA(ν) and φAB(ν).

We substitute the result of Eq. (C12) into Eq. (C9), and set ωA ≈ ωB in the prefactor. If we take j = 0, this gives
the cross-sections in the unpolarized case, which were computed in Ref. [55]. We list here the relevant unpolarized
cross-sections:

σ1→1 =
3

2
λ2

Lyαγ2p

(
1

9
φAA +

4

27
φBB +

1

27
φDD +

5

9
φEE +

4

27
φBD

)
and

σ1→0 =
3

2
λ2

Lyαγ2p

(
2

27
φBB +

2

27
φDD −

4

27
φBD

)
. (C13)

Both the cross-sections and line profiles are functions of frequency, which we have suppressed in the above equations.
In the language of V17, these cross-sections together give the depopulation rate of the F = 1 level.

The main new result in this section is the cross-section for scattering the j = 1 moment from the F = 1 level to
itself (or the repopulation rate, in the language of V17):

σ1→1,(1) =
3

2
λ2

Lyαγ2p

(
1

27
φBB +

1

108
φDD +

5

12
φEE +

4

27
φAB +

2

27
φAD +

1

27
φBD +

5

27
φBE +

5

54
φDE

)
. (C14)

Putting everything together, the net depletion rate of the orientation P1m due to Lyman-α scattering is

dP1m

dt

∣∣∣∣
Lyα

= −4π

∫
dν J(ν)

(
σ1→1 + σ1→0 − σ1→1,(1)

)
P1m

= −6πλ2
Lyαγ2pJ(νLyα)P1m

∫
dν

J(ν)

J(νLyα)

×
(

1

9
φAA +

5

27
φBB +

11

108
φDD +

5

36
φEE −

4

27
φAB −

2

27
φAD −

1

27
φBD −

5

27
φBE −

5

54
φDE

)
. (C15)

If we neglect the spectral distortion in the core of the line, the flux ratio inside the integrand equals unity. Under
this assumption, the remainder of the integrand is composed solely of known line profiles; we use the line parameters
from Ref. [55] to numerically compute the integral, which evaluates to 0.445. This is the source of the extra prefactor
in Eq. (35).
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