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Abstract

We introduce a new regularization scheme for Quantum Cosmology in Loop Quantum Gravity (LQG)
using the tools of Quantum Reduced Loop Gravity (QRLG). It is obtained considering density matrices
for superposition of graphs based on statistical countings of microstates compatible with macroscopic
configurations. We call this procedure statistical regularization scheme. In particular, we show how the µ0

and µ̄ schemes introduced in Loop Quantum Cosmology (LQC) emerge with specific choices of density
matrices. Within this new scheme we compute effective hamiltonians suitable to describe quantum
corrected Friedmann and Bianchi I universes and their leading orders coincide with the corresponding
effective LQC hamiltonians in the µ̄ scheme. We compute the next to the leading orders corrections and
numerical investigation of the resulting dynamics shows evidence for the emergent-bouncing universe
scenario to be a general property of the isotropic sector of QRLG.

1 Introduction

Loop Quantum Gravity (LQG) [1, 2, 3, 4] is one of the main proposals towards a non perturbative quan-
tization of the gravitational field. The theory describes the gravitational field through quanta of spacetime
dual to spin networks, quantum states of geometry labelled by graphs colored by SU(2) quantum numbers,
which form a basis for the LQG kinematical Hilbert space. If the kinematical space is well defined, finding
the dynamical one still remains an open issue. This fact should not be surprising at all since already at the
classical level only few solutions of the Einstein equations are known. It is only in presence of symmetries
that the Einstein equations become manageable and explicit solutions can be found, as for cosmology where
one can consider diagonal metrics and study homogeneous spacetimes neglecting their spatial dependence.
This procedure can be used to simplify also the quantization procedure.

Loop Quantum Cosmology (LQC) is the first model able to give a consistent quantum version of homoge-
neous spacetimes in the LQG framework [5, 6, 7]. LQC is built imposing the cosmological symmetries at the
classical level and the resulting finite dimensional system is then quantized using LQG machinery. However,
the classical symmetry reduction followed by quantization loses relevant structures of the original theory.
Indeed, consistency for LQC requires the so called µ̄ scheme [8, 9] where several input from the full theory
need to be imported, and within which a resolution of the classical Big-Bang singularity with a Big-Bounce
and a power spectrum for the cosmic microwave background in agreement with what we observe today are
found [10, 11, 12].

In the last few years Quantum Reduced Loop Gravity (QRLG) has been proposed as an approach to
avoid the loss of foundamental LQG structures when dealing with symmetry reduced systems [13, 14, 15, 16,
17, 21]. In QRLG the symmetry reduction is performed in two steps, first imposing a gauge fixing and then
considering the symmetry reduction. The gauge fixing conditions are imposed on the kinematical Hilbert
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space of the full theory directly on the states, weakly [18]. In the case of diagonal gauge the resulting gauged
fixed Hilbert space is made of cuboidal graphs colored by U(1) quantum numbers, which brings a drastic
simplification in computing matrix elements of the kinematical operators (for example the volume operator
is diagonal).

In LQC the so called regularization schemes are fundamental to define a consistent semiclassical dynamics,
and can be fixed importing two key features of the full theory: the discretization of the geometrical operators
and the graph structure that are lost after the symmetry reduction at the classical level. In QRLG the
situation is completely different since both emerge naturally during the quantization, and both the LQC
regularization schemes can be recovered in the Friedmann case [17, 19].

In this paper we show how to recover these two schemes in general through a suitable choice of density
matrices. However, in both cases one has to consider the total number of nodes N that characterizes a
graph as a classical number, i.e. has to neglect the fluctuations associated to N . Indeed, we show how the
regularization scheme presented for the first time in [19] is more general than the LQC schemes since it arises
from statistical arguments which take into account the fluctuations associated to N . We name this scheme
statistical regularization. The fluctuations associated to N are the one responsible for the drastic departure
from the LQC bouncing scenario, leading to the so-called emergent bouncing universe [20].

The improved regularization can be recovered also for Bianchi I spacetime through a suitable statistical
counting, furthermore, a new effective Hamiltonian for a Bianchi I spacetime is obtained: it coincides at the
leading order with the one of LQC but presents new corrections. The counting needed for Bianchi I provides
a unified framework for cosmology: it is possible to consider the Friedmann density matrix as the reduced
density matrix that characterizes Bianchi I.

First we start by reviewing basis of LQC and QRLG, then in section 4 we introduce the statistical regu-
larization scheme showing, as a concrete example, how the volume counting leads to the effective dynamics
for FLRW previously found in [20]. In section 5 we use a new counting, the area counting, which allows
to deal with the non isotropic case and we compute the effective hamiltonian for Bianchi I, in section 6
we apply the area counting to the FLRW case, showing how the resulting state derives from the Bianchi I
reduced density matrix in section 7, and studying its associated dynamics in section 8. The last section is
devoted to conclusions. Throughout the paper we adopt units G=~=c=1 .

2 Loop Quantum Cosmology

The quantization procedure carried out by LQC is a minisuperspace quantization whose starting point is
the phase space of the ADM formulation of general relativity [22] where the desired cosmological symmetries
are imposed at the classical level. Mimicking the LQG procedure, the reduced phase space in terms of fluxes
and holonomies is then quantized with the tools of polymer quantization [23, 24, 25].

Below we will briefly review the LQC quantization of the (spatially flat) FLRW geometry filled by a
massless scalar field and a vanishing cosmological constant.

2.1 LQC quantization of k = 0 FLRW spacetime sourced by a scalar field

The classical FLRW, k = 0 geometry is captured by the following line element

ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2) , (1)

where a(t) is the scale factor and t the cosmological time (we choose the lapse function equal to 1). The
Hamiltonian formulation of this spacetime requires the introduction of a fiducial cell V0, otherwise, the
homogeneity of the model leads to a divergence in the spatial integration needed to define the Lagrangian,
the Hamiltonian and the symplectic structure. V0 , in a non compact topology like R3, should be thought as
an infrared regulator whose choice must not influence the physical results obtained sending V0 → ∞.

The phase space for a FLRW geometry filled by a massless scalar field φ can be parametrized by the
quadruplet (a, Pa, φ, Pφ), where a and Pa = −aȧ are the conjugate variables for the geometry and φ and

Pφ = V φ̇ for the scalar field, where V = a3V0 represents the physical volume of a region of the universe.
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Due to the high symmetry of the model, it turns out that the spatial diffeomorphism constraint is
automatically satisfied and the only constraint we are left with is the Hamiltonian constraint:

HFLRW
LQC = − 3

8π

V0P
2
a

a
+

P 2
φ

2V0a3
= 0 (2)

and the only non vanishing Poisson brackets are

{a, Pa} =
4π

3V0
, {φ, Pφ} = 1 . (3)

The starting point of LQG quantization is to cast General Relativity in a form similar to the one of a gauge
theory, this is done introducing a new pair of canonical variables: the Ashtekar variables [31]. These new
pair are the (Ashtekar) connection Ai

a and its conjugate momentum Ea
i , the densitized triad field, which is a

Lie-algebra valued vector field of density weight one. This is also the starting point of the LQC quantization,
where these pair of canonical variables can be written (thanks to the symmetries of the FLRW k = 0 model)
in the following reduced form:

Ai
a = c(t)δia , Ea

i = p(t)δai , (4)

where δia, δ
a
i are respectively a set of orthonormal co-triad and triad adapted to the edges of the fiducial

cell V0. From (4) it is clear that in such a reduced model all the non trivial information is contained in the
couple (c(t), p(t)), which is related to the scale factor and its time derivative as follows:

c = V
1/3
0 γȧ , p = a2V

2/3
0 , (5)

where γ ≈ 0.24 is the Immirzi parameter whose value is fixed by the black-hole entropy calculation [32] and
their Poisson brackets are

{c, p} =
8πγ

3
. (6)

To pass to the quantum theory we have first to specify the variables which have to be promoted to
operators. Always following the LQG quantization procedure in LQC there is a natural choice: holonomies
and fluxes. Again a simplification due to homogeneity and isotropy arises since it suffices to consider
holonomies along edges of the fiducial cell and fluxes across faces S of V0 and these two functions take
respectively the following form:

hµ(c) = eiµc/2 , E(S) = p , (7)

where µ is the ratio between the coordinate lenght of a path parallel to an edge of the fiducial cell V0 and
the lenght of the edge itself. Working in connection representation the LQC Hilbert space is spanned by
almost periodic functions,

Ψ(c) =
∑

n

αn e
iµnc/2 , (8)

which live in the space of square integrable functions over the Bohr compactification of the real line L2(R, dc) ,
whose square module is defined as

|Ψ|2 := lim
D→∞

1

2D

∫ +D

−D

dcΨ(c)Ψ(c) =
∑

n

|αn|2 . (9)

An orthonormal basis of this Hilbert space is given by 〈c|hµ〉 = hµ(c) = eiµc/2 , since they satisfy

〈hµ|hµ′〉 = δµµ′ . (10)

The next step is to promote holonomies and fluxes to operators. In the “holonomy representation”, the
holonomy operator acts by multiplication and its momentum, i.e. the flux operator, as a derivative:

ĥµΨ(c) = eiµc/2Ψ(c) , p̂Ψ(c) = −i8πγl
2
P

3

dΨ

dc
, (11)

where lP is the Planck lenght.
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Given the self-adjointness of p̂ it is often convenient to work on a representation where it acts diagonally:

ĥµΨ(µ′) = Ψ(µ+ µ′) , p̂Ψ(µ) =
4πγl2P

3
µΨ(µ) , (12)

and this is enough to define the kinematical space of LQC.
Dynamics needs a suitable operator-promotion of the Hamiltonian constraint, which in this simplified

model reads:
Cgrav(c, p) = −γ−2V

−1/3
0 ǫijk δ

a
i δ

b
j |p|2F k

ab(c) , (13)

where F k
ab is the field strenght. The LQC reduced constraint has a direct dependence on the connection

c which has no operator analogous in the Hilbert space of LQC. As we will see in the next subsections,
a regularization of Cgrav using the strategy adopted in full LQG defines F k

ab in terms of holonomies and a
suitable definition of µ. However, the choice of µ, i.e. the choice of a particular regularization scheme, deeply
influences the dynamics of the model, as we are ready to discuss in the next section.

2.2 Regularization schemes in LQC

To understand the physical meaning of the QRLG Hamiltonian obtained in [19] it is useful to review the
semiclassical dynamics of LQC. As we have seen in the previous section, the quantization procedure in
LQC has been carried out imposing homogeneity and isotropy already at the classical level. This implies
that relevant features of the full theory as the graph structure of the kinematical states and the explicit
discretization of the geometric operators are lost. However they can be imported from the full theory
through the so called regularization schemes.

Let us consider the LQC effective Hamiltonian for a flat FLRW model in the presence of a massless scalar
field [5]:

HFLRW
LQC = − 3

8πγ

√
p
sin2(µc)

µ2
+

P 2
φ

2p3/2
= 0 , (14)

the choice of a regularization scheme is directly related to the definition of µ that appears in (14) and it has
a deep impact on the dynamics of the universe; so far in the literature two different definitions for µ have
been proposed, the so called µ0 [8] and µ̄ scheme [9].

2.3 µ0 scheme

As we have seen, the Hamiltonian constraint (13) depends on F k
ab , which in turn has terms proportional to

c2 [34] and then it cannot be promoted to a well defined operator in LQC Hilbert space. There is an easy way
to overcame this difficulty: writing the ab component of F k

ab in terms of holonomies around a plaquette in
the a− b plane. Thanks to the spatial homogeneity and isotropy it suffices to consider one square plaquette
of the fiducial cell V0 ,�ij , where i and j denote two of its boundary edges, and F k

ab takes the following form:

F k
ab = 2 lim

Ar�→0

Tr

(

h�ij
− I

Ar�
τk
)

δiaδ
j
b , (15)

where Ar� = (µ0V0)
2/3 is the area of the plaquette and τk = −iσk/2 , where σk is the Pauli matrix in the k

direction. However, the limit defined in (15) cannot be really taken because the weak continuity with respect
to µ0 fails. This issue is solved taking into account one of the fundamental features of the full theory: the
quantized nature of the geometry.

LQC takes advantage of the fact that in LQG there is a well defined area operator ÂrLQG for a graph
Γ, with a discrete spectrum

ÂrLQG |Γ, j, i >= 8πγl2P
√

j(j + 1) |Γ, j, i >, (16)

where |Γ, j, i > denotes an element of the spin-network basis: j is a quantum number associated to each link
of Γ and labels the irreducible representations of SU(2) (whose nonvanishing minimum is fixed by j = 1/2),
i labels the intertwiners at each node of Γ . In this sense the non existence of the limit (15) is directly
related to the discretization of the geometrical operators, hence a reasonable request should be to shrink the
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plaquette till its surface equals the minimum non vanishing eigenvalue of the LQG area operator. Let us
consider then an holonomy along an edge of this minimal plaquette, which we denote as hµ0 = eiµ0c/2 , from
(12) we have

p̂LQC hµ0 =
4πγl2P

3
µ0hµ0 (17)

and the value of µ0 is determined equating the spectra of the area operator in (17) with the one in (16), for
j = 1/2 we find

µ0 = 3
√
3 . (18)

However, this choice has unwanted physical consequences. Considering the semiclassical LQC Hamilto-
nian (14) and taking for µ the constant value (18), the following modified Friedmann equation [8] follows

(

ȧ

a

)2

=
8π

3
ρ

(

1− ρ

ρcr

)

, (19)

which tells us that when the density ρ = P 2
φ/2p

3 of the universe reaches the critical value ρcr the big bang

singularity is replaced by a bounce. In this regularization scheme ρcr = 21/33/((8πγ2∆LQG)
3/2Pφ) [8], where

∆LQG is the minimum area eigenvalue in LQG, and this poses an issue in the consistency of the model: in
classical general relativity the Friedmann equations are insensitive to the spatial topology, indeed in a FLRW
model with k = 0 and Λ = 0 having a non compact topology like R

3 or a compact one like T
3 gives always

the same equations for the scale factor. But as we have seen, spatially homogeneity requires the introduction
of an infrared regulator V0 from which ρcr happens to depend since Pφ = p3/2φ̇, where p3/2 = a3(t)V0, and
for non compact spatial topology taking the limit V0 → ∞ leads to the undesired feature of a vanishing ρcr .

A possibility to overcome this inconsistency would be considering the topology of T3, indeed in this case
the regulator is not needed having a closed spacetime. Nonetheless, also in this case the µ0 scheme fails to
provide a consistent description of the universe because the value of ρcr at which the bounce occurs is too
far away from the Planck scale by several orders of magnitude, being ρcr = 10−32g/cm3 [5].

These inconsistencies are solved within the modern regularization scheme in LQC, the µ̄ scheme.

2.4 µ̄ scheme

The µ̄ scheme borrows another ingredient from the full theory: the graph structure of the kinematical
states. A given p̂LQC eigenstate Ψ(c) = eiµc/2 , represents the physical geometry of a face of V0 with area
(4πγl2P /3)µ. Heuristically, it is possible to look for a correspondence between LQC states and LQG spin
networks: a suitable spin network that can describe the geometry of an homogeneous and isotropic cosmology
should have edges parallel to the three directions to which the cubical cell V0 is adapted. Considering a face
of the fiducial cell, the global area is dual to a spin-network |Γ, j, i〉 with N edges piercing orthogonally the
considered face, each of them carrying the same quantum number j because of the requested homogeneity
and isotropy. The area operator on this state has the following action:

ÂrLQG |Γ, j, i >FLRW= 8πγl2PN
√

j(j + 1) |Γ, j, i >FLRW≡ p |Γ, j, i >FLRW . (20)

In order to achieve the best coarse grained homogeneity, one should maximize the number of edges and
minimizing the dual areas, i.e. choose a spin network whose every single edge carries the minimal spin
j = 1/2. Every face of V0 is then seen as built up by a collection of elementary plaquettes whose physical
area is

∆LQG = 4
√
3πγl2P (21)

and the total fiducial area V
2/3
0 of a single face must satisfy

V
2/3
0 = N(µ̄V

1/3
0 )2, (22)

where µ̄ = l0/V0
(1/3) and l0 is the coordinate lenght of an elementary edge. From (22) and (20) we find

respectively
µ̄2 = 1/N (23)
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and
µ̄2p = ∆LQG . (24)

The latter defines the µ̄ scheme. Using (24) in (14) one gets the modified Friedmann equation (19) with the
difference that within this scheme the critical density turns out to be ρcr = 3/(8πγ2∆LQG) = 0.41ρP , that
is, a (Planckian) value that does not depend on the regulator V0.

2.5 Summary and comments about the two schemes in the light of QRLG

As we have seen, LQC requires regularizations from which the resulting dynamics is deeply affected. Fur-
thermore, both the two regularizations available require the help of the full theory, i.e. LQG.

In the µ0 scheme the fundamental ingredient imported from LQG is the discretized nature of geometry,
which relates the value of µ0 to the minimum non vanishing eigenvalue of the area operator. The corre-
sponding physical picture is that of a spin network associated to a graph with just one single edge piercing
orthogonally a face of V0 and then, during the expansion of the universe, the only quantum number that
grows is j. The consequences of this choice leads to an unwanted result, indeed the critical density at which
the bounce occurs is not fixed but inversely proportional to Pφ.

The µ̄ scheme can be seen as an extension of the previous scheme since not only the quantized geometry,
but even the graph structure of full LQG is taken into account. Here the spin network representing the
state of the quantum FLRW geometry is associated to a graph with N edges and the regulator is inversely
proportional to this number: µ̄2p = ∆LQG. In this picture, during the expansion of the universe there is a
growth of the total number N of plaquettes pierced by edges which all carry the fixed minimum spin j = 1/2.

What is missing in both schemes is a possible contribution by a superposition of different spin network
states, i.e. states labelled by different value of N and j, collectively describing the same geometry. At the
quantum level it is indeed quite reasonable to expect the effective Hamiltonian to take contributions also
from these “less coarse-grained” states. We will see that this emerges naturally in the context of QRLG,
with a new regularization scheme that can be seen as an extension of the LQC-ones, including as particular
cases both the µ0 and the µ̄ scheme. Furthermore, since QRLG inherits in a natural way from the full theory
the graph structure and the discretization of geometrical operators, regularizations here do not require any
external input from the full theory.

3 Quantum Reduced Loop Gravity

QRLG is a gauge fixed version of LQG which implements at the quantum level a reduction of degrees
of freedom according to the symmetry of the system. This approach turns out to be particulary fruitful
when addressed to cosmology, being enough here to select as an evolution operator only the part of the
full hamiltonian constraint which generates the evolution of the homogeneus part of the metric, i.e. the
euclidian constraint, and to address quantum non homogeneus systems via a perturbative expansion from
the homogeneus configuration.

3.1 Kinematics

Starting from the kinematical Hilbert space of LQG, QRLG implements the following gauge fixing conditions
to restrict to a diagonal 3-metric tensor ηab(t, x) and triad fields Ea

i (t, x) :

ηab(t, x) = δijE
a
i (t, x)E

b
j (t, x) = 0 for a 6= b , χi = ǫ k

ij Ea
k (t, x) δ

j
a = 0 . (25)

Mimicking the spinfoam procedure [38], these conditions are promoted to operators [18] and implemented
weakly, i.e. used to select the subspace of quantum states |φα〉 such that

〈φα|η̂ab|φβ〉 = 0 , 〈φα|χ̂i|φβ〉 = 0 , (26)

and it turns out that these conditions hold if:

1. the graphs have links only along fiducial directions, i.e. are cuboidal ;
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2. group elements belong to the U(1) subgroup obtained by stabilizing SU(2) to the chosen fiducial
direction δi = δai ∂a along which the link belongs .

The first condition is fullfilled by SU(2) spin networks associated to cuboidal graphs Γ and taking as
admissible diffeomorphims only transformations that preserve the cuboidal structure, i.e. only redefinitions
of fiducial coordinates:

x′1 = x′1(x1) , x′2 = x′2(x2) , x′3 = x′3(x3) . (27)

The second condition is realized at each link l by projecting the magnetic indexes of the Wigner matrices
on the SU(2) coherent states that have maximum or minimum magnetic number along the fiducial direction
~ul, i.e. projecting on | ± j, ~ul〉 := Djl(~ul)|j,m = ±j〉, where Djl(~ul) is the matrix the rotates the z direction
onto ~ul . Hence, a generic basis element of the kinematical Hilbert space of QRLG is written as

〈h|Γ, {ml}, {xn}〉 =
∏

n∈Γ

〈{jl}, {xn}|{ml}, {~ul}〉
∏

l

lDjl
mlml

(hl), ml = ±jl , (28)

where lDjl
mlml

(hl) := 〈ml, ~ul|Djl(hl)|ml, ~ul〉 and the coefficients 〈{jl}, {xn}|{ml}, {~ul}〉 are one-dimensional
intertwiners given by the projection of Livine-Speziale coherent intertwiners [26] on the standard SU(2)
intertwiner basis. QRLG-holonomies are associated to a given direction k along which the link l seats, i.e.

hl = Pei
∫
l
Akτk := eiθl , k not summed , (29)

thus the action of the corresponding holonomy operators follows simply from U(1) recoupling theory.
Flux operators are given by projecting those of LQG down to QRLG by means of (26), with the result

that the only non vanishing QRLG-fluxes are those corrisponding to surfaces orthogonal to the triad, i.e.
Ei(S

j) 6= 0 ⇔ i = j, and their action reads

Êi(S
i) lDjl

mlml
(hl) = 8πγl2P ml

lDjl
mlml

(hl) li ∩ Si 6= ⊘ . (30)

Fluxes coincide with the areas pierced by the links and we can define them as area operators p̂i in the i
direction, then from (30) we read that the QRLG area gap ∆, i.e. the minimal (positive) eigenvalue for Êi,
is

∆ = 4πγl2P =
∆LQG√

3
. (31)

Out of these fluxes we easily construct the volume operator V̂ =
∫

d3x

√

|Ê1(S1)Ê2(S2)Ê3(S3)| which is

diagonal and then allows to perform easier analytical computations.

3.2 Dynamics

The kinematical arena of QRLG is just gauge-fixed LQG. The phase space reduction is implemented dy-
namically, i.e. considering only that part of the scalar constraint which generates the evolution of the
homogeneous part of the metric and choosing coherent states to describe homogeneous states.

In the homogeneous case, the spatial part of the metric has each scale factor depending on time and its
associated coordinate (because of the residual symmetry (27)) i.e.

ds2 = dt2 − a21(t, x1)dx
2
1 − a22(t, x2)dx

2
2 − a23(t, x3)dx

2
3 , (32)

for which spin connections vanish and Ashtekar connections are diagonal. The original SU(2) Gauss con-
straint reduces to three independent U(1) ones and the vector constraint vanishes identically. Finally, the last
constraint benefits of a big simplification, since substituting the diagonal form for connections and momenta
into the scalar constraint of full LQG the Lorentzian part turns out to be proportional to the Euclidean part.
On the contrary, non homogeneous configurations are characterized by scale factors ai which now are generic
functions of all fiducial coordinates and because of that neither Ashtekar connections are diagonal nor the
vector constraint vanishes identically and the Hamiltonian analysis is very complicated (see for instance
[35]).
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Effective dynamics can be achieved in QRLG taking advantage of the coherent state technology developed
for full LQG [36, 37] which allows a definition of the following coherent states [15]:

ψα
Γ{H′} =

∑

{ml}

∏

n∈Γ

〈{jl}, {xn}|{ml}, {~ul}〉∗
∏

l∈Γ

ψα
H′

l
(ml) 〈h|Γ, {ml}, {xn}〉 , (33)

where the coefficients ψα
H′

l
(ml) are given by

ψα
H′

l
(ml) = (2jl + 1)e−jl(jl+1)α

2 eiθ̄lmle
α

8πγl2
P

E′

iml

, jl = |ml| . (34)

States (33) are labelled by the variables H ′
l := h′e

α

8πγl2
P

E′

iml

and peaked both on fluxes E′
i = 8πγl2P j̄i

1 and

holonomies h′ = eiθ̄lml , where j̄i and θ̄l are labels that, for a given direction i = x, y, z , neither depend
on nodes nor on links2, i.e. we choose to peak (33) around an homogeneus configuration not restricting
to isotropy. Since E′

i and θ̄l are local variables, in terms of LQC global physical variables cl, pi (for which
{cl, pi} = 8πγδli [30]) we have the following identifications:

E′
i = pi

Ni

N3
, θ̄l =

cl
Nl

, (35)

for a cuboidal graph with Ni number of nodes along one of the three directions x, y, z and N3 := NxNyNz .
We denote this semiclassical state by |ΨNi,H′

i
〉 or more explicitely as ⊗i|Ni, j̄i, θ̄i〉 . Computing the expecta-

tion value of the QRLG Hamiltonian operator Ĥ over these states, in the large j limit we get the following
expression [17]

〈ΨNi,H′

i
|Ĥ |ΨNi,H′

i
〉 ≈ − 1

8πγ2

(

NxNy

√

px py
pz

sin(
cx
Nx

) sin(
cy
Ny

) +NyNz

√

py pz
px

sin(
cy
Ny

) sin(
cz
Nz

)

+Nz Nx

√

pz px
py

sin(
cz
Nz

) sin(
cx
Nx

)

)

:= HBianchi({Ni}, {ci}, {pl}) (36)

which coincides with the LQC Bianchi I Hamiltonian [27] as far as we identify the inverse of the number of
nodes with the LQC regulator

µ′
i =

1

Ni
. (37)

It is also worth noticing that this identification is assumed by heuristic arguments in the definition of the
improved scheme in LQC, while in QRLG this identification follows naturally within the model due to the
presence of the graph structure of the full theory. Therefore, in QRLG we effectively obtain the same
semiclassical dynamics as in LQC as soon as we identify the regulator with the inverse number of nodes of
the graph at which the states are based. The isotropic limit of (36) gives the hamiltonian constraint for the
FLRW case:

HFLRW (N3, c, p) := 〈ΨN3,H′ |Ĥ |ΨN3,H′〉 ≈ − 3

8πγ2
√
p (N3)

2/3
sin2(c(N3)

−1/3
) , (38)

in which we can again define the regulator as

µ′ =
1

N
. (39)

However, the identifications (37) and (39) lead to the µ0 scheme, since Ĥ is a non graph-changing Hamiltonian
and then the number of nodes is fixed. In the next section we introduce a regularization procedure that at
the leading order allows to recover LQC hamiltonians in µ̄ scheme and provide corrections for the dynamics
that we will investigate in the rest of the paper.

1We choose to peak around positive values of m’s, such that ml = jl.
2i.e. we keep the labels l only to indicate the direction orthogonal to the surface Si (pierced by the link l) over which the

flux Ei is evaluated. Since the direction l depends on i, for sake of clarity in (36) we have dubbed H′

l as H′

i.
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Another relevant feature of the QRLG dynamics regards the so called inverse volume corrections that in
terms of LQC variables take the following form:

1√
pi

→ 1√
pi

[

1 +
N6

N2
i

(

πγl2P
pi

)]

, (40)

which, differently from the LQC ones, are local since depend on the quantum number ji that enters in pi,
i.e. they are invariant under the rescaling of the fiducial cell. The non invariance of the inverse volume
corrections in LQC has been criticized by some authors [40] arguing that beyond a minisuperspace approach
to cosmology they should be scale invariant, exactly as in QRLG.

4 Statistical regularization scheme in QRLG

QRLG-states are represented by cuboidal graphs with U(1) spin labels attached to the links and phases
associated to the extrinsic geometry. In this context generic semiclassical states have been constructed by
peaking fluxes and holonomies around fixed quantum numbers associated to classical values of the intrinsic
and extrinsic geometry in the three directions x, y, z. These quantum numbers are3 ({Ni},{ji},{θi}), namely,
for a given direction i the total number of nodes associated to a given graph, the spin labels and the argument
of the exponential in the classical holonomies (see (29)).

The homogeneous anisotropic sector of the model can be explored from a statistical point of view.
Considering as our microstates semiclassical coherent states (33) on which homogeneity and anistropy are
imposed by peaking them on different set of microscopic quantum numbers (jx,jy,jz ,θx,θy,θz ), a macrostate

is labelled by the set of collective variables (px, py, pz; cx, cy, cz), related to the microscopic variables by the
following (see (35)):

cx = Nxθx , cy = Nyθy , cz = Nzθz , (41)

px = 8πγl2PNyNzjx , py = 8πγl2PNxNzjy , pz = 8πγl2PNxNzjy, (42)

where px,y,z and cx,y,z are the total area and the collective θ along a given direction, respectively. Being
free to choose different values of Nx, Ny, Nz , to a fixed set of collective variables would correspond several
possible combinations of microcopic variables, i.e. the same macrostate corresponds to several different
microstates.

The homogeneous and isotropic case can be obtained considering cubical graphs, i.e. graphs with the
same number of nodes in the three directions Nx = Ny = Nz and the same peak for the coherent states
jx = jy = jz, θx = θy = θz. In this case the collective variables become (c, p), which are related to the
microscopic variables by the followings:

c = Nθ , (43)

p = 8πγl2PN
2j . (44)

In [19] has been proposed to assign a weight to all the possible different graphs which represent the same
kinematical state defined by a given couple (p, c) . Here we want to show how this weightning can be seen
as a regularization procedure which extend the two previous regularizations in LQC and explore its new
resulting physical consequences.

4.1 FLRW statistical regularization via volume counting

Let us start to address the isotropic case. Since j has a minimum value jmin = 1/2, considering two fixed
and finite values of (p, c), from (44) we find that N must have a maximum value Nmax. On the other hand,
a non trivial quantum state should have at least one node, namely Nmin = 1 which must be associated to
a jmax, thus every N lying in the interval [Nmin, Nmax] is associated with the couple (j, θ) such that (p, c)
are fixed and provides an indistinguishable semiclassical homogeneous and isotropic state. If we consider a
total maximum number of nodes N3

max there are several combinations for a given N3 which lead to the same

3from now on we write them dropping the overbars.
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state. The total number #ΓN3 of indistinguishable graphs for a given N3 can be computed by a binomial
counting:

#ΓN3 =

(

N3
max

N3

)

. (45)

The normalization factor of this binomial coefficient is easily find to be (for large value of Nmax)

N3
max
∑

N3=1

(

N3
max

N3

)

≈ 2N
3
max , (46)

which tell us that the mean value and the variance of the binomial distribution are respectively:

〈N3〉 = N3
max

2
, σ2 =

N3
max

4
. (47)

Through the assignment of a weight to each configuration, it is possible to define a density matrix whose
coefficients give the (classical) probability of the occurence of the various graphs:

ρFLRW
N3 :=

1

2N
3
max

N3
max
∑

N3=1

(

N3
max

N3

)

|N3, j((N3)2/3, p), θ((N3)1/3, c)〉〈N3, j((N3)2/3, p), θ((N3)1/3, c)| , (48)

where |N3, j((N3)2/3, p), θ((N3)1/3, c)〉 is a coherent (micro)state peaked around the classical configuration
(c, p) . Let us now compute the expectation value of the area operator over this density matrix in the
continuum limit, i.e. approximating the binomial with a gaussian with the same mean and variance. Recalling
that p̂ acts according to (30) we obtain:

〈p̂〉 = Tr(ρFLRW
N3 p̂)

TrρFLRW
N3

=
8πγl2P

∫

d(N3)N2 j(N2, p) e
− (N3

−N3
max/2)2

N3
max/2

∫

d(N3) e
− (N3

−N3
max/2)2

N3
max/2

. (49)

To evaluate (49) we use the saddle point approximation for large N3
max and keep only the leading order

〈p̂〉 ≈ 8πγl2P
N2

max

22/3
j0 (50)

where j0 is the spin value calculated at the critical point. Identifying 〈p̂〉 with the p label (44), recalling that
the existence of jmin implies p = 8πγl2P jminN

2
max, follows that

8πγl2P
N2

max

22/3
j0 = 8πγl2PN

2
maxjmin (51)

which implies 22/3jmin = j0. The (volume counting) statistical regularization consists in taking as an
effective hamiltonian the one given by the expectation value of Ĥ over the density (48). Doing this modifies
the hamiltonian (38) into the following one:

HFLRW
eff,N3 :=

Tr(ρFLRW
N3 Ĥ)

TrρFLRW
N3

, (52)

whose evaluation at the leading order in the saddle point expansion reads

HFLRW
eff,N3,0 := HFLRW (N3

max/2, c, p) = − 3

8πGγ2
√
p (N3

max/2)
2/3

sin2(c(N3
max/2)

−1/3
) . (53)

Defining N2
max/2

2/3 := 1/µ̃2 we can cast HFLRW
eff,N3,0 in the LQC shape - i.e. like the first term in (14) - and

using (50) we find that, up to a constant, the QRLG regulator has the same dependence on p as the µ̄ in
LQC:

µ̃2p = ∆̃ , (54)
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with ∆̃ = 8πγl2P j0, i.e.

∆̃ = 22/3∆ . (55)

This suggests that the so called LQC area gap should be thought not as a kinematical property but as
a property of the particular state under consideration. Further, notice that the derivation in QRLG of this
regularization scheme emerges in a natural way without importing structures from the full theory.

4.2 µ0 and µ̄ scheme in QRLG

We are in a position to show how the LQC schemes emerge from QRLG, which are the differences with the
statistical regularization and why the latter can be seen as an extension of the former. From a QRLG point
of view, all the regularization schemes can be thought as coming from a relation between the area 〈p̂〉 and
the microscopical quantum numbers (N2, j) through a selected density matrix whose coefficients represent
the probability of having the different allowed combinations of quantum numbers (N, j) such that the global
variables (p, c) take the same values. In this way we can easily build the two density matrices associated
respectively to the µ0 and µ̄ scheme:

ρFLRW
µ0

:= δN3,N3
min

|N3, j((N3)2/3, p), θ((N3)1/3, c)〉〈N3, j((N3)2/3, p), θ((N3)1/3, c)| , (56)

ρFLRW
µ̄ := δN3,N3

max
|N3, j((N3)2/3, p), θ((N3)1/3, c)〉〈N3, j((N3)2/3, p), θ((N3)1/3, c)| , (57)

whose continuum limit is simply defined substituting the Kronecker delta with the Dirac delta. Looking at
expressions (36), (37) and (38) is easy to realize that a µ0 scheme4 in QRLG is obtained, indeed, computing
expectation values over the state (56) and recalling Nmin = 1 we get µ′ = 1 := µ0 .

The ρFLRW
µ̄ instead selects more naturally a privileged homogeneous and isotropic maximally coarse-

grained state. The expectation value of the area operator over this density matrix reads

〈p̂〉 =
Tr(ρFLRW

µ̄ p̂)

TrρFLRW
µ̄

= 8πγl2P N
2
max jmin (58)

and a µ̄ scheme is recovered, since setting µ̄ := 1/Nmax, it holds µ̄
2p = ∆.

In closing, we have seen the LQC schemes select a privileged state neglecting the contribution of all the
others which give a indistinguishable global geometry, i.e. neglecting the quantum fluctuations associated to
N . QRLG instead selects the most probable state assigning a statistical weight to all the possible indistin-
guishable configurations, in this way the state which statistically has the best properties of homogeneity and
isotropy is the one centered in N3

max/2. However, computing the expectation value of the various operators
over the QRLG density matrix it is possible to go over the first order approximation and take into account
the fluctuations due to the less probable homogeneous and isotropic states. Since the two privileged states
selected by the LQC regularization schemes turn out to be in the two opposite tail of the resulting (finite)
gaussian, they can be seen just as particular choices of the statistical regularization in QRLG.

4.3 The emergent-bouncing universe

The physical consequences of the statistical regularization were analysed for the first time in [20] where the
ratio (52) was evaluated at the next to the leading order of the saddle point expansion. The result gives the
following Hamiltonian

HFLRW
eff,N3,1 = − 3

8πγ2
√
p

(

N2
max

22/3
sin2(

21/3c

Nmax
) +

c2

9N3
max

cos(2
21/3c

Nmax
)− 21/3

18Nmax
sin2(

21/3c

Nmax
)

)

. (59)

To study the resulting dynamics it is convenient to switch to a new pair of canonical variables related to
(p, c) in the following way:

v =
p3/2

2πγ
, b =

c

p1/2
, (60)

4indeed the µ0 obtained here has a different numerical value compared to the one in LQC, which is 3
√

3 (see (18)).
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anf the only non vanishing Poisson brackets read:

{v, b} = −2 . (61)

Writing (59) in terms of these new variables, using (54) and adding the usual massless scalar field coupling,
we get

HFLRW
eff,N3,1 +Hφ = − 3v

4∆̃γ
sin2(

√

∆̃b) +
P 2
φ

4πγv
− b2∆̃3/2

48πγ2
cos(2

√

∆̃b) +

√

∆̃

48πγ2
sin2(

√

∆̃b) , (62)

computing the associated equations of motion and neglecting terms that are subdominant in a 1/v expansion5

we find the following modified Friedmann equation

(

v̇

3v

)2

=

(

8π

3
ρm +

ρg
γ2

)

(1 − 2Ωg)
−1

(

1− Ωm − Ωg

1− 2Ωg

)

, (63)

where the new quantities are defined as follows:

ρg := −b
2∆̃3/2

18V
, ρ̄cr := − 1

∆̃
, ρm :=

P 2
φ

2V 2
, ρcr :=

3

8πγ2∆̃
, Ωg :=

ρg
ρ̄cr

Ωm :=
ρm
ρcr

, (64)

where V is the physical volume, V = 2πγv . The density ρg is directly related to the cosine term in the
Hamiltonian and it can be interpreted as a geometric negative energy density whose origin is purely quantum
gravitational, ρ̄cr is the critical energy density at which a universe without matter would undergo a bounce.
The former is a pure quantum gravity correction since it depends on the ratio l3P /V , hence it is totally
negligible for large universes, but it deeply affects the dynamics in the quantum regime. Differently from
LQC there are two conditions that lead to a stationary point:

Ωg +Ωm = 1 , Ωg = Ωm , (65)

the first is the same bounce condition of LQC: when the sum of the ratio between ρg/ρ̄cr and ρm/ρcr is equal
to 1, the universe bounces, hence the system reaches a global minimum. However a new possibility is allowed
when quantum gravity effects compensate the evolution driven by the matter content, this is encoded in the
second condition of (65). In this regime the evolution can reach even maxima and the LQC pre-bounce
dynamics is replaced by consecutive oscillations with decreasing local maxima as we go back in time (see
top panel of fig.1 in section 8).

We stress this emergent-bouncing phase is not postulated at all but it naturally emerges from a funda-
mental quantum gravity model for the FLRW universe. Furthermore it sheds light for the first time over
a possible dynamical quantum effect of the gravitational field near the Planck scale: it starts to act as a
negative energy density behaving as a “repulsive force”.

The modification of the LQC bouncing scenario is not the only physical consequence of the statistical
regularization, indeed the cosine term in the QRLG Hamiltonian breaks a classical symmetry still present in
the µ̄ LQC Hamiltonian (only if one neglects the inverse volume corrections): the freedom on the rescaling
of the fiducial cell. However, as we will discuss in detail, this fact is unavoidable for the appearence of a new
physical scale, namely the Planck scale. Still, within the QRLG dynamics this symmetry is broken only when
the size of the universe approaches the Planck volume and as the universe becomes classical, homogeneity is
perfectly restored since this term is negligible and we can factor out V0 recalling Pφ = V φ̇ .

Let us point out the differences about the rescaling symetry breaking between the LQC µ0 scheme and
QRLG. In LQC the cell dependence had an influence on physical quantities like ρcr since it had a dependence
on 1/Pφ, hence for different values of the fiducial cell, the density at which the bounce occurs could be in
principle shifted to any values. This problem was impossible to solve even considering a compact topology
since taking realistic initial cosmological data the value of the density predicted for the bounce was extremely

5In writing eq. (63) the last term in the rhs of (62) has been neglected, too. The presence of that term amounts just in
shifting a bit the coefficient in front of the LQC-like term, i.e. in the first term in the rhs, and it does not affect the dynamics
[39]. Anyway, the numerical study in section 8 has been done keeping also that contribution.
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classical. In QRLG the term responsible for the emergent-bouncing phase depends on the ratio VP /V , and
is telling us that the theory must take into account dynamical quantum gravitational effects close to the
Planck scale when V → VP . Furthermore, differently from the LQC µ0 scheme, if we consider a compact
topology no more interpretative problems arise since the density at which the bounce occurs is always fixed.
If we want to consider a non compact topology like R

3 it is true that from a matematical point of view
it is not possible to fix univoquely the cell V0 since in an open homogeneous spacetime at least at the
classical level different regions of the universe should have an indistinguishable evolution. In this regard the
emergent-bouncing universe is in full agreement with this picture since for classical universe the ratio VP /V is
completely negligeable and the rescaling symmetry is completely restored. If we allow a breaking of classical
homogeneity at Planck scale, the emergent-bouncing universe doesn’t present any conceptual issue, since the
sistem generated by (62) is completely determined once initial conditions for (b, v) are given and then is not
the value of V0 itself to be physically relevant but only the physical volume V . One could argue that in an
open topology the total volume of the universe should tend to infinity hence the effect of the new term is
negligible. In our opinion this claim is not physically relevant since even for an infinite universe only a finite
region is causally connected to us. Different initial data describe inequivalent universes with different global
physical volumes V and a physically motivated choice of initial data should be related to the biggest region
of the universe causally connected to us that leads to predictions compatible with observations. Dynamics
generated by (62) is predictive and at most requires to experimentally fix the initial value of V .

5 Bianchi I statistical regularization in QRLG

We are now ready to apply the QRLG statistical regularization scheme to a non isotropic case, to recover
the LQC improved dynamics of Bianchi I and its new corrections. Let us start by recalling the effective
LQC Bianchi I Hamiltonian:

HBianchi
LQC ∼

√

pxpy
pz

sin(µ̄xcx) sin(µ̄ycy)

µ̄xµ̄y
+

√

pxpz
py

sin(µ̄xcx) sin(µ̄zcz)

µ̄xµ̄z
+

√

pzpy
px

sin(µ̄zcz) sin(µ̄ycy)

µ̄zµ̄y
. (66)

From the QRLG perspective, as in the FLRW case, the µ̄ LQC regularization scheme is associated to
a particular choice of a kinematical state which from a semiclassical point of view corresponds only to a
particular microstate. To apply the statistical regularization scheme we have to classify microstates looking
at the quantum numbers that caracterize a Bianchi I semiclassical state using relations (41) and (42). This
allows to build the density matrix ρBianchi

µ̄ , extention of (48), suitable to describe the Bianchi I case.
From (41) and (42) we see that each spin ji introduces a bound on the product NjNk (i 6= j 6= k). This

suggests to consider a new set of indipendent variables

Ax := NyNz , Ay := NzNx , Az := NxNy , (67)

in terms of which (41) and (42) read as follows:

pi = 8πγl2P Aiji , ci =

√

AjAk

Ai
θi where i 6= j 6= k , (68)

then the quantum numbers which characterize the microstates lie in the intervals contained in the three sets
{[Amin

i , Amax
i ], [jmin

i , jmax
i ]}. If we want to recover the improved scheme of LQC, we have to consider the

most coarse-grained kinematical configuration associated to a particular state corrisponding to the following
density matrix:

ρBianchi
µ̄ :=

∏

i

δAiAmax
i

|Ai, ji(Ai, pi), θi({Ai}, ci)〉〈Ai, ji(Ai, pi), θi({Ai}, ci)| , (69)
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the expectation value of Ĥ over the state (69) gives the QRLG Bianchi I Hamiltonian

HBianchi({Amax
i }, {ci}, {pi}) ≡ − 1

8πγ2
[ Amax

z

√

pxpy
pz

sin(cx

√

Amax
x

Amax
y Amax

z

) sin(cy

√

Amax
y

Amax
x Amax

z

) +

+ Amax
x

√

pypz
px

sin(cy

√

Amax
y

Amax
x Amax

z

) sin(cz

√

Amax
z

Amax
x Amax

y

) +

+ Amax
y

√

pzpx
py

sin(cz

√

Amax
z

Amax
x Amax

y

) sin(cx

√

Amax
x

Amax
y Amax

z

) ] . (70)

Let us consider the set of the collective labels (px, py, pz) for a state associated to (Amax
x , Amax

y , Amax
z ), they

read:
pi = 8πγl2P A

max
i jmin

i (71)

where the three independent variables {Amax
i } can be rewritten in terms of the number of nodes as

Amax
x = Nmax

y Nmax
z , Amax

y = Nmax
z Nmax

x , Amax
z = Nmax

x Nmax
y , (72)

then identifying the LQC regulator with the inverse of the number of nodes

µi =
1

Nmax
i

(73)

and using jmin
x = jmin

y = jmin
z = 1/2, from (71) we get the following relations:

µyµzpx = ∆ , µyµxpz = ∆ , µxµzpy = ∆ , (74)

where ∆ is the minimum eigenvalue of the Area operator in QRLG. The relations (74) give exactly the
improved version of the regulators for the Bianchi I universe in LQC [5, 27]. We stress that this derivation
from QRLG doesn’t require any input from the full theory but it is self-consistent and is based on the only
assumption that the most coarse-grained configuration is the privileged one. Anyway, as for the FLRW case,
the µ̄ scheme ignores several semiclassical indistinguishable microstates that lead to the same geometrical
configuration. Indeed, the use of the Kronecker delta forces the number of nodes to be a classical number,
on the contrary, if we consider a non trivial density matrix we can take into account the quantum nature of
Ni, namely we can deal with the spread associated to a chosen distribution. We do this now.

The extention of the density matrix (48) to the Bianchi I case requires to weight the occurrence of the
microstates using a binomial counting, namely to use the following density matrix

ρBianchi :=
∏

i

1

2A
max
i

Amax
i
∑

Ai=1

(

Amax
i

Ai

)

|Ai, ji(Ai, pi), θi({Ai}, ci)〉〈Ai, ji(Ai, pi), θi({Ai}, ci)| . (75)

In the continuum limit and at the leading order of the saddle point expansion, the regularization of the
QRLG Hamiltonian (70) with this density matrix gives HBianchi({Amax

i /2}), i.e the hamiltonian evaluated
at the most probable value of the three gaussians. Analogously to (50), it follows that

〈p̂i〉 =
Tr(ρBianchip̂i)

TrρBianchi
= 8πγl2P

Amax
i

2
j0i (76)

the identification with 〈p̂〉 with the labels pi (71) and the evaluation of the hamiltonian

HBianchi
eff :=

Tr(ρBianchi Ĥ)

TrρBianchi
(77)

allows to cast its leading order HBianchi
eff,0 := HBianchi({Amax

i /2}) in the LQC form (66) once we set

µ′
i :=

√
2

Nmax
i

, (78)
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that implies
µ′
yµ

′
zpx = ∆′ , µ′

yµ
′
xpz = ∆′ , µ′

xµ
′
zpy = ∆′ , (79)

where
∆′ = 2∆ . (80)

The relations (79) have the same functional form of the LQC ones even if the value of ∆′ is different, since
the statistical counting does not assign the most probable value to the most refined state. The use of a non
trivial density matrix introduces a spread for Ni that now must be taken into account evaluating the saddle
point expansion of the Hamiltonian. This correction gives a departure from LQC by means of a new effective
hamiltonian for Bianchi I that coincides at the leading order with the one of LQC, as we are ready to show.

Considering the continuous approximation and performing the usual substitutions

Ax := Amax
x Sx , Ay := Amax

y Sy , Az := Amax
z Sz , λ := Amax

x Amax
y Amax

z , (81)

we get

HBianchi
eff (λ) ≈ λ

∫

dSxdSydSzH
Bianchi eλ[−

1
βδ 2(Sx−1/2)2− 1

αδ 2(Sy−1/2)2− 1
αβ 2(Sz−1/2)2]

TrρBianchi(λ)
(82)

which it is now in the form that allows us to apply the multidimensional saddle point formula and to write

HBianchi
eff (λ) ≈

λ
(

2π
λ

)3/2 eλφ(crit)√
|detφ′′(crit)|

[

HBianchi(crit)− 1
2λH

′′Bianchi
ij (crit)φ′′−1

ij (crit) + ...
]

TrρBianchi(λ)
(83)

where

φ′′−1
ij (crit) = −1/4 diag

(

Amax
y Amax

z , Amax
x Amax

z , Amax
y Amax

x

)

, crit := (1/2, 1/2, 1/2)

and we end with the result

HBianchi
eff,1 = HBianchi

eff,0 +

1

192
√
2πγ2λ2

[ Amax
z

√
λ cy cos(cy

√

2Amax
z

Amax
x Amax

y

) [ α1

√

pxpy
pz

sin(cx

√

2Amax
y

Amax
x Amax

z

) + α2

√

pypz
px

sin(cz

√

2Amax
x

Amax
y Amax

z

) ]

− (Amax
x )2

√

Amax
z Amax

y

Amax
x

cz cos(cz

√

2Amax
x

Amax
y Amax

z

) [ α3

√

pxpz
py

sin(cx

√

2Amax
y

Amax
x Amax

z

) + α4

√

pypz
px

sin(cy

√

2Amax
z

Amax
x Amax

z

) ]

+ (Amax
y )2

√

Amax
y

Amax
z Amax

x

cx cos(cx

√

2Amax
y

Amax
x Amax

z

) [ α5

√

pxpy
pz

sin(cy

√

2Amax
z

Amax
x Amax

y

) + α6

√

pxpz
py

sin(cz

√

2Amax
x

Amax
z Amax

y

) ] ]

where

α1 := [Amax
x (Amax

x Amax
y − 3Amax

z ) + Amax
y Amax

z ] , α2 := Amax
y [−3Amax

y Amax
z +Amax

x (Amax
y +Amax

z )]

α3 := −Amax
z [Amax

x (Amax
y − 3Amax

z ) +Amax
y Amax

z ] , α4 := Amax
y [3Amax

x Amax
y −Amax

x Amax
z −Amax

y Amax
z ]

α5 := −Amax
x [3Amax

x Amax
y −Amax

x Amax
z −Amax

y Amax
z ] , α6 := Amax

z [−3Amax
y Amax

z +Amax
x (Amax

y +Amax
z )] .

(84)

To keep space, in the latter we have written only terms of order λ−1/6 , i.e the leading terms among all6 the
next to the leading ones. The detailed study of the dynamics generated by HBianchi

eff,1 is beyond the scope of
this work and will be addressed in a future paper under preparation.

6Indeed, because of substitutions (81), notice the Bianchi hamiltonian and the hessian matrix keep terms proportional to
λ0 , λ1/6 and λ2/3 respectively.
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6 FLRW statistical regularization via area counting

The statistical treatment of the Bianchi I case required a counting based on coordinate areas with number of
nodes Ai contained in the cuboidal lattice. The original computation (52) leading to the emergent bouncing
universe was instead based on counting coordinate volumes contained in a cubical lattice with N3 nodes.
The counting choice, at this level, is still arbitrary since only the solution of the hamiltonian constraint can
restrict the freedom in choosing the density matrix ρ. Within this freedom one may wonder if the emergent
bouncing scenario survives where different countings are considered.

In this section we compute the effective FLRW hamiltonian as it results by the statistical regularization
defined by the “area counting” suggested by the anisotropic case. To begin with, lets rewrite here the
Hamiltonian (38) expliciting areas rather than volumes, i.e.

HFLRW = − 3

8πγ2
√
pA sin2(A−1/2c) (85)

where A ≡ N2 . Using the following density matrix

ρFLRW
A :=

1

2Amax

Amax
∑

A=1

(

Amax

A

)

|A, j(A, p), θ(A, c)〉〈A, j(A, p), θ(A, c)| , (86)

we are now interested in computing the following quantity

HFLRW
eff,A :=

Tr(ρFLRW
A Ĥ)

TrρFLRW
A

≡
− 3

8πγ2

√
p

2Amax

∑Amax

A=1

(

Amax

A

)

A sin2(A−1/2c)

TrρFLRW
A

. (87)

The contribution to (87) at the next to the leading order in the saddle point approximation for large A is
easily found to be

HFLRW
eff,A,1 = − 3

8πγ2
√
p

[

sin2( c
√
2

Nmax
)

(
√
2

Nmax
)2

− 1

8N2
max

(

cNmax√
2

sin(2
c
√
2

Nmax
)− 2c2 cos(2

c
√
2

Nmax
)

)]

, (88)

in which we have restored Amax = N2
max in order to make clear that the hamiltonian (88) differs, up to the

leading order, from what we found counting the variable N3, i.e. from hamiltonian (59).
Finally, lets write (88) in terms of the variables v and b (see (60)) together with the contribution of a

massless scalar field φ ,

HFLRW
eff,A,1(v, b)+Hφ = − 3v

4γ∆′ sin
2(
√
∆′b)+

P 2
φ

4πγv
+
3
√
∆′b(2πγv)1/3

128πγ2
sin(2

√
∆′b)−3(2πγv)1/3∆′b2

64πγ2
cos(2

√
∆′b) ,

(89)
from which we get the following eqq. of motion:

v̇ =
3v

2γ
√
∆′

sin(2
√
∆′b)− 3

√
∆′(2πγv)1/3

64πγ2
sin(2

√
∆′b) +

3(2πγv)1/3∆′b

32πγ2
cos(2

√
∆′b)+

− 3(2πγv)1/3∆′3/2b2

16πγ2
sin(2

√
∆′b) ;

ḃ = − 3

2γ∆′ sin
2(
√
∆′b)−

P 2
φ

2πγv2
− (2πγ)1/3

√
∆′b

64πγ2v2/3
sin(2

√
∆′b) +

(2πγ)1/3∆′b2

32πγ2v2/3
cos(2

√
∆′b) . (90)

The associated dynamics is studied in section 8.
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7 FLRW from the Bianchi I reduced density matrix

We show here how from states (69) and (75) describing Bianchi I universe respectively in LQC and in QRLG,
we can get the (reduced) density matrices for the Friedmann case. Let us consider the density matrix (69)
and the associated reduced density matrix obtained tracing it over two of the three independent variables
(e.g. over Ay , Az):

ρred = δAxAmax
x

|Ax, jx(Ax, px), θx({Ai}, cx)〉〈Ax, jx(Ax, px), θx({Ai}, cx)| . (91)

The expectation value of the QRLG Bianchi I Hamiltonian (70) over the state ρred reads :

Tr(ρredH
Bianchi) =

− δAxAmax
x

8πγ2
[ Az

√

pxpy
pz

sin(cx

√

Ax

AyAz

) sin(cy

√

Ay

AxAz

) +Ax

√

pypz
px

sin(cy

√

Ay

AxAz

) sin(cz

√

Az

AxAy

)+

+Ay

√

pzpx
py

sin(cz

√

Az

AxAy

) sin(cx

√

Ax

AyAz

) ]

and in the isotropic limit cx = cy = cz , px = py = pz , Ax = Ay = Az gives:

− δAxAmax
x

3

8πγ2
√
pA sin2(A−1/2c) , (92)

which is exactly the QRLG hamiltonian (38) and from which it is possible to recover the LQC improved
scheme.

Analogous result holds starting for the Bianchi I effective hamiltonian defined by means of the statistical
regularization. Let us consider the density matrix (75), if we trace over two of the three independent variables
we get:

ρstatred =
1

2A
max
x

Amax
x
∑

A=1

(

Amax
x

A

)

|Ax, jx(Ax, px), θx({Ai}, cx)〉〈Ax, jx(Ax, px), θx({Ai}, cx)| , (93)

using this density matrix for evaluating the expectation value of the QRLG Bianchi I Hamiltonian and
taking the isotropic limit we find:

− 3

8πγ2

√
p

2Amax

Amax
∑

A=1

(

Amax

A

)

A sin2(A−1/2c) (94)

which coincides with the FLRW effective Hamiltonian (87). This last result suggested the use of the new
counting method based on areas {Ai}. This counting is different from the first proposed in [19] indeed the
latter was based on counting the number of nodes N3 cointained in the total cubical volume. If for FLRW
this counting is perfectly fine for classifying all the possible microstates, an extention for Bianchi I turns
out to be impossible since one cannot recover all the kinematical space from a single volume variable of
a three dimensional rectangoloid without knowing the areas of its faces NiNj and the lenghts of its sides
Ni. Instead, counting areas the extention to Bianchi I is straightforward. Moreover, the density matrix
associated to the new counting can be reduced to the one used for FLRW in the isotropic limit, supporting
the generality of this nex counting.

Finally, a natural question about the different dynamics associated to the Friedmann Hamiltonian (62)
[20] and the new one obtained counting the areas arises. In the following section we show how in both
cases dynamics near the LQC-bounce is qualitatively the same, a result that supports the generality of the
emergent-bouncing universe in QRLG.

8 FLRW effective dynamics: numerical study

Here we show the result of the numerical evolution for the dynamics associated to the QRLG effective
hamiltonians (62), (89) and the standard LQC one for the FLRW case.
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Figure 1: From top to bottom the evolution of v vs t according to the QRLG effective hamiltonians regularized
by means of the volume and the area counting, compared with the standard LQC dynamics (the symmetric
dashed curve). For both cases the first minimum approximately coincides with the LQC’s one v ≈ 126
while the first maximum differs by slightly less then an order of magnitude, being v ≈ 3165 and v ≈ 371 ,
respectively.

The numerical study has been done with the software Matlab, using a 4th order Runge-Kutta-Merson
method for solving the three sets of eqq. of motion corrisponding to the three aforementioned hamiltonians,
with common initial conditions v0 = 104, b0 = 0.005 . According to definitions (21),(31),(55) and (80) the
following values for the area gaps has been used ∆̃ = 4.78, ∆′ = 6.03, ∆LQG = 5.22 .

In fig.1 we see that going backward in time, the volume of the universe follows the LQC standard dynamics
until it reaches the first local minimum, i.e. the LQC bounce, and later a departure from the LQC symmetric
evolution arises in both cases. A period of damped oscillations follows and the volume settles down to a
minimum whose value is close to the value it had at the LQC bounce.
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Figure 2: From top to bottom the evolution of b vs t according to the QRLG effective hamiltonians regular-
ized by means of the volume and the area counting, compared with LQC solution (the dashed curve in both
the plots). The value of b at the LQC bounce (t ≈ −16) is ≈ 0.72 and ≈ 0.63 in the two cases respectively.
Note that going backward in time, for the area counting b grows faster then it does in the volume counting
case.

The second plot of fig.1 has a shorter range of times, this is because we have plotted the results of the
numerical evolution only for times such that the contribution coming from the terms that are next to the
next to the leading order are negligible. Furthermore, we note the dynamics associated to the area counting
regularization is more damped, reaching faster its minimum. This can be easily understood realizing that
the saddle point approximation is nothing but a power series in which the ratio of each contribution over the
next to the leading order go like v−1/3b and v−1/2b, respectively for the area counting case and the volume
one. Having the former a greater power of v (and also a b growing faster (backward) in time, see fig.2) the
corresponding ratio reaches the order of unity (where we have cut the plot) faster then in the latter case.
For the same reason we understand why for early times both the QRLG solutions are indistinguishable from
the one provided by LQC, indeed the ratios of the next to the leading orders over the leading (i.e over the
first term in the rhs of both (62) and (89)) go like v−2/3b and v−1 respectively, thus they vanish when b
approaches zero and v bigger values.
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9 Conclusions

LQG stands as a promising thory for the description of the quantum gravity regime of nature. However, in
order to promote its status to the one of physical theory, making predictions in agreement with observations
is needed. As well know, for quantum gravity this constitutes a tremendous challenge, not yet achieved by
any of the tentative theories today at disposal. Anyway, under certain simpler situations, as the one offered
by symmetry reduced models, computations leading to predictions can be made and in this perspective LQC
deserves here a special mention. But actual computations always require a regularization of the main objects
involved in the machinery behind any model.

In this paper we have shown how the µ0 and µ̄ regularization schemes employed in LQC both comes as
special cases of a more natural regularization in QRLG. We have called this regularization statistical because
it is based on states prepared in a statistical superposition of graphs: given a probability density distribution
for counting the occurence of microstates associated to a fixed macrostate, an effective hamiltonian can be
computed. This procedure also allows to relax the quantization ambiguity associated to the choice of the
area gap that is now naturally encoded in the expectation value of the area operator over the chosen density
matrix. This point of view leaves room for the proposal of changing the definition of the area gap needed to
realize a symmetric bounce for the interior of black holes [41].

The first QRLG effective hamiltonian for the FRLW universe was computed in [19] and studied in [20]
where it has been shown it leads to an emergent-bouncing universe, here we have introduced a different
counting - an area counting - that allowed us to compute the effective hamiltonian also for the Bianchi I
case. We have applied this new counting also to the Friedmann universe, obtaining an hamiltonian that is
different from the one in [19]. As a first result, at the leading order, both the effective hamiltonians computed
within the statistical regularization scheme coincide (up to an irrelevant redefinition of the area gap) with
the corresponding µ̄ LQC effective ones. Next to the leading order corrections lead to a dynamics that is
different from the one provided by LQC.

In the last section we have focussed on the Friedmann case, studying the dynamics generated by the new
counting and comparing it both to the one provided by the old counting and LQC. As a main result, numerical
investigation has shown that the dynamics associated to the area counting replaces the symmetrical bounce
scenario with an evolution that is quasi stationary in the pre-bounce phase and then agrees with the LQC
one, supporting the conjecture for the emergent bouncing universe to be a general feature of the isotropic
sector of QRLG.

Finally, interesting questions still deserve to be addressed, like the study of the dynamics generated by the
effective QRLG Bianchi I hamiltonian (does the standard quantum mixmaster scenario radically change?)
and the computation of realistic observables, like the power spectrum of perturbations propagating on the
effective emergent-bouncing background. In either cases, a relaxation of the saddle point approximation is
needed for trusting the evolution also far from the (last) bounce.
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