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Abstract

We consider the relationship between fluid models of an interacting dark sector, and the field
theoretical models that underlie such descriptions. This question is particularly important
in light of suggestions that such interactions may help alleviate a number of current tensions
between different cosmological datasets. We construct consistent field theory models for an
interacting dark sector that behave exactly like the coupled fluid ones, even at the level of linear
perturbations, and can be trusted deep in the nonlinear regime. As a specific example, we focus
on the case of a Dirac, Born-Infeld (DBI) field conformally coupled to a quintessence field. We
show that the fluid linear regime breaks before the field gradients become large; this means that
the field theory is valid inside a large region of the fluid nonlinear regime.



1 Introduction: Motivations for an Interacting Dark Sector

The standard cosmological model has proven to be successful at explaining most observations
of our universe. Despite this success, several anomalies and tensions have been found between
cosmological and astrophysical data. These may point to the presence of new physics, although it is
important to note that comparing these datasets is a nontrivial task. The estimates found from
the cosmic microwave background (CMB) data, for example, are model dependent; on the other
hand, most astrophysical sources give direct estimates, but for which the backgrounds are largely
complex. One much-discussed discrepancy is between measurements of the Hubble parameter at
different redshifts. The local measurement obtained by the observation of Cepheid variables gives
H0 = 73.24 ± 1.79 km/(s Mpc) [1], which is 3.4 sigma higher than the Planck data estimate of
H0 = 66.93 ± −0.62 km/(s Mpc) [2], found by assuming a ΛCDM model with 3 neutrinos with
masses of 0.06 eV. It has been suggested that this discrepancy might be alleviated by introducing an
interaction between dark matter and dark energy [3–6]. Such interacting dark sector (IDS) models
have been considered before, and allow for an energy transfer between the dark matter and dark
energy caused by an interaction between the two sectors. The presence of this interaction gives rise
to an expansion history slightly different from the ΛCDM one, and modifies the growth of structure.

The phenomenological approach to dark energy coupled to dark matter treats both components
as perfect fluids. In these coupled models, the stress-energy tensors of dark matter and dark energy,
instead of being conserved independently, satisfy

∇µTµνcdm = −∇µTµνde = Qν = ξHuνρcdm/de , (1.1)

where ρcdm/de either stands for ρcdm, the dark matter density, or ρde, the dark energy density; H is
the Hubble parameter; and ξ is usually taken to be a constant, although more fundamental field
theory models can give rise to a non-constant ξ. Treating dark matter and dark energy as fluids,
the above equations can be written as

ρ̇cdm + 3Hρcdm = Q (1.2)

ρ̇de + 3H(1 + wde)ρde = −Q , (1.3)

where Q = ξHρcdm/de. If Q > 0, energy is transferred from dark energy to dark matter, and if
Q < 0, the situation is reversed.

Models of dark matter treated as a perfect fluid interacting with a quintessence field have been
extensively studied; see for example [7–16]. In these models, the dark matter energy density dilutes
faster than a−3. In [5, 6] an interacting model with an inverse power law potential and coupling

ξ = α′(φ)φ̇
H , where α ≡ βφ/MPl, was analyzed. It was found that a mean value of β ∼ −0.0661,

which differs from zero at 3.6σ, can alleviate the H0 tension between the Planck and Hubble Space
Telescope (HST) datasets. These results are obtained by considering the linear regime of the theory.
However, a coupling in the dark sector can effectively reduce or increase, depending on its sign, the
friction term in the overdensity equation, and can also cause dark matter to feel an augmented
Newtonian potential. Both of these effects can lead to important changes in the nonlinear regime.
This has been explored in [17–22], where it was shown that even a small coupling, resulting in small
differences with respect to ΛCDM in the linear regime, could lead to more significant differences in

1Notice that our definition of β differs by a minus sign from the definition in [5].
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the nonlinear one; for example, modifying the predictions for the number of clusters. Given these
discrepancies when comparing to ΛCDM, it is appealing to have an underlying field theoretical
description that is valid deep in the nonlinear regime.

In this paper, we focus on the relation between fluid and field theoretical models of an IDS. Firstly,
we consider the constraints imposed by quantum corrections on the IDS field theory models in
Section 2. In Section 3, we briefly review the case of a coupled model in which dark matter is an
axion-like particle and then, in Section 4, we extend previous work by constructing field theory
models that behave like the fluid models deep in the nonlinear regime. These models consist of a
P (X) field conformally coupled to the dark energy field. We find that the field gradients become
large only when we are deep in the nonlinear regime. Once the gradients are large, caustics can
form and the effective field theory is not valid. Finally, we conclude in Section 5.

2 Field Theory Models of IDS

Since our goal here is to understand the relationship between the fluid description and the underlying
field theoretical description, we now turn to field theory models in which the dark energy interaction
is parametrized by a dimensionless function α(φ). Models with similar features naturally arise
in higher dimensional theories with branes, such as the Randall Sundrum I model [23], and in
Brans-Dicke theory after a conformal transformation [24,25]. We consider the general action

S =

∫
d4x
√
−g
[

1

2
M2
PlR−

1

2
(∇φ)2 − V (φ)

]
+ Sχ

[
e2α(φ)gµν , χ

]
+
∑
j

Sj [gµν , ψj ] , (2.1)

where χ is the dark matter and ψj are the standard model fields. In order to ensure we can trust
the effective field theory in the regime we wish to use it, we will examine the behavior of the model
under quantum corrections before analyzing the evolution of the interacting model in more detail.

2.1 Quantum corrections

The aim here is to analyze the constraints imposed by quantum corrections to the coupling strength
and the dark matter mass. To begin, consider the case of scalar dark matter. In this case, there is
an interaction term

eα(φ)V (χ) ⊃ eα(φ)m2
χχχ . (2.2)

If α(φ) ≡ βφ/MPl � 1, we may expand this term as

m2
χχχ+

β

MPl
m2
χφχχ+ · · · , (2.3)

and the second term in this expression can lead to strong constraints when treating the full quantum
theory. In fact, the leading order correction to the dark energy mass from this term yields,

∆mφ ∝ β
m2
χ

MPl
. (2.4)

In order for the field φ to behave as dark energy we need mφ . H0. Thus, for the dark energy mass
to remain technically natural, we require this to be a subdominant correction to the bare mass, i.e.
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that ∆mφ � mφ ∼ H0. This leads to an upper limit on the dark matter mass:

mχ � 10−2eV

√
10−2

β
, (2.5)

where we have assumed that 〈φ〉 ∼MPl during dark energy domination. As one can see from this
bound, this points to a dark matter candidate which is an ultra-light boson that was never in
equilibrium with the thermal bath. In order for it to have the required properties of dark matter,
we also need its mass to be larger than the Hubble rate and, in fact, if χ is to constitute all the
observed dark matter, even tighter constraints apply. In [26], it was shown, using data from the
Planck satellite, that in order for an ultra-light boson to account for all dark matter, its mass
must be larger than 10−33GeV. With this constraint satisfied, such an uncoupled field would be
indistinguishable from cold dark matter (CDM). Putting all these constraints together gives the
allowed mass range for a coupled ultra-light boson constituting all dark matter, namely

10−24eV� mχ � 10−2eV

√
10−2

β
. (2.6)

The analogous analysis can also be carried out for fermionic dark matter [27], and shows that an
extremely small coupling is required to keep the quantum corrections small. Assuming, for example,
a standard WIMP thermal relic with mχ ≥ 10 GeV, this constraint implies that β . 10−26.

In order to have a consistent model with a coupling that can alleviate the H0 tension, we will
therefore focus on scalar fields as dark matter. One option that has already been explored, for
example in [27], is a coupled axion like particle. In the following section we review this case. A
second option, that we will consider in the balance of this paper, is to consider coupled scalar fields
with non-canonical kinetic terms. These could arise naturally in a number of models of high energy
physics and, as we will show, can behave exactly as the fluid models of a coupled dark sector.

3 Coupled oscillating scalar field dark matter

The simplest example of a viable field theory model of an IDS consists of a quintessence field coupled
to an oscillating scalar field which behaves as dark matter. Defining g̃µν ≡ e2α(φ)gµν , the action for
this field takes the deceptively canonical form

Sχ =

∫
d4x
√
−g̃
(
−1

2

(
∇̃χ
)2
− V (χ)

)
, (3.1)

where ∇̃ is the covariant derivative for the metric g̃µν .The resulting equations of motion for the full
action (2.1) are then

M2
PlGab = T SM

ab +∇aφ∇bφ − 1

2
gab(∇φ)2 − V (φ)gab

+ e2α(φ)
(
∇aχ∇bχ−

1

2
gab(∇χ)2 − e2α(φ)V (χ)gab

)
, (3.2)
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∇a∇aφ− V ′(φ) = α′(φ)e2α(φ)
(
− (∇χ)2 − 4e2α(φ)V (χ)

)
, (3.3)

∇a∇aχ− e2α(φ)V ′(χ) = 0 . (3.4)

Since we are assuming that the standard model sector is minimally coupled to the Einstein frame
metric, the energy-momentum tensor of that sector is conserved independently. However, by
construction, the energy-momentum tensors of the dark matter and dark energy are not independent,
and instead are related via (1.1)

∇µTµνcdm = −∇µTµνφ = Qν ,

where we are defining Tµνφ without the coupled terms as

Tµνφ ≡ ∇aφ∇bφ−
1

2
gab(∇φ)2 − V (φ)gab , (3.5)

and Qν is given by

Qν = 2α′(φ)e2α(φ)∇µφ
(
∇µχ∇νχ− 1

2
gµν(∇χ)2 − 2e2α(φ)V (χ)gµν

)
. (3.6)

To investigate the evolution of the background cosmology in this model, we specialize to the flat
FRW metric ds2 = −dt2 + a(t)2dx2, so that the equations of motion now read

3M2
pH

2 =
1

2
φ̇2 + V (φ) + ρχ + ρb + ρr , (3.7)

φ̈+ 3Hφ̇+ V ′(φ) = −α′(φ) (3ρχ − Pχ) , (3.8)

χ̈+ 3Hχ̇+ e2α(φ)U ′(χ) = 0 , (3.9)

where

ρχ = e2α(φ)
[

1

2
χ̇2 + e2α(φ)U(χ)

]
(3.10)

Pχ = e2α(φ)
[

1

2
χ̇2 − e2α(φ)U(χ)

]
(3.11)

are the observed dark matter energy density and pressure respectively. Comparing with (1.2) and
(1.3), we can identify

Q = α′(φ)φ̇ (3ρχ − Pχ) . (3.12)

Thus, when the field χ behaves as pressureless dark matter, ξ = 3α′(φ)φ̇/H. Given that the behavior
at the background is that of a fluid, previously found attractors [7, 8] will also be present here.
However, it is well known that massive scalars behave as perfect fluids only at the background
level, and that this behavior breaks at the level of linear perturbations due to the presence of
non-adiabatic pressure.

Since our goal is for the scalar field χ to behave as dark matter, we consider a light boson with
a potential given by U(χ) = 1

2m
2χ2. At early times, H � m, and the field does not roll down its

potential due to the large Hubble friction; in this limit, the field is frozen at its initial value. At late
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times, H � m, and χ behaves like a harmonic oscillator with a time dependent mass term e2α(φ)m2
χ.

For the purpose of examining the background solutions, we may take time averages over a time
much larger than the period of oscillations of the scalar field, Tav � ω−1 = e−α(φ)mχ, and see that〈

1

2
χ̇2

〉
= 〈U(χ)〉 , (3.13)

which shows that, on average, χ behaves as a pressureless fluid with equation of motion

ρ̇χ + 3Hρχ = 3α′φ̇ρχ = Q . (3.14)

In this IDS case, considering time averages, dark matter does not redshift in the same way as
standard uncoupled CDM, but instead obeys ρχ ∝ e3α(φ)a−3.

Figure 1: In this figure, we compare the coupled case (for C = 0.1) with the uncoupled one. The
top left plot compares the evolution of the Hubble parameter for a fixed H0. The top right plot
shows the total effective equation of state and the bottom one the behavior of the dark matter and
dark energy densities.

To understand the evolution completely, we solve the background equations numerically for an
exponential potential V (φ) = V0e

−λφ/MPl and α = βφ/MPl = −C
√

2/3φ/MPl, using λ = 0.1 and
C = 0.1. The initial conditions and the value of V0 are found by a shooting method to match the
present observed cosmological parameters. The results are shown in Fig.1. We see that for a fixed
H0, H(a) was larger in the past when the dark sectors interact with each other compared with the
noninteracting case. From the average of the effective equation of state, we can see the transition
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from the matter dominated era to the accelerated one. For our fixed cosmological parameters
at a = 1, we note that in the interacting case the accelerated epoch is reached later than in the
noninteracting one.

4 Coupled P (X) dark matter

4.1 Scalar fields and non-adiabatic pressure

In order to understand the relationship between the fluid description of IDS models and a more
fundamental field theoretical description, we now seek a field theory model that reproduces the
behavior of the perfect fluid models at both the background level and that of linear perturbations.
In this section, we will find a rather general form for such a model. The pressure perturbations can
be divided into an adiabatic and a non-adiabatic part via

δP =
∂P

∂S
δS +

∂P

∂ρ
δρ = δPNA + c2sδρ , (4.1)

where the adiabatic speed of sound is defined at zeroth order in the perturbations and can be written
as c2s = Ṗ /ρ̇. In comoving gauge, the non-adiabatic pressure can be written as [28]

δPNA =
(
c2φ − c2s

)
δρ , (4.2)

where cφ ≡ δP
δρ is the propagation speed of the scalar fluctuations. For barotropic fluids, the

non-adiabatic pressure is zero, but for scalar fields this is not always the case. As we can see from
(4.2), the condition for the scalar field to behave as a barotropic fluid is c2s = c2φ. In [28–30], it was

shown that minimally-coupled scalar fields with Lagrangians of the form2 L = f(Xg(φ)), where
X = −1/2∇µφ∇µφ, are equivalent to a barotropic fluid (assuming an irrotational fluid flow) and
thus have a vanishing non-adiabatic pressure to all orders in perturbation theory. In general, it is
important to take into account that the existence of interactions with other fields could lead to
violations of the adiabaticity condition. However, here we will consider a conformal coupling of the
form (2.1), which leads to an insignificant violation of the adiabaticity condition, as we will see.

We begin by considering a field χ with Lagrangian of the form Lχ = f(X h(χ)) and later, we will
assume that the background χ behaves as pressureless dark matter. If this field interacts with the
dark energy φ as in (2.1), then the background pressure and density are given by

Pχ = e4α(φ)f(X h(χ)), (4.3)

ρχ = e4α(φ)
[
2X

∂f(X h(χ))

∂X
− f(X h(χ))

]
, (4.4)

where X is now defined as X = 1
2e
−2α(φ)∇µχ∇µχ to take account of the nonminimal coupling

between χ and φ. With these definitions, the χ field equation of motion reads

ρ̇χ + 3H (ρχ + Pχ) = −α′φ̇ (3ρχ − Pχ) . (4.5)

2This Lagrangian can be written as a purely kinetic “k-essence” with the field redefinition Y = −1/2 ∂µΦ∂µΦ =
Xg(χ). If χ interacts with other fields, this redefinition may not be useful for the situation at hand.
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We now analyze the degree to which adiabaticity is violated due to interactions. We compute the
ratio of non-adiabatic pressure δPNA to the total pressure perturbation δP in comoving gauge and
find

δPNA

δP
= 1− c2s

c2χ

= 2

∂L
∂χ − 2X ∂2L

∂X∂χ + ∂L
∂χ

2X ∂2L
∂X∂X
∂L
∂X

χ̇ ∂L
∂X

(
−3H + 2α̇

[
2

ωχ
(ωχ+1) − 1

]) + α̇
4

ωχ
(ωχ+1)

(
1
c2χ
− 3
)
− 2

−3H + 2α̇
[
2

ωχ
(ωχ+1) − 1

] . (4.6)

Here we have used the Einstein equations and the scalar field equation of motion. We have also
defined ωχ = Pχ

/
ρχ and used that

c2χ =
∂L
∂X

∂L
∂X + 2X ∂2L

∂X2

. (4.7)

The first term in (4.6) vanishes for a Lagrangian of the form we are considering Lχ = g(φ)f(X h(χ))
by a simple extension of the arguments in [28,29]. In the following, we discuss the case in which the
field behaves as dark matter and thus satisfies

Pχ
ρχ
→ 0,

ρχ + Pχ

2X
∂ρχ
∂X

→ 0 , (4.8)

where the second equation is simply the requirment that c2χ → 0. In this case, the equation of
motion for the field χ is approximately that of a pressureless fluid

ρ̇χ + 3Hρχ = −3α′φ̇ρχ . (4.9)

For this pressureless field, we then find that

δPNA

δP
∼

1−
(
4ωχ
3c2χ

)
H
α̇ + 2

3

. (4.10)

Furthermore, if we consider a coupling of the form α(φ) = βφ
/
MPl, we have |α̇| . β

√
ρφ
/
MPl.

Using this, and the fact that H =
√
ρχ + ρφ

/
MPl, yields the requirement∣∣∣∣δPNA

δP

∣∣∣∣ . β

∣∣∣∣1− 4

3

ωχ
c2χ

∣∣∣∣ . (4.11)

For known P (X) Lagrangians that lead to a pressureless field, such as DBI or Xn with large n, we
have that |ωχ| = |c2χ|. In such cases, this means that the non-adiabatic pressure is negligible as long
as the coupling is small. Thus, we have shown that in the cases of interest δPNA

/
δP � 1.

4.2 DBI dark matter coupled to dark energy

One of the simplest Lagrangians that satisfies the conditions to behave as fluid dark matter is
L = M4Xn for large n. In this case we have w = c2χ = 1/(2n − 1). Another more sophisticated
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option, which we will analyze in detail, is the DBI Lagrangian. This Lagrangian describes the
motion of a 3-brane in a 5 dimensional spacetime, and reads

L = −M4
√

1− 2X , (4.12)

where M is a mass scale corresponding to the brane tension. We will consider a conformal coupling,
leading to the dark matter action

Sχ = −
∫

d4x
√
−g e4α(φ)M4

√
1− 2e−2α(φ)X , (4.13)

where X = 1
2∇µχ∇

µχ is now defined with respect to the metric whose geodesics are followed by
the Standard Model matter. Defining

γ ≡ 1√
1− 2e−2α(φ)X

, (4.14)

we may write the equation of state and speed of fluctuations respectively as

ω = − 1

γ2
, c2χ =

1

γ2
. (4.15)

This shows that, as long as we are in the “relativistic limit”, in which γ � 1, the field χ behaves
approximately as pressureless dark matter. It is interesting to notice that the field evolves towards
γ ∼ 1, so χ will start behaving as dark energy in the future. The equation of motion for χ is given
by

d

dt

(
a3

e2α(φ)
√

2X√
1− 2e−2α(φ)X

)
= 0 , (4.16)

which allows us to express γ on-shell as

γ =

√
1 +

A2

a6
e−6α(φ) , (4.17)

where A is a constant that we may fix by demanding that the energy density in the χ field matches
the observed abundance of dark matter today. In order for χ to behave as approximately pressureless
dark matter today, we must require (A2/a6)e−6α(φ) � 1. However, based on previous studies we
expect that broad consistency with cosmological observations will require α0 ≡ α(φ(t0)) . 1. Thus,
A is the quantity primarily responsible for determining whether χ behaves as CDM. Note also that,
for this model, the dark matter density redshifts as

ρ = M4e4α(φ)γ ∼M4eα(φ)
A

a3
. (4.18)

Using this, and requiring ρ(today) = ρobservedCDM , we find that the constant A is given by

A = 3ΩCDM e−α(φ)
H2

0M
2
Pl

M4
∼ 30

(
2.7× 10−5 eV

M

)4

. (4.19)

For A = 30, we obtain −ωχ = c2χ ∼ 10−3. Thus, a brane tension M ∼ 10−5 eV or smaller would
give the desired behavior. The expression (4.19) for A is a general result for any P (X) theory that
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behaves as fluid dark matter. Although in the DBI case this results in a limit on the scale M in
order that the theory behaves as dark matter, in other cases, for example in the Xn case, there is
no restriction on M . Given that not only the background, but also the linear perturbations behave
as the fluid case; this means that, for α = βφ/MPl with β ∼ 0.066, the H0 tension is alleviated in
these models, by construction.

4.3 Quantum corrections

In order to analyze the quantum corrections, we will use power counting techniques to estimate the
amplitudes following [31,32]. We begin by examining the requirements to keep quantum corrections
to the dark energy mass under control. Consider the quantum corrections to the dark energy field
amplitudes given by χ loops. The loop corrections to the n-point scattering amplitude for φ are
given by

M(n)
φ = βn

M4

Mn
P l

(
k

M

)2L+2+
∑
m(m−2)Vm

, (4.20)

where L is the number of χ loops, Vm is the number of vertices with m χ lines, and M is the strong
coupling scale of the theory. From this we find that the largest quantum correction to the dark
energy mass is given by

∆mφ = β
k2

MPl
, (4.21)

which corresponds to two φ’s interacting through one χ loop, as seen in Fig.2. Requiring that this
correction is small gives

k <

(
mφMPl

β

)1/2

∼
(

10−2

β

)
0.1 eV (4.22)

However, in order to be self-consistent, any calculation we do must be below the cutoff of the
theory; therefore, we will always work in the regime k ≤ Λc, where Λc is the cutoff. In principle,
the cutoff can be equal to or larger than the strong coupling scale ∼M ∼ 10−5 eV. As long as the
cutoff is such that Λc ≤ 0.1 eV and β is not too large (which is forbidden by other constraints), the
corrections will be under control.

Figure 2: Loop corrections to the dark energy mass from a dark matter loop. Both graphs give the
same contribution.

More generally, we can consider the amplitudes involving i copies of the χ field and j copies of
the φ field. To do so, we write the dark sector Lagrangian as an infinite power series

L = −1

2
(∇φ)2 − V (φ) +

∞∑
n,l,m=0

Cn,l,mM
4

(
−(∇χ)2

M4

)m(
βφ

MPl

)n+l
, (4.23)
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where

Cn,l,m =

( 1
2

m

)
1

n! l!
4n(−2m)l , (4.24)

and we have reintroduced the corresponding mass scales to ensure a canonically normalized kinetic
term and fields with mass dimension one. In the following, it is interesting to note that the results
do not depend strongly on the coefficients unless fine-tuning exists. For simplicity, we will analyze
the concrete example of an exponential potential for the dark energy field, but the calculation for
any other potential is straightforward. We expand the self-interacting potential of φ as

V (φ) = V0e
−λφ/MPl = V0

∞∑
k=0

(−1)k

k!

(
λφ

MPl

)k
. (4.25)

Given the above considerations, the scattering amplitude reads

M'
(

1

M

)a−4( β

MPl

)b ( q
M

)c( λ V0
β M4

)∑
nSn

, (4.26)

with

a =
∑

i Vi j − 2I, b =
∑

j Vi j

c = 2L+ 2 +
∑

(i− 2)Vi j , (4.27)

where Vi j is the number of vertices with i χ and j φ lines attached to it, I = Iφ + Iχ is the number
of internal lines, L is the number of loops, and Sn is the number of self-interaction φ vertices
with n φ fields. The momentum q stands for a combination of the external momenta; this is the
dominant scale given that we are working with light fields. In the following, we will point out in
which situations we should replace some of the q factors appearing in Eq. (4.26) by a different
mass scale. In all of these cases, the external momenta appearing in the actual expression for a
factor q (computed by using Feynman rules and without any approximation) are small and thus
subdominant. In such situations, we should replace q by the dominant scale that enters in the
corresponding momentum factor. This will reduce the powers of q appearing in Eq.(4.26).

If one of the external momenta is less than or of order mφ ∼ H, then mφ will become the dominant
scale. In the momentum factors where this small momentum is involved, we should replace the
corresponding q by mφ in Eq.(4.26). The results stated above were computed in flat space. A more
precise calculation would require the use of the scalar field propagator in an FRW space. While
the flat space analysis is accurate when all the external momenta are larger than H, if some of the
external momenta are smaller than H, then some q’s will be replaced by H. Note also that, if all
momenta are smaller than H then we can integrate out the field φ entirely (since mφ ∼ H0). The

leading order contributions from integrating out φ are of order M4 M4

M2
Plm

2
φ
∼ 10−28eV4

(
M/10−5eV

)8
,

demonstrating that, as expected, in this regime the theory is effectively an uncoupled DBI dark
matter model.

It is well known that for a DBI field classical solutions with X ∼ 1 are valid as long as the
acceleration is small: χ̈

/
M3 � γ−3 [33]. In our coupled cased, it is necessary to reanalyze whether

the quantum corrections to the interacting DBI sector are under control. The leading order tree-level
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amplitude for n χ fields and m φ fields is

M(n+m)
tree = M4−n

(
β

MPl

)m ( q
M

)n
. (4.28)

The other contribution to the tree level amplitude comes from two vertices interacting through
a φ field. This amplitude is suppressed by β (M/(qMPl))

2. From (4.27), we see that some loop
amplitudes involving φ can renormalize the P (X) terms. Nevertheless, these contributions are
under control; every φ propagator in a loop gives a contribution suppressed by β (M/MPl)

2 ∼ 10−66.
All other contributions contain higher powers of momentum and do not renormalize the original
interactions. If some of the external momenta are smaller than mφ ∼ H0 or H, some of the q’s will
be replaced by mφ or H. These contributions will be suppressed by

mφ
M ∼

H
m ∼ 10−28. We therefore

conclude that the quantum corrections are under control and we may trust the classical solution
with large velocity (X ∼ 1) as long as the acceleration is small.

As we mentioned earlier, this analysis does not depend on the coefficients of the series expan-
sion (4.23) (unless these are fine-tuned). This means that the quantum corrections are under control
for a generic P (X) theory coupled to dark energy as in (2.1), as long as higher derivative terms are
small and M �MPl.

4.4 Validity of the linear regime: fields vs fluids

Thus far, we have worked at the level of the background cosmology and its linear perturbations,
and have examined what is required for the fluid and field theoretical formulations to yield the
same results in that regime. We now consider the differences between these descriptions that may
arise at nonlinear scales, when the field gradients become large and, for example, non-canonical
scalar fields can develop caustics [34–37]. This is important because if caustics form, then a UV
completion of the theory is needed in order to obtain any conclusions in this regime. It has been
proposed that a P (X) field admits a caustic-free completion by means of a canonical complex scalar
field [38], although the validity in the interacting case has not been established. For some models of
DBI-like dark matter, the linear theory is valid only for a small period of time. Specifically, models
with a Lagrangian L = −V (χ)

√
1− 2X, with V (χ) = V0e

χ/χ0 , behave as pressureless matter and
can be considered a dark matter candidate, but the linear regime breaks down when t > 10χ−10 [39].
Here we analyze if and when such an effect takes place in our model.

We compute the perturbations in Newtonian gauge for a weakly coupled P (X) theory that behaves
as dark matter. The perturbed metric is given by

ds2 = − (1 + 2Φ) dt2 + (1− 2Φ) a2(t)dx2 . (4.29)

We work in the dark matter dominated epoch, where the φ energy density is sub-dominant and
thus can be neglected. The two independent perturbed Einstein equations are

(aΦ).

a
=

1

2M2
Pl

(ρχ + Pχ)
ξ

χ̇
, (4.30)(

ξ

χ̇

).
−

2αφϕ

χ̇2
=

[
1 +

2c2χM
2
Pl

a2(ρχ + Pχ)
∇2

]
Φ , (4.31)
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where ξ is the DM field perturbation, an overdot denotes a derivative with respect to t, and the
subscript φ a derivative with respect to φ. We now introduce the Sasaki-Mukhanov variable ν
defined through

ν

z
=

5ρχ + 3Pχ
3(ρχ + Pχ)

Φ +
2ρχ

3(ρχ + Pχ)

Φ̇

H
, (4.32)

where

z =
a
√
ρχ + Pχ

cχH
. (4.33)

Note that we have assumed that eα(φ) is constant, which is justified since this quantity varies
slowly during matter domination. By solving the equations numerically, we have checked that this
approximation will only introduce an error of order . 10%. Given these definitions, we may write
the two perturbed Einstein equations as one second order equation for ν

ν ′′ +

(
c2χ∇2

(
1 +

2

ν

∫
αφH
X eα

ϕdη

)
− z′′

z

)
ν = 0 , (4.34)

where a prime now denotes a derivative with respect to conformal time η, defined via dt2 = a(η)2dη2

and H = ȧ is the conformal Hubble parameter. We will solve this equation in two limits: the
short wavelength limit and the long wavelength limit. We start by analyzing the long wavelength
limit defined by kcχ � aH. In this limit, the term proportional to the speed of sound is negligible
which means that ν = z is a solution. Using this and the fact that H ∝ t−1, we find that
Φ(x, t) = Φ(x) + Φd(x) t−5/3, which resembles the CDM case. This is not surprising because we
know our field describes an almost pressureless fluid in this limit. In order to find the behavior of
the DM field perturbation ξ we look at the (0 j) component of the Einstein equations and take
a ∝ eα(φ)/3 t2/3. Neglecting the decaying mode Φ(x)d, we find that

ξ(x, t) = χ̇Φ(x)t . (4.35)

As long as

Φ(x)

(
1 +

χ̈t

χ̇

)
+∇Φ t < 1, (4.36)

is satisfied, the linear regime for the field perturbations is valid. For a small acceleration and large
velocity, as needed for quantum corrections to be under control, the second term is small. The third
term can become large at small distances; however, at these distances the long wavelength solution
may no longer be valid. If this is the case, we should look at the short scales solution to find when
the linear regime breaks.

For short wavelengths, we have kcχ � aH, which means that we can neglect the term z′′

z ∼ a
2H2.

We also neglect the term corresponding to the dark energy perturbation since this is negligible
during matter domination. In order to analyze this limit, we will focus on the coupled DBI case.
For this case, we have that cχ ∼ a3/A and thus

x ≡ kcχ
aH
∼ k a20 t

7/3

t
4/3
0 A

, (4.37)
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where a0 and t0 are the scale factor and time at which matter domination ends respectively. We
find that at short scales the solution to (4.34) is ν ∼ x−3/7 cos (3π/4− x) which in turn leads to

Φ(x, t) = Φd(x)
(
t
/
t0
)−5/3

+ Φsub-leading(x, t). Given this solution, we find that the linear regime
for the field perturbations is valid as long as

Φd(x)

(
χ̈t0
χ̇

(
t0
t

)2/3

− 2

3

(
t0
t

)5/3
)

+∇Φd t0

(
t0
t

)2/3

< 1. (4.38)

This expression is only valid at short scales where the first two terms are small. Only the last term
will grow large at small scales and break the validity of the linear regime, see Fig 3.

It is instructive to also analyze the situation from the fluid point of view and identify the
circumstances under which the energy density perturbation becomes large. Using the (0, 0) and
(0, i) perturbed Einstein equations, we can write the fluid perturbation as

δ =
2M2

Pl

ρ

[
1

a2
∇2Φ− 3H

2M2
Pl

(ρχ + Pχ)
ξ

χ̇

]
. (4.39)

Notice that only the second term depends on the matter content of the Universe. The overdensity
can be rewritten as

δ = 3
2a20
t
4/3
0 ∇

2Φt2/3 − 2Φ + decaying modes . (4.40)

This demonstrates that the validity of the fluid linear regime is the same as in the CDM case, as
expected. Since the gradients are suppressed at distances larger than the Hubble radius the density
perturbation is constant in that regime. At smaller distances, the gradients become larger and the
density perturbation grows.

Interestingly, we can see that the fluid nonlinear regime is reached before the field gradients
grow large, as can be seen in Fig.3. This means that, the field theory can be trusted to perform
calculations in the fluid nonlinear regime without worrying about the formation of caustics. In the

DBI case, for a given scale k satisfying kΦ t
5/3
0 t−2/3 > 1 inside the sound horizon, caustics could

form and we cannot trust any conclusions drawn in the nonlinear limit. If the DBI field χ represents
the position of a brane in a higher dimension, these multivalued regions correspond to the folding of
the brane and can be removed by choosing a different slicing of the extra dimension. However, in the
interacting case, such a slicing may not exist. Previous results have shown that for a non-interacting
DBI field, both planar and spherical waves in Minkowski space [35, 36] evolve in a caustic-free way;
it is unknown if this result holds in the interacting case where gravity is tuned on.

5 Conclusions

Interactions between the different components of the dark sector can naturally arise from higher
dimensional theories or Brans-Dicke-like theories. A range of phenomenological models for an
interacting dark sector have been constructed and analyzed; these models usually treat dark matter
(and even dark energy) as a barotropic fluid and have most recently been suggested as a way to
address the tension between the H0 values inferred from observations at different redshifts. Here, we
have focused on a more fundamental perspective by constructing field theory models which behave
as the fluid ones even in a large region of the nonlinear regime.
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Figure 3: Approximate regions of linear and nonlinear regime in k−t plane for the coupled DBI model
with A = 30. The dotted line shows the horizon crossing: kcχ = aH. The fluid nonlinear regime

starts when 3/2 k2Φa−20 t
4/3
0 t2/3 > 1. On the other hand, the field nonlinear regime starts when the

physical wavelength of its perturbation is smaller than the sound horizon and kΦ t
5/3
0 t−2/3 > 1.

Since a thermal fermion WIMP will lead to large quantum corrections to the dark energy mass,
we have focused on scalar dark matter. We have extended previous work to propose a field theory
model which behaves as a pressureless fluid at the background level, and also up to linear order in
the perturbations. This model consists of a P (X) field, χ, conformally coupled to the dark energy.
Focusing specifically on the case of a DBI field, we have imposed an upper limit on the DBI tension
in order to assure that χ behaves as dark matter up to the present epoch. We have shown that
quantum corrections to these kinds of interacting models are under control for a large velocity as
long as the associated higher derivative terms are small. Finally, we have analyzed the validity of
the linear regime in these models. While the validity of the fluid linear regime is the same as in the
uncoupled CDM case, we have shown that the linear regime for the field theory breaks down much
later. This implies that we need not worry about the formation of caustics in a larger region of the
fluid nonlinear regime. When χ gradients grow large, caustics could form, but this behavior takes
place out of the regime of validity of the effective field theory.
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