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We analyse scale invariant quadratic quantum gravity incorporating non-minimal coupling to a
multiplet of scalar fields in a gauge theory, with particular emphasis on the consequences for its
interpretation resulting from a transformation from the Jordan frame to the Einstein frame. The
result is the natural emergence of a de Sitter space solution which, depending the gauge theory and
region of parameter space chosen, can be free of ghosts and tachyons, and completely asymptotically
free. In the case of an SO(10) model, we present a detailed account of the spontaneous symmetry
breaking, and we calculate the leading (two-loop) contribution to the dilaton mass.

I. INTRODUCTION

There has been increasing interest in the past few years
in finding alternatives to the common lore concerning
the fundamental interactions. With no sign of super-
symmetric particle production (as yet) at the LHC, the
idea that weak-scale susy might be the solution to the
hierarchy problem of the Standard Model (SM) has be-
come less attractive. Secondly, especially since it seems
that our universe may well have a positive cosmological
constant, the relationship of string theory to cosmology
seems ever more remote. The landscape of string theory
vacua has difficulty accommodating de Sitter-like back-
grounds. Further, since the asymptotic behavior of such
spacetimes is not flat, there is no S-matrix. Motivated
by these observations, in a series of recent papers [1–5],
we have explored the properties of a renormalizable [6],
asymptotically-free [7], classically scale-invariant, quan-
tum field theory (QFT) of gravity, including matter fields
in such a way that all couplings remain asymptotically
free (AF). Asymptotic freedom allows one to entertain
the possibility that this is an ultraviolet (UV) comple-
tion of gravity and that there is no new physics to be
discovered at higher scales. It also allows one to make
perturbative, controllable calculations at arbitrarily high
energy scales1. Even though the QFTs we study are not
truly scale invariant because of the conformal anomaly,
it is attractive to assume that the models are classically
scale invariant since such theories are technically natu-
ral [11] in the sense that it is not necessary to fine-tune
power-law divergent loop corrections in order to stabilize
their scalar mass spectra. Under these circumstances, all

∗ meinhorn@umich.edu
† drtj@liverpool.ac.uk
1 Such models have been termed “Totally Asymptotically Free”
in Ref. [8]. The notion of AF is distinct from nonperturbative
“asymptotic safety” [9], which has undergone a resurgence in
recent years; see e.g., Ref. [10].

masses, including the Planck mass MP and the cosmo-
logical constant Λ, arise via dimensional transmutation
(DT) [12]. (Such a program was already proposed in
Ref. [7].)

Contrary to the widespread belief that renormalizable
gravity violates unitarity, having both a spin-two ghost as
well as a spin-zero tachyon in flat background, we claim
that, in a de Sitter (dS) background, these models have
no unstable fluctuations for a certain range of couplings.
(This was already known for the theory without mat-
ter [13]. See Sec. III.). There remain five zero modes
which, we have argued [5], correspond to collective modes
that are unphysical and, similar to gauge modes, do not
contribute to on-shell observables. Thus, although these
zero modes are a generic feature of all such models in a
dS background, they are not a barrier to stability. Our
assertion is limited to quadratic order in the fluctuations,
the same order at which claims of instabilities and ghosts
have been made. We do not know whether, in higher or-
der when interactions are included, this will remain true.
This is closely related to the question of unitarity, since
we do not have a canonical action or a Hamiltonian that
guarantee unitary evolution.

In previous work [1–4], we have displayed models ex-
hibiting DT for a range of couplings, within which there
is a subset of values such that the extrema are local min-
ima of the Euclidean action. We have also satisfied the
constraints on the couplings so that the Euclidean path
integral (EPI) is convergent for all values of the fields. We
found that these minima lie within the basis of attrac-
tion of the AF fixed point gauge model with a “Higgs”
field in the adjoint representation, for a certain fermion
content [4]. So far, we have only described the spectrum
of this model qualitatively. In this paper, we wish to dis-
cuss the physics of this model near or below the scale of
symmetry breaking. In the process, we shall also sub-
stantiate our claim that the fluctuations are stable. For
this purpose, as is often the case, it will prove useful to
pass from the Jordan frame to the Einstein frame.

To set the stage and review our conventions, we begin
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with the action for gravity without matter. The action
for renormalizable gravity can be written in several dif-
ferent equivalent forms; we take it (in the Jordan frame)
as

S
(J)
ho =

∫
d4x

√
gJ

[
C2

2a
+

R2

3b
+ cG

]
, (1.1)

where Cκλµν is the Weyl tensor, R is the Ricci scalar,
and G is the so-called Gauss-Bonnet (G-B) term, G ≡
C2−2W, where W ≡ R2

µν−R2/3.We shall work with the
Euclidean form of the metric with the convention for the
Ricci tensor Rµν in which R > 0 corresponds to positive
curvature2. To this must be added a matter action, which
will be discussed in due course. Euclidean dS space is
the S4 sphere. This may be regarded as a submanifold
of flat, Euclidean space in five-dimensions. From this
perspective, the radius of the S4 sphere is r0 =

√
12/R0 ,

where R0 is the value of the Ricci scalar on-shell.
The metric gµν of Eq. (1.1), in transverse-traceless

(TT) gauges, includes five on-shell tensor modes as well
as a scalar mode (dilaton), plus an additional four modes
that are gauge-dependent. So this may be thought of
as a scalar-tensor theory of gravity. One may add an
Einstein-Hilbert (E-H) term −M2

PR/2 as well as a cos-
mological constant M2

PΛ. Since they are UV-irrelevant,
their presence does not affect renormalizability or AF,
although issues of fine-tuning may re-emerge, at least in
non-supersymmetric models. This is what has usually
been done in the past, but, in the scenarios that we have
described in which scalar matter is added in a classi-
cally scale-invariant fashion, such terms are not needed
so long as DT occurs at a scale where the dimensionless
couplings are sufficiently small that perturbative calcu-
lations remain reliable.
Over the years, there have been numerous papers in-

volving higher-derivative gravity in a similar spirit to
ours, some of which attempt to provide a complete QFT
of gravity [7, 8, 14, 15], possibly conformal and/or su-
persymmetric [16, 17], while others attempt to gener-
ate the Planck mass dynamically along the lines of in-
duced gravity [18, 20–22]. This subject has been re-
viewed in Ref. [17, 19]. These references are just a sam-
ple, and, given the extensive literature about higher-
derivative gravity, spanning more than 50 years, we shall
have to limit further citations to those that are of imme-
diate relevance.
An outline of the subsequent sections is as follows: In

the next section, we discuss aspects of the stability of the
model in de Sitter background, the controversy over the
sign of b, and some of the difficulties establishing that
QFTs of this sort are (or are not) unitary. In Sec. III,
we review the addition of matter in the Jordan frame,
taking up the simplest example of the real scalar field,

2 Because the variation of G vanishes, the term C2 can be replaced
by 2W in Eq.(1.1). This often simplifies some tensor algebra.

while in Sec. IV, we transform the same model to the
Einstein frame in order to elaborate on several points
not discussed in our previous papers. Then in Sec.V, we
apply these methods to the case of the SO(10)-model,
which is a prototype for any such non-Abelian gauge the-
ory coupled to gravity. In Sec. VI, we turn to the issue
of spontaneous symmetry breaking (SSB) in this model,
emphasizing the differences from a similar calculation in
the Jordan frame. Then we embark upon a discussion of
the resulting particle spectrum in this model for the vec-
tor bosons (Sec. VII), the heavy scalars (Sec. VIII), the
curvature fluctuations (Sec. IX) and finally the dilaton
mass (Sec.X) arising at two-loop order. Following some
remarks on the resulting low-energy effective field the-
ory (Sec.XI), we summarize our results and discuss open
questions in Sec. XII. There follow two appendices with
details useful in the body of the text. In Appendix A, we
review how the curvature tensor transforms under con-
formal transformations, and in Appendix B our Lie al-
gebra notation and the form of the model after SSB to
SU(5)⊗U(1).

II. STABILITY, ASYMPTOTIC FREEDOM,

AND UNITARITY

Everyone who has considered renormalizable gravity
agrees that a > 0 is necessary and sufficient for this cou-
pling to be AF. As we have previously mentioned [4], the
appropriate sign of b has been subject to some dispute,
and we shall take up this issue below.
We adopt the assumptions of Euclidean quantum grav-

ity [23] to the extent that they are known. To some ex-
tent, these have been reviewed in Ref. [17, 19]. Our phi-
losophy is very close to that elaborated by Christensen
and Duff [24] and by Avramidi [13] 3. A basic tenet of
this approach is that the Euclidean path integral (EPI)
be convergent for all values of the fields. Unlike E-H grav-
ity, integrating over conformal modes presents no special
difficulties. This requires both a and b in Eq. (1.1) to be
positive for sufficient large scales where the “classical”
approximation is valid. This appears to be a minimal re-
quirement for the existence of candidates for stable “vac-
uum” states in QFT. In flat spacetime, the requirement
that the Euclidean action be bounded below together
with certain others [25], eventually allows for analytic
continuation to Lorentzian signature with an action that
respects CPT invariance and unitarity. Whether some-
thing similar is true for the extension of gravity given
in Eq. (1.1) is not known. It should not be difficult
to extend reflection-positivity to Euclidean renormaliz-
able gravity, but cluster decomposition obviously must

3 These will be further reviewed below. Ref.[24] does not consider
renormalizable gravity, and Ref. [13] mentions the inclusion of
matter only in passing.
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be modified for a compact spacetime such as S4. For Eu-
clidean spacetimes without boundaries, this would im-
ply that there are not degenerate no-particle states. In
particular, apparently degenerate no-particle states must
have finite tunnelling amplitudes between them so that
they can be superposed. For example, this is familiar in
flat space when there are finite action solutions of the
classical equations of motion (EoM) for Euclidean sig-
nature (instantons). In that case, there are degenerate
no-particle states in perturbation theory for which, as a
result of non-perturbative affects, the degeneracy is re-
moved.
There exist persistent doubts about unitarity in this

class of theories. Unitarity is certainly suspect in theories
with actions containing both quadratic curvature terms
of the kind exhibited in Eq. (1.1) and an explicit lin-
ear term −M2

PR, because of the following observations,
which were raised originally in Ref.[6]. In the presence of
a non-zero Planck mass MP , the propagator in flat space
contains a term in the tensor mode that behaves as

1

q2(q2 +M2
P )

=
1

M2
P

(
1

q2
− 1

q2 +M2
P

)
. (2.1)

Thus, if the graviton term 1/q2 has the usual sign, the
second term corresponds to a massive, spin two particle
with negative kinetic energy, i.e., a ghost. Further, in
the scalar sector, there remains a particle with mass [6]
m0 =

√
−bMP /2, where MP = 1/

√
8πGN is the so-

called “reduced” Planck mass or string scale. Thus, there
is a tachyon instability for b > 0 in flat background, a
primary reason some have argued that b < 0. Yet, as re-
marked above, b > 0 is the sign required for convergence
of the EPI. Since, however, we have demonstrated (and
will confirm here) that the phase of our model having
terms both linear and quadratic in curvature exists only
below a definite scale that is determined by DT, the ar-
gument based on Eq.(2.1) does not apply. We shall make
some further comments about unitarity below.
Another argument suggesting that b < 0 would be

preferable goes as follows: One adds to R2 a term with
an auxiliary field χ

1

3b
R2∓ 1

2

(
χ2−ξ

2
R

)2
=

[
1

3b
∓ ξ2

8

]
R2± ξχ2

2
R ∓ χ4

2
. (2.2)

with ξ an arbitrary “coupling constant.” The sign of ξ
must be chosen to be the same as the sign of 〈R〉, so that
〈χ〉2= ξ〈R 〉/2 has a solution for real 〈χ〉. The sign of the
added term must be chosen to be opposite to the sign of
b, so that the coefficient of R2 on the RHS can be taken
to vanish (ξ2 = 8/|3b|). Thus, it seems that the origi-
nal term in the Lagrangian density proportional to R2

is equivalent to a non-minimal gravitational coupling of
a scalar field together with its self-interaction. We then
see that if b < 0, the linear term in R corresponds to at-
tractive gravity, and the “potential term” χ4 is bounded
below. This is frequently used [26] to argue that the sign
demanded physically is b < 0. This sign is the opposite

of that required for convergence of the EPI and for AF
of b.
We do not, however, subscribe to this popular belief

that b(µ) < 0 (for sufficiently large scales µ) because the
field χ, unlike an independent dynamical degree of free-
dom (DoF), is inextricably linked to the scalar curvature,
i.e., χ2 = ξR/2. From the point of view of the EPI, the
preceding construction is misleading; one cannot simply
add such a term and integrate over χ since, having in-
sisted b(µ) > 0 at large scale, the integral over χ would
diverge. To introduce an auxiliary field, one must actu-
ally add to the integrand of the EPI a term proportional
to Dχ2 δ(χ2 − ξR/2), or its equivalent.
To confirm the fallacy in such arguments, consider the

far simpler situation in ordinary φ4 field theory in flat
spacetime with potential V (φ) = m2φ2/2 + λφ4/4. It is
generally believed that, in order to have a sensible ground
state, one must have the renormalized coupling λ(µ) > 0,
at least for some range of relatively large scales4. Follow-
ing a procedure similar to the previous one, we write

λ

4
φ4∓ 1

4

(
σ−ξφ2

)2
=

1

4

(
λ∓ ξ2

)
φ4± ξσ

2
φ2∓ 1

4
σ2. (2.3)

σ is an auxiliary field5 for which 〈σ〉= ξ〈φ〉2. To be able
to cancel the φ4 term on the RHS, thereby reducing the
action for φ from quartic to quadratic, we must choose
the sign of the added term to be opposite to that of λ.
For the “potential term” σ2 to be bounded below, the
last term must be positive. By the logic above, we ought
then to demand λ < 0, the very opposite of what we
required initially!
We conclude that one may not treat an auxiliary field

such as σ as if it can be taken “off-shell” for fixed val-
ues of the other fields on which it depends. Conversely,
it may also not be consistent to discuss the behavior of
a dynamical field such as φ for arbitrary values of the
auxiliary field. The construction is also wrong in detail,
because the equation ξ(µ)2 = λ(µ) is not in fact correct
for arbitrary µ; in short, it is not renormalization group
invariant6 (RGI). Similarly, in the gravitational case, the
relation 3b(µ) = 8/ξ(µ)2 is not RGI. In sum, although
one may introduce an auxiliary field in the manner out-
lined here, one can be misled drawing conclusions based
on treating it as an independent DoF.
As an aside, this same issue arises in other models in-

volving polynomials in R of even higher degree, so-called
f(R) models of gravity. It seems that a similar sign error
afflicts many of those treatments in the literature7.

4 The sign of λ is a renormalization group invariant since λ = 0
yields free field theory. λ > 0 is IR-free and not AF, so this must
be regarded as an effective field theory.

5 Note that, with this definition, σ has dimensions of mass-squared.
6 For further discussion on this point, see, e.g., Sec. II of Ref.[27].
7 For reviews of such models, see e.g., Refs. [26]. For further ex-
tensions of this method, see Ref.[28]. More recently, Narain [29]
has argued that there is a conflict between the Lorentzian and
Euclidean formulations. Our expectation would be that, once
again, this is a reflection of a similar sign issue.
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In this paper, we shall assume that the cosmological
constant of the effective field theory at low energy is pos-
itive, so we shall only be concerned with de Sitter-like
solutions of the model. That assumption happens to be
correct in the classically scale-invariant theories we have
studied, although we have not investigated whether it
must be true in all such theories.
An effort similar to ours embracing a classically scale-

invariant action for both matter and gravity has been
called “Agravity” [20]. However, our approach is funda-
mentally different inasmuch as these authors insist that
b < 0 for the reasons reviewed above. Given that the
(b < 0) model is no longer AF, they treated renormal-
izable gravity as an effective field theory. It is an im-
provement over the E-H theory in the same way that
the electroweak theory is an improvement over the Fermi
model and may allow some speculations about physics
beyond the Planck scale. More recently [21], by consider-
ing non-perturbative possibilities rather than adding new
dynamical degrees of freedom, they have speculated that
perhaps the non-AF theory is correct to infinite energy.
We prefer to explore the possibility that the AF model
(b > 0) is the completion of the E-H theory, that pertur-
bation theory continues to hold, and no new physics is
required at higher scales, which, we contend, would be a
far more compelling result.
As we have indicated in past work [4] and has been em-

phasized long ago in Refs. [24] and [14], further complica-
tions and opportunities arise in the presence of a cosmo-
logical constant, even though the curvature may be small.
In that case, flat space is not a solution to the EoM, so
some of the foregoing issues may disappear. Our point
of view overlaps with that adopted by Avramidi [13],
who explicitly included MP and Λ in his action and who
emphasized that, so long as his couplings and masses
obeyed certain inequalities, neither the scalar nor the ten-
sor modes present instabilities. In the present notation,
he showed that the tensor modes are stable and ghost-
free for a > 0, Λ > 0, and 2/(3b) < 1/a + M2

P /(16Λ).
Moreover, there is no instability in the scalar sector pro-
vided M2

P /(16Λ) < 2/(3b), which is compatible with the
tensor constraint. These inequalities can even be satis-
fied in the classically scale-invariant case where MP → 0
(for fixed Λ.) When matter is included8, for the cases we
studied [1, 3, 4], the inequalities were modified, but there
still existed regions of parameter space where there were
no instabilities.
Nevertheless, in calculating the one-loop correction to

dS space, there remain five zero modes that seem to be
universally present in both Einstein gravity and in renor-
malizable gravity, with or without the inclusion of mat-
ter. As we have reviewed elsewhere [5], these so-called

8 For b < 0, the one-loop corrections to the effective action in dS
background should have an imaginary part, reflecting an insta-
bility. This is another reason that we believe that Agravity [20]
is not self-consistent.

non-isometric, conformal Killing modes have a rather
long history. We have argued that these reflect a collec-
tive mode that, in four-dimensions, is peculiar to the S4

manifold. If so, they will be present not just at one loop
but to all orders in perturbation theory. However, unlike
other occurrences of such coherent motions, we claim the
corresponding collective degrees of freedom (DoF), i.e.,
the “center of mass” coordinates, are unphysical and not
relevant to the determination of the stability of dS back-
ground. They nevertheless do enter into the calculation
of various gauge-invariant quantities, such as the on-shell
effective action. The essential issue is whether or not
there is a collective coordinate missing from the effective
action. We presume not.

As a result of the foregoing, we believe that there ex-
ists a renormalizable, theory of gravity that, when matter
fields are included, can yield new models that (1) undergo
DT in perturbation theory, (2) yield a positive cosmolog-
ical constant, (3) are locally stable for a range of cou-
plings, and (4) are AF in all couplings. So far, we have
confirmed this for only one such model [4], but it is surely
not unique. The issue of unitarity remains unresolved,
but it is far more subtle than has been treated thus far
in the present context. For example, one of the lessons
from considering QFT in curved spacetime [30, 31] is that
the so-called no-particle state can appear completely dif-
ferent to observers in different frames, resulting in the
definition of particle states correspondingly different.

In the next section, we expand on the way in which
these results have been achieved. In previous papers, we
used the renormalization group to determine the one-loop
effective action. This method makes some assumptions
that direct calculations via path integrals avoid. In the
next section, we shall discuss this in the simplest case,
that of a real scalar field [3], but most of these points
apply to the non-Abelian case as well, as will be discussed
in Sec.V.

III. INCLUDING MATTER FIELDS IN THE

JORDAN FRAME

We discussed DT in pure gravity, Eq. (1.1), in Ref. [1],
and shall not repeat that here. Matter can be added
in many forms, and our goal is to focus on non-Abelian
models, in particular, on the SO(10) model discussed in
Ref. [4]. However, there are a few points that can be
more easily stated in the simplest case, that of the real
scalar field [3]. It is also easier to have the experience
of transforming to the Einstein frame in that case, as we
shall do in Sec.IV, before proceeding to the non-Abelian
gauge theory in Sec.V. For pedagogical reasons, then, we
shall first reconsider the real field, taking the opportunity
to clarify certain points omitted from our earlier paper.

To the action in Eq. (1.1), we add the action for a
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single, real field φ :

S
(J)
cl ≡ S

(J)
ho + S(J)

m , (3.1a)

S(J)
m ≡

∫
d4x

√
gJ

[
1

2
(∇φ)2 +

λ

4
φ4 − ξφ2

2
R

]
. (3.1b)

Defining the rescaled couplings y ≡ λ/a, x ≡ b/a, we
showed in Ref. [3] that this model in dS background has
a single ultra-violet fixed point (UVFP) at ξ = 0, y =
0, x ≈ 39.8. Given that all couplings are AF, the classi-
cal approximation ought to be increasingly accurate the
higher the scale. In that paper, we derived the form of
the one-loop corrections to the effective action using RGI,
the known β-functions and generic form of the corrections
in dS background. However, this “short-cut” has its lim-
itations. It does not necessarily reveal all constraints
on the couplings and would not produce the imaginary
part present if the perturbative corrections were unsta-
ble. These can only be revealed by explicitly calculating
the one-loop effective action. Here, we shall review that
calculation via the EPI in a “classical” background field
given by ĝµν(x), ϕ(x). For our purposes, it will suffice
to consider the corrections on mass shell, i.e., where the
effective action has extrema. To zeroth order, i.e., classi-
cally, the on-shell values of neither ϕ nor R can be known

since the classical action S
(J)
cl is scale invariant; however,

the dimensionless ratio φ2/R can be fixed. The first-
variation of the classical action gives

δS
(J)
cl

δφ
= −�φ+ λφ3 − ξφR, (3.2)

−δS
(J)
cl

δgµν
=

1

6a

[
4RRµν−12RκλRµκνλ+

gµν
(
3R2

κλ−R2
)
+
(
2∇µ∇νR+gµν�R−6�Rµν

)]
+

2

3b

[
gµν
4

R2−RRµν+
(
∇µ∇ν−gµν�

)
R

]
−1

2

[
Tµν−

ξφ2
[
Rµν − gµνR

]
+
[
∇µ∇ν − gµν�

]ξφ2

2

]
, (3.3)

where Tµν ≡ ∇µφ∇νφ− gµν

[
1

2
(∇φ)2+

λ

4
φ4

]
.

It is difficult to characterize the most general solution
of these equations. Most sufficiently symmetric solutions
of Einstein’s equations continue to hold for these modified
equations, such as the Schwarzschild and Schwarzschild-
de Sitter solutions [32]. We can get a hint of what may
be necessary if we take the trace of Eq. (3.3):

−2gµν
δS

(J)
cl

δgµν
=− 4

b
�R+(∇φ)2+λφ4+ξ(3�−R)φ2. (3.4)

(The terms in 1/a cancel out of the trace because of clas-
sical conformal invariance of the Weyl action.) Writing

�φ2 = 2φ�φ+ 2(∇φ)2, the right-hand side becomes

− 4

b
�R+ (6ξ + 1)(∇φ)2 + 6ξφ�φ+ λφ4 − ξφ2R. (3.5)

Only for the conformal values b → ∞, ξ = −1/6 does
Eq. (3.5) become identical to φ times Eq. (3.2). On the
other hand, there are solutions other than the conformal
limit that are mutually compatible with the vanishing
of both Eqs. (3.2), (3.3). For example, in the case that
φ and R are constant (corresponding to Euclidean dS
space,) both equations are satisfied when λφ2 = ξR.
Our first goal here is to make more explicit the re-

quirements for calculating the one-loop effective action.
Using the standard background field method of quantiza-
tion by the path integral9, we expand the classical action

S
(J)
cl , Eq. (3.1), about a generic background by writing

φ(x) = ϕ(x) + δφ(x), gµν ≡ ĝµν(x) + hµν(x), expand-
ing in a Taylor series about ϕ(x), ĝµν (x), and dropping
the term linear in the “quantum fields” δφ(x), hµν (x).
The one-loop correction is obtained from the terms sec-
ond order in the fluctuations δφ(x), hµν (x). The tensor
hµν can be conveniently decomposed in the transverse
traceless (TT) gauge

hµν = h⊥
µν+ĝµνh/4+ . . . , (3.6)

where h ≡ ĝµνhµν and h⊥
µν is transverse (∇̂µh⊥

µν = 0)

and traceless (ĝµνh⊥
µν = 0). The other terms represented

by the ellipses involve gauge-dependent vector and scalar
modes. After a lengthy calculation, this procedure yields

S(2)=Ŝ(0)+
1

2

∫
d4x
√
ĝ

[
(
∇̂δφ

)2
+
(
3λϕ2− ξR̂

)
(δφ)2

−δφ
3ξϕ

2

[
∆0

[ R̂
3
−2λϕ2

3ξ

]]
h+2ξϕ δφR̂µνh

⊥µν+

3

8b
h

[
∆0

[
− R̂

3

]
∆0

[
−bξϕ2

4

]]
h+

1

2a
h⊥
µν

[
∆2

[aξϕ2

2
+
R̂

3

(
1−2a

b

)]
∆2

[ R̂
6

]]
h⊥µν+

CT + other

]
,

(3.7)

where the background metric ĝµν is to be used for con-
tractions and covariant derivatives. The terms repre-
sented by CT indicate implicit counterterms necessary to
render the effective action finite after integration over the
quantum fields. Those represented by other are gauge-
dependent and vanish on-shell, i.e., when the background
fields satisfy their EoM. The symbols ∆j [X ] ≡ −�j +X

9 This has been summarized in the present context in an appendix
in Ref. [1].
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for integer j involve the so-called constrained Laplacian,
�j , upon which we elaborate further below.
This expression is to be inserted into the EPI and the

integral over the quantum fields δφ, h, h⊥
µν performed.

For a generic background, this cannot be done analyt-
ically, but, analogous to the flat space effective potential,

for ϕ = ϕ0 and R̂µν = R0 ĝµν/4 with ϕ0, R0 constant,
the integral can be carried out. If we further require that
the background be on-shell, λϕ2

0 = ξR0, the quadratic
action for the fluctuations can be put into the form

δ(2)S(2)
os =

1

2

∫
d4x
√

ĝ

[
δφ∆0

[
2ξR0

]
δφ−

δφ
3ξ

2

√
ξR0

λ
∆0

[
−R0

3

]
h+

3

8b
h

[
∆0

[
−R0

3

]
∆0

[
−bξ2R0

4λ

]]
h+

1

2a
h⊥
µν

[
∆2

[aξ2R0

2λ
+
R0

3

(
1−2a

b

)]
∆2

[R0

6

]]
h⊥µν

]
,

(3.8)

where the CT and other terms have been suppressed.
We take the background to be the sphere S4 with cur-
vature R0. In flat five-dimensional Euclidean space, this
corresponds the four-sphere of radius r0 ≡

√
12/R0 and

angular volume ω4 = 8π2/3. Thus the Euclidean space-
time volume V ≡ ω4r0

4 = 384π2/R2
0, is finite in this

approximation. Following Ref. [7, 13], we expand in nor-
malized eigenfunctions of the “constrained” Laplacian
�j in order to determine whether the modes are sta-
ble and to be able to deal with the mixing between δφ

and h. �j = ĝµν∇̂µ∇̂ν , where ∇̂µ represents the co-
variant derivative acting on a field of “spin” j. For ex-
ample, �0 represents the Laplacian on the background
manifold acting on a scalar field such as δφ. �1 repre-
sents the Laplacian acting on a conserved vector field,

εµ with ∇̂µε
µ = 0. �2 represents the Laplacian on the

background vector bundle acting on tensor fields such as
h⊥
µν , which is transverse and traceless. (Further details

with references to the literature can be found in Ref. [7],
summarized in Ref.[13].) Since the S4 sphere is compact,
the eigenvalues of the elliptic operator −�j are discrete
and nonnegative. Explicitly, they are given by

−�jY
nj
ℓ,m = r−2

0 λnjY
nj
ℓ,m,

λnj = n(n+3)−j, n=j, j+1, . . . .
(3.9)

for n, j ≥ 0. The indices (ℓ,m) denote the various states
of the degenerate eigenvalue. We shall not need their
precise definitions; we just need to know the total degree
of degeneracy [33], dnj = (2n+3)(2j+1)

(
(n+1)(n+2) −

j(j+1)
)
/6, n≥j≥0. For a scalar field j=0, λn0 = n(n+3)

is simply the value of the quadratic Casimir of the an-
gular momentum generators of SO(5). It has degeneracy
dn0 = (2n+3)(n+1)(n+2)/6.
Expanding the fluctuations in terms of the eigenfunc-

tions Y nj , normalized to one on the unit S4,

1

ω4
δ(2)Sos=

3ξ

ay

∑

n=0

dn0

[
2
[
λn0+24ξ

](δφn

ϕ0

)2
−

3ξ
[
λn0−4

]δφn

ϕ0
hn+

y

16xξ

[
λn0−4

] [
λn0−

3xξ2

y

]
h2
n

]
+

1

8a

∑

n=2

dn2

[
λn2+

6ξ2

y
+4

(
1− 2

x

)] [
λn2+2

]
h⊥
n
2,

(3.10)

where ω4 ≡ 8π2/3, y ≡ λ/a. It is the ratios y and x that
approach finite UVFPs. As in pure gravity, we take a > 0
so that it will be AF. Because the λnj monotonically
increase with n, the modes will certainly be nonnegative
for n sufficiently large but finite. Hence, we just need to
determine whether a finite number of modes are stable.
First, however, we must deal with the fact that each of

these sums formally diverge as n → ∞ and are rendered
finite by adding renormalization counterterms that have
not been explicitly included above10. Regardless of how
renormalization is carried out, instabilities at low n for
arbitrarily large scale µ will not be removed. They in-
troduce singularities for certain values of the couplings,
which renormalization does not do and which, because
of AF, will not be removed in higher order. Zero modes,
such as those associated with λ10 = 4,must be subtracted
and dealt with separately and will be discussed below.
Let us begin our stability analysis with the tensor

modes h⊥
n
2 in Eq. (3.10). The lowest mode has n=2 for

which λ22 = 8. Hence, the factor λn2+2 will be posi-
tive for all n, but the first factor will be positive only
for 2+ξ2/y > 4/(3x). Given the aforementioned prop-
erties of the UVFP, together with the information that
ξ2/y actually vanishes as the UVFP is approached, this
inequality is easily satisfied at sufficiently high scales, so
all the tensor modes are stable, at least at sufficiently
high scale. An instability at lower scales would be asso-
ciated with a phase transition.
What about the scalar (j = 0) modes? We must de-

termine under what conditions the quadratic form in
(δφn, hn) is nonnegative. For n = 0, λ00 = 0, so this
is simply

9ξ2

ay

[
16

(
δφ0

ϕ0

)2
+ 4

δφ0

ϕ0
h0 +

1

4
h2
0

]
(3.11)

This quadratic form has one eigenvalue equal to
+585ξ2/(4ay), which is positive since11 y > 0. Its eigen-
vector has (δφ0/ϕ0, h0) ∝ (8, 1). The other eigenvalue is 0

10 Given the forms of λnj and dnj above, the zeta-function
method [34] naturally comes to mind. This involves certain
subtleties in applications such as this involving products of
quadratic, elliptic operators, as reviewed in Ref. [35], but these
should not affect our arguments.

11 y > 0 is required for convergence of the EPI.
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with eigenvector (δφ0/ϕ0, h0) ∝ (−1, 8). This zero mode
is the dilaton and should have been anticipated: Under
the assumption that the background field has nonzero
curvature R0 and nonzero scalar field ϕ0, the classical
scale invariance is spontaneously broken, so there must be
a Goldstone boson. We can regard the preceding calcula-
tion as a purely classical determination of the eigenvalues
for small fluctuations, so it must reflect this Goldstone
mode. When we insert this into the EPI and integrate
over the fields, this becomes the one-loop correction. In
so doing, the zero mode must be factored out in order to
obtain a finite result. To this order, this corresponds to
a flat direction of the effective potential.
Since the scale invariance is anomalous and not a sym-

metry of the QFT, this mode can get a nonzero mass md

in higher-order. Indeed, at two-loop order, we argued in
Ref.[3] that m2

d 6= 0 and can be positive for some range of
values of x, ξ, y. (See Eq.(10.15) below.) In particular, it
is positive near the UVFP, so this zero mode ultimately
does not destroy local stability.
The next mode is n = 1, for which λ10 = 4 with de-

generacy 5. Clearly, the quadratic form degenerates to

24ξ

ay
(6ξ+1)(δφ1/ϕ0)

2. (3.12)

Since y > 0 was required for stability of the n = 0 mode,
we must therefore have ξ > 0 for stability of this mode.
Obviously, its eigenvector (δφ1/ϕ0, h1) ∝ (1, 0). The sec-
ond eigenvalue is obviously zero due to fluctuations in
the direction (0, 1). Thus, there are 5 zero modes associ-
ated with the fluctuation h1 with δφ1 = 0. These existed
already in the pure gravity case and are present in all
models with S4 background on-shell. As mentioned ear-
lier, we have argued in Ref. [5] that these five zero modes
are artifacts of the SO(5) isometry of dS corresponding
to an unphysical coherent fluctuation, a would-be col-
lective mode corresponding to the motion of the center-
of-mass coordinate of the S4 sphere, so we expect these
zero modes to persist to all orders in perturbation theory.
They are not Killing vectors, but are conformal Killing
vectors not usually associated with physical isometries of
the action. They are peculiar to an S4 background and
even occur for the E-H action [24]. We have argued that
these unique modes do not reflect an actual physically-
allowed fluctuation. As they only exist for an S4 back-
ground, it seems likely that more realistic models will
not have such unphysical collective coordinates. Further
research is required to determine whether some non- per-
turbative effect, such as tunneling to a background with
a different topology, leads to a different background that
removes such modes.
What about the n = 2 mode, for which λ20 = 10? The

quadratic form becomes

6ξ

ay

[
2(5 + 12ξ)

(
δφ2

ϕ0

)2
− 9ξ

δφ2

ϕ0
h2+

3y

16xξ

[
10−3xξ2

y

]
h2
2

]
.

(3.13)

Both eigenvalues will be positive provided ξ > 0 and

y

x
>

3ξ2(1 + 6ξ)

2(5 + 12ξ)
. (3.14)

Since y > 0 is required for convergence of the EPI, this
inequality will be satisfied sufficiently near to the UVFP,
i.e., to first order in ξ, y. All n > 2 eigenvalues are also
positive. There is no guarantee that this continues to
hold when nonlinear effects become important, e.g., if the
UVFP were approached along a trajectory in violation of
Eq. (3.14).
In sum, there are no unstable modes associated with

the fluctuations, provided these inequalities are satisfied,
as they are near the UVFP. At one loop order, there are 6
zero modes (or flat directions.) One is the scalar dilaton,
which we shall show gets mass at two loops. The other
five are associated with a coherent fluctuation that, we
believe, should be regarded as unphysical.
Since we found no unstable modes, there will be no

imaginary part to the one-loop correction. The result
for the renormalized effective action is therefore the one
given in our earlier paper [3] for this model, obtained by
the renormalization group method.
The preceding remarks do not imply that the one-loop

correction to the effective action cannot be negative at
lower scales. In fact, our investigation [3] of the pos-
sibility of DT showed that it can indeed become nega-
tive. Unfortunately, we found the range of couplings for
which the extremum was actually a minimum did not
lie within the basin of attraction of the UVFP, so this
model does not produce a physically useful result. This
was one of several reasons that we proceeded to consider
non-Abelian gauge theories, which are potentially more
physically relevant anyway.

IV. TRANSFORMATION FROM THE JORDAN

TO THE EINSTEIN FRAME

Most discussions of classical General Relativity pro-
ceed from the E-H action with minimal coupling. An
action with non-minimal coupling, like the one discussed
in the previous section, may under certain circumstances
be transformed into a minimal coupling form by means
of a conformal transformation of the metric. This is of-
ten referred to as going from the Jordan frame to the
Einstein frame. Since this only involves a field redefini-
tion, one might think that it is a simply matter of con-
venience, since interpretations of observables generally
start from the Einstein frame. In the present context
at least, we wish to argue that such a transformation is
NOT so straightforward.
Given the classical action, Eq. (3.1), the conformal

transformation is

g̃µν ≡ Ω−2gµν , where Ω2 ≡ φ2/M2, (4.1)

and M is any convenient choice for the unit of mass.
In any theory (and in the real world), the only observ-
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ables are dimensionless ratios, so the choice for M is
arbitrary12 but fixed (i.e., not scale dependent). Such
a transformation is permissible provided Ω neither van-
ishes nor is singular. In classically scale-invariant models,
this is not at all trivial. In the path integral, the inte-
gration over φ(x) is formally over all real values at every
point, so it is impossible to guarantee this in general un-
less one assumes that it is a set of measure zero. This
can be argued in the context of the perturbation expan-
sion in which φ(x) = 〈ϕ(x)〉+δφ(x), assuming that the
background field〈ϕ(x)〉 is nowhere vanishing and that the
perturbation δφ(x)/〈ϕ(x)〉 is in some sense small, so that
it makes sense to assume ϕ(x)6=0 everywhere. Should the
result of the calculation be that the on-shell background
field vanishes anywhere, this construction would have to
be revisited.
Assuming that φ(x) 6= 0, the effects of the field redef-

inition in Eq. (4.1) on the various quantities in Eq. (3.1)
are complicated. In Appendix A, we summarize the re-
sulting changes on the various quantities entering the ac-
tion. Defining ξ′ ≡ ξ+1/6, ζ ≡ √

6ξ′ M log(φ/M), and
ϑµ≡ ∂µ logφ = 1/(

√
6ξ′ M)∂µζ, we find13

S(E)=

∫
d4x
√
g̃

[
λM4

4
−ξM2

2
R̃+

1

2

(
∇̃ζ
)2
+Lho

]
, (4.2a)

where Lho≡
1

2a
C̃2+

1

3b

(
R̃+6∇̃·ϑ−6ϑ2

µ

)2
+ c G̃. (4.2b)

On the one hand, we have simply performed a field
redefinition, so one might expect the physics to be un-
changed. On the other hand, the supposition that φ(x) 6=
0 corresponds to SSB of scale invariance, so in fact,
the physics is manifested quite differently in this broken
phase. First of all, ζ plays the role of the dilaton, the
(classical) Goldstone boson, which we previously identi-
fied in the Jordan frame from the mode expansion. (See
discussion below Eq. (3.11).) As expected, ζ is deriva-
tively coupled classically, so 〈ζ〉, if constant, is arbitrary.
(We shall find a convenient choice below in Eq. (10.9).)
In principle, in the QFT, it may or may not be the case
that〈φ(x)〉 6= 0. In fact, the issue of spontaneous breaking
of scale invariance is actually moot in the QFT, because
this is an anomalous symmetry. As a result, as mentioned
earlier, this scalar will get a mass at two loops owing to
the conformal anomaly.
The appearance of the dilaton field is just one con-

sequence of the supposition that φ(x) 6= 0. The matter
action, Eq.(4.2a), takes the form of an E-H term linear in

R̃, with Planck mass-squared M2
P ≡ ξM2, plus a cosmo-

logical constant term with M2
PΛ ≡ λM4/4, plus a term

corresponding to the kinetic energy of the dilaton ζ.
The gravitational action, Eq. (4.2b), involves, in addi-

tion to the quadratic curvature terms, involves terms in

12 In theories having other mass parameters, such as the Planck
mass MP or scalar masses, M is usually chosen to some combi-
nation of those parameters. We leave it unspecified for now.

13 We have dropped a surface term associated with ∇2ζ.

various powers of ∇ζ/M. This is clearly extremely com-
plicated, but it proves convenient to choose M to be on
the order of the SSB scale v, where the one-loop correc-
tion has its minimum determined by DT. (See Ref. [3].)
So long as ξ(v) is in the range 0.1−10, this is also on or-
der of the Planck mass, MP =

√
ξ M. For small dilaton

momenta, more precisely, when
√
ξ �̃ζ ≪

√
1+6ξ MP R̃,

these terms may be neglected in first approximation.
Then the entire dependence on the dilaton field is given
by the matter action, Eq. (4.2a).
Although we have shown that DT can occur in this

model, the values of the coupling constants required for
this to occur with local stability of the associated scale
does not lie within the basin of attraction of the UVFP
in this model [3]. Consequently, we shall defer the deter-
mination by DT and the calculation of the dilaton mass
to the SO(10) model in the next section.

V. NON-ABELIAN GAUGE FIELD

We want to transform our SO(10) model with a single
adjoint scalar Φ [4] from the Jordan frame to the Ein-
stein frame. Renormalizability will not be affected by a
field redefinition and, for present purposes, a nonlinear
transformation is useful. To review, our Jordan frame
matter action is

S(J)
m =

∫
d4x

√
g

[
1

4
Tr[F 2

µν ] +
1

2
Tr[(DµΦ)

2]

−ξTr[Φ2]

2
R+ VJ (Φ)

]
,

(5.1)

The adjoint scalar field Φ is a 10×10 Hermitian matrix
that may be decomposed as Φ =

√
2 φaR

a, where the
{φa} are real, and {Ra} represents the 45 Hermitian gen-
erators of the fundamental or defining representation 10

of SO(10). Similarly, the real, adjoint gauge field can

be represented by Aµ =
√
2Aa

µR
a, with the associated

field strength Fµν ≡ ∂µAν−∂νAµ−ig[Aµ, Aν ]/
√
2 . The

covariant derivative of Φ is DµΦ ≡ ∂µΦ−ig[Aµ,Φ]/
√
2 .

A brief review of our algebraic conventions is given in
Appendix B.
In order to transform to the Einstein frame, we want

to presume that the model undergoes SSB 〈Φ〉 6= 0. The
exact nature of the breaking will be worked out in sub-
sequent sections. A nonlinear field redefinition will en-
able us to proceed in much the same way as in the case
of the real singlet in the preceding section. We define
T2 ≡ Tr[Φ2] =

∑
a φ

2
a, and define

Φ ≡ ΩΣ with Ω2 ≡ T2/M
2, (5.2)

in terms of an arbitrary unit of mass M. Then,

Tr[Σ2] = M2. (5.3)

Note that both T2 and Ω are formally SO(10) invariant.
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One consequence of these definitions is that 〈Φ〉 =
〈Ω〉〈Σ〉, so that 〈Φ〉 6= 0 if and only if both 〈Ω〉 6= 0 and
〈Σ〉 6= 0. Although one may entertain other possibilities
for SSB, they do not seem to be relevant in perturbation
theory. Then

DµΦ = Σ ∂µΩ+ ΩDµΣ (5.4a)

Tr[(DµΦ)
2] = M2(∂µΩ)

2 +Ω2Tr[(DµΣ)2]. (5.4b)

In passing from the first to the second line in Eq. (5.4),
the cross term vanishes because

Tr[ΣDµΣ] = Tr[Σ∂µΣ]−igTr
[
Σ[Aµ, Σ]

]
=

∂µTr[Σ
2]/2 = ∂µM

2/2 = 0,
(5.5)

where the term involving the gauge field Aµ vanishes by
the cyclic property of the trace. The Jordan frame La-
grangian density, Eq. (5.1), then becomes

L(J)
m =

√
g

[
1

4
Tr[F 2

µν ]−
ξM2Ω2

2
R+

M2

2
(∂µΩ)

2+
Ω2

2
Tr[(DµΣ)2+VJ (ΩΣ)]

]
,

(5.6)

subject to the constraint Tr[Σ2] = M2, Eq. (5.3).
The original field Φ provided a linear representation

of a real adjoint multiplet and represented 45 DoF in
the matter action Eq. (5.1). Evidently, in Eq. (5.6), one
degree of freedom has been apportioned to Ω and only
44 DoF remain in Σ. This can be seen from Eq. (5.5),
which implied that Tr[Σ∂µΣ] = 0. Thus, the dynamical
degrees of freedom associated with ∂µΣ are restricted to
those “orthogonal” to Σ.
To complete this rewriting of the action Eq. (5.1),

consider the potential, VJ (Φ). Defining T4 ≡ Tr[Φ4] =
Ω4Tr[Σ4], the potential is

VJ (Φ)≡
h1

24
T 2
2 +

h2

96
T4 =

h1M
4

24
Ω4+

h2

96
Ω4Tr[Σ4]. (5.7)

Thus, the only dependence of VJ on Σ is through T4.
Further, the nonminimal coupling to the curvature in

Eq. (5.6) is independent of Σ. As a result, the SO(10)
singlet Ω plays the role of the real scalar in the preceding
section. Evidently, to transform to the Einstein frame,
we need only suppose that 〈Ω〉 6= 0 and can postpone
the question of 〈Σ〉until later. Without loss of generality
(WLOG), we take 〈Ω〉> 0. Then we can perform a con-
formal transformation, g̃µν ≡ Ω−2gµν , to get the action
in the Einstein frame

S
(E)
ho =

∫
d4x
√
g̃

[
C̃2

2a
+

1

3b

(
R̃+6∇̃·ϑ−6ϑ2

µ

)2
+c G̃

]
, (5.8a)

S(E)
m =

∫
d4x
√

g̃

[
1

4
Tr[F̃ 2

µν ]−
ξ

2
M2R̃+

(∇̃ζ)2

2
+

h1

24
M4 +

1

2
Tr[(D̃µΣ)2] +

h2

96
Tr[Σ4]

]
,

(5.8b)

where, similar to the previous case, Eq. (4.2),

ζ ≡ M
√
6ξ′ logΩ, ϑµ ≡ ∂̃µ logΩ =

1√
6ξ′ M

∂̃µζ. (5.9)

We must also keep in mind the constraint, Eq. (5.3).
One can show that the G-B term changes by a to-

tal divergence, G→G̃+∇µJ
µ. (See Appendix A.) Al-

though not the simplest form to quantize, the spec-
trum may be read off rather easily. The last line of
Eq. (5.8b) shows that Σ is described by a gauged non-
linear sigma model with a scale-invariant self-interaction
strength proportional to h2. Regardless of the pattern
of SSB, Tr[Σ4] ≥ (Tr[Σ2])2/10 = M4/10, and it proves
useful to rewrite the terms involving h1, h2 as the sum of
two nonnegative terms

h3M
4

24
+

h2

96

[
Tr[Σ4]−M4

10

]
, (5.10)

where we defined h3 ≡ h1+h2/40.

Note that the action S(E) = S
(E)
ho +S

(E)
m is still for-

mally invariant under the SO(10) local gauge symmetry,
since the conformal transformation employed only the
gauge singlet Ω(x), which was presumed to have some
non-zero vacuum expectation value (VEV) 〈Ω(x)〉 to be
determined. Although in principle, this can vary with po-
sition xµ, there is a tacit assumption that Ω(x) vanishes
nowhere since, otherwise, the transformed metric would
degenerate somewhere. For simplicity, we shall seek SSB
solutions in which 〈Ω〉 6= 0, independent of x.
The role of the couplings h1, h2, (or h2, h3) in the Ein-

stein frame suggests a dramatically different physical pic-
ture than that in the Jordan frame. In Eq.(5.8b), we can
identify the Planck mass

MP =
√
ξ M. (5.11)

As in the case of the real field, we must have ξ(v) > 0 at
the scale v of symmetry breaking in order for gravity to
be attractive.
From Eq. (5.10), the “vacuum energy density” is

h3M
4/24 or possibly larger, depending on the direction

of SSB 〈Σ〉. In more conventional terms, the cosmologi-
cal constant Λ corresponding to a vacuum energy density
equal to h3M

4/24 is

Λ ≡ h3

24ξ2
M2

P . (5.12)

Thus, we must have h3(v) > 0 at the scale of symmetry-
breaking in order for Λ to be positive.
The field ζ is the dilaton, which is massless in this ap-

proximation but will gain mass at two-loop order, O(~2).
(We shall determine its mass below in Sec.X.)
This is as much as can be said at the classical level

about the singlets in Eq.(5.8). Further interpretation re-
quires knowing more precisely the pattern of the breaking
of SO(10), which we shall discuss next.
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VI. SPONTANEOUS SYMMETRY BREAKING

OF SO(10)

In our parameterization, the direction of SO(10)
breaking is embodied in 〈Σ〉. Since the Σ field enters the
Einstein frame action only via Eq. (5.8b), we can deter-
mine the possible extrema ignoring Eq.(5.8a), which is to
say that they are essentially independent of the scale of
SSB. In fact, we already showed in Ref. [4] that the only
extremum that is a local minimum corresponds to break-
ing to SU(5)⊗U(1). In passing to the Einstein frame, we
only utilized the singlet field Ω(x), so we would not ex-
pect this pattern to change. Indeed, unless there exists
a sensible phase in which 〈Φ〉 = 0, the Einstein frame
action, Eq. (5.8), must be completely equivalent to the

Jordan frame action, S(J) ≡ S
(J)
ho +S

(J)
m , Eqs.(1.1), (5.1).

Although we could proceed by assuming this pattern of
SSB is correct, it is illuminating to rederive it in the Ein-
stein frame to confirm this expectation and to take note
of the substantial differences from the Jordan frame.
For our purposes, it is convenient to make a unitary

transformation to a basis in which the generators of
SO(10) take the form

Ra ≡ 1√
2

( Ra
1 Ra

2

Ra
2
† −Ra

1
τ

)
=

1√
2

(
Ra

1 Ra
2

−Ra
2
∗ −Ra

1
∗

)
, (6.1)

where14 the Ra
j are 5×5 (complex) matrices with the

properties that Ra
1 is Hermitian, and Ra

2 is antisymmet-
ric. Hence, Ra

1
∗ = Ra

1
τ , where τ denotes the transpose.

In this basis, unlike the original one, the Cartan subal-
gebra of SO(10) can be diagonalized.
Correspondingly, we define for real components σa

Σ ≡
√
2 σaR

a =

(
σaRa

1 σaRa
2

σaRa
2
† −σaRa

1
∗

)
(6.2a)

≡
(
Σ1 Σ2

Σ2
† −Σ1

∗

)
. (6.2b)

The constraint Eq. (5.3) implies

45∑

1

σ2
a = M2, or Tr[Σ2

1 +Σ†
2Σ2] = M2/2. (6.3)

Assuming 〈Σ〉 6= 0, one may utilize the SO(10) symmetry
of the action Eq. (5.8) to bring it to diagonal form

〈Σ〉=
(
〈Σ1〉 0

0 −〈Σ1〉

)
, (6.4)

14 The factor 1/
√
2 has been inserted so that {Ra

1
} are the genera-

tors of SU(5)⊗U(1) with canonical normalization, Tr[Ra
1
Rb

1
] =

δab/2 for a={1, 2, . . . , 25}. For further discussion, see Ap-
pendix B.

where 〈Σ1〉 is the matrix, Diag{ς1, ς2, ς3, ς4, ς5}. These ςi
are the eigenvalues of 〈Σ〉, which are of course indepen-
dent of the choice of basis. However, the basis chosen
above, Eq. (6.1), is particularly convenient. Let us call
the generators of the SO(10) Cartan subalgebraHi, with
the corresponding generators of SU(5)⊗U(1) Hi. Then
we conclude that

ςiH
i =〈σa〉Ra, and ςiHi

1 =〈σa〉Ra
1 . (6.5)

With reference to the action Eq. (5.8b) and the con-
straint Eq. (6.7), in order to seek the extrema of the ac-
tion, we must consider

h2

48
Tr[〈Σ1〉4]−

η

2
Tr[〈Σ1〉2] =

5∑

i=1

(
h2

48
ς4i −

η

2
ς2i

)
, (6.6)

where η is a Lagrange multiplier associated with the con-
straint

Tr[〈Σ1〉2] = M2/2. (6.7)

The first derivative of Eq. (6.6) is

h2

12
ς3i − ηςi = ςi

(
h2

12
ς2i − η

)
, {i = 1, . . . , 5}. (6.8)

This will vanish for each ςi provided either ςi = 0 or
ςi = ±ς0, where ς0 ≡

√
12η/h2 . With regard to the sign

of the nonzero ςi, it can be resolved as we did in the
Jordan frame [4]. Referring to Eq. (6.4), by means of a
unitary transformation, we may interchange any negative
element in 〈Σ1〉with the corresponding positive element
in −〈Σ1〉. Thus, WLOG, we may assume that the ele-
ments of Σ1 are nonnegative. There are then five distinct
extrema, depending on the number k of zeros in Σ1, so
that T2 = 2(5−k)ς20 = M2, k={0, 1, . . . , 4}. Therefore15,
ς0 =

√
1/(2(5−k))M, with corresponding Lagrange mul-

tiplier η = h2M
2/(24(5−k))>0.

To determine which of these five extrema are minima,
we consider the second derivative is

∂2V (σ)

∂ςi∂ςj
= δij

[
h2

4
ς2i − η

]
. (6.9)

This is diagonal as well (unlike the Jordan frame calcu-
lation [4]) with elements either −η if ςi = 0 or h2ς

2
0/4− η

if ςi 6= 0. Since η > 0, the extremum has an unstable
mode if any of the ςi is zero. Taking k = 0 then, we
find that V ′′(ς0) = h2ς

2
0/4−η = h2M

2/40−h2M
2/120 =

h2M
2/60 > 0, so this case is (locally) stable, just as be-

fore [4]. Hence,

〈Σ1〉= ς015,with ς0 = M/
√
10 . (6.10)

In sum, we have confirmed that, in this model, the only
possibility for SSB to a phase having a local minimum is
SO(10)→SU(5)⊗U(1). Having done so, we are now in a
position to determine the masses of the vector bosons and
the other heavy scalars arising from fluctuations in Σ.

15 ς0 implicitly depends upon k, but we hope that will be clear in
context without having to introduce more cumbersome notation.
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VII. VECTOR BOSON MASSES

Another quantity that can be read directly from the
Einstein frame action Eq. (5.8) is the mass of the vec-
tor bosons, which, in this section, will be shown to be
MV = gMP /

√
5ξ . These masses arise from the scalars’

covariant derivative in Eq. (5.8b)

1

2
Tr [DµΣ]2 =

1

2

∑

a

(
∂µσa + gfabcAµ

b σc

)2
, (7.1)

using Σ =
√
2 σaR

a, as in Sec. V. The fabc are the
structure constants for SO(10). In the action, Eq.(5.8b),
the field strength, Tr[F 2

µν ]/4, is canonically normalized.
Therefore, Eq. (7.1) implies that the vector boson mass
matrix is

(M2
V )ab = g2facdf bce〈σd〉〈σe〉, (7.2)

As discussed in Appendix B, the 20 gauge bosons that ac-
quire mass after SSB transform as conjugates 104⊕10−4

of SU(5)⊗U(1). As a result, all 20 will have the same
mass MV , so we may simplify the calculation by sum-
ming

Tr
[〈
(M2

V )
〉]

= g2CG

∑
a〈σa〉2 = g2CGTr[〈Σ〉2], (7.3)

where CG is the quadratic Casimir in the adjoint repre-
sentation. In SO(N), CG = (N − 2)/2, so

Tr[(M2
V )] = 4g2Tr[〈Σ〉2] = 4g2M2 = 4g2M2

P /ξ, (7.4)

where, in the last steps, we applied first the constraint
Eq. (5.3) and then Eq. (5.11). As mentioned, the 20 par-
ticles have identical masses, so each of them has mass

MV = gMP /
√
5ξ , (7.5)

VIII. HEAVY SCALAR MASSES

Unlike the 25 massless vector bosons, the SU(5)⊗U(1)
gauge symmetry does not protect the 25 corresponding
adjoint scalars from acquiring invariant masses after SSB
of SO(10). Returning to the action, Eq. (5.8b), we have
previously mentioned that formally it remains SO(10)
gauge invariant. As an aside, one might think it would
permit 〈Σ〉= 0, but that is illusory, a result of using a
nonlinear representation of the symmetry. As discussed
in Sec.VI, the transformation to the Einstein frame tac-
itly requires 〈Σ〉 6= 0, and that property is also subsumed
in the constraint conditions Eqs. (5.3), (6.7). Thus, de-
spite appearances, SO(10) must be spontaneously broken
to arrive at Eq. (5.8b).
To determine the scalar masses, we shall start from

the decomposition of Σ into block form, Eq. (6.2b). It
is convenient to work in a gauge (e.g., unitary gauge)
in which the off-diagonal blocks involving Σ2 have been

“eaten” to give masses to the vector bosons, so that Σ2 =
0. Then Σ takes the form:

Σ =
√
2 σaR

a =

(
Σ1 0

0 −Σ∗
1

)
, (8.1)

withΣ1 = σaRa
1 . (N.B. Σ1 is not diagonal.) As explained

in Sec. V, Σ has only 44 independent DoF before SSB.
With 20 absorbed by the vector bosons, only 24 DoF
remain in Σ1.
This results in a fundamental difference16 between the

masses of the SU(5)⊗U(1) scalar multiplet 240 associ-
ated with Σ or Σ1 and the singlet 10 attributed to Ω
through ζ.
We wish to solve the constraint conditions to make

explicit the 24 DoF represented by Σ.Writing the adjoint
field Σ in the form Σ = 〈Σ〉+∆Σ, we may expand the
Einstein frame action Eq.(5.8) about the background〈Σ〉,
assumed as usual to be constant. Keeping only the terms
depending on Σ, the Lagrangian density becomes

LS ≡ 1

2
Tr
[
(Dµ∆Σ)2

]
+

h2

96
Tr
[(
〈Σ〉+∆Σ

)4]
. (8.2)

To determine the masses associated with ∆Σ, we may
neglect the gauge bosons in Eq. (8.2) and expand the
potential terms through quadratic order in ∆Σ. Recall
from Sec.XI that 〈Σ1〉= ς015, with ς0 = M/

√
10 . Then

Eq. (8.2) becomes

LS = Tr
[
(∂µ∆Σ1)

2
]
+
h2

48

[
5ς40+

4ς30Tr[∆Σ1]+6ς20Tr[∆Σ2
1]+ . . .

]
.

(8.3)

The normalization of the kinetic energy in Eq. (8.3) ap-
pears to be not canonical, but, from Eq. (8.1), ∆Σ1 =
δσaRa

1 and Tr[Ra
1Rb

1] = δab/2. Therefore,

Tr[(∂µ∆Σ1)
2] =

1

2

24∑

1

(∂µδσa)
2. (8.4)

We must now take into account the constraints
Eqs. (5.3), (6.7),

Tr[
(
〈Σ1〉+∆Σ1

)2
] = M2/2, or (8.5a)

2ς0Tr[∆Σ1] + Tr[(∆Σ1)
2] = 0. (8.5b)

To interpret this constraint, we decompose the 25 com-
ponents of ∆Σ1 as

∆Σ1 =
∆S1

5
15 +∆Σ̃1, (8.6)

16 The reader may wish to refer to the branching rules for
SO(10)→SU(5)⊗U(1), Eq.(B7).
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with17 ∆S1 ≡ Tr[∆Σ1], so that Tr[∆Σ̃1] = 0. Then
Eq. (8.5) implies

2ς0∆S1+
1

5
∆S1

2+Tr
[
(∆Σ̃1)

2
]
= 0, (8.7a)

=⇒ ∆S1

5ς0
=

√
1−2Tr[(∆Σ̃1)2]/M2 − 1 ≈ (8.7b)

−Tr[(∆Σ̃1)
2]/M2+Tr[(∆Σ̃1)

2]2/(2M4)+ . . . . (8.7c)

In Eq. (8.7b), the positive square root must be chosen so

that ∆S1→0 for ∆Σ̃→0. The interpretation of Eq. (8.7)

is that ∆S1 is determined by ∆Σ̃1 of SU(5), with the

leading term of ∆S1 being quadratic in ∆Σ̃1.
Returning to LS in Eq. (8.3), we want to decompose

∆Σ1 as in Eq. (8.6) and replace ∆S1 using Eq. (8.7c).
First, in the kinetic term, (∂µ∆S1)

2 can be discarded

since it is actually fourth order in ∆Σ̃1. Next, the second
line of Eq. (8.3) can be reexpressed as

4ς30∆S1+6ς20Tr
[
(∆Σ̃1)

2
]
≈ 4ς20Tr

[
(∆Σ̃1)

2
]
+ . . . , (8.8)

neglecting terms in ∆Σ̃1 of higher order than quadratic.
Since the kinetic term is canonically normalized, the

mass-squared of the 24 SU(5) adjoint scalars is

M 2
∆Σ = 4ς20 =

2

5
M2 =

2

5ξ
M2

P =
2

g2
M2

V , (8.9)

where we have included the last two relations in order
to facilitate comparison of these scalar masses with the
Planck mass and the massive gauge bosons.

IX. THE BACKGROUND CURVATURE AND

ITS FLUCTUATIONS

Renormalizable gravity is a scalar-tensor theory of
gravity, i.e., the metric involves a scalar DoF in addition
to the usual tensor degree of freedom associated with the
graviton. The scalar DoF can be identified with fluctu-

ations of the scalar curvature R̃. In the Jordan frame,
we had to calculate the radiative corrections to the ef-
fective action to determine the magnitude of the back-
ground curvature 〈RJ 〉 and its fluctuations. Therefore, it
may come as a surprise that the first approximation to
the corresponding quantity in the Einstein frame can be
calculated from the classical action Eq. (5.8). On second
thought, since Eq. (5.8b) contains a cosmological con-
stant, both before and after SSB, one could have an-

ticipated that R̃ = 4Λ already from the matter action.
Therefore, before getting into the matter of calculating
radiative corrections to the effective action, we shall first
discuss the tree approximation.

17 Although ∆S1 transforms as a SU(5)⊗U(1) singlet, it must not
be confused with the 10, SO(10) singlet Ω (or ζ).

For this purpose, as well as to enable calculation of
radiative corrections in the next section, we must make
some simplifying assumptions. By defining Φ ≡ ΩΣ, we
have distinguished the magnitude Ω of Φ from its direc-
tion Σ. At the classical level, Eq. (5.8), we saw that the
two fields were essentially decoupled, i.e., Ω is expressed
through the dilaton field which does not couple directly
to Σ. Consequently, we may replace Σ→〈Σ〉, while still
keeping the background metric and ζ (or Ω) off-shell. In
general, the metric g̃µν couples directly to everything via

the factor
√
g̃ in the invariant volume density, but this

will not cause problems in leading order. Σ also cou-
ples to the metric through the kinetic term (∂µΣ)2 but,
assuming that 〈Σ〉 is constant, ∂µ〈Σ〉= 0.
Secondly, we shall assume that the background metric

has maximal global symmetry, viz., that of dS spacetime.
In that case, the Euclidean spacetime volume is

∫
d4x
√
〈g̃〉 =

(
12

R̃

)2
8π2

3
≡ V4

ρ4
, (9.1)

where, for economy of writing henceforth, we defined ρ ≡
(R̃)1/2 and the unit volume V4 ≡ 122×8π2/3 = 384π2.
This does not require ρ to be on-shell; it follows simply
from the assumption that the background has maximal
symmetry, so that the spacetime volume is a sphere S4,
with an arbitrary radius of curvature related to ρ.
Our goal is to determine the extrema of ρ and ζ and

to determine which are minima. Our first task is to
determine that they have stable, constant background
fields. So for the moment, we shall assume that both are
constant. With these assumptions, the classical action
Eq. (5.8) is independent of ζ, since it only has derivative
couplings. As we have explained in Sec. VI, this is be-
cause classically, ζ is a Goldstone boson. It is only from
quantum corrections that we can determine whether ζ
has a minimum, even for constant ζ. However, unlike
the Jordan frame calculation that appears to only en-
able one to determine the ratio of fields18, we can, as a
consequence of the conformal transformation, determine
the minimum in ρ directly from the classical action. Un-
der the preceding assumptions, the value of the classical
action Eq. (5.8) off-shell is

1

V4
S
(E)
cl (ρ) =

[
1

3b
+

c

6
− ξM2

2ρ2
+

h3M
4

24ρ4

]
. (9.2)

It may be surprising at first sight that the contributions
from the higher- order action, Eq.(5.8a), are independent
of ρ. It is clear that setting Σ→〈Σ〉affects only Eq.(5.8b),
but the curvature and dilaton fields enter Eq. (5.8a) as
well. Upon reflection, this observation results from the

18 In fact, because of the mixing between modes, we discovered
in Ref. [4] only belatedly that the minimum in ρ called ε1 was
classical. The calculation in this section makes that clear from
the outset.
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assumption that the classical background fields have con-

stant curvature ρ (or R̃) and constant ζ (or Ω). Then the
higher-derivative action, Eq. (5.8a), has the same classi-
cally scale invariant form as in the Jordan frame. Even
off-shell, its value is independent of M, and, being di-
mensionless, it must also be independent of ρ.
To determine the extrema in ρ and its nature, we cal-

culate the first two derivatives of Eq. (9.2):

1

V4

∂S
(E)
cl

∂ρ
=

ξM2

ρ3
− h3M

4

6ρ5
, (9.3a)

1

V4

∂2S
(E)
cl

∂ρ2
= −3ξM2

ρ4
+

5h3M
4

6ρ6
. (9.3b)

Eq. (9.3a) vanishes for

ρ20 =
h3

6ξ
M2 =

h3

6ξ2
M2

P . (9.4)

For ρ = ρ0, the curvature Eq. (9.3b) of the potential
becomes 2ξM2/ρ40 = 2M2

P /ρ
4
0>0, so ρ0 is in fact a min-

imum of the classical potential. To translate this into
a mass parameter, we return to the Lagrangian density
by dividing the action by the invariant spacetime volume
Eq. (9.1). Expanding ρ = ρ0+δρ to second order in δρ,

S
(E)
cl (ρ) = S

(E)
cl (ρ0) +

∫
d4x
√
g̃

m2
ρ

2
δρ2 + . . . , (9.5a)

with mρ ≡
√
2MP . (9.5b)

For future reference, the on-shell value of the classical
action in the Einstein frame, Eq. (9.2), is

1

V4
S
(E)
cl (ρ0) =

[
1

3b
+
c

6
−ξM2

4ρ20

]
=

[
1

3b
+
c

6
− 3ξ2

2h3

]
. (9.6)

Eq.(9.5) is only valid for constant fluctuations δρ; how-
ever, we need to demonstrate stability for non-static fluc-
tuations of the background. This becomes complicated,
even assuming that the background is dS spacetime with

constant curvature R̂=ρ20. So long as we assume that the
background ζ is constant, this analysis can be carried
out classically by expanding Eq. (5.8) to second-order
in metric fluctuations. To express local fluctuations in
the metric, we follow the same path as in Sec. III, writ-
ing g̃µν ≡ ĝµν+hµν , with the background ĝµν describ-

ing dS spacetime with constant curvature R̂ = ρ20, and
hµν(x) corresponding to the fluctuations. For hµν(x), we
adopt the transverse-traceless (TT) gauge, described in
Eq. (3.6) et seq. To explore stability, we need to expand
the fluctuations through second order, up to which there
is no mixing between the fluctuations of fields having
nontrivial classical backgrounds and those that do not.
The dilaton field is exceptional, inasmuch as it only ap-
pears in Eq. (5.8) derivatively coupled. In that case, its
fluctuations still do not mix with other fields to quadratic
order. Assuming that the background vector field Aµ

vanishes, the result for fluctuations to the metric will, to

quadratic order, be the same as if we started from the
classical action

S
(E)
ho =

∫
d4x
√
g̃

[
1

2a
C̃2+

1

3b
R̃2+c G̃

]
, (9.7a)

S(E)
m =

∫
d4x
√

g̃

[
−ξM2

2
R̃+

h3

24
M4

]
, (9.7b)

This is precisely the action for renormalizable gravity
with the inclusion an explicit Planck mass, Eq. (5.11)
and a cosmological constant, Eq.(5.12). This may be ob-
tained from the model discussed in Sec. III for the real
field, Eq. (3.1) with the replacements

δφ → 0, ϕ → M, λ → h3/6. (9.8)

This model was previously analyzed by Avramidi [13]. As
we mentioned in the Introduction, Sec.I, by expanding in
the Jordan frame, he showed that, with the exception of
the five zero modes that we discussed earlier, the fluctua-
tions are stable for a certain range of coupling constants,
a result that seems not to be as well known as perhaps it
should be. This conclusion should apply to the Einstein
frame on-shell, since the difference in the actions between
the two frames is simply a field redefinition19. Therefore,
we can simply adapt Avramidi’s results20 to the action,
Eq. (9.7). We must have a, b > 0 and

tensor:
2b

3a
< 1+

3ξ2a

h3
; scalar: 18ξ2 <

h3

b
. (9.9)

This calculation has been regarded as purely classical.
When quantum corrections are calculated, these cou-
plings become running couplings, and these inequali-
ties must be respected at a certain symmetry-breaking
scale v that will be defined precisely in the next section.
We wrote these inequalities in a form that takes advan-
tage of the fact that ξ(µ) and the ratios of couplings
b(µ)/a(µ), h3(µ)/a(µ) approach finite UVFPs as µ→∞,
so it is most convenient to study their running in the
range of scales above v, as we did in Ref. [4]. We now
turn to the determination of the quantum corrections to
the effective action.

X. SCALE OF SYMMETRY BREAKING AND

THE DILATON MASS

The developments in the preceding sections all
stemmed from the supposition that

〈Φ〉=〈Ω〉〈Σ〉 6= 0, (10.1)

which permitted transformation to the Einstein frame.
In that frame, unlike the Jordan frame, we were able to

19 For further discussion, see e.g., Ref. [36].
20 See Eqs. (4.170), (4.171) of Ref. [13].
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identify the classical values of the Planck mass, MP , the

cosmological constant Λ, 〈Σ〉,
〈
R̃
〉
as well as the masses

for all the fields except for the dilaton ζ, which classically
appears as a free, massless scalar21. In this section, we
wish to determine 〈ζ〉, or equivalently 〈Ω〉, and the dila-
ton mass md, by giving the radiative corrections to the
effective action.
In general, the analytic calculation of radiative correc-

tions to the effective action is impossible, and it has sel-
dom been done for any spacetime-dependent background
〈R(x)〉or 〈Φ(x)〉. (This is also true for fields in flat space-
time, with instantons being an exception [37].) For back-
grounds having 〈R〉 and 〈Φ〉 spacetime independent, the
one-loop corrections can be performed; even then, only
bits and pieces of the two-loop corrections have been cal-
culated to date.
Turning to the dilaton field ζ, the classical action

Eq. (5.8) depends on ζ only through its gradient ∇µζ =
∂µζ, reflecting its role as a Goldstone boson associated
with scale breaking 〈Ω〉 6= 0. As remarked earlier, classi-
cal scale invariance is explicitly broken in the QFT, and
the dilaton will get a nonzero mass md at two-loop order.
To determine whether or not it represents an instability,
we shall have to calculate these radiative corrections. As
mentioned in Sec.III, in our earlier work [4] in the Jordan
frame, we showed that the two-loop corrections respon-
sible for md 6= 0 could be calculated knowing only the
one-loop β-functions. We also learned that m2

d > 0 for
some range of couplings, but, being unsure of the proper
normalization of the dilaton field, we could only deter-
mine md within a multiplicative factor. Here, we wish to
confirm those results and to determine the dilaton mass
md more precisely.
In order to be able to compare with our previous

work [4], we begin with the form given there for the ef-
fective action in the Jordan frame in dS background:

Γ(J)

V4
=
S
(J)
cl (r)

V4
+
1

2
B(r) log

RJ

µ2
+
1

8
C(r)

(
log

RJ

µ2

)2
+ . . . ,

(10.2)
where, we recall, the ratio r ≡ T2/RJ , and V4 has been
defined earlier below Eq. (9.1). This presumes that both
Φ and RJ are constant. For constant Φ, the transforma-

tion from Jordan to the Einstein frame yields RJ→Ω2R̃

and r→M2/R̃, independent of Ω. With ρ ≡ (R̃)1/2, de-
fined beneath Eq. (9.1),

log
RJ

µ2
→ 2

(
ζ√

6ξ′ M
+ log

ρ

µ

)
. (10.3)

In the Jordan frame, we thought of the one-loop correc-
tions as bringing in the dependence on the scalar curva-
ture RJ for a fixed ratio r. By contrast, in the Einstein

21 In the Jordan frame, had we made the assumption Eq.(10.1), we
could have performed an expansion about that background, but
it is still simpler to do in the Einstein frame with no nonminimal
coupling(s) to R.

frame, fixed r represents fixed scalar curvature, R̃, and
the dependence on the dilaton field ζ enters through the
corrections.

The effective action, like the classical action, is dimen-
sionless, so it is not rescaled or changed by a conformal
transformation. Therefore, Eq. (10.2) becomes

Γ(E)

V4
=

S
(E)
cl

(M2

ρ2

)

V4
+B

(
M2

ρ2

)(
ζ√

6ξ′ M
+ log

ρ

µ

)
+

1

2
C

(
M2

ρ2

)(
ζ√

6ξ′ M
+ log

ρ

µ

)2
+ . . . .

(10.4)

The original scale invariance is still reflected indirectly
in Eq. (10.4) by the property that, in the parentheses in-
volving log(ρ/µ), changing the normalization scale µ can
be offset by a shift in ζ. Thus, although ζ is no longer
derivatively coupled when radiative corrections are in-
cluded, its value 〈ζ〉 is not renormalization group invari-
ant, and, therefore, not directly observable. We shall
exploit this shift freedom shortly.

All dependence on ζ in the effective action, Eq. (10.4),
enters through the radiative corrections. The first deriva-
tive is

1

V4

∂Γ(E)

∂ζ
=

(
1√

6ξ′ M

)[
B

(
M2

ρ2

)
+

C

(
M2

ρ2

)(
ζ√

6ξ′ M
+ log

ρ

µ

)]
.

(10.5)

To one-loop order, B→B1 and C→0. To have an ex-
tremum in ζ, therefore, it must be that B1(M

2/ρ2) = 0.
To this order, we may replace ρ by its classical value,
ρ0=

√
h3/(6ξ)M from Eq. (9.4), so the extremum in ζ is

determined by the equation

B1

(
6ξ(µ)/h3(µ)

)
= 0. (10.6)

This equation is not true for all choices of µ. Its inter-
pretation is that, in order for perturbative DT to occur,
we must be able to find a scale, µ = v, at which this
relation among couplings holds. In previous work in Jor-
dan frame [4], we have obtained an explicit formula for
B1(r), and Eq. (10.6) is in fact identical to the Jordan
frame condition for an extremum in RJ at fixed r. We
showed that this equation can be satisfied for a range of
coupling constants within the basin of attraction of the
UVFP.

Because Eq. (10.6) is independent of ζ, we must go
beyond one-loop order to determine a nonzero mass for
the dilaton. Even at one-loop order, however, we expect
the classical minimum in the curvature at ρ0 to change
slightly, ρ0→ρ0+δρ0, to which end we calculate the first
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derivative of the effective action with respect to ρ :

1

V4

∂Γ(E)

∂ρ
=

1

V4

∂S
(E)
cl

∂ρ
+

1

ρ
B

(
M2

ρ2

)

− 2M2

ρ3
B′

(
M2

ρ2

)(
ζ√

6ξ′ M
+ log

ρ

µ

)
+

1

ρ
C

(
M2

ρ2

)(
ζ√

6ξ′ M
+ log

ρ

µ

)
+ . . . ,

(10.7)

where we truncated the equation for reasons to be ex-
plained below. As with Eq. (10.5), the one-loop correc-
tion has B→B1 and C→0. It is convenient to choose the
normalization scale µ = v, at which Eq. (10.6) holds, so
that the second term on the RHS in Eq. (10.7) vanishes.
Then, to first order, we expand in δρ0 to get

1

V4

∂Γ(E)

∂ρ
≈ 1

V4

∂2S
(E)
cl

∂ρ2

∣∣∣∣∣
ρ0

δρ0−

2M2

ρ30
B′

1

(
M2

ρ20

)(
ζ√

6ξ′ M
+ log

ρ0
v

)
,

(10.8a)

≈2M2

ρ30

[
ξδρ0
ρ0

−B′
1

(
M2

ρ20

)(
ζ√

6ξ′ M
+ log

ρ0
v

)]
. (10.8b)

Given M, setting Eq. (10.8b) to zero and ζ→〈ζ〉 deter-
mines a relation between δρ0 and 〈ζ〉. The value of 〈ζ〉 is
still not fixed at one-loop order, as we pointed out earlier.
Therefore, we may conveniently choose 〈ζ〉 such that

〈ζ〉+
√
6ξ′(v)M log

ρ0
v

= 0, (10.9)

where ξ′(v) ≡ ξ(v)+1/6, and ρ0 is given in Eq. (9.4).
With this choice for 〈ζ〉, we may conclude that the first-
order correction δρ0 vanishes!

Although we have a one-loop constraint Eq.(10.6) con-
sistent with ζ having a local extremum, we have not
determined its character. To do so requires going to
two-loop order. Although not all two-loop corrections
to the effective action or to the β-functions are known,
some two-loop effects are calculable from the one-loop β-
functions [38], including C2(r), the first nonzero contribu-
tion to C(r). Fortunately, these turn out to be sufficient
to determine the two-loop contributions to the effective
action that are required [4].

To see that in the present language, we need the second
variations which, on-shell with our conventions forM and

〈ζ〉, take the form

1

V4

∂2Γ(E)

∂ζ2

∣∣∣∣
os

=
1

6ξ′M2
C2

(
M2

ρ20

)
, (10.10a)

1

V4

∂2Γ(E)

∂ζ∂ρ

∣∣∣∣
os

=

(
1√

6ξ′ M

)[
−2M2

ρ30
B′

1

(
M2

ρ20

)
+

1

ρ0
C2

(
M2

ρ20

)]
,

(10.10b)

1

V4

∂2Γ(E)

∂ρ2

∣∣∣∣
os

=
1

V4

∂2S
(E)
cl

∂ρ2

∣∣∣∣
ρ=ρ0

− 2

ρ30
B′

1

(
M2

ρ20

)
+

1

ρ0
C2

(
M2

ρ20

)
+ . . . ,

(10.10c)

where the subscript os refers to the value “on-shell.” Hav-
ing arranged for the one-loop correction to ρ0 to vanish,
this means ρ→ρ0, ζ→〈ζ〉, with 〈ζ〉 given by Eq. (10.9).
In the last line, Eq. (10.10c), we have omitted certain
other one- and two-loop contributions for reasons that
will become clear shortly. Consider the matrix of second
variations

δ(2)Γ(E)=
1

2

(
δζ δρ

)



∂2Γ(E)

∂ζ2
∂2Γ(E)

∂ζ∂ρ

∂2Γ(E)

∂ζ∂ρ

∂2Γ(E)

∂ρ2




(
δζ

δρ

)
. (10.11)

To review the order of the matrix elements, we recall that
the leading nonvanishing term of Eq. (10.10a) is O(~2),
i.e., two loops; of Eq. (10.10b), O(~); of Eq. (10.10c),
O(1). Thus, the matrix has a familiar “see-saw” pattern,
the same structure that was encountered in the Jordan
frame calculation [4]. The determinant is O(~2) and the
trace is O(1), so one eigenvalue is O(1) and the other
O(~2).
Naturally, the larger one is associated with the clas-

sical fluctuation determined in the previous section.
To be precise, we take the classical approximation for
∂2Γ(E)/∂ρ2, viz., 2ξM2/ρ40 from just below Eq. (9.4).
Then the larger eigenvalue of the matrix in Eq. (10.11)

ε1 =
2ξM2V4

ρ40
+O(~2), (10.12)

with eigenvector (δζ, δρ)=(0, 1)+O(~2). When divided
by the spacetime volume V4/ρ

4
0, ε1 gives precisely the

value m2
ρ in Eq. (9.5). Having arranged for the one-loop

correction to mρ to vanish, we are not really interested
in its two-loop corrections. In fact, they would require
B2, which is not known and cannot be determined using
one-loop β-functions. It would also require taking into
account gravitational corrections to the wave-function
renormalization.
The smaller eigenvalue ε2 is associated with the dila-

ton,

ε2 =
( 1

16π2

)2 V4

6ξ′M2

[
C2 −

B′2
1

2ξ

]
+O(~3), (10.13)
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with eigenvector

(δζ, δρ)=(1,−
√
h3/(ξ′ξ3)B

′
1/6)+O(~2). (10.14)

All scale-dependent quantities on the RHS of
Eqs. (10.13), (10.14) are to be evaluated at the DT
scale µ= v, where Eq. (10.6) is fulfilled. We have made
explicit the factors of 16π2, heretofore suppressed, in
order to emphasize how very much smaller than ε1 this
is. If we divide by the spacetime volume, we find

m2
d

M2
P

=

(
1

16π2

)2
1

30ξξ′

(
h3

6ξ

)2[
C2−

B′2
1

2ξ

]∣∣∣∣∣
µ=v

, (10.15)

corresponding to a term in the effective action

∫
d4x
√
g̃

m2
d

2
δζ2+O(~3). (10.16)

Are we really justified in identifying this with the dilaton
mass? We believe the answer is yes, although it does
require further justification. The fact that the eigenvalue
Eq.(10.13) is already of O(~2) hides a multitude of sins of
omission. For example, we did not address the one-loop
corrections to the spacetime volume22, but that is clearly
not necessary in order to determine ε2 through O(~2) in
Eq. (10.13). Similarly, any mixing of δζ with δρ affects
m2

d in O(~3) or higher.
There is also the related issue of whether the kinetic

term (wave function normalization) for δζ is canoni-
cal. The preceding calculations assumed the fluctuations
(δζ, δρ) were constant, but we must go beyond the static
limit to answer this question. In fact, a glance at the
original Einstein-frame action Eq. (5.8) casts doubt on
this. Besides the canonical term for ζ in Eq.(5.8b), there
are also the higher-derivative terms in Eq. (5.8a). Since
they are classical, i.e., O(~0), they cannot be ignored in
general.
We propose to deal with them as follows: As will be

discussed further in Sec.XI, below the Planck scale MP ,
the gravitational theory is well-approximated by the E-H
action plus higher-dimensional operators. This is in effect
a derivative expansion in 1/MP . Sincemd ≪ MV

<∼ v, we
may consider an expansion in 1/v on momentum scales
small compared to all the particles that acquire masses
after SSB in tree approximation in Einstein frame, which
were discussed in Sections VII, VIII, and IX. In that case,
all the terms in Eq. (5.8a) involving ϑµ comprise opera-
tors of higher dimension than four and, thus, will be small
compared with the terms remaining. Then the leading
contribution to the kinetic term for ζ is entirely from

Eq. (5.8b), which is simply the canonical term (∇̃ζ)2/2.
In that case, what we have called m2

d in Eq.(10.15) above

22 Of course, we should have raised the same point below
Eq.(10.12). Fortuitously, having arranged in Eq.(10.9) for δρ0=0
in O(~), such corrections to Eq.(10.12) will be at least O(~2).

is in fact correct. Furthermore, since −�̃ is an ellip-
tic operator on Hilbert space, we may conclude that the
non-static fluctuations in this approximation will also be
stable.

XI. LOW-ENERGY EFFECTIVE FIELD

THEORY

There have been several physical scales variously iden-
tified as MP ,Λ,MV ,M∆Σ ,mρ, as well as v and md, their
ratios are in principle observables. Unfortunately, all but
md, are likely to be O(MP ), although we have not exhaus-
tively explored the range of parameter space delineated
by the determination of v, Eq. (10.6), and the require-
ment that ε2 > 0, Eq. (10.13), or, equivalently, m2

d > 0,
Eq.(10.15). As with superstring phenomenology, the only
natural realm of application at such scales is to precision
cosmology around the time of the Big Bang and earlier.
On the other hand, unlike superstring theory, QFT can
deal with the time evolution of (gauge-invariant) correla-
tion functions, provided the measurement frame is spec-
ified. This calls attention to the issue of whether renor-
malizable gravity is unitary at scales above v. We expect
to have more to say about this in the future, but we will
have little to contribute to the debate in this paper.
Near the end of the previous section, we argued that

there may be a range of momentum scales, md < p <∼
MV

<∼ MP in which all particles except the massless vec-
tor bosons of SU(5)⊗U(1), the massless graviton, and the
dilaton have become irrelevant. The corresponding low-
energy, classical action can be extracted from Eq. (5.8)
with the inclusion of the dilaton mass term Eq. (10.16):

S
(E)
eff =

∫
d4x
√
g̃

[
1

2a
C̃2+

1

3b
R̃2 + c G̃+

h3

24
M4

−ξM2

2
R̃+

1

4
Tr[F̃ 2

µν ]+
(∇̃δζ)2

2
+

m2
d δζ

2

2

]
,

(11.1)

where F̃µν represents the SU(5)⊗U(1) field strength for
the massless gauge bosons. Recalling Eqs. (5.9), (5.11),

we have neglected terms involving θµ =
√
ξ/6ξ′ ∂̃µζ/MP ,

with ξ′ = ξ+1/6, since, for this range of energy scales,
these terms are of the same order as others dropped.
Only the dilaton and the massless vectors of SU(5)⊗U(1)
remain in addition to the metric g̃µν .We could also calcu-
late some of the higher-dimensional operators that have
been neglected, but they are not of great interest for
present purposes unless the low-energy, effective action
based on Eq. (11.1) proved to be unstable or to have
zero-modes that may be removed by such higher-order
terms.
The on-shell solution for the background turns out

to correspond to constant curvature R̂ = 4Λ, with
Λ = h3M

2
P/(24ξ

2). Assuming that the background has
dS global symmetry, as in our earlier discussions, we can
expand about the background to explore stability. It will
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come as no surprise that the fluctuations will be stable,
since we require m2

d > 0. There will remain the by-now
familiar five conformal, zero modes associated with co-
herent fluctuations about S4 background.

XII. CONCLUSIONS

In Ref. [4], we discussed a classically scale-invariant
model in which renormalizable gravity is coupled to mat-
ter in the form of an SO(10) gauge field plus a real scalar
field in the adjoint representation. We showed that the
model contains a locally stable UVFP, so that all cou-
plings are AF. Moreover, the domain of attraction of the
UVFP includes a region of parameter space correspond-
ing to spontaneous breaking of the gauge symmetry to
SU(5)⊗U(1), with the scalar multiplet acquiring a VEV.
This VEV is perturbatively determined and calculable
by DT, which determines the scale at which a specific
relationship among the various dimensionless couplings
holds true, and its presence generates an E-H term from
the nonminimal scalar coupling to gravity. The quartic
behavior of the metric’s propagator may not admit an
ordinary particle interpretation, but it is not an obstacle
to the calculation of Euclidean correlation functions.
In this paper, the same model was transformed from

Jordan to the Einstein frame, and the form of the
one-loop effective action there was further developed.
The Planck mass, cosmological constant, vector boson
masses, and related scales were unambiguously identi-
fied. In particular, we were able to identify the canon-
ically normalized dilaton field ζ and to determine the
dilaton-mass, md, Eq. (10.15). We wish to re-emphasize
that, even though the mass is a two-loop effect, it can
be calculated knowing only the one-loop beta-functions.
Whether such a light dilaton plays an important role in
cosmological applications remains to be determined in
future, as do other issues such as inflation and Dark En-
ergy.
We showed that the effective field theory below the

scale of symmetry breaking takes the form of the gauged
SU(5)⊗U(1) nonlinear sigma model plus a dilaton and
graviton. Of course, we would like this to be prototypical
of a realistic model; obviously much remains to be done
with regard to demonstrating a realistic SM-like theory
at low energies, including in particular the emergence of
the electroweak scale.
Although we have likened our determination of the

symmetry-breaking scale dynamics to DT à la Coleman-
Weinberg [12], we wish to reemphasize certain differences
from their mechanism. In their seminal treatment, the
self-coupling λ(µ) of the scalar field is unusually small in
a neighborhood of the DT scale µ = v. Indeed, λ(v) is of
the same order as the one-loop amplitude, O(α2), very
near to where λ(µ) = 0.
In our application, the picture is different and is in fact

frame dependent. In the Jordan frame [4], which is most
nearly similar to Ref. [12], we first determined the di-

rection of symmetry-breaking and the ratio 〈Φ〉/ρ, where
ρ ≡

√
〈RJ〉, from extremizing the classical potential. We

then determined the value of the scalar curvature ρ = v
from the radiative corrections. In a neighborhood of this
scale v, the one-loop correction to the effective action
Γ(J), Eq.(10.2), becomes unusually small, of order of the
two-loop correction. More precisely, we seek the value of
ρ at which

ρ
∂Γ(J)

∂ρ

∣∣∣∣
ρ=v

= B1(µ)+B2(µ) + C2(µ) log
v

µ
= 0. (12.1)

If we choose the normalization scale µ = v, Eq. (12.1)
simplifies to B1(v)+B2(v) = 0. Thus, at the extremum,
the one-loop correction B1 is of order of the two-loop
correction B2(v). In first approximation, the extremum
occurs where B1(v) = 0, a relation among couplings at
scale v. In short, as compared with DT in Ref. [12], our
application is of higher order in the loop-expansion. In-
stead of the extremum occurring at the scale v where a
tree coupling λ falls to O(~) corrections, our extremum v
is determined by the scale at which the O(~)-correction
falls to O(~2). The determination that the extremum is
in fact a minimum is a two-loop effect which, fortunately,
was calculable from the one-loop β-functions.
In the Einstein frame, Eq. (5.8), the story was rather

different, although the results were the same. Since
only the Ω(x) field was used in performing the confor-
mal transformation, the calculation in Sec.XI of the “di-
rections” 〈Σ〉 at which extrema occur was essentially the
same as before in Ref. [4], as was the determination of
which one was a local minimum. Unlike the Jordan frame
calculation, we were able to determine a first approxi-

mation to the scalar curvature ρ ≡ (R̃)1/2 and to show
it was a local minimum already in tree approximation,
Eq. (9.4). In contrast, the dilaton degree of freedom ζ
enters the effective potential Eq.(10.4) only via radiative
corrections, and, we found the DT equation B1(v) = 0 as
a result of seeking the extremum in ζ. We were also able
to calculate the one-loop correction δρ0 to the curvature
ρ0, Eq. (10.8b), and, by a propitious choice for 〈ζ〉, we
arranged for it to vanish. We then were able to calcu-
late the curvature in ζ and thereby determine the dilaton
mass md, Eq. (10.15), something which we had only be
able to estimate previously.
In the original description in the Jordan frame, it was

clear that the metric has a scalar DoF, i.e., that this is a
scalar-tensor theory of gravity. In the Einstein frame,
this DoF was represented by the conformal field ρ in
Sec. X. In the low energy effective field theory, Sec. XI,
this scalar DoF does not appear, i.e., it decouples (except
for the five zero modes.) Even though the dilaton mass
is proportional to the scale of SSB, it is a two-loop effect
and m2

d/M
2
P ≪ 1, Eq. (10.15). Unlike the other massive

scalars, it does involve mixing with the scalar DoF of the
metric.
These conclusions do not depend in detail on this par-

ticular model, and we expect them to be generic. While
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that is hopeful for finding a renormalizable extension of
the SM to include gravity, it also suggests that it may be
very difficult to test experimentally.
We have not discussed analytic continuation from Eu-

clidean to Lorentzian signature. We simply assumed that
for relevant spacetimes, it can be performed. New issues
arise however: not even dS remains compact, although,
depending on the frame, it is often the case that a fixed
time slice has compact spatial volume. Although correla-
tion functions remain well-defined, they can become IR
divergent as the timelike separation between spacetime
points grows indefinitely. This further complicates the
discussion of unitarity, but in the past, all such perturba-
tive infrared divergences in QFT have been resolved by
a careful specification of observables. Regardless, hav-
ing settled the primary issues of instability and ghosts
that caused this line of investigation to be abandoned
nearly 40 years ago, we are optimistic that eventually
asymptotically free models based on renormalizable grav-
ity will turn out to be consistent, unitary completions
of Einstein-Hilbert gravity. Whether they can be ex-
tended to include the SM fields while preserving natural-
ness down to the electroweak scale remains a theoretical
challenge.
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Appendix A: Conformal Redefinition of Metric

In this Appendix, we summarize some formulas associ-
ated with conformal transformations of the metric23. As
in the text, we choose Euclidean signature and choose
the definition of the Ricci tensor so that R > 0 for
positive curvature. Given the definitions, Eq. (4.1),

g̃µν ≡ Ω−2gµν , then obviously
√
g̃ = Ω−4√g , or in n-

dimensions,
√
g̃ = Ω−n√g .

Relations among conformally-related curvatures are of-
ten more simply expressed when written in terms of
Υ ≡ log(Ω), and here we state the results in terms of
Υ instead of Ω.
Some useful identities are

Ω−1∇µΩ = ∇µΥ, (A1a)

Ω−1∇µ∇νΩ = ∇µΥ ∇νΥ +∇µ∇νΥ, (A1b)

Ω∇µ∇νΩ
−1= ∇µΥ ∇νΥ −∇µ∇νΥ. (A1c)

23 With appropriate adjustments for sign conventions, our formulae
agree with Appendix G of Ref. [39].

The conformal transform of the connection is

Γκ
µν = gκλ(∂µgνλ + ∂νgµλ − ∂λgµν)/2 → (A2a)

Γ̃κ
µν = Γκ

µν−∆κ
µν , with

∆κ
µν ≡ δκµ∂νΥ+δκν∂µΥ−gµνg

κλ∂λΥ.
(A2b)

∆κ
µν transforms as an ordinary tensor under general

coordinate transformations. The Riemann curvature,
Rκ

λµν = ∂µΓ
κ
λν−∂νΓ

κ
λµ+Γκ

µρΓ
ρ
λν−Γκ

νρΓ
ρ
λµ, transforms as

R̃κ
λµν = Rκ

λµν + δκ[µ∇ν]ϑλ +∇κϑ[µgν]λ+

δκ[µϑν]ϑλ − ϑ2δκ[µgν]λ,
(A3)

where ϑµ ≡ ∂µΥ, ∇µϑν ≡ ∂µϑν − Γλ
µνϑλ. Thus,

R̃µν = Rµν + (n− 2)∇µϑν + (∇·ϑ) gµν
+ (n− 2)

(
ϑµϑν − ϑ2gµν

)
,

(A4a)

˜̂
Rµν = R̂µν+(n−2)

[
∇µϑν+ϑµϑν−

gµν
n

(
∇·ϑ+ϑ2

)]
, (A4b)

R̃ = Ω2
[
R+ 2(n− 1)∇·ϑ− (n− 1)(n− 2)ϑ2

]
. (A4c)

Note that ∇·ϑ = �Υ. For n = 4, these become

R̃µν = Rµν+2∇µϑν+
(
∇·ϑ

)
gµν+2

(
ϑµϑν−ϑ2gµν

)
, (A5a)

˜̂
Rµν = R̂µν+2

(
∇µϑν+ϑµϑν

gµν
4

(
∇·ϑ+ϑ2

))
, (A5b)

R̃ = Ω2
(
R + 6

(
∇·ϑ− ϑ2

))
. (A5c)

The Weyl tensor Cκ
λµν is invariant under conformal

transformations, so that
√
g C2 is also invariant. Assum-

ing that the conformal transform does not change the
topology (i.e., Euler characteristic), then G must change
by ∇µJ

µ for some current Jµ. Since G = C2 − 2W , with

W ≡ R̂2
µν −R2/12, we find that W transforms as

W̃−W = 4∇µJ
µ, where (A6)

Jµ≡ϑν∇µϑ
ν−ϑµ∇·ϑ+

(
Rµν−gµν

R

2

)
ϑν+ϑ2ϑµ. (A7)

To derive this result, we must calculate

√
g̃ W̃ =

√
g̃

(
˜̂
R

2

µν − R̃2

12

)
, (A8a)

=
√
g

[[
R̂µν+ 2

(
∇µϑν+ ϑµϑν−

gµν
4

(
∇·ϑ+ϑ2

))]2
−
[
R+ 6

(
∇·ϑ− ϑ2

)]2

12

]
.

(A8b)
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Hence, letting ∆W ≡ W̃ −W, we find

∆W = 4R̂µν
(
∇µϑν + ϑµϑν

)
−R

(
∇·ϑ− ϑ2

)
+

4
(
∇µϑν + ϑµϑν −

gµν
4

(
∇·ϑ+ ϑ2

))2
−

3
(
∇·ϑ− ϑ2

)2
,

(A9a)

= 4R̂µν∇µϑν−R∇·ϑ+4R̂µνϑµϑν +Rϑ2+

4 (∇µϑν + ϑµϑν)
2 −

(
∇·ϑ+ ϑ2

)2 −
3
(
∇·ϑ− ϑ2

)2
,

(A9b)

=
(
4Rµν∇µϑν − 2R∇·ϑ

)
+

4
(
Rµνϑµϑν + (∇µϑν)

2 − (∇·ϑ)2
)
+

4
(
2ϑµϑν∇µϑν + ϑ2∇·ϑ

)
.

(A9c)

In the last step, the squares were expanded into mono-
mials and the various terms gathered into a polynomial
in ϑµ. For later convenience, the terms involving the cur-
vature were expressed in terms of the usual Ricci tensor.
We now wish to show that the change ∆W can be

written as the divergence of a vector. (Fortunately, the
quartic terms involving (ϑ2)2 canceled out in Eq. (A9c),
as required.) The linear terms may be written as
4∇µ [(R

µν − gµνR/2)ϑν ] , since the Einstein tensor has
zero divergence. The cubic terms are also easily seen to
be 4∇µ

[
ϑ2θµ

]
.

The quadratic terms require a bit more work. We
will want to use the well-known relation24 Rµνϑν =
[∇ν ,∇µ]ϑν = ∇ν∇µϑν − ∇µ∇·ϑ, in order to write it
as gradients like the other terms. We may take advan-
tage of the fact that ϑν is itself the gradient of a scalar to
rewrite ∇µϑν = ∇µ∇νΥ = ∇ν∇µΥ = ∇νϑ

µ, since two
covariant derivatives commute when acting on a scalar.
Hence, Rµνϑν = �ϑµ −∇µ∇·ϑ.
To bring all the quadratic terms into the form of a

divergence, note that there are only two vector mono-
mials that can be formed that are both quadratic in ϑµ

and have a single gradient, viz., ϑν∇µϑ
ν and ϑµ∇·ϑ, so

the quadratic terms in the current Jµ must be a linear
combination of these two vectors. Their divergences are

∇µ (ϑν∇µϑν) = (∇µϑν)
2
+ ϑν�ϑν , (A10a)

∇µ (ϑ
µ∇·ϑ) = (∇·ϑ)2 + ϑµ∇µ(∇·ϑ) . (A10b)

Pulling all these pieces together, we find the quadratic
terms become

[
Rµνϑµϑν + (∇µϑν)

2 − (∇·ϑ)2
]

(A11a)

= ϑν�ϑν − ϑµ∇µ(∇·ϑ) +∇µ (ϑν∇µϑν)−
ϑν�ϑν −∇µ (ϑ

µ∇·ϑ) + ϑµ∇µ(∇·ϑ)
(A11b)

= ∇µ [ϑν∇µϑν − ϑµ ∇·ϑ] , (A11c)

24 More generally, [∇µ,∇ν ]Vλ = Rκ
λµνVκ which mathemati-

cians [40] would write as ∇2V = RV, the wedge product being
understood. In this notation, ∇2 ≡ ∇ ∧∇ 6= �.

establishing finally that ∆W is a total divergence. Thus,
it contributes nothing to the EoM and, unlike the G-B
term, also zero from the boundary of a compact manifold.
For example, in four dimensions, the Lagrangian den-

sity Lho, Eq.(4.2b), involving the real field φ(x) becomes

Lho=
√
g

(
1

3b

[
R−6�Υ+6(∇Υ )2

]2
+

1

2a
C2

κλµν+

cR∗R∗

)
,

(A12)

with Υ ≡ (1/2) log(φ2/M2). The last term, which takes
the form of a divergence locally, can be ignored in per-
turbation theory. With the form of Lho in Eq.(A12), the
full action can then be written as

SE =

∫
d4x

√
g
[
− ξM2

2

[
R− 6∇2Υ+

6(∇Υ )2
]
+ Lho + LJ (φ, gµν)

]
,

(A13a)

where LJ (φ, gµν) =
ZM2

2

(
∇Υ
)2
+
λM4

4
. (A13b)

The linear term in R now has Einstein-Hilbert form,
and the original φ4 self-interaction has become a cosmo-
logical constant that is positive for λ>0 ! Having assumed
that φ(x) 6= 0, we may take φ > 0, WLOG, since the ac-
tion is invariant under φ → −φ.
What remains is to gather like terms together in

Eq. (A13). The terms quadratic in Υ are

1

2
(Z + 6ξ) (M∇µΥ )

2
, (A14)

where we temporarily neglected other terms coming from
Lho. Assuming that Z + 6ξ > 0, the canonically normal-
ized scalar field is ζ ≡

√
(Z+6ξ) MΥ. The preceding

action then becomes Eq. (4.2) in the text.
We see that terms in Lho involve powers of ζ/M. Simi-

larly, if we carry out a derivative expansion in the metric
as usual, then terms involving gradients of the metric be-
yond the quadratic terms and all those coming from Lho

will carry inverse powers of M. Thus, while Lho is criti-
cal for renormalizability, the low energy effective theory
at energy scales small compared to M will be dominated
by the Einstein-Hilbert action as usual. Of course, M is
completely arbitrary here, but eventually in the QFT, we
hope to reconcile this with the observed value.

Appendix B: Lie algebra conventions

We briefly review our conventions [4] for the Lie al-
gebra of SO(10) in order to establish our notation and
conventions. The defining or fundamental representation
of the group SO(10) consists of 10×10 real, orthogonal
matrices, O satisfying OOτ = 1, where Oτ denotes the
transpose. Writing O = exp(iθaR

a), the (Hermitian)
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generators Ra must be imaginary and antisymmetric,
satisfying

[
Ra, Rb

]
= ifabcRc, Tr[RaRb] = δab/2, (B1)

where we adopted the usual normalization convention (in
physics) for the fundamental. Representation matrices
are considered equivalent if they differ only by a uni-

tary transformation R̃a = U †RaU. This is because the

transformed matrices R̃a are Hermitian and still satisfy
Eq. (B1) with the same structure constants fabc. On the
other hand, these equivalent matrices may be neither real
nor antisymmetric. In particular, it is possible to choose
them so that the Cartan subalgebra is diagonal. (See,
e.g., Ref. [41].) This is of considerable advantage for an-
alyzing the patterns of SSB.
In order to understand better the choice of basis

described in Eq. (6.1) and thereafter, we can proceed
as follows. The 10×10 Hermitian generators Ra are
broken down into 4 5×5 blocks of the form given in
Eq. (6.1). The Ra

1 are 5×5 Hermitian matrices, of which
there are 25 linearly independent possibilities. These
25 constitute a complete set that satisfy the algebra of
U(5)=SU(5)⊗U(1), with the Cartan subalgebra given
by the diagonal generators. We associate them with
the first 25 SO(10) generators, defining Ra

1 = 0 for
{a=26, . . . , 45} :

Ra
1≡

1√
2

(
Ra

1 0

0 −Ra
1
∗

)
, {a=1, . . . , 25}. (B2)

We choose the first 24 Ra
1 to be traceless, generators

of the 5 of SU(5), with the 25th proportional to 15, the
generator of the U(1), normalized as required by SO(10).
This is frequently written as 5−2. The 25 conjugate ma-
trices {−Ra

1
∗} of SU(5)⊗U(1) are generators for 52.

On the other hand, we may also employ these genera-
tors to define the adjoint field,

Φ1 ≡
25∑

1

φaRa
1 , (B3)

with φa real. The components of the matrix Φ1 transform
as the 240⊕10 representation of SU(5)⊗U(1).
The Ra

2 are complex, antisymmetric, 5×5 matrices, of
which there are 10 linearly independent that we shall call
Rn. Because these are antisymmetric, we have Rn† =
−Rn∗. From these, we may form two sets of 10×10, Her-
mitian matrices,

R24+2n
2 ≡ 1√

2

(
0 Rn

−Rn∗ 0

)
, R25+2n

2 ≡ 1√
2

(
0 iRn

iRn∗ 0

)
,

(B4)
for {n=1, . . . , 10}. Although the sub-blocks are obviously
not linearly independent, the two sets are linearly inde-
pendent as SO(10) generators. We define Ra

2 = 0 for
{a=1, . . . , 25}.

These too may be used to compose fields

Φ2 ≡
10∑

1

(φ24+2n+iφ25+2n)Rn, (B5)

with real (φ24+2n, φ25+2n). In fact, it can be shown that
(Φ2)ij transforms as the antisymmetric product represen-
tation (5−2⊗5−2)a = 10−4 of the U(5). Consequently,
−(Φ∗

2)ij≡− (Φ2)
ij transforms as the conjugate represen-

tation (52⊗52)a = 10+4. (See, e.g., Ref. [42], Tables
29&43.)
Combining these 45 component fields, we may write

the adjoint of SO(10) in the block form

Φ =
√
2 φaR

a =

(
Φ1 Φ2

−Φ∗
2 −Φ∗

1

)
. (B6)

Indeed, the preceding decomposition describes the
branching rules for SO(10)→SU(5)⊗U(1), viz.,

45 → 10 ⊕ 240 ⊕ 10−4 ⊕ 10+4. (B7)

The first two 10,240 are self-conjugate, whereas the last
two are distinct conjugate pairs. To break down this
manner of representing SO(10) into greater detail, since
the Ra

1 generate the algebra of SU(5)⊗U(1), which has
rank five, we can choose generators of the Cartan subal-
gebra, Hi

1, i={1, . . . , 5}, to be diagonal. Setting Hi
2 = 0,

the corresponding five SO(10) generators are

Hi ≡ 1√
2

(
Hi

1 0

0 −Hi
1
∗

)
, {i=1, . . . , 5}. (B8)

With the appropriate normalization of the U(1) genera-

tor, we may assume Tr[HiHj ] = Tr[Hi
1Hj

1] = δij/2, as
in Eq. (B1), i.e., the Hi are the Cartan generators of
SO(10) as well. In the text, this was applied to the field
Σ, decomposed as in Eq. (6.2). It immediately follows
that the expectation values obey Eq. (6.5).
Similarly, the real vector fields, Aµ, which transform

as the adjoint of SO(10), may be defined analogously to

Φ, Eq. (B6), Aµ ≡
√
2Aµ

aR
a.
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