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ABSTRACT: In the expanding universe, two interacting fields are no longer in thermal contact
when the interaction rate becomes smaller than the Hubble expansion rate. After decoupling,
two subsystems are usually treated separately in accordance with equilibrium thermodynam-
ics and the thermodynamic entropy gives a fiducial quantity conserved in each subsystem.
In this paper, we discuss a correction to this paradigm from quantum entanglement of two
coupled fields. The thermodynamic entropy is generalized to the entanglement entropy. We
formulate a perturbation theory to derive the entanglement entropy and present Feynman
rules in diagrammatic calculations. For specific models to illustrate our formulation, an inter-
acting scalar-scalar system, quantum electrodynamics, and the Yukawa theory are considered.
We calculate the entanglement entropy in these models and find a quantum correction to
the thermodynamic entropy. The correction is revealed to be important in circumstances of

instantaneous decoupling.
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1 Introduction

The early Universe is well-described by equilibrium thermodynamics since reaction rates of
particles are much faster than the Hubble expansion rate H throughout most of its history (see
e.g. ref. [1]). The thermodynamic entropy in a comoving volume is expected to be conserved
and gives a fiducial quantity during the expansion of the Universe. However, to reach the
present state, the Universe experienced departures from thermal equilibrium. Decoupling
of two particle systems is a non-equilibrated process caused by cosmic expansion. Figure 1
shows a schematic picture of this process. Particles A whose interaction rate with particles B
is smaller than the expansion rate at a temperature T,

FABZTLB<UAB|U|> <H~T2/Mp1, (1.1)

are no longer in thermal contact with particles B. Here, ng is a number density of target
particles B and (o4p|v|) is a thermally-averaged cross section times relative velocity. The
most famous example is neutrino decoupling with electrons at T' ~ 1 MeV where the interac-
tion rate I'ye ~ G%T‘E’ (G is the Fermi constant) decreases faster than the expansion rate.
Decoupled subsystems (particles), A and B, are usually treated separately. For the case of
neutrino decoupling, the neutrino temperature drops independently from the temperature of
photons (in thermal contact with electrons) as the Universe expands. In fact, annihilations of
electrons and positrons after the decoupling transfer their entropy into photons and increase
the photon temperature while neutrinos do not share this effect. The thermodynamic entropy
is expected to be conserved in each subsystem and the sum of the entropy in two subsystems
is assumed to be equal to the entropy in the total system before decoupling. This picture is
approximately correct when a subsystem keeps its own thermal equilibrium during the decou-
pling process by some interactions inside the subsystem. In other words, when decoupling of
A and B proceeds much slower than the time scale of self-interactions, thermal equilibrium in
a subsystem is maintained. Photons and electrons keep thermal equilibrium during neutrino
decoupling because of their electromagnetic interactions.

In some situations, however, decoupling may occur instantaneously at least in an approx-
imation, where the decoupling process proceeds much faster than not only the time scale of
cosmic expansion H~! but also that of interactions in a subsystem. We refer to this phe-
nomenon as an instantaneous decoupling of particles A and B. For instance, spontaneous
breaking of a new gauge symmetry can give an instantaneous change of a cross section o 4p.
Suppose that an interaction between A and B is mediated by a massless gauge boson before
the symmetry breaking and the interaction rate is estimated as Typ ~ o?T (a = g?/4x, g is
the gauge coupling). We assume that only the gauge interaction has a role in retaining ther-
mal equilibrium between A and B and the time scale of the gauge interaction is much faster
than that of self-interactions inside a subsystem. After the symmetry breaking, the gauge
boson becomes massive and the interaction rate changes into I'yp ~ o?T? /Mév where My is
the gauge boson mass. If My is sufficiently large, two subsystems decouple immediately after
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Figure 1: A schematic picture of decoupling of particles A (large green dots) and B (small
orange dots). The initial total system is in thermal equilibrium (particles A and B are inter-
acting with each other) and the thermodynamic entropy Siot is a conserved quantity. After
decoupling, it can be considered that particles A and B are no longer interacting with each
other and two subsystems are treated separately. In the case of instantaneous decoupling (see
the main text), the entanglement entropy S4 (Sp) becomes an appropriate conserved quantity
for the subsystem A (B). The entropy of the total system Siot is not equal to the sum of Sy
and Sp in general.

the symmetry breaking.! Secondly, consider particles A, B, C' whose initial mass relation is
My < Mp < Mc. Particles A, B and also B, C are interacting with each other. Additionally,
particles B couple to a new scalar field. When the scalar gets a vacuum expectation value,
the mass of particles B changes into M4 < M¢ < Mp. If the interaction between B and C
is strong (or particles C' have a large number of degrees of freedom) and the B decay into A
is suppressed, particles B can decay into C promptly. Since the number density of B drops,
particles A decouple from B.

When the instantaneous decoupling occurs, the thermodynamic entropy is no longer an
appropriate fiducial quantity to describe a subsystem and should be replaced to its gener-
alization, the entanglement entropy, due to quantum entanglement between the decoupled
sectors. We shall describe decoupling of particles A and B in terms of density matrices in
quantum mechanics. Before the decoupling, the total system is in thermal equilibrium and
characterized by a Hamiltonian Hi.t. The density matrix of the total system is then given by
a grand canonical ensemble,

e~ B(Hiot—paNa—ppNp)

9
Ztot

Ptot = ZtOt = T‘I"Htoce_ﬁ(Hmt_MANA_MBNB) . (12)

Here, f = 1/T and the trace in the partition function Zi. acts on the Hilbert space of the
total system Hiot. pa,p and N A,B are the chemical potential and the number operator of

! To realize this situation, we need a vacuum expectation value larger than the temperature at the symmetry
breaking. In the case of neutrinos, the interaction rate is still larger than the expansion rate just after the
electroweak symmetry breaking.



particles A, B respectively. In this system, the thermodynamic entropy is still well-defined
and can be expressed by the form of the so-called von Neumann entropy,

Stot = —Try, [Ptot log Ptot] . (1-3)

The Hilbert space of the total system is decomposed into the direct product of the Hilbert
spaces of the subsystems, Hiot = Ha @ Hp. In terms of the subsystem A, the system B
can be seen as an environment and should be traced out at the time when the decoupling
occurs.? The entanglement entropy of the subsystem A is defined as the von Neumann entropy
corresponding to the reduced density matrix pa after tracing out piot over the Hilbert space
of the subsystem B,

Sa=—Try, [palogpal. (1.4)
We can also consider a similar quantity for the subsystem B. If the subsystem A keeps ther-
mal equilibrium during the decoupling process by self-interactions, the quantum mechanical
state evolves accordingly and the density matrix keeps the form of a grand canonical ensem-
ble for the system A. In this case, an entanglement with the system B is absent and the
entanglement entropy of the subsystem A is equal to the thermodynamic entropy. In the case
of instantaneous decoupling, however, the quantum mechanical state does not change before
and after the decoupling. The density matrix pa is calculated by tracing out pyoy over the
Hilbert space of B just before the decoupling and cannot be written by the form of a grand
canonical ensemble in general. Then, the entanglement entropy S4 is not necessarily equal
to the thermodynamic entropy and also Siot # Sa + Sp. After the decoupling, the density
matrix of the subsystem A obeys a unitary evolution,

—iH A (t—t0)

pa(to) = pa(t) =e pa(to) eali=to) (1.5)

where tg is the time of decoupling. Under this unitary evolution, the entanglement entropy
(1.4) is conserved due to the nature of the trace. Therefore, the entanglement entropy is a
very useful fiducial quantity to describe a subsystem after decoupling. In fact, if particles A
enter thermal equilibrium due to the self-interaction after the decoupling occurs, the density
matrix of the system should be written as the form of a grand canonical ensemble and we can
define the temperature of the subsystem from the conserved entanglement entropy.>

The entanglement entropy has been discussed extensively for the case of a density matrix
reduced to a spatial submanifold (for reviews, see refs. [2-6]) while the case of field trace
out has been paid attention to only in the context of condensed matter physics or confor-
mal field theories (CFTs).* Refs. [8, 9] have considered the entanglement entropy of coupled

2 To be precise, this should be at the time when the last scattering occurs, as we will discuss in the later
section.

3 To define the temperature of a subsystem after decoupling, some interactions inside the subsystem are
needed to realize thermal equilibrium at a later time. One possibility is to introduce an unbroken gauge group
under which particles in the subsystem are charged. Assuming a tiny gauge coupling, thermalization does not
occur during the decoupling process. However, since the interaction rate with this massless gauge boson is
linear in 7', the subsystem enters its own thermal equilibrium at a low temperature.

4 For an early attempt at zero temperature, see ref. [7]-



Tomonaga-Luttinger liquids and Heisenberg antiferromagnets. Refs. [10-12] have calculated
the entanglement (Rényi) entropy of coupled CFTs. Although ref. [10] presented the first order
perturbation of a coupling between two CFTs, a general formulation of the perturbative ex-
pansion is still lacking. In this paper, we first formulate the perturbation theory to derive the
entanglement entropy of coupled quantum fields and present Feynman rules in the diagram-
matic calculations. Our formulation is generic and independent of the discussion of cosmology.
Next, we consider specific models such as an interacting scalar-scalar system, quantum elec-
trodynamics (QED) and the Yukawa theory, and calculate the entanglement entropy. The
obtained quantum correction to the thermodynamic entropy is revealed to be important in
certain circumstances of instantaneous decoupling. Since cosmological measurements such as
the energy densities of dark matter and dark radiation are becoming more and more precise,
the quantum correction might be essential to test the viability of some cosmological models.

Here we summarize our logics and assumptions to relate the entanglement entropy with
observed quantities in cosmology by presenting one scenario:

e Subsystem A: a dark sector (e.g., dark radiation).
e Subsystem B: the standard model sector.

e The interaction between A and B is strong enough to maintain thermal equilibrium in
the early Universe, but becomes negligible at a certain time (at the time of decoupling).

e The time scale of the decoupling process is assumed to be much faster than the time
scales of self-interactions for each subsystem and the expansion of the Universe, so that
the quantum mechanical state does not change before and after the decoupling. For
simplicity, we may assume that self-interactions are absent (or turned off) around the
time of decoupling.

e To define the temperature of the subsystem T; (i = A, B), we assume that self-interactions
are turned on well after the time of decoupling. Since the entanglement entropy is con-
served, we can use S;(T;) = S; 0 + AS; gnt, Where S;(T;) = (2m2g;/45)VTE, Sip is the
usual thermodynamic entropy, and AS; gy is a correction coming from the entanglement
effect. As a result, the temperature T; receives a correction AT;.

e The energy density of a subsystem can be calculated from the temperature, which has
a correction from AT;. The energy density of a dark sector (e.g., dark radiation) can be
indirectly measured by some cosmological observations.

This scenario is an example where the entanglement entropy can give an observable effect. In
particular, the subsystem B can also be a dark sector. Also, particles in the subsystem A may
decay into some relativistic particles, which do not interact with particles in the subsystem
B, after decoupling. Even in this case, the entanglement entropy is conserved and may have
a nonzero correction from the entanglement effect.



The rest of the paper is organized as follows. In section 2, we formulate the perturbation
theory to derive the entanglement entropy of two coupled systems. We present Feynman
rules in the diagrammatic calculations. In section 3, we consider a scalar-scalar system and
calculate the leading order correction of the entanglement entropy. It is shown that divergence
in the loop integral is renormalized correctly to give the physical result. We then analyze the
entanglement entropy in QED in section 4 and in the Yukawa theory in section 5. The
quantum correction starts from two-loop level in these theories. In section 6, we present
a simple cosmological scenario of instantaneous decoupling and discuss implications of the
entanglement entropy in a subsystem after the decoupling. In section 7, we conclude the
paper and discuss possible future directions. Some calculational details are summarized in
appendices.

2 Perturbation theory and diagrammatic techniques

In this section, we present a functional path integral formalism of the entanglement entropy
of coupled quantum fields. In the limit of vanishing couplings between two subsystems, their
entanglement entropy reduces to the ordinary thermodynamic entropy. New contributions
appear as quantum corrections in the presence of interactions. We formulate the perturbation
theory and present Feynman rules in the diagrammatic calculations.

2.1 Path integral formulation of the entanglement entropy

Let us consider interacting quantum fields ¢4 (¢, ) and ¢p(t,x) in d+ 1 dimensions (we often
omit to write dependence on & below). Each field can be either a boson or a fermion. We
assume that the total system is in thermal equilibrium and the density matrix is given by a
grand canonical ensemble of (1.2). According to the imaginary-time formalism in the finite-
temperature field theory, we can write the partition function of the total system as a path
integral for the imaginary time 7 = it up to an overall normalization constant:

B
Z58) = /D¢AD¢B exp (—/0 df/ddzc(m,@)). (2.1)

Here, the integration over the fields is constrained in such a way that ¢ 4, ¢ are (anti-)periodic
in imaginary time 7 € (0, 3) for bosonic (fermionic) fields as in the case of the ordinary finite
temperature field theory. Throughout this paper, we neglect chemical potential because it is
usually much smaller than the temperature of the Universe.

To derive the entanglement entropy of the subsystem A (of the field ¢4), we consider the
reduced density matrix p after tracing out piot over the Hilbert space of the subsystem B.
Its matrix element is expressed as

(dalpaldia)
1 8
~ 70 / DoaDOBo4(0)=¢!y,64(8)=02 P <— /0 dr / dd$£(¢Aa¢B)>-

tot

(2.2)



Here, the functional form at the boundaries of T are fixed by ¢4(0) = ¢y and ¢4 (8) = ¢a. The
functional integration over the field ¢ has been performed with the appropriate boundary
condition. This density matrix cannot be written as the form of a grand canonical ensemble in
general, so that we cannot use the thermodynamic entropy to describe this system. Instead,
we need to use the entanglement entropy as we explain below.

The entanglement entropy of the subsystem A is defined as the von Neumann entropy
(1.4). Since it is not easy to evaluate the trace of p4logpa directly, we first calculate the
Rényi entropy of ¢ 4:

S = 1 log (Trpy), (2:3)
—n

and take the limit of n — 1, which gives the entanglement entropy (lim,_; 81(4”) = S4). This
is known as the Replica method. We thus need to calculate the trace of a multiple product
of the density matrix, which can be done from the expression of the reduced density matrix
(2.2). Note that ¢p has a periodicity of 8 because its trace is taken for each p4, while ¢4
has a periodicity of nf because its trace is taken at once after the multiple product. Using
translational invariance in imaginary time of the Lagrangian, we can write

~(np) jB—e¢
Z ’ : ()
Ty = o = [ Do Doff) e / dr [t £9(64,6%)
s g /P TIP3 :
(2.4)
Here, we have introduced n copies of fields qﬁg) (j =1,---,n) each of which is defined in the

interval 7 € ((j — 1)8, j8 — €), where an infinitesimal positive number € is put to remind
us of the boundary condition. The ﬁeld ¢4 is now defined in 7 € (0 nﬁ) The Lagranglan
£U)(j =1, - ,n) contains ¢A and qﬁB and is defined by £U (¢A,¢ ) (qﬁA,qﬁB ). The

boundary conditions of ¢4, qS p~ are given by
$4(0) = (=1)™¢a(nB),

. . (2.5)
o7 (7 — 1)) = (~1)T2e (j8 — ¢,

where F4 p = 0(1) in the case that ¢4 p is a bosonic (fermionic) field. Let us emphasize that
(anti-)periodicity in imaginary time of the field ¢4 is nf while that of the field (bg) is 8. It
is visualized as a schematic picture in Figure 2. This property is essential in the following
discussion. To distinguish the difference of periodicity between ¢4 and ¢g, we put a tilde in
the partition function Zt(gtﬁ) of (2.4).

From the expression of (2.4), we can rewrite the Rényi entropy (2.3) as

st = gt 4 log tot —nlog —=2— | | (2.6)
L e U g 255 2450

)
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Figure 2: A schematic picture of the functional integral in Trp’i. The integration over the
fields ¢4 p is performed in the Euclidean space (7, ) with 7 € (0,n/) (green shaded region).
For the field ¢4, the configuration at 7 = nf is identified (up to sign) with the configuration
at 7 = 0. For the field ¢g) (j =1,---,n), the configuration at 7 = j is identified with the
configuration at 7 = (j — 1)5. In the figure, field configurations on the blue lines at the top
and bottom of the shaded regions are identified.

where

z\) = / D exp (— /0 " i / dda:ﬁa,o(qsa)) . (2.7)

Here, in the partition function Z(Efg (a = A, B) ¢, is (anti-)periodic in imaginary time 7 €
(0, 8). The first term of the right hand side in Eq. (2.6) gives the Rényi entropy for the density
matrix derived from the non-interacting part of the Lagrangian £40(¢4):

(nB)

VA

(n) _ 1 A0

Sa0= T log (Zj(f()))” (2.8)

In the limit of n — 1, this contribution reduces to the ordinary thermodynamic entropy
of a free field. New contributions appear from the second and third terms of (2.6) in the
presence of interactions (note that the second and third terms include contributions to the
thermodynamic entropy from self-interactions of the field ¢4).

2.2 Zeroth-order contributions

We here review the functional integrations in the partition functions of a free real scalar field
and a free Dirac fermion in 3 + 1 dimensions. The Euclidean Lagrangian of a neutral scalar
field ¢ (o = A, B) is given by

2
Laolén) = 5 [(aj) +<v¢a>2+M§¢i] . 29)



The result of the functional integration in the partition function is [13]

d? 1 B
long?g = V/ (27:)?3 {—Qﬁw — log (1 —e P )}, (2.10)

where w = /p? + M2 and V is the volume of the system. This is the usual form of the
partition function in an ideal Bose gas with vanishing chemical potential ¢ = 0. From this

expression, we can calculate the Rényi entropy for the free field (2.8). Taking the limit of
n — 1, we obtain the entanglement entropy as

_ d’p [ B B
Sa,O—V/(Qﬂ)g {eﬁw—l — log (1—6 )}, (2.11)

which is equal to the thermodynamic entropy in an ideal Bose gas. In this sense, the entan-

glement entropy of (2.6) with n — 1 is a generalization of the thermodynamic entropy in the
presence of interactions.

The Lagrangian of a Dirac fermion 1), in the partition function is given by

0 )
Loo(Wa) = piA° (70(% — iy -V + M, — uav(’) Vo - (2.12)

Here, (7°,~%) (i = 1,2, 3) are the 4 x 4 Dirac matrices. The last term in the parenthesis comes
from the chemical potential. Performing the functional integration, we obtain

logZ(% = 2V/

which is the same with the partition function in an ideal Fermi gas. As in the case of the

free scalar field, inserting (2.13) into Sl(f()) of (2.8) with the limit of n — 1, we can obtain the

2 (s 1+ 80) (o)) s

thermodynamic entropy in an ideal Fermi gas with taking into account the spin degrees of
freedom and the presence of anti-particles.

2.3 Perturbative expansion and Feynman rules

Now we formulate the perturbation theory of the Rényi entropy (2.6) and present Feynman
rules in the diagrammatic calculations. We proceed with the discussion by considering the
simplest model of a scalar-scalar system in d+ 1 dimensions, but our procedure can be applied
to any other models. Consider two real scalar fields ¢4, ¢p (the non-interacting part of their
Lagrangian is given by (2.9)) and the following interaction Lagrangian,

AA A A
Lr= 704+ 5 oh + J6Adh. (2.14)

The first and second terms denote self-interactions and the third term is the interaction
between the two fields. This is the most general renormalizable Lagrangian which preserves
two independent parities such as ¢4 — —¢4 and ¢p — —¢p.



We first consider the second term in the parenthesis of (2.6). In actual evaluations of
(2.6), the contribution of this term can be extracted from the contribution of the first term
by taking n = 1, but to review the calculation of the second term is a good preparation for
considering the contribution of the first term. Decomposing the action of the total system
into the non-interacting part and the interacting part, S = Séﬂ ) + S}B ), we obtain

Z( ) 1[D D fS(ﬁ) S(B)
log ()wt( = log <1+Z [ DoaDose ((B) ! . (2.15)
ZAOZ =1 [DpaDep e

)

This has the same form with the interaction contributions in the usual finite temperature

perturbation theory. In each term of the summation, a power of S}ﬁ )

is averaged over the
unperturbed ensemble.
Following ref. [13]|, we summarize Feynman rules in the diagrammatic calculations of the

contributions (2.15). First, define the propagators of ¢4, ¢p as

Déﬁ Z / d b ez wm7+p :E)D(B)( ’p)

m=—00

(2.16)

'L (wmT+p-x)

ﬁz/ )4 w2, + p? + M2’

where E&’B ) (Wm,P) (a« = A, B) are the propagators in momentum space and w,, = 2rmT

(m € Z). My p is the mass of ¢4 p. The position-space rules for associating equations with

pieces of diagrams are:

— A )

1. (1,2 (') =DP(r—7 x-a)
B Il (8)

2. () e———— (7,2') =D}/ (r—7 x-a)

B
3 (T”,ZB//) — _)\/ dT// / dd(E//
0

4. Divide by the symmetry factor.

The rules for the self-interaction terms in (2.14) can be obtained by replacing A\ with A4 and
Ap in the rule 3. We draw all topologically inequivalent diagrams to a given order of the
perturbation theory. If we label all the possible connected diagrams by C' and the sum of
their contributions by Vi, N disconnected pieces of C' contribute as (Vo) /N! due to the
symmetry factor. Then, we can easily see that only connected diagrams contribute to (2.15)
by the exponentiation of disconnected diagrams.



In momentum space, four lines meet at a vertex and (7”,x")-dependent factors of a
diagram are given by

(w"w vp?) (wms vp3) B
/ dr" / ddx// ei(wml T”erl-:z:”)ei(wmz ' +pyx’)
0

—_— Xei(wny,gT”+p3'w”)ei(wrnll‘r”"'pél'w”)

_ ds(d) (. _
(Wml,pl) (wm4’p4) = (27T) 4 (pm pOUt)Béwiluwout'

Here, we have defined the sum of ingoing momenta to the vertex and that of outgoing momenta
as pin and poyt respectively. In the above case, pin = p1 + P2 + P3 + P4 and pPouwt = 0. win
and weyt are defined in the same way. We now summarize momentum-space Feynman rules

as follows:
1. For each propagator of ¢4 p, assign a factor 1 3 o [ gjr})jd D%g(wm,p).

2. Include a factor —A(27)46( (pin — Pout) Bdus, . wous fOT each vertex.
3. Divide by the symmetry factor.

In the rule 2, A is replaced to Ay p for a vertex of 2 248 4l a,p- We draw all topologically
inequivalent diagrams to a given order of the perturbatlon theory. After the calculation of
each diagram, an overall factor 5(2m)%6(9(0) = BV always appears.

We now consider the first term in the parenthesis of (2.6). As in the case of the second
term, let us first decompose the action of the total system S () (the tilde on S represents the
difference of periodicity between ¢4 and ¢p) into the non-interacting part and the interacting
part,

S (n S(nB S(ns
§09) _ 09 4 500

/ dT/d$£A0¢A
+Z/jﬁ€

The terms in the first line of the right hand side denote the free action of ¢4 and gb , each
of which is given by (2.9). The last term is the interacting part. It is important to note that

Z/]ﬁ ‘ d L ( (J))
dT/d T LBo
(j—1)8 B (2.17)

7j=1

dr [ o i(6a.0f).
g

we can consider this action as the theory of (n + 1) scalar fields, ¢4 and qﬁg) (j=1,---,n)
although periodicity of 7 in the interacting part has an unusual structure. We then expand
the first term in the parenthesis of (2.6) in a power series of Sl(n'g),
Z(nﬂ) 1 [ DD —$0<"B) g(”ﬁ) l
log W log | 1+ Z f aDése ~(<n£) ) . (2.18)
ZA,o (ZB,()) fD¢AD¢B e

,10,



3

In each term of the sum, a power of §; ™ is averaged over the unperturbed ensemble.

The perturbation theory can be formulated in a similar way as we did in the discussion
of the second term in the parenthesis of (2.6), but there are several important differences.
First, taking into account periodicity in imaginary time of ¢4 and multiplicity of ¢p, the

propagators of ¢4, ¢p have to be changed into

n 1 > ddp (WmT+p-x) H(NB) (~
Dy (ra) =5 3 /(%)de( nPE D Gnp) (0T <nf),

(2.19)

1 ddp i(wmT+px) N . ;
D))= 30 [ (o et B ) (=13 < <),

m=—0oQ

where ]_31(:5 ) (Wm, p) and ]_N)j(gﬁ)j (wm, p) are the propagators of ¢4 and gbg) in momentum space
and Wy, = 2rmT’/n (m € Z). Note that the propagator of ¢4 is defined in 0 < 7 < nf while

the propagator of qbg) is defined in (5 — 1) < 7 < jB. Position-space Feynman rules are now
presented as

A - (n)
L. (rnz)e——— (&) =D (r—7 x—-2)
B,j
2. (r,@) e¥———— (7', 2) :Dg)j(r—r’,w—m’)
A B,j
" " J’H_C 11 d I
3. (", ") =—/ dT/da:
(G-1B
A B,j

4.  Divide by the symmetry factor.
The rule for the self-interaction term );T’f( g))‘l can be obtained by replacing A with Ag in the
rule 3. As for Z—’?qﬁj, the interval of 7”7 integration is changed into 0 < 7”7 < nf as well as
replacing A with A4 in the rule 3. Note that there exists a line for each qﬁg) and lines with
different js do not directly connect with each other.

We draw all topologically inequivalent diagrams to a given order of the perturbation
theory. Some examples of the diagrams are shown in Figure 3 where the symmetry factor
F' of each diagram is also presented. In the top left diagram, the number of pairing lines
is 3. Dividing this number by 4! in the interaction term, we obtain F' = 8. For the other
diagrams, F' can be counted in the same way. It can also be understood from the symmetry
of a diagram. For the right two diagrams, F's are different by a factor of 2 because the
bottom diagram is asymmetric under the interchange of loops at the two ends. This difference
originally comes from (5‘}”’8))2 which contains two ((bAngg))Q(qﬁA(bg/))Z for j # j'. As in the
case of the calculation of the second term in the parenthesis of (2.6), if we label all the possible

— 11 —



connected diagrams by C and the sum of their contributions by V=, N disconnected pieces
of C contribute as (Vé)N /N! due to the symmetry factor. Then, only connected diagrams
contribute to (2.18) by the exponentiation of disconnected diagrams.

There is another important difference from the calculation of the second term in the paren-
thesis of (2.6) when we move to momentum space. In the present case, (7", z")-dependent
factors at a vertex of %QS,%@QB are given by

(‘T’mzﬁp?) (wm3ap3) jB—e

A B.j /(j—l)ﬁ

A B,j
(ajmﬂpl) (wm4ap4)

dr’’ /ddl‘” ei(&mlr"+p1.m”)ez’(&m2 7" po-x’)
X ei (wmg " +p3'm”)ei(wm4 T’ +P4‘m”)

= (2m)*6D (pin—Ppous) Be'Win W)= g

Wout *

Here, win = W,y + Wmy + Wims + wim, is the sum of ingoing energies to the vertex and wout = 0
is that of outgoing energies. The function f is defined as

1 for win = wWout

1 (P : ,
fwinywout = E / dT” el(winiwout)T = (220)
0

et(win—wout)B _1 )
FCE——Y for win # Wout -

Note that the factor e!@in=wout)8 ig not, equal to 1 in general when wi, # wout because the
energy of ¢4 has the form w,, = 2rmT/n with n # 1. This means that in the calculation of
the first term in the parenthesis of (2.6), energy is not necessarily conserved at a vertex of
%gzﬁq% because of the difference of periodicity. On the other hand, for a vertex of Z—‘!“gbj or
’\4—? %4, energy conservation is respected as usual.

We now summarize momentum-space Feynman rules as follows:

1. For each propagator of ¢4, assign a factor % S [ (gil)”d fjxlﬁ) (@ D)

2. For each propagator of qbg), assign a factor %Zm J (gjgd ]_N)ggﬂ)j (W, D).

3. Include a factor —A(2m)%6D (piy — pout) B e @in—wou)G=DBE  for each vertex of
A (9)\2
4(¢A¢B ) .

4. Tnclude a factor —A4(27)%6@ (piy — Pout) 7180w, wew, for each vertex of %‘(ﬁj

A\ 4
5. Include a factor —Ag(21)46@ (pin — Pout) By, wen, fOr each vertex of );TJ!B ( g)) :
6. Divide by the symmetry factor.

Note that there is an extra factor n in the rule 4 compared to the rule 5. We draw all
topologically inequivalent diagrams to a given order of the perturbation theory. In particular,
we should take a summation of the index j. In the next section, we will present an explicit
calculation of the leading order correction to the thermodynamic entropy in an ideal Bose gas

- 12 —



Figure 3: Examples of Feynman diagrams for the evaluation of the first term in the paren-
thesis of (2.6). The left two diagrams give the leading order contributions while the right two
diagrams contribute at the higher order. In the bottom right diagram, we take j # j'. The
symmetry factor F' of each diagram is also shown.

by using these Feynman rules. In section 4 and 5, we will consider QED and the Yukawa
theory, respectively. Rules for these cases will be summarized there.

3 Coupled ¢* theory

We here perform an explicit calculation of Feynman diagrams in the scalar-scalar system
presented in the previous section and find the leading order correction to the thermodynamic
entropy in an ideal Bose gas. Nonzero contributions to the second term in (2.6) start from
two-loop diagrams. Although we encounter divergent loop integrals in the calculation of these
diagrams, it is shown that the divergence is renormalized correctly by adding counter terms
that are equal to those in the usual zero-temperature field theory.

We start with presenting the total Lagrangian of the coupled ¢* theory again,

£(¢A7 ¢B) = ﬁ() + E] + £counter 5

Lo(0a 65) = 1 [(0,04)° + MAG] + 5 [(0ubn)? + Mo}
Li(¢pa,¢B) = %ﬁ + ):T?% + 2&53@23 ; (3.1)
Loomes(04,68) = 3 (02,0400 + 611, 63] + 5 [0 (0,00 + 811,63
- 52—!“&4 + (Si—fcbj‘g + %Qﬁicb% ,

where we have defined (9,0)? = (0;6)? + (V¢)2. Lo is the non-interacting part of the La-
grangian and Ly is the interacting part. Leounter denotes the counter terms that cancel diver-
gence. Since the counter terms corresponding to the interaction terms dy,, As,, and dy are
relevant only for the next-to-leading and higher order corrections, we can neglect these terms
in the following calculation.

We now calculate the entanglement (Rényi) entropy of the coupled ¢* theory in 3 + 1
dimensions by using the formula (2.6) and Feynman rules discussed in the previous section.
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Figure 4: Feynman diagrams which contribute to the first term in the parenthesis of (2.6)
at the leading order. The last two diagrams come from the counter terms.

Figure 4 shows Feynman diagrams which contribute to the first term in the parenthesis of (2.6)
at the leading order. The last two diagrams come from the counter terms. The rules for the
counter terms are easily obtained from the above Lagrangian. The diagram 4a contains a ¢4
loop and a (;Sg) (j =1,---,n) loop, where the symmetry factor is F' = 4. Using momentum-
space Feynman rules, we obtain

(Fig. 40) = (nﬁz [ 2D @)

( > [ o (s NngmBmB)>X(—A)(2W)353(0)6 32)

A .
= — 58V D37 (0,0) D (0,0),

where we used pin = paA + PB, Pout = PA + PB, Win = (:DmA + Wmp, Wout = CJmA + Wmpgs
and (2m)363(0) = V. Here, Gy, = 2mmaT/n, wm, = 2rmpT. In this diagram, the factor
¢l@in—wour) =18 f - wwhich comes from the rule 3 of the Feynman rules, is just equal to 1
and energy is (accidentally) conserved. The diagram 4b contains two ¢4 loops, where the
symmetry factor is now given by F' = 8. In the same way as the diagram 4a, we can evaluate
this diagram as

@%4w=——76V( )moﬂ. (3.3)

The diagram 4c contains two gbg) loops (note that both of loops have the same j). The
symmetry factor is also F' = 8. We find

(Fig. 4c) = — 6V( Rom). (3.4)

Next, we evaluate the diagrams which contain the counter terms. The diagram 4d with a ¢4
loop leads to

1
(Fig. 4d) = = nBV [6MA D (0,0)

B Z/ d pA N(nﬂ mAapA) 5ZA( +pA)

— 14 —



where we include the symmetry factor /' = 2. In the same way, the diagram 4e with a gbg)
loop is calculated as

(Fig. de) = —% nsv [5MB DY (0,0)
(3.6)

1 dpp ~
"B Z/ @3 B @mpoPB) 025 (i +B)| -
mp

The first term in the parenthesis of (2.6) is given by the sum of the contributions from
Figure 4a-4e.

The contributions from the diagrams 4a-4c contain the propagators such as DXLB )(0, 0),
Dg) (0,0) which are given by divergent integrals. We need to set renormalization conditions
and determine the parameters in the counter terms Lcounter SO that the divergence is canceled
by the contributions from the diagrams with the counter terms 4d, 4e. The divergence arises
in the UV region and comes from the zero-temperature part of the propagators. To see this,
let us first decompose the propagators DXLB) (0,0), DJ(BB) (0,0) into the T'= 0 part and T" # 0
part by using the following formula for the frequency sums [13]:

1 L[ 1
Bm_z_:oof(po iw mmTi) = o— /_ioo Po 5 [ (po) + F(~po)]
- (3.7)
1 100+€
_— d — - -
+ 27.” isote pO [.F(po) + f( pO)] eﬁpo _ 1 I

where F(pp) is some function which has no singularities along the imaginary py axis. For
3

the propagator Dg)(o, 0), we take F(py) = [ (;ITI)DS(—p(Z) + p? + M%)~!. In this case, we can

perform a contour integral with a residue at pg = w = y/p? + M3 in the second term of (3.7).

In addition, we change the variable as pg — —ip4 in the first term. Then, we obtain

DE(0,0) = D" + DE™(8)

= [y e ARl 35
) @n)tpi+p+ M (27)3 webw — 17

where d*p = dpsd3p. In the same way, the propagator of ¢4 can be decomposed into the
T =0 part and T # 0 part:

D{P(0,0) = DF< + D™ (n)

B / d4p 1 +/ d?’p l 1 (3.9)
) (2m)t pi+p?+ M3 (2m)3 @enbo — 17

where W = (/p? + ME‘. We can see that the T' = 0 part of the propagators ‘;ﬁ‘jg is divergent

and has to be removed by renormalization while the T" 2 0 part is finite due to the exponential
factor in the denominator.
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To set renormalization conditions and determine the parameters in the counter terms, we
consider the usual (Euclidean) zero-temperature field theory and compute the sum of all one-
particle-irreducible (1PI) insertions into the propagator as in the case of the usual perturbation

theory in the ¢* theory. For the propagator of ¢, we find

B A
~p(pE) = ( ) + ( ) +
B B B B B B
AB A

— Dvac _ _Dvac (5ZBp]25’ + 6MB) .

Here, we have defined p% = p3 + p?. We set renormalization conditions such that the pole
in the full propagator given by geometric series of the sum of all 1PI insertions occur at

p2E = —Mé and have residue 1,

d
Np(ph = —M§) =0, R =0. (3.10)
d 2 :_M2
PE B
Inserting the expression of IIg computed above into these conditions, we can determine the
parameters in the counter terms as
6ZB — 0’ 5MB — _AEDvaC _ éDvaC (3.11)
As is well known, &z, is trivial for the ¢? theory and wave function renormalization is not
needed at the leading order. In the same way, we also find the parameters in the counter
terms corresponding to ¢4,
A A
57, =0,  6ap,= ADvaC SDB° (3.12)
These choices of the parameters enable us to get a finite result of the entanglement (Rényi)
entropy.

Summing up the contributions from the diagrams 4a-4e, in which the propagators such
as DXLB)(O7 0), Dg)(o, 0) are decomposed into the 7' = 0 part and 7" # 0 part, and using the
relations of (3.11) and (3.12), the leading order contribution to the first term in the parenthesis
of (2.6) is obtained as

Zt(ntﬁ) A t t
[8) — _ vac ma’ vac ma
log By 5@y, = "0V |~ g (DI + DA%(n6)) (D + DE™(5))
A0 ( B,O)
A A
_ A (D23C+D%at(nﬁ))2 . 73( VaC+Dmat(ﬂ))2
8 8 (3.13)

()\A vac+/\DvaC)( vac_'_Dmat(nﬁ))

)Jk\l—‘ »M»—‘

()\ Dvac_i_)\Dxac)( vac_i_Dmat(/B))
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The contribution to the second term in the parenthesis of (2.6) is obtained by taking n = 1
in the above expression. The Rényi entropy (2.6) is then given by

n n V )\ ma’ ma’ ma
S5 — s = :ﬂ_ o | 7 (DR (nB) — DR™(8)) DE™(8)
(3.14)
Aa mat 2 mat 2
+ ) (DA (nB)” — D3*(B) ):| :

Note that the divergent T' = 0 part of the propagators have vanished in the expression and
the result is finite. Taking the limit of n — 1, we finally obtain the entanglement entropy
(1.4) in the coupled ¢* theory as

A

A
Sa—Saog=—-BV {4D§at(ﬁ) + 24

4

- / (;ljr];3 Lﬁal_ 1T (eﬂ;_ 1)1 .

The term proportional to A 4 is the quantum correction to the thermodynamic entropy existing

DE“(B)}
(3.15)

even in the absence of the subsystem B. The term proportional to A is the correction from
the interaction between the subsystems. In the high temperature limit, this expression of the
entanglement entropy is approximately given by
2

SA:VT3{247T5—112<Z?>—112<2!)+~-]. (3.16)
The first term is the usual entropy of an ideal Bose gas. Note that the correction terms are by
no means small when the coupling A or A4 is sufficiently strong, though there is a unitarity
bound on the couplings such as A, Ag < (47)2.

Let us comment on the mutual information, I(A, B) = Sy+Sp—Sa+p > 0 (the inequality
is always satisfied by the subadditivity of the entanglement entropy). When we calculate the
leading order correction to the thermodynamic entropy of the total system S4ip, we can
obtain I(A, B) = 0 which means that there is no quantum entanglement at the present order
in the coupled ¢* theory. This is a special property of this theory at this order, which derives
from the fact that the factor f is trivial in the contributions from the diagrams in Figure 4,
and not expected to be satisfied at higher orders. There is still the correction coming from
the interaction, which should be included even if the quantum entanglement is absent.

4 Quantum electrodynamics

In this section, we consider QED with one Dirac fermion and calculate the entanglement
entropy of the fermion subsystem, tracing out the photon field from the density matrix of
the total system. Generalizations to more than one Dirac fermions and non-Abelian gauge
theories such as QCD are straightforward.
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Let us first summarize the total Lagrangian of QED in 3 + 1 dimensions,

E(d}? A,u) = £O + EI + ﬁcounter 5

Lo, Au) = (i) = M) = TP Fy = oo (0" 4,)° + (0C) (9,0)
i (4.1
L1, Ap) = —epy" YA,

_ 1 , _
ﬁcounter(w) Au) =1 (151113 - 5M) Y — Eé’yF“ F;u/ - 6561#7”1/1/1“ .

Here, L is the non-interacting part of the Lagrangian of a Dirac fermion (¢, ) and a photon
field A,(t,x). We have defined ¢ = 40 and @ = ¥, as usual. The second term of Lo
denotes the photon kinetic term and F), = 0,4, — 9, A, is the field strength. The third
term is the gauge fixing term. Hereafter we choose the Feynman gauge and take p = 1. In
the fourth term, the ghost field C' is introduced to cancel contributions from two of the four
degrees of freedom of the gauge field to the free photon partition function, though it does not
contribute to anything in QED. L is the usual interaction of QED and e is the gauge coupling.
Leounter denotes the counter terms that cancel divergence. As in the case of the coupled ¢*
theory, the term with ¢, is relevant only for the next-to-leading and higher order corrections
and we do not consider this term below. In the following calculations, we assume that the
chemical potential of the fermion field is zero for simplicity. In cosmology, this is usually a
good approximation because asymmetry is difficult to be generated as we can see from the
fact that baryon asymmetry of the Universe is tiny, ug/T ~ 10719 < 1. A generalization to
the nonzero case is straightforward.

We now present Feynman rules to calculate the correction terms of (2.6) in QED. The
rules for the second term in the parenthesis are the same as those of the ordinary finite
temperature field theory. They are summarized in ref. [13]. As in the case of the coupled ¢*
theory, we here extend these rules to those for the first term in the parenthesis of (2.6). We
assume that the fermion field is the subsystem A whose entanglement entropy is calculated
and the photon field is the subsystem B that is traced out. We can easily find the rules for
the opposite case. Momentum-space Feynman rules are
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Figure 5: Feynman diagrams which give the leading order correction in QED. The last two
diagrams come from the counter terms.

d4p ~(n ~(n 1
p p-M
j d p 9"
2. Ay = DM ), DY (p) = P
m
5 J = —ey"(27m)36) (Piy — Pour) B
X ei(Win7WOUt)(j71)/8fWin7UJout

4.  Divide by the symmetry factor.

In addition to these rules, we need to multiply a factor of —1 for each fermion loop as usual.

The rule 1 corresponds to a fermion line and 151(;’3 )(

p) is the momentum-space propagator.
Here, p° = i@y, and @y, = 27(m+ 3)T/n, where a factor of 1/2 comes from anti-periodicity of
the fermion field. The rule 2 corresponds to a photon line for each j (j = 1,--- ,n). For the
photon propagator, g" = (1, —1,—1,—1) is the metric and p® = iw,, = i2emT. The rule 3 is
for a QED vertex and energy conservation is not necessarily satisfied as discussed in section 2.

Figure 5 shows Feynman diagrams which contribute to the first term in the parenthesis
of (2.6) at the leading order. The last two diagrams come from the counter terms that cancel
divergence. Let us first consider the diagram 5a which contains two fermion loops. The
contribution from this diagram actually vanishes in QED. Using momentum-space Feynman

rules, we can see that explicitly as

dkl dk‘g Tr [y, (f; + M)] x Tr [v* (Fy + M)]
w3 [ o 2 o - (- 009

dkl d3k2 —kO B+ kyky
X [ @i 2 [ G i g =

where kY = iwy,, and kY = i@y,. In the last equality, we have used the fact that the two

(4.2)

terms in the integrand are odd under £ — —k? and k; — —k; respectively.
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We next consider the diagram 5b. The symmetry factor is /' = 2. The Feynman rules
lead to

(Fig. 5b) ZHBZ/dkl HZZ/ dgkzgz/ d3k3{

(—6)2(27r)36(3)(k1 — ko — k3) By Gy ioms 1 I=1)(@my —Wm,)

x (2m)°0) (ke + ks + k) Bf ¢=iG=1) @y ~Tmy)

Wmy,—Wmg —Wmg

Tr [y (Fy + M) v, (k2+M)]}
k3 (ki — M?) (k3 — M?)

_ _7n€2/8V Bz/ By 162/ 237:{:235 / Bhs {

(27r)36(3) (kl - k2 - ks) /Bf(’:)ml #ng +Wm3 f_wml 7_wm2 —Wmg (43>

8 (2M? — ky - ko)
)

Here, kY = i@,,, and kY = iwy,, are the zeroth components of the fermion four momentum
and k:g = Wy, 1S the zeroth component of the photon four momentum. The minus sign comes
from a fermion loop. This diagram provides the first example that the factor f is nontrivial.

There is a technical issue to calculate fgml By +wms f_@mp which is explained in

—Wmgy —Wmg )
appendix A. The sums of m1, ms and ms can be performed by using the following relations
for the fermion energy sum and photon energy sum:

1 1
_ 71000:7112 0 1.0 L 7 _E 0 10 1
nﬂ;k‘%—MQ (ki, kg, k3) 2B, ( 17k27k3)n1+2E1 (—E1, ks, k3)(n1 ),
(4.4)

1 1 1 1
7 ; TR K5, k8) = ==Y, k3 )N — =T (R K, —w)(V +1),

where w = |k3| and Ey = \/k? + M2, By = \/k3 + M? and Z(k?, kY, k}) is some function
which has no singularities along with the imaginary axes. The fermion and boson occupation
numbers are

1 1 1
n1:7€n6E1+1, n2:7€nﬁE2+17 NZ*@ﬂw—l' (45)
Using the result of appendix A for f@ml’gm Hwmg f_@mp_@m g and the above relations, we
obtain
1 Bk [ Bky [ ks 3 2D(E1, By, w)
“ne?pv 2m)368) (g — kg — keg) 0 L 4.6
pneh / (27m)3 / (2m)3 / s |20 e — ke = k) = (4.6)
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Here, we have defined a function D contributed from the diagram 5b as

D(E17E2;w>|Fig' »

=n1(1 =n2)(1+ N)Fosy + (1 = n1)naNG4 4

+n1(1—n2)NFip— + (1 —ni)ne(1+ N)Gq— 47
4.7
—mng(l+ N)Fyyp = (1= n1)(1 —n2) NG

—ninagNF4__ — (]_ — ’I’Ll)(l — nz)(l + N)ng,, .

For definition of the functions F, G, see appendix A.

When the first term in the parenthesis of (2.6) is proportional to n as in (4.6), it is easier
to use the following expression of the entanglement entropy by rewriting (2.6) with the limit
of n — 1:

~(nB)
1 Z
SA = SA,O — aan ﬁlog W (48)
ZA,O (ZB,0>n n=1
Inserting (4.6) into this expression, we obtain
1 A3k d3ks d3ks
Sy—S 2BV 21)30) (ke — kg — k
a-sao=geov [oh [oR [ {ens @ -k -k
(4.9)
2 (1D
E1E2w 8 dn n=1 ’
where
19D |"e %P M? M?2
o =26 + 1
8 On n=1 (El — E2)2 — w? (El + E2)2 — w?
X [E1n1(1 — nl)ng + E2n1n2(1 — TLQ)]
- 45E1E2 77,1(1 - nl)N
2M?(Ey + w)
— 26F 1-— FEy —
BEm:( n1)[ 2 w+(E2+w)2E%}
(2M2 E\Ey + k- )
N —ngN -
" (B1 — By + w)2 (nl R e R T
2M? + E1Ey + k (E1 + E2)
( 172 L 2)2 ! 2 ( nlng—nlN—ngN—i—N)
(E1 + B2 —w)
(2M?* + E\Es + k1 - ko) (Ey + E»)
(By + Bz 4 w)?

X (—=n1N —naN +ning —ny —ng + N + 1)

(2M2 — FE1Ey + kq - k:g) (El — EQ)
(El — E2 — w)2

(nlN — ’rlQN —ning + nl) .

- 21 —



In this expression, there are terms linear in n1, ng or N and the term without their dependence.
They are divergent terms when we perform all the integrals of k1, ko and k3. The other terms
are finite. We will consider the meaning of divergence below, but some of the terms are
canceled by the contributions from the diagrams 5c¢, 5d with the counter terms, as we will see
next.

Let us evaluate the diagrams 5¢, 5d. As in the case of the coupled ¢* theory, we can
consider the usual zero-temperature field theory and compute the sum of all 1PI insertions
into the photon and fermion propagators to determine the parameters in the counter terms,
setting renormalization conditions. Since the procedure is the same as that of the usual finite-
temperature field theory except for complications with the index j, we can use the results of
ref. [14] for the contributions from the diagrams 5c, 5d with the following modification. When
BZ1(8) and SZ2(8) denote the contributions from the corresponding diagrams in the ordinary
finite-temperature field theory to the diagram 5c¢ and 5d respectively, the contributions from
the diagram 5c¢ and 5d can be written as

(Fig. 5¢) = npZ1(8), (Fig. 5d) = nBZ2(np). (4.11)

The contribution from the diagram 5c is proportional to n because of the j index in the photon
line. Note that the contribution from the diagram 5d can be obtained by the replacement
B — nfin f2Z5(5). Then, the expressions for the correction terms in the entanglement entropy
are given by

Fig. 5¢ 1

- [nBZ1(8) — nBZ1(B)]

1—n

(Sa—540)

=1
" (4.12)
Fig. 5d 1

— [nB22(nB) — nB22(B)]

1—n

(Sa—540)

0
= —5%22(715)

n=1 n=1

There is no contribution to the entanglement entropy from the diagram 5c. Using the result of
ref. [14], we can write down the contribution from the diagram 5d explicitly. The expression
is given by (4.9) with

16D Fig. 5d

4.13
8 On ( )

2M2(E2 +w)
(B +w)?—Ef |’

= 25E1n1(1 — nl) |:E2 —w+
n=1
Note that this has the same expression as the terms in the third line of (4.10) except for the
sign so that these two divergent contributions are canceled with each other.

We now discuss the other divergent terms in (4.10). In quantum field theory, a physical
particle is dressed in clothing [15], a virtual cloud of particles. Then, when we trace out the
subsystem B, we should have taken account of this phenomenon and taken the proper Hilbert
space of the subsystem B with physical one-particle states to find the entanglement entropy
of the subsystem composed of physical particles A. In (4.10), the terms linear in nq, ny or N
and the term without their dependence can be considered as remnants of the improper choice
of the traced out Hilbert space and have the meaning of the entanglement entropy of the
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MIT

Figure 6: The size of the correction ASy = 5S4 — Sa as a function of M/T in QED. Here,
a = €2 /(4n). The solid (dashed) curve represents that ASy4 is positive (negative).

one-particle states and the vacuum respectively, which are present even after the decoupling.

Since the entanglement entropy in which we are interested is the one between two physical

particles, we just remove these terms and consider only the finite terms. Then, our final result
of the contribution to the first term in the parenthesis of (2.6) at the leading order is given

by (4.9) with

10D

8dn|,_,

M? M?
=2 1
B [(El — E5)% — w? + (B + E5)? — w? +

X [E1n1(1 — n1)77,2 + E2n1n2(1 — ng)}

— 4BE1E2 n1(1 — nl)N

2M? — E\FEy + k
+ ( 12 El )2 (nlN—n2N+n1n2)
(B = By +w) (4.14)
2M? + E\Ey + ki - k2) (B + E2)
( )2 (—ning —niN — naN)
(E1 + E2 — Ld)
2M? + E1Fy + k (E1 + E9)
( 1£2 1 2)2 1 2) (=n1 N — noN + nyns)
(Er + Es +w)
(2M? — E1Ey + k1 - ko) (E
+ (nlN — ngN — nlng) .
(By — Ea — u1)2

Infrared behavior of this result is discussed in appendix B. Figure 6 shows the size of the
correction ASy = S4 — Sa as a function of M/T in QED. Here, a = e%/(4m). The solid
(dashed) curve represents that ASy is positive (negative). We can see that AS4 changes its

sign depending on the fermion mass M.
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5 Yukawa theory

The third model we consider in this paper is the Yukawa theory of a scalar-fermion system.
We evaluate the entanglement entropy of a fermion subsystem in this theory, tracing out the
scalar field. The calculation is similar to that of QED, though there are some differences. The
interaction Lagrangian of the Yukawa theory in 3 + 1 dimensions is presented as

Lr(t, ) = gty (5.1)

Here, g is a coupling constant. Since there is no symmetry such as ¢ — —¢ in this theory, the
counter term linear in ¢ should be included:

'Ccounter(wa d)) > 5(;5(;5 . (52)

As in the case of QED, we assume that the chemical potential of the fermion field is zero for
simplicity. The fermion field is the subsystem A whose entanglement entropy is calculated
and the traced out subsystem B is the scalar field. Then, the momentum-space vertex rule
for the first term in the parenthesis of (2.6) is

j = _9(277)36(3) (pin - pout) 5
/\\ X ei(‘*’in_woutxj_l)ﬁfw_ Wont

The other rules are the same as those of the coupled ¢* theory and QED.
The quantum correction starts from two-loop diagrams. Figure 7 shows a part of Feynman

diagrams which contribute to the first term in the parenthesis of (2.6) at the leading order.
The right two diagrams come from the counter term (5.2). There are also diagrams of 5b, 5c,
5d with a photon line replaced by a scalar line.

Let us first consider the diagram 7a which contains two fermion loops. The symmetry
factor is F' = 8. Unlike the similar diagram in QED, this diagram does not vanish in the
Yukawa theory. Using momentum-space Feynman rules, we obtain

2
1 16M2 3k 1
(Fig. 7a) = 5" 28V M;ﬂ (nﬁ Z/ 2 ) . (5.3)
¢

Here, k¥ = i@y, is the zeroth component of the fermion field and My, M are the fermion mass

and the scalar mass respectively. The sum of m is performed by using the formula (4.4) for a
fermion field. Then, we find

1 9 16M3, dskl ny 1 2
“ng?BV Mmoo 5.4
e M2 / Cr3 \E, 2B )] (54)
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Figure 7: A part of Feynman diagrams which gives the leading order correction in the Yukawa
theory. The last two diagrams come from the counter term. The symmetry factor is (a) F' = 8,

(b)F=2,(c)F=2.

where B = k% + Mi and n; = (e”BEl + 1)71 is the fermion occupation number. In this
expression, there are a term linear in n; and a term without its dependence. They are divergent
when we perform all the integrals. These divergent terms are canceled by the contributions
from the last two diagrams of Figure 7 with the appropriate choice of the parameter d4 in the
same way as we have done in the coupled ¢* theory or QED (we have to be careful about the
symmetry factor of each diagram, as presented in Figure 7).

The contributions from the diagrams of 5b, 5¢, 5d with a photon line replaced by a scalar
line are calculated in the same way as those of QED. The final expression of the entanglement
entropy is given by

1 16M2 [ @Bk Bk
Sa—Sao=-g*BV v / : / 2 B nina(1 —no)

4 Mq% (2m)3 ) (27)® Fy
1, By [ PR [ s [ -
+§9 ﬁv/ (2r)? / (2r)? / (2%)3{(270 0 (k1 — ka — k3) (5.5)
2 10D
" BB Es (_8671 n1> }

Here, E3 = 4 /k% + Mq% is the scalar energy, N = (65E3 — 1)_1 is the boson occupation number
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and —5 57 is given in (4.14) with the replacement,

n=1

1
(2M2 FE1Ey+ k- kg) — 5 (Mi + F1Ey — kq - k?g) . (56)

For definition of the functions F, G in the Yukawa theory, see appendix A. As in the case of
QED, the divergent terms should be removed in the above result of the entanglement entropy.

Figure 8 shows the size of the correction AS, as a function of My, /T in the Yukawa theory.
Here, a = g?/(47). The solid (dashed) curve represents that ASy is positive (negative). We
assume My/T = 0.1 and My/T = 1 in the left and right panels respectively. Since the
contribution from the diagram 7a diverges in the limit of My/M,; — 0 and My/T — 0, one
might be worried about the breakdown of perturbation theory. (See the left panel. In the
region of My, /T < 1, values of |AS4/aSap| are around 10, which is problematic for o 2 0.1.)
However, as is well-known in finite-temperature field theory, the scalar field ¢ actually obtains
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Figure 8: The size of the correction AS, as a function of My, /T in the Yukawa theory. Here,
a = ¢g?/(4m). The solid (dashed) curve represents that AS, is positive (negative). We assume
My /T = 0.1 and My/T =1 in the left and right panels respectively.

a thermal mass in the presence of interactions. This implies that we cannot take the limit of
My /My — 0 and My /T — 0 in our expression of the entanglement entropy and perturbative
expansion should be still valid even in this regime. Mass resummation requires the next-
to-leading order calculations, which are beyond the scope of the present paper, and will be
discussed in [16]. In the right panel of the figure, there is a cutoff at My /T = 0.5 and the
correction ASy diverges for a smaller My,/T. This divergence comes from the removal of the
terms linear in IV in order to ignore the entanglement entropy of one-particle states. Since
the scalar ¢ can decay into a pair of fermions and is unstable for M, < My/2, the procedure
to remove the terms linear in IV does not work in this region.

6 Cosmological implications

In this section, we discuss cosmological implications of the entanglement entropy. When
instantaneous decoupling occurs, the thermodynamic entropy is no longer an appropriate
fiducial quantity to describe a subsystem and should be replaced to the entanglement entropy.
We investigate the possible effect of quantum entanglement on dark radiation and dark matter
and also present a concrete scenario of instantaneous decoupling.

Here, let us comment on the time when the entanglement entropy is evaluated. Since the
entanglement entropy derives from the correlation between two particles A, B, it is reasonable
to adopt the time of the last scattering for that time. The time of the last scattering t1g is
defined as

/t” Ta(t)dt =1, (6.1)

LS

where t, is the present time. The interaction rate at the time ¢rs has to be distinguished
from the rate at the time of decoupling ¢y because the interaction rate I"4(¢) changes rapidly
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during the time interval, t;.g <t < tg, in the case of instantaneous decoupling.’

6.1 Dark radiation and dark matter

Dark components of the Universe are now explored by precise measurements. The energy den-
sity of dark radiation is conveniently expressed in terms of the effective number of neutrinos.
The present constraint on this number is [17]

Nog = 3.15+0.23, (6.2)

which is consistent with the Standard Model (SM) prediction, N e(;M) = 3.046. The ground-

based Stage-IV CMB polarization experiment CMB-S4 measures Nqg with a precision of
ANqg = 0.0156 within 1o level [18] (see also ref. [19]). When we consider a cosmological sce-
nario with some dark radiation components, it is reasonable to estimate a possible correction
to Neg from quantum entanglement, as we now describe.

Suppose that a dark radiation A or its mother particle, which decays into A, is decoupled
from the SM sector due to an instantaneous suppression of the interaction rate of A with
the SM sector. After the decoupling, the entanglement entropy (1.4) of the subsystem A is
conserved and a good fiducial quantity. We can calculate the entanglement entropy by using
the technique developed in the previous sections as long as perturbative expansion is valid.
We assume that the self-interaction of the dark radiation A becomes efficient or the mother
particle decays into A after the decoupling so that the subsystem enters thermal equilibrium
again. Then, the entanglement entropy should be expressed by the usual thermodynamic
entropy, which enables us to define the temperature of the subsystem A. If the self-interaction
of A is sufficiently weak, the temperature of the subsystem A can be calculated as

1/3
TA:< 15 SA) , (6.3)

21294 V-
where g4 is the number of degrees of freedom of the dark radiation A (there is an additional
factor 7/8 for a fermion). This temperature T}y is different from T4 ¢ calculated by the naive
application of the usual thermodynamics. The energy density of the dark radiation p4 can
be calculated from its temperature and is different from the naive estimation by the factor
(Ta/ TA70)4. Then, we obtain a correction to the effective number of neutrinos from the dark
radiation including the entanglement effect,

7 7 T 8ga (gu(To)\ VP Ta !
ANg=op4(2 L. 5 .mt) 294 A 6.4
off pA< 8 30 ”) 72 < 43/4 > <TA70) ’ (6-4)

5 Consider a system of a relativistic particle A interacting with a massive particle B. As the number density

of the particle B drops exponentially below T" ~ Mp (Mg is the mass of B), the interaction rate becomes
smaller than the expansion rate quickly, which is apparently similar to instantaneous decoupling. However, the
Boltzmann factor e *5/T does not make the change of the interaction rate fast enough during trs < t < to.
In this case, the entanglement entropy Sa can be approximately estimated at the time of decoupling. The
quantum entangle effect in S4 is typically accompanied with the same Boltzmann factor and exponentially

small.
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where T, is the neutrino temperature and g.(7p) is the effective number of relativistic degrees
of freedom at the decoupling temperature Tp. For example, g. = 3.36 (10.75) for T' <
1 MeV (1 MeV < T < 100 MeV) in the Standard Model. Although the effect of quantum
entanglement should not be larger than the classical contribution, it can be relevant for the
constraint (6.2) and the future CMB-S4 experiment.

In addition to the energy density of dark radiation, the energy density of dark matter
has been measured precisely, Qpyh? = 0.1186 4= 0.0020 [17]. Although we do not explicitly
describe a scenario where the entanglement effect is relevant for the constraint over again,
this measurement can be also an interesting channel to observe a correction from quantum
entanglement.

6.2 A scenario of instantaneous decoupling

We now present a cosmological scenario of instantaneous decoupling. For the purpose of il-
lustration, we concentrate on the coupled ¢* theory whose self-interactions are turned off,
Aa = Ag = 0. The similar discussion may be possible for QED or the Yukawa theory. Let
us first assume that the masses of particles ¢4 and ¢p are much smaller than the tempera-
ture before decoupling. Thermal equilibrium between ¢4 and ¢p can be maintained by the
scattering of ¢4 and ¢p such as

PadB <> APB . (6.5)

The scattering rate of a particle ¢ 4 with particles ¢ per unit time is given by

Pa=np(0p p5—0a057) (6.6)
¢(3)

where np = 2

T3 is the number density of ¢p and v = (%A + E—IB) Py is the relative velocity
of the two incoming particles. Here, we assume F4 ~ FEp = p, and p, is the center-of-mass
momentum. The cross section is

AQ

Opspp—dadp — 167s’ (6.7)

with \/s = E4 + Ep in the center-of-mass frame. Thermal average of O rdn—dasp? is defined
as

~/5/T
(o v) = Jo* dp vt eV 0410504057 ~ X
babB—6AdB 1 dp. p? e VAIT 16772

(6.8)

To see if the decoupling of ¢4 and ¢p occurs or not, we compare the interaction rate (6.6)

with the Hubble expansion rate H. In the radiation-dominated universe, the expansion rate
3

is given by H = 1/ Mi# T? where Gy is the Newton gravitational constant and g. r

is the total number of degrees of freedom of relativistic particles. In the present setup, the

interaction rate is proportional to T while the expansion rate is proportional to 72. Then,
with a sufficiently large A\, ¢4 and ¢p are in thermal equilibrium as 7" drops.
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To realize the decoupling of ¢4 and ¢p, we make the field ¢p massive dynamically and
consider the decay of ¢p into newly introduced particles ¢)¢. The mass generation of the
field ¢ can be provided by a coupling of ¢ with a new scalar field X which gets a vacuum
expectation value as in the case of the mass generation of the SM fermions by the Higgs field.
We assume ¢ is a Dirac fermion with mass M and specifically consider the Lagrangian,

L= 2¢,24¢2B + gX2¢2B + yopove + Mpce (6.9)

where k in the second term is a coupling constant and the third term denotes the Yukawa
interaction with the coupling constant y which induces the decay of ¢p. When the scalar X
gets a vacuum expectation value (VEV) (X) = vx at some temperature T, the mass of the
field ¢p changes into Mg = m)g(. If we take Mj; > M and the coupling y is sufficiently large,
the decay ¢p — ¥cc proceeds promptly while ¢ cannot decay into ¢4 because of their
interaction form respecting the parity. The decay rate of ¢p is given by

2

Y /
Lopsvoie = 16 MB - (6.10)

Here, we have ignored the mass M. If this decay rate is much larger than the expansion rate,
Lyp—veve > H, the instantaneous decoupling between ¢4 and ¢p is realized because the
number density of ¢p drops suddenly and I'y, ¢, 46,65 < H. The entanglement entropy of
the subsystem of ¢4 in the present scenario is given by (3.15) with A4 = 0 at two-loop level.
Since the time when the entanglement entropy is evaluated is just before the generation of the
VEV vy, the field ¢p is still (almost) massless and its number density is not suppressed by
the Boltzmann factor, which gives a sizable quantum correction in the entanglement entropy.

7 Conclusion

In this paper, we have formulated the perturbation theory to derive the entanglement entropy
of coupled quantum fields and presented Feynman rules in the diagrammatic calculations.
Since it is not easy to evaluate the trace of pslogpa directly, we first calculated the Rényi
entropy (2.3) and took the limit of n — 1. We thus needed to evaluate the trace of a mul-
tiple product of the density matrix p4. Accordingly, a part of contributions to the Rényi
entropy at a given order of perturbative expansion are described by diagrams with a new in-
dex j (=1, -+ ,n) or the inverse temperature n/3. Using the developed rules, the entanglement
entropy has been calculated in an interacting scalar-scalar system (the coupled ¢* theory),
QED and the Yukawa theory. We have also discussed cosmological implications of the entan-
glement entropy. The correction from quantum entanglement is relevant in circumstances of
instantaneous decoupling. We analyzed its possible effect on dark radiation and dark matter
because the measurements of their energy densities are now becoming more and more precise.
Finally, a concrete scenario of instantaneous decoupling was presented.

We now comment on possible directions of future investigation. As discussed in section 5,
the thermal mass of an interacting field is generated at finite temperature. The next-to-
leading order calculations to find the thermal mass will be discussed in [16]. In addition, it
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might be interesting to investigate other scenarios of instantaneous decoupling or some other
circumstances where the correction from quantum entanglement is relevant.
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A The vertex factor calculation

We here present the calculation of the vertex factor f5m1v‘7’m2 g f_@mp which we

—Wmgy —Wmg
encounter in the calculation of the diagram 5b. From the definition of the factor f in (2.20),

we obtain

faml 7U~J'm2 +wm3 f_wml 7_“’:)777,2 —Wmg

1 B B . -
- i(Dmq —Wme —Wma ) (T1—T2)
= 52/0 dTl/O dry em e T ma AT (A1)
B T _ _ . ~
0 0

where we change the integration variables in such a way that 0 < 7 — 75 < [ for later
convenience.

When we perform the sums of mj, ma and ms by using the relations (4.4) in the main
text, there is one caveat. The relations of (4.4) come from [13]

1 o] 0 1 100-+€ 0 0 1
[ — .~ - _ d s
’I”LB m;w f(p Zwm) o isore P -F(p )6nﬁp0 +1
1 100—¢€ 1
- = dp® F(p°)————— (A.2)
27.”' ioo—e p (p )e_nﬁpo + 1
1 10 0 0
T o dp” F(p°),
T J—ico

for a fermion and (3.7) for a boson field. F(p®) is some function which has no singularities
along the imaginary pY axis. In the above relation for a fermion field, the integral of the first
term is performed by extending the contour to a closed contour going along the positive infinity
while the integrals of the second and third terms are performed by extending the contours
to closed contours going along the negative infinity. In the same way, we can perform the
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integrals in the relation of (3.7). Thus we need to insert 1 = —exp[infwm, + iSwm,| or
1 = —exp[infm,] in the integrands of (A.1) so that the integrand falls off exponentially at
|p°| — oo for each contour after analytic continuation. Then we perform the integrals and

obtain

1 B T e _ o '

? / dr / dry <el(""m1 —Wmy —Wmg)(T1—T2) <_em,3wm2 -Hﬂong)

0 0
+ e—i(@ml —Wimg —Wmg ) (T1—T2) (_einﬂﬁml ) ) (A3)

_ Fnsasig 4 G oo

where
1 1 — eB(k)—k3—kS)

F (K kS, k9)

BT 10— kD) T A kY kD)2

A4
. | Bk —k) (A-4)

Gk, K9, k) = + .
(L b2 k) = B0 00—y 32— k) — k)2

These functions are actually safe to change the integration contour in Eq. (A.2).
We can easily see the useful relations such as G(—kY, —k9, —k9) = F(k?, k3, k3). We write
these functions as Fy = F(k?, k9, k9), F_\ = F(—k, k9, kD), G+ = G(—K9, k9, —k9)

and so on. For convenience, we also define

Firy =8(2M* — ki ko) BFyiy,  Gpop =8(2M% —ky ko) BGyiy (A.5)
for QED and
Fopr =4 (M +ky ko) BF iy, Gopr =4 (M* +ky ko) BGpiy (A.6)

for the Yukawa theory. The relations such as G__, = F,_ are satisfied.

B Infrared behavior

We here describe infrared behavior of the entanglement entropy in QED and show that the
equation (4.9) with (4.14) is finite in the case of a nonzero fermion mass M # 0. The relevant

terms for infrared divergence in (4.14) are

{ (2M2 — F1Es + kl . kg) (El — EQ) n (2M2 — F1Ey + kl . kz) (E1 — EQ)

(E1 — B> +w)? (Er — By — w)? }MN. (B.1)

To show infrared finiteness of these terms, we change the integration variables ki, ko into
k=Fk —kyand p = %(kzl + ko) and define p - k = pkcos@. Since infrared divergence can
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be caused by zero momentum photons, we concentrate on the region around k£ = 0. In this

region, we approximately find

MEBE 10 T B 1 = Bk

pk cos 0 pk cos
ElZEp <1+2E}%>’ EQQEP (1 2E2 .

(B.2)

Inserting these approximate expressions into (4.9) with (B.1), we obtain

ﬁVe/ 2/ / 1 M?pcosé
dk k d(cos0) dp p? Egk‘ KB,

(B.3)
1 1 1 1

+ _— =
(1_p0089>2 (1+p0089>2 GBEP—FlBkI
Ep Ep

Here, we have rewritten the first term in terms of cosf = —cosf to derive the equality.

Although each term in the parenthesis of the integrand is divergent around k& = 0, they are

canceled with each other. On the other hand, in the limit of M — 0, infrared divergence

remains. We need to include a thermal mass in this case.
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