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We continue the study of the nonrelativistic short-distance completions of a naturally light Higgs,
focusing on the interplay between the gauge symmetries and the polynomial shift symmetries. We
investigate the naturalness of nonrelativistic scalar quantum electrodynamics with a dynamical
critical exponent z = 3 by computing leading power law divergences to the scalar propagator in
this theory. We find that power law divergences exhibit a more refined structure in theories that
lack boost symmetries. Finally, in this toy model, we show that it is possible to preserve a fairly
large hierarchy between the scalar mass and the high energy naturalness scale across 7 orders of
magnitude, while accommodating a gauge coupling of order 0.1.

I. INTRODUCTION

The discovery of the Higgs boson at the LHC [1, 2] and
the subsequent lack of new resonances suggest that the
Standard Model may be self-contained up to a very high
energy scale. This possibility puts a new emphasis on the
Higgs mass hierarchy problem, which constitutes one of
today’s most intriguing puzzles of naturalness along with
the cosmological constant problem.

In the past few years, we have seen some interesting
surprises with naturalness in the context of nonrelativis-
tic theories [3-7]. Recently in [6], a new method was
proposed to open up a mass hierarchy for a fundamental
scalar by considering a high-energy crossover to nonrel-
ativistic physics, where the Higgs boson exhibits higher-
order dispersion relations. In the simplest “10-20-30”
scenario of the mechanism proposed in [6], a hierarchy
of 15 orders of magnitude between the Higgs mass m
and the naturalness scale M was achieved. The model
also accommodates the Higgs nonderivative quartic self-
coupling A\j, ~ 1 and the Yukawa couplings in the range of
yr S 1. Despite these successes, after gauging, a simple
analysis showed that the “10-20-30” model predicts unre-
alistically small gauge couplings and hence small W and
Z boson masses. However, as noted in [6], this prelimi-
nary conclusion about the gauge couplings in this model
comes from the most conservative estimates of the quan-
tum corrections, which ensures technical naturalness but
does not necessarily optimize it. Moreover, the proposed
short-distance completion of a naturally light Higgs in-
volves higher derivative terms. Covariantly coupling such
a nonrelativistic scalar field theory to gauge bosons natu-
rally leads to a plethora of interaction terms, which could
in principle provide enough room to improve the naive
naturalness bounds. In any case, it is clear that a sys-
tematic investigation of technical naturalness in nonrel-
ativistic systems with gauge symmetries is needed.

In this paper, we continue the study initiated in [6],
with a focus on gauge symmetries. Instead of work-

ing with the nonabelian Yang-Mills gauge group prod-
uct SU(3)c x SU(2)r x U(1)y of the Standard Model
with the usual Higgs doublet, we will focus on nonrel-
ativistic scalar quantum electrodynamics (QED) with a
fundamental complex scalar [8, 9]. This toy model al-
ready allows us to estimate the sizes of various quantum
corrections in the Standard Model.

We will require the systems to possess the “Aristotelian
spacetime symmetries,” first discussed in [10] and then
reintroduced in [6, 11]. The Aristotelian spacetime is de-
fined as R3*! with the flat metric and the preferred folia-
tion by constant time slices. The Aristotelian symmetries
contain spatial rotations and translations and time trans-
lation, but no boosts (neither Lorentzian nor Galilean).
Such spacetimes emerge naturally in the context of non-
relativistic gravity [12, 13|, as the ground-state solutions
of the theory with zero cosmological constant.

This paper uses the guiding principle of naturalness.
The two main naturalness criteria are technical natu-
ralness, as formulated by 't Hooft [14], and a stronger
concept of naturalness due to Dirac [15, 16]. The Dirac
naturalness criterion states that there should be no un-
explained small parameters in a fundamental theory. In
this paper, we do not necessarily explain naturalness in
the Dirac sense. Instead, we will take 't Hooft’s per-
spective on technical naturalness: a parameter can be
naturally small if setting it to zero leads to some en-
hanced symmetry in the system. This is usually the ver-
sion of naturalness in which the concept of fine tuning is
understood [17]. This principle of technical naturalness
allows us to estimate the sizes of quantum corrections
without carrying out explicit loop calculations. However,
one should keep in mind that the actual loop results are
usually more refined than solely applying technical nat-
uralness, and can be utilized to optimize naturalness.

We will focus on a series of examples of scalar QED
in 34 1 dimensional Aristotelian spacetime, with various
dynamical critical exponents z. The scalar field in these
toy models essentially plays the role of the Higgs in the



Standard Model. We develop techniques that are use-
ful for loop calculation in nonrelativistic gauge theories,
and compute quantum corrections to the scalar propaga-
tor. The leading corrections to the scalar mass and speed
of light are power law divergent. Such power law di-
vergences and the associated naturalness in Aristotelian
systems acquire new features, which we now summarize.

First, in 341 dimensions, the gauge coupling is dimen-
sionful in theories around a Gaussian fixed point with
z > 1. Therefore, without turning on any marginal
self-interaction term in the scalar sector, the theory is
super-renormalizable. Relativistic super-renormalizable
theories are usually not considered because power law
divergences imply strong sensitivity to ultraviolet (UV)
physics [18, 19]. However, in the Aristotelian case, the
UV sensitivity is suppressed due to hierarchies in cou-
pling constants supported by the polynomial shift sym-
metries [6].

Secondly, in theories with Aristotelian spacetime sym-
metries, there are no boosts that relate the temporal co-
ordinate to spatial coordinates. In this case, there are
naturally two different UV scales associated to time and
space, respectively. This novelty opens up the question
of how one should interpret power law divergences with
respect to a two-parameter family of UV regulators. For
logarithmic divergences, however, the evaluation of asso-
ciated loop diagrams is independent of the UV regulation.
Therefore, the beta functions in Aristotelian field theories
around a given Gaussian fixed point are still well-defined.
We will discuss these important concepts in detail based
on concrete examples in Section IV E and Appendix A.

Another technical difficulty is the issue of gauge-fixing.
Aristotelian Yang-Mills theories were first introduced in
[20], and therein the temporal gauge was used. In [21-23],
a gauge choice that manifestly respects the anisotropic
spacetime scaling symmetry was introduced, which, as we
will show in this paper, is analogous to the Lorenz gauge
in the relativistic context. This Lorenz-type gauge is use-
ful for us to explicitly check the gauge-independence of
any physical results. Alongside this novel type of gauge-
fixing condition, we also provide a crosscheck in the more
familiar Coulomb gauge.

With all these technical developments in hand, we cal-
culate the leading divergent quantum corrections to the
scalar mass squared m? and its associated speed of light
squared c¢? in an Aristotelian scalar QED with a z = 3
Gaussian fixed point. We show that the suppression of
power-law divergences in m?, due to polynomial shift
symmetries, can be further enhanced. This allows us
to accommodate a sizable Yang-Mills coupling at low en-
ergies.If we let the scalar field and the U(1) gauge field
play the role of Higgs the W and Z gauge bosons in
the Standard Model, then the enhancement of the small-
ness of m allows us to maintain a hierarchy of 7 orders
of magnitude between m and the naturalness scale M
while keeping A\p, ~ 1, yy < 1 and a gauge coupling of a
realistic size, gynm ~ 0.1.

In Section II, we review the mechanism proposed in [6]

and the way we suggest to improve it. In Sections III,
IV and V, we compute the quantum corrections to the
scalar propagator in relativistic scalar QED, and Aris-
totelian scalar QEDs with z = 2 scaling and z = 3 scal-
ing, respectively. In particular, we mostly focus on the
z = 2 case in detail, which already exhibits the novel-
ties of an Aristotelian quantum field theory (QFT) but
with calculations which are not overly involved. In the
z = 3 case, the calculation proceeds in exactly the same
manner, but is simply much more tedious and intricate.
We will therefore present only the relevant results in the
z = 3 case. In Appendix A we study a QFT of a single
scalar with constant shift symmetry in 2 4+ 1 dimensions
to illustrate the universality of beta functions in Aris-
totelian theories. Appendix B discusses constraints on
Lorentz violation parameters in the literature.

II. NONRELATIVISTIC SHORT-DISTANCE
COMPLETIONS OF THE HIGGS

A. Review of the model

A nonrelativistic short-distance completion of a natu-
rally light Higgs was proposed in [6]. In the following, we
summarize the main results of that work.

The theory contains a real massive scalar field ¢(¢,y)
which in the UV is assumed to be near a Gaussian fixed
point characterized by the dynamical critical exponent
z = 3, that is, invariant under the time and space scaling

t — bt, y = by. (1)
Operator dimensions are thus determined with respect
to this z = 3 scaling. The scalar field has the usual ¢*
self-interaction, which is relevant in this case, but it may
also have higher-derivative self-interactions with corre-
sponding lower-dimension couplings. Reflection symme-
try, ¢ — —¢, and linear shift symmetry, d¢(t,y) = by’
are imposed on the scalar field, which limit the higher-
derivative self-interactions to the one unique marginal or
relevant interaction

1
O = 0i¢ 0;0;¢ 0;0x ¢ O + §3i¢ 0 Ok 0;0;0rp, (2)

The free and interaction parts of the action are thus taken
to be

1 .
505 [y (# - Gorovero - GoPoos
~ 00— m*?),  (3a)
_ 1 3 1 4
Sint = =5 /dtd y()\g(’)—i- Shoo ) (3b)
In the infrared (IR), all of the parameters of the theory

are rescaled appropriately by powers of ¢ in order to set
the coefficient of the two-derivative speed term 0;¢ 0;¢



to 1,

:vozt,

Ay = Ao/c2,

o =c"¢;  (4a)
G=¢2/c (4b)
X3 = )\3/09, (4C)

x=y/c,
gg = C:%/Cﬁv

in terms of which the action becomes
1 1
S== /d4x VoV P — m?®? — — )\, 0!
2 12
— G(V.09)’ - G(02)* - X0, (5)

where O is O with 9; = 0/0y" and ¢ replaced respectively
by V; = 0/9z* and ®. Moreover, (1= V,V,.

The pattern of symmetry breaking of polynomial shift
symmetries in the UV action (3) allows us to set up the
technically natural hierarchy

G ~1,

(3~ e2M??,

A3 ~ €2,
A ~e MY m? ~egM?, (6)
where M is some high energy naturalness scale, and

K el K ey K 1. (7)

The self-coupling Ao is also constrained to be small to
not spoil the hierarchy between m and M. The range of
)\0 is

f_l)\o SEQM2. (8)
We have included the one-loop suppression factor
1
= —— ~ 1072 9
1672 )

From the perspective of a low-energy relativistic ob-
server, the order of magnitude of the couplings are

f&o
)\h 5 3—/2, (10&)
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The Higgs sector is coupled to the fermions via the
Yukawa interactions. In the IR, the range of the Yukawa
couplings is

(Leg)/?
Yy~ —31
€1

(11)

The coupling to the gauge sector is achieved by introduc-
ing a U(1) gauge field a, and covariantizing the partial
derivatives acting on the scalar field ¢ via 0, — D, =
Ou+iea,, where e denotes the gauge coupling. This leads
to an IR Yang-Mills coupling

&
9ym — a2 (12)

Note that the couplings to gauge fields will generate di-
vergent corrections to relevant terms (such as ¢ and
¢?(9;¢ 0;¢)) in (3), which means that such terms should
be included in the theory. However, these quantum cor-
rections are highly suppressed, which is consistent with
technical naturalness. Naively, the gauge coupling breaks
any polynomial shift symmetries and one requires that

(e S egM?/3, (13)
Therefore,

1/2
oo s 0T (14)
€1
We would like to see how large a hierarchy can be set
up between the electroweak scale and a high energy nat-
uralness scale. We take the following numerical input
from the Standard Model,

To accommodate this set of values in (10a), (11) and (14),
we obtain the following conditions:
1/2 1/2
f&'o 1< (f&g) 7 0.1 < (f&o)
~ /4 ~ T 1/4
€1 1

<
1N 3/27
€1

(16)

Moreover, requiring that the Lorentz violations in (10)
be suppressed below the electroweak scale results in three
additional conditions,

2 3
13 E9€E E9E
Dcr, 2oy 20 (17)
=3 22 9/2

1 1 13

1

Note that the hierarchy between M and m is proportional

—-1/2 - . .
to g, /2. To maximize the hierarchy, we would like to
minimize £y9. As a consequence of the above conditions,

we obtain,

g0~ 1076, e~ 1074, 9 ~ 1077, (18)

with 10~% the minimal value for £y that we can achieve.
In this case, we have

% ~ 1073, (19)

opening up only three orders of magnitude. This is in
contrast to the capability of opening up 15 orders of mag-
nitude in the “10-20-30” model introduced in [6], in what
is basically a gaugeless limit (gyy ~ 10710).

The situation gets worse when we apply this construc-
tion to the actual Standard Model. First, to accommo-
date the observed W and Z masses, one needs a Yang-
Mills coupling of order gy, < 0.65 (instead of gypy ~ 0.1
n (15)). Second, in a theory with SU(3) gauge symme-
try, one needs to sum over all 8 gluons, which introduces
an extra factor 8 in relevant Feynman diagrams. Tak-
ing into account both of these effects further reduces the
available hierarchy and renders the naturalness scale to
be about one order of magnitude higher than the elec-
troweak scale.



B. Revisiting the gauge sector

An interesting possibility for suppressing the quantum
corrections to m? and ¢? from the gauge coupling is the
following. Due to the presence of higher-derivative terms,
covariantizing the partial derivatives in (3) results in a
number of different terms, which opens up the possibility
of cancelling the leading contributions to the Higgs mass
among these terms. For example, covariantizing (92¢)?
results in three independent terms, namely,

D2¢ D¢, D;D;j¢ D;Djg, D;D;¢ D;D;¢. (20)
Note that ¢ is now complex. We will however keep on us-
ing the same notation ¢ (and ® for low energy relativistic
observers) for the complex scalar field.

In the limit A3 — 0, since both the gauge coupling
and Yukawas have positive mass dimension, the short-
distance theory is super-renormalizable and the coupling
constants only receive a classical renormalization group
(RG) flow. Now, consider the corrections to m? com-
ing from integrating out gauge fields. We organize these
corrections in a perturbation series in e.

First, we consider just the contributions of the covari-
antized ((’“)i(’“)2¢)2 operators, to which we refer as the “(3-
operators”. Suppose that there exists a linear combina-
tion of the (3-operators such that the leading correction
to m? (of order £~*¢2e2M*/3) vanishes. Then, such a
condition will be preserved under the RG flow. This is
due to the fact that the marginal couplings in front of
the (3-operators only receive finite quantum corrections
that can be removed by introducing finite counterterms.

In the following discussion, we will assume that the or-
der £=1¢2e?M*/3 correction to m? can be made to vanish.
This assumption will be proven later in Section V. The
next-to-leading order quantum corrections to m? from
integrating out gauge fields now comes from two-loop di-
agrams of order €*2C3264M% ~ €7264M%, where we have
used (3 ~ 1.

What about the contributions from the (2-operators
in (20)? The leading contribution comes from a one-
loop diagram of order £~1¢(2e?M 3. Finally, the leading
contribution from the covariantization D;¢ D; of the c?
term 0;¢ 0;¢ is of order £~'c%e?, which is subleading to
the contributions from (;-operators. Thus,

dm? ~ max {6_264M%,€_1C2262M%} . (21)

Depending on the size of €2, one of these contributions
to m? from (3- or (s-operators may dominate [24].

We will estimate the size of €2 using the quantum cor-
rections to the ¢? term from integrating out the gauge
fields. The leading-order correction here comes from the
(3-operators and is of order €_1C§62M2/3 ~ (2 M2/3,
Therefore, in order that the condition ¢ ~ e M*/3 be
technically natural, we must have

(re? < ey M3, (22)

The inequality (22) turns (21) into §m? ~ 169 M?, where
we have used the hierarchy 1 < g3 from (7). For the
condition m? ~ g9 M? to be technically natural, we must
have

€162 S €0- (23)

In this scenario, the conditions on the &’s from the
first two inequalities in (16) remain the same. However,
importantly, the last condition in (16) is now modified to

_ e leq)/2
1071 = gy = = g E gz
Cc2 El

Given this new set of conditions, we can minimize ¢,
and thereby maximize the mass hierarchy, by choosing
the following set of values for the €’s,

g0 ~ 10714, g1~ 1078, g9 ~ 1076, (25)

Here, €5 is chosen such that (23) is saturated. Hence,
m
— ~ 1077 26
m 10 (26)

opening up 7 orders of magnitude between m and M.

Next, we turn on the A3 self-interaction in (3b).
Thanks to the nonrenormalization theorems proved in
[4, 11], Feynman diagrams that only contain vertices as-
sociated with the A3 self-interaction in ¢ do not gen-
erate any quantum corrections to m? or ¢?. However,
after covariantization, the A3 operator will give rise to
nonzero quantum corrections to m? via diagrams that
involve both ¢ and the gauge fields. This contribution
to m? is bounded from above by (=2\3e2M 3. Applying
(22) and A3 ~ &5 in (6), we find that, given the choices
of €’s in (25), the hierarchy in (26) is preserved.

It may seem surprising that we are free to choose the
marginal coeflicients in front of the (3-operators such that
the leading divergence in m? vanishes, without resorting
to any extra symmetries. However, it turns out that the
linear shift symmetry is sufficient to do the job. We can
see this as follows. Usually, a marginal self-coupling like
A3 is naturally of order one. Turning on such a marginal
coupling would cause the coefficients of the (3-operators
to run strongly, such that the initial choice of those (3-
operators is completely spoiled under renormalization. In
our case, however, the self-coupling A3 (and its quantum
corrections to other parameters) is protected to be very
small due to the linear shift symmetry. In this sense, it
is still the polynomial shift symmetry that protects the
smallness of m?, and this scenario is an example of how
naturalness can be “optimized”.

This method for opening up the hierarchy while keep-
ing the value of gy, ~ 0.1 requires us to be able to set the
couplings of the theory so as to set the order £~ 'e2M 3
correction to m? to zero, in absence of marginal interac-
tions. In the following sections, we calculate this order 2
correction to m? in the relativistic case, in nonrelativistic
scalar QEDs with z = 2 and z = 3 scaling and indeed



show that in the two latter cases, this correction can be
set to zero.

If we want to further increase the hierarchy between
m and M, it appears that we will need to set the lead-
ing correction to ¢? to zero. If this were the case, then
we would be able to set g9 ~ 107 '® and hence open
up a hierarchy of 9 orders of magnitude. However, we
will demonstrate explicitly that this is not possible. This
claim may sound surprising, since naively there is only a
single quadratically divergent (measured in momentum
scale) correction to ¢?. Nevertheless, in the nonrelativis-
tic case, as we will demonstrate in the paper, there exist
distinct contributions that are all quadratically divergent
by power counting. We will show that these cannot be
made to cancel among themselves.

C. Low-energy suppression of Lorentz violation

Finally, we would like to comment on the Lorentz sym-
metry restoration in the IR. We have required (17) such
that all Lorentz violating operators are suppressed. This
is however not sufficient for the Lorentz symmetry to
be recovered. In addition, we will have to require that
the speeds of light of different species of particles (col-
lectively denoted by ¢? in the following) be the same.
In the above construction, after turning on the universal
gauge coupling e, from the UV perspective, all ¢? receive
a quantum correction of the size £~1e2M?/3. This is the
largest quantum correction to ¢?. It is therefore techni-
cally natural to take all ¢ to be of the same order with

=0 M3 = O(e, M*¥/3). (27)

Hence, it is also technically natural to take the initial
condition that all ¢ are equal [25].

Does the matching condition among ¢? survive in the
IR? This question requires us to look into the logarith-
mic divergences and estimate the beta functions of vari-
ous c¢7. By dimensional analysis, the leading logarithmic
divergence is proportional to e, and hence the physical
values of ¢7 take the following form,

? = c2 4+ Cit7? e*log M + higher order terms,  (28)

where C; is an order one constant coefficient. We
have taken all ¢? to have the same initial value ¢z =
O(e1M*/3). From (28), we obtain the anomalous dimen-
sion for ¢

4
Vo2 = Ci€72e—2 + higher order terms = O(e; M%). (29)
5 2

To derive the associated beta function, we first define a
dimensionless coupling via

= pi M5 . (30)

Here, p; characterizes the importance of the ¢? operator
at the scale M. The beta function associated with ¢? is

defined as follows:

g= P (—é +%g) pi- (31)

T dlogM ~ \_ 3

The first term —4/3 comes from the classical dimension
of ¢2, which is common for all ¢?; the coefficient C; in
v.2 may vary for different ¢?. However, this species-
dependent part in the beta function is suppressed by a
factor of €1 < 1, as indicated in (29). Therefore, the
matching condition among ¢? is preserved in the IR up
to hierarchically small corrections of order &1 [26].

III. RELATIVISTIC SCALAR QED

We give a short review of the relativistic scalar QED
in 3 + 1 dimensions. We will use the mostly negative
signature, with the metric 1, = (+, —, —, —). The gauge
field A, 4 =0,1,---,3 is a one-form on spacetime. The
U(1) gauge transformation acts on A, in the usual way,

1
Oy = Ve (32)

We couple a complex scalar field @ to the gauge field in
a way that preserves the U(1) gauge symmetry, which
requires that ® transform as

O — e D, (33)

where g is the gauge coupling. The invariant action is
1 S _
s :/d4:v {~7FwF" + D3 D0 — m*T0
4
—A(@2)*}, (34)

where the covariant derivative D, = V, + igA,, with
g the gauge coupling and F},,, is the antisymmetric field
strength tensor F,, = V,A, — V,A,. We would like
to calculate the quadratically divergent correction to
the scalar mass squared due to the scalar-gauge interac-
tion by using the Coulomb gauge and the Lorenz gauge.
Working in different gauges provides us with a powerful
crosscheck of the results.

A. One-loop correction in Coulomb gauge

We calculate the one-loop correction to the mass
squared of the scalar field ® in the Coulomb gauge. We
start by expanding the gauge sector of the action (34) in
terms of its components Ay and A;,

1 v
-7 /d4x E,, F*

Sa

% /CZLI,T{AZAZ — 2A1V1A0 + VAoV, Ag

- VZ-AJ»VZ-AJ» + ViAjVin}. (35)



In Coulomb gauge, Ay is not dynamical and needs to
be integrated out in the path integral, which essentially
induces an instantaneous Coulomb interaction between
charge densities. Due to the presence of nonlinear terms,
it is more convenient to keep Ag in the path integral and
integrate it out as internal legs in Feynman diagrams.

Both the Coulomb gauge condition (V;A4; = 0) and
Gauss constraint (V;E; = 0, where E; = VgA; —V,;Ag is
the electric field) are second-class, which means that the
commutation relations should be given by the associated
Dirac brackets (up to a prefactor i). From the appro-
priately defined Dirac brakects, we derive the Feynman
rules for the propagators of the gauge fields:

k
AP ANANNONAN AY

7
Tk 0

AP (k) = < N (6“ B %)> . (36)

The time-like component (i.e., the A" (k) propagator)
does not have a physical pole. Since Ay can never be put
on-shell, it will only appear in internal legs of Feynman
diagrams.

On the other hand, the scalar part of the action (34)
is

i
k2+ie

Sp = / iz {D,;I) D'® — m?PP — A@@)ﬂ
- / d' [V, 8 V1D — ig A" (B V, 0 — @V, 8)
+ P A AMTD — TP — A@@)Q] . (37)

From the scalar action S¢, we derive the Feynman rules
for the scalar field propagator

and the gauge interaction vertices

Aulq)
Viu(g, k1 ko) = —ig (k1 — k2),, , (39a)
P (k)  P(k2)
Au(e)  Aulp)
Vi (p, @, k1, ko) = 2ig* . (39D)
D (k1) P (k2)

Since we are not interested in the IR behavior, we will
simply set m to zero in the following calculation; the inte-
grals are understood to be regulated in the IR, however.

At one-loop order, the contributions to the quadratic
divergence of the scalar mass come from the following
Feynman diagrams. As a convention, we define frequen-
cies and momenta in pairs, such as k = (w,k), p = (9, p)
and ¢ = (v,q). There are the “cog” diagram,

q=(v,q)
3(k) O(—k)
- % / (;ZT; V,uv(qv —q, ka _k) AM/(Q)

and the “sunset” diagram,

q=(v,q)
3(k) p O(—k)

d4q v
— / W Vﬂ(q’ k,p) AH (q) VU(_Q7 b, _k) A(p)

d* 2 1
_92/( q9 v 4o (41)

2m)1 ol @ + e
where contains subleading divergences. We have
set the external momenta to zero in order to extract the
quantum corrections to the nonderivative mass term.
The total leading divergence from both diagrams is

. o [ diq 1
il'a =3¢ / i (42)
As expected, Lorentz symmetry has been recovered.
Moreover, this result is nonsingular despite the fact that
A%(z) has no physical pole. In the sharp cutoff regu-
larization scheme, this integral is regulated in the UV by
introducing a cutoff M for the four-momentum ¢, with
0 < |g| < M, such that

“ooum

3
Lp=———g°M?. 43
AT T 16m2Y (43)

The A-term also contributes a quadratic divergence to
m?2, which is given by

1 2
Fo =~ g2V 44
Therefore, it is technically natural to take
m? ~ max{g? \} M2 (45)

This leads to the usual statement of the naturalness prob-
lem of a massive scalar: for typical values of g and A not
much smaller than 1, the Higgs mass m is naturally of
order M.



B. One-loop correction in Lorenz gauge

Next, we repeat the above calculation by applying the
Fadeev-Popov method. We apply the Lorenz gauge by
taking the following gauge-fixing functional,

flA¥] = v, A", (46)

The gauge-fixed action is the sum of the original action
S =S4+ S and a gauge fixing term S, ¢, which explic-
itly breaks gauge invariance. The gauge fixing term Sy f.
is
1
Sg.f. - _%
One also introduces ghost fields in the standard way. For
the U(1) gauge theory, the ghost fields do not contribute
to the Feynman diagrams. The choice of ¢ determines
the choice of gauge. For example, the Feynman-'t Hooft
gauge is given by £ = 1, and & — 0 gives the Landau
gauge. The Lorenz gauge propagator can be written as

L (V, A1) (47)

k
V. LEAVAVAV O VAVALY. 14
R T AP 1
A el L S v e (48)

The Feynman rules for the gauge interactions have
been given in (39a) and (39b). At the one-loop order,
we have the cog diagram

q
(k) (k)
4
= ;/(;ﬂ) V ( —q, kv_k) AMU(Q)
~76+9 [ G (49)
and the “sunset” diagram
.
(k) p b(—k)

4
_/(;l—)V (g, k,p) A" (q) Vi,(—=q, —p, —k) A(p)
e "

The sum over these contributions recovers the result
n (42). As expected, the gauge parameter ¢ drops out
of the sum.

IV. ARISTOTELIAN SCALAR QED WITH z =2
SCALING

In this section, we consider a slightly more complicated
theory in 3+ 1 dimensions around a z = 2 Gaussian fixed
point. This will help us build up useful intuition before
moving on to the even more complicated z = 3 scenario.

To distinguish from the relativistic case, we denote the
gauge fields by a, = (a0, a;), i = 1,---,3 in this section
and the next. The U(1) gauge transformations are the
same as in the relativistic case,

5&0 = lE7 5&1' = 1816 (51)
e e
Here, € is a dimensionless parameter. Around a Gaussian
fixed point with a dynamical exponent z, the engineer-
ing dimensions for time and space coordinates t and y
measured in energy are

¥ = (52)

Around a z = 2 Gaussian fixed point, the gauge action
is

1 1
S, = / dtd3y(§EiEz — 2GR OnF - 4caFUFU)
(53)

where E; = Fp;. In this normalization, the engineering
dimensions for ag and a; are

lao] = gv ai] = % (54)

Next, we construct the scalar action in the limit of zero

gauge coupling e — 0. The engineering dimension of the
scalar field ¢ is

9= (5)

In addition to the Aristotelian spacetime symmetries, we
also impose time reversal symmetry 7 : ¢t — —t, which
acts on the field trivially, and reflection symmetry in the
field ¢ — —¢. We consider the following scalar action
that preserves the constant shift symmetry:

Sovemn = [ty [oiG 000 - GO*G 0%
- 026i56i¢ ) (56)

with the engineering dimensions,
((1=0, [=1 (57)

With applications to the Higgs in mind, we also turn on
the nonderivative terms in Sg ¢=o in (56):

- /dt >y [m25¢ + Xo ($¢)2]7 (58)



which break the constant shift symmetry in the softest
possible way.
Let us then define the covariant derivatives Do and D;,
i=1,2,3 to be
Do = 0y + ieag, D; = 0; +iea;. (59)
There are three different ways of covariantizing 92¢ 9%¢:
D2¢ D*¢,

D;D;¢p D;D;¢,  D;Dj¢ D;D;¢. (60)

It is useful to note the following identities,
/ dtd’y D;D;¢ D;Di¢

:/dtd3y (D—%quﬁﬂeﬂjD—mDm) ;
/dtd3yDi—Dj¢DiDj¢

= / dt d*y (D—% D*¢ +icFi;Dip D¢ + %eQE-jE-jEcﬁ) :

Hence, we find a more convenient basis that is equivalent
(up to total derivatives) to (60):

__ o 1 _
D%$ D*¢, el D¢ D;o, §€2FijFij¢¢- (61)

In this basis, the Feynman rules are easier to deal with.
Finally, the covariantized scalar action is

So= [ dta’y [Dub Doo - D% D% - D Dio
—m*$p — Mo(¢9)* —iem Fi;Dip D;¢p
2
— S Fylof). (62)

From this scalar action Sy, we derive the Feynman rule
for the scalar field propagator

Alk) = w? — k|t — k|2 — m? +ie (63)

The theory is given by the action
S=5,+5. (64)

The coupling constants Cz2,a and (3 do not receive diver-

gent corrections. We will set C227a = (2 = 1. Moreover,

we will tune ¢2 and ¢? such that ¢ = ¢?; as argued in

Section II, there is no fine tuning required. Furthermore,
this allows for the emergence of Lorentz symmetry at low
energies and not just z = 1 scaling.

A. The gauge propagator

First, we focus on the gauge sector described by the ac-
tion (53). Instead of directly quantizing the theory with
the full action S' = S, + Sy, let us consider a simpler case
where the gauge field a,, is coupled linearly to a nondy-
namical external source J* = (—p, J*). We compute the
partition function,

Z[J] = /’DaH exp[iSa—Fi/dtd?’y(—pao + J'ay)

(65)
Requiring that the source term be gauge-invariant forces
the external source J* to be a conserved current, i.e.,

p—0;J" =0. (66)
In components, the action is
5 (1 1 2
Sa = dtd Yy EEZEl - ZﬁkF”(?kF” — ZFZJFZJ
1

5 /dt d3y {didi — 2a;0;a0 + (61-(10)2

+ ai(—62 + ci)(&ij62 — 61»8]-)(1]} . (67)

Here, 0% = 0;0;. We have kept the ¢2 terms for com-
pleteness of the formal discussion. It is convenient to
define

K =kv[k|?+ 2. (68)

We also define K, = (w,K) and K? = w? — |K|2.

The quantization in Coulomb gauge (with the gauge
condition 9;a; = 0) proceeds almost identically as for the
relativistic case, except that the dispersion relation for a;
is modified. In Coulomb gauge, the photon propagator
is

k
at "NNANNNAN g

s 0
Alélcl)ul(k) = (k i kik; ) . (69)
0 ®oge (%‘ - \kP)

In this simple case, it is more convenient to directly
eliminate the nondynamical field component ag by en-
forcing its equation of motion,

p = —0%ay. (70)

After eliminating a¢ and integrating out a; in the parti-
tion function, we obtain

Z[J] = exp {—% / dt Vcoul(t)} «

X exp [— / dry dy’ Ji(y) Ay — y’)Jj(y’)}

— e -1 [ duaty st - )00 @)



where Viooul (t) denotes the Coulomb potential energy as
in relativistic QED,

ty)pt,y')
Vooult) = [ dy ary 2L P(LY) 72
conlt) = [y aty BT ny
and in the frequency-momentum space we have

Iz o i _(|k|2 + CZ) 0
Berh) = T e ( 0 8ij )’ (73)

We have used the conservation law of current (66) to
derive (71).

In the z = 2 scalar QED that we are considering in this
section, there are nonlinear terms in ag and the scalar
field is also dynamical. It is more convenient to work di-
rectly with the singular propagator in (69) for loop cal-
culations.

One can set the first entry —(|k|? 4 ¢2) of the matrix
in (73) to —1 by taking a nonlocal field redefinition,

ag — /—0?+ 2 ay, (74)

resulting in

2 inwj
Al = i (75)

This is the analogue of the Feynman gauge in relativistic
gauge theories.

The analogue of the Lorenz gauge in relativistic gauge
theories for the Aristotelian case has been studied in [21—
23], which we briefly review here. We choose the follow-
ing nonsingular gauge-fixing functional,

f[a#] = éLO — (—82 + Ci) 816L1 (76)
The Fadeev-Popov action contains a gauge-fixing term,

St =5 [ty fla) = flad, ()

where Z is a dimensionful operator, [Z] = 1. Conse-
quently, we obtain the following gauge-fixed action,

Sa+Sg.f.
1 3 N (Moo Mo\ (ao
= §/dtd y (a0 @) (MOj M;j) \a; )’ (78)

where
B oo
MQO = = -0 N (79&)
a2, 2
Moi = 0;00 (1 - :— Ca) , (79b)
M;; = —056i;

It is convenient to choose
E=E(-0"+ch), (80)

where £ is a dimensionless gauge-dependent parameter.
Therefore,

0 — E(-0" + 3)0°

Moo = . (81a)

Mo; = (1=¢71) 000, (81Db)

M;; = [-0§ + (=0* + ¢2)0%] &;;
—(1-¢10,0;(-0*+¢2). (81c)

The nonlocal behavior of (8la) can be eliminated by
taking the field redefinition (74). Note that, after this
rescaling, ap and a; have the same scaling dimension,
i.e., lag] = [a;] = 1/4.

Inverting the matrix defined in (78), we obtain the
gauge propagator in the Lorenz gauge (with the choice
of E in (80)),

v —t (k> +c2) 0
Lorenz K2 +’L€ 0 _5ij
|k|2 + CZ w2 —wki
—(1-¢)—-— . (82
(1-¢) K2 +ie \—wk; kik; (82)

When ¢ = 1, the Lorenz gauge propagator reduces to
(73). Moreover, performing the field redefinition (74),
we obtain

ALY

Lorenz

(83)

-]

—1
_) [ e
K? 4ie K2 +ie
This is in complete analogy with the relativistic Lorenz
gauge propagator in (48), except that k, is replaced by
K, = (w,ky/[kP T ).

In the following, we will always perform the field redef-
inition (74), which will affect both the Feynman rules for
the gauge propagator and the vertices. We have derived
the corresponding gauge propagator in Lorenz gauge in
(83). In Coulomb gauge, the propagator (69) becomes

i 0
v K|?
Aléoul(k) = ( O‘ i 5 KK ) . (84)
e ( i~ W)

Formally, this expression looks very similar to (36) in the
relativistic case.

B. Feynman rules

In the rest of the section, we calculate the gauge field
one-loop correction to m? and ¢? in both Coulomb and
Lorenz gauge. Henceforth, we will set ¢, = ¢ = 0 and
m = 0 since these regulate IR divergences, whereas we



are interested in UV divergences. The three-point vertex
is given by

au(q)

= ieVH ((L kla k2)

(w2 —wi)ld]

— Ze(V(q, o) ), (85a)
a(kl) ¢ (k2)

where

V(g k1, k2) = (ki |* + [ko|*) (ko — k1)
+m[(q-ki)ks — (q - ko)ky].

We actually need two copies of this vertex evaluated with
specific momenta, V,, (¢, k, —¢—k) and V,,(—q, ¢+ k, —k).
One can easily check that these are in fact identical ver-
tices:

(85b)

V(Qa k, -9, _k) = V(_Q7 q+ k, _k)
= —laPa— [@-n)la*k+ (2 +m)a- k)]
~ [2IKPa+4a - kK| + O(kP). (86)

We will not actually need the full four-point vertex, but
just the one evaluated on the following specific frequen-
cies and momenta

au(q) av(—q)
= 22'62V#,,(q, k)
oo 2fla® 0
= 22@2 < 0 ‘/;7 (q7k)> R (873)
& (k) ¢ (—k)
where

Vii(q, k) = —qiqj — 4kik; — 2|Kk|*0;,

—m2(lal?di; — @iq5).  (87b)
Combined with the propagators in (75) and (83) and
the scalar propagator in (38), these suffice to calculate
the one-loop corrections to the scalar propagator in both
Coulomb and Lorenz gauge.

C. One-loop correction in Coulomb gauge

Let us first compute the one-loop correction to the
scalar propagator in Coulomb gauge. We will take a Tay-
lor expansion of the Feynman diagrams with respect to
the external momentum k and only keep up to O(|k|?).
This is sufficient for us to extract useful information
about quantum corrections to m? and ¢? in the scalar
sector. For our interest in two-point correlation functions
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at one-loop, it is always possible to use the conservation
law of momentum to write the Feynman diagrams in a
way such that only scalar internal legs contain external
momenta. Hence, our Taylor expansions will always be
taken with respect to the smallness of |k|/\/m as in [27].
In the following calculation, however, we will not write
out m explicitly.
In Coulomb gauge, the cog diagram is given by

q

o(—k)

1 dtq . 9 "
- 5 (277')4 2ie V,uu(Qa k) ACou](q)a (88)

where AP | is given by (84). This cog diagram requires
the trace of Vjj,

Vi(g k) = —(1+2n2)|q|* — 10[k?, (89)
and the combination
4iVija; 4(q - k)?
J2J :_|q|2_2|k|2_ ( 2)
lal lal

Since these expressions are eventually integrated over g,
and we are keeping only up to O(|k|?) (higher order terms
contribute UV-finite integrals), we can always replace (q-
k)? with 1[q|?|k[?. We indicate this replacement with the
symbol “—”. Thus,
qiVi;q; o 109
oy fqf? - K, (90)

and

qiq; 20
Vi) (8 — 28 )  ~omplal - . (o)

The cog diagram (88) evaluates to

T2 dv dq 2772|q|2—|—23—0|k|2 1
e [ o enp\ T 2 —lat )

We write this as

20
FCog = —27’]28211(2) — §€2j1(2)|k|2

. dv dq 1
2
_—— 2
+ie /27r (27r)3 |q|27 (9 )
where
7 Ei/ﬂ d*q_|aflq[*"") (93a)
" 2 (20 (2~ Jq)
dv d3q |q|4(n71)
@)= [ = . 93b
jn Z/ o (27‘1’)3 (VQ _ |q|4)n ( )



The sunset diagram is given by

o(—k)

d*q
= / 2n) ieV,(q, k,p)
x AéZuI(Q) ieVV(_qu D, _k) A(p)v (94)
This sunset diagram requires the square magnitude of V:
Vg, k,—q — k)|?

44 — 8my + 277%

=|q|4(|ql2+8q-k+ 3

k) + Ok
(95)
as well as the combination

N2
A ol [l + (a1 + 120kE] + O(KE).

Therefore,
qiq;
Vi(% - IQI2>V3
(@-V)?  8—8m +2nf
= |\/v|2 - |q|2 3 ! |q|4|k|2 (96)

The sunset diagram (94) evaluates to

dv d3q 1
.Fsunsc =¢? a_
! L= /27T(27r)3 1/2—|q—|—k|4><

2 8—8 on? 41k|2
[E1 3 v? —|q

where we have set the external frequency w to zero since
the correction to w? is finite. We must expand the prop-
agator when it multiplies 12 /|q|?:

1
V2 —|q+k[*
1 4|q*(q- k) + [q?|k[?
- 2 4 1+ 2 4
v? —|q v? —|q
Lq/|k[?

W] + O(|k[*). (98)

We will drop the O(]k|) term because it gives an odd
integrand and thus vanishes. We find

1—‘lsunsot = _62152)
10 34 — 8y + 2n? 16
—e (g + R g 27 ) [k
3 3 3
dv d3q 1
. 2
— i S 99
i | S G P (99)
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Combining (99) with (92) gives
I'= 1—‘lcog + Fsunsct
2
=~ [307% + (34— smu +20) 7P + 16747 | e
— (14 2m)e2T?. (100)

Taking into account the correction from I' to the scalar
propagator (63), the exact propagator is

)
2K~ 2kZ—m2+T

(101)

Therefore,

sm? = (1 + 2p)e*T ), (102a)

2
6’ = = (307 + (34— 8m + 2012) 77 + 16747
(102b)

Note that for n; = —1/2, the e? order correction to m?

vanishes. The linear divergence in dc? is conceptually
trickier to deal with and will be discussed in detail in
Section IV E.

D. One-loop correction in Lorenz gauge

In Lorenz gauge, the cog diagram in (92) evaluates to

il cog

3
:(32/@ d°q 1 »
27 (2m)3 v2 —|q|*

lal?(v? + ¢:Vijq;)
X [Vlf‘ -(1-9) V2 —|qf*
3
2m (2m)% v? —|q|*
10 k]
« {(1 + 202+ €)lal® + 10[k[* + (1~ 5)%}

where use was made of (89) and (90). Hence,

Teog = — (14 2 + )T
_ 10 5

3 BAY + (- 977K (103)
The sunset diagram in (94) evaluates to
T 7 2/d_1/ d*q 1 L
Pt T o 2 A Ja KT !
(Q"V,)?
V.V —(1-¢)—"|.
X |: H ( 5) 1/2 IR |q|4



Using (95) and (96), we find

AL
v? —|qf*
21— 8lal*(a-k) 44 —8n + 217 [a*k|?
T 3 2o
(104a)
@V
(v2 = la|*)?
|q|2[1 C8laP(a-k)  RlaPk | Pla°k? }
I/2 _ |q|4 V2 _ |q|4 (V2 _ |q|4)2
(104b)

Subtracting (104b) from (104a), multiplying by (98), and
plugging back into the expression for I'gynset gives

24— 8m + 207 + 106
3
16
_ ?€2L73(2)|k|2.

Tounset = £627(? 2757 k[

(105)

Adding this to (103) gives
I'= Fcog + I‘sulﬂset
o2
== (307 + (34— 8m + 2012) T + 16747 k|
— (14 2n2)e*T?. (106)

This is independent of £ and is identical to the Coulomb
gauge result (100).

E. Power law divergences in the Aristotelian
spacetime

In Section IV C and IV D we find that the leading quan-
tum correction to ¢? is given by (102b) in both Coulomb
and Lorenz gauges,

2 2
5c2 = % {15 TP 4 [13 +(m -2 72+ 8j§2)} ,
(107)
where
dv _d’q _|q/**""V
@ _, ¥ 108
T Z/ 27 (27)3 (V2 —|q|H)™’ (108)

as defined in (93b). All coefficients of j,§2), n=1,...,3
are individually gauge independent in (107). After Wic
rotating to imaginary time, we obtain

dv d*q |q
(2) — (_qyntt [ 22
jn ( ) / o (27’1’)3 (1/2 + |q|4)n’

|4(n—1)

(109)

which is linearly divergent in momentum. To define such
power law divergences, first we need to define how the
integrals are regulated in the UV. In a relativistic theory,
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space and time components are related to each other by
Lorentz boosts, and, consequently, the UV sharp cutoff
at a given energy scale A is uniquely determined to be
a round sphere of radius A, centered at the origin in
frequency-momentum space. In Aristotelian spacetime,
however, there is no prefered UV regulation scheme. In
general, a hypersurface in the v-q space that respects the
reflection symmetry v — —v and rotational symmetry
in q is a valid choice. Note, however, that in both the
Aristotelian case and in the relativistic case, the power
law divergences functionally depend on the cutoff. The
only subtlety in our case is a technical one: the functional
dependence is on the shape of the cutoff surface, rather
than just one scale.

Are there any universal relations among j,gQ)’s that
are insensitive to the detailed shape of the UV cutoff
surface? Interestingly, there is no such relation and j,?) ’s
appear to describe independent divergences, even though
by power counting they are all linearly divergent at the
z = 2 Gaussian fixed point.

With the explicit expressions of the integrals (109) in
hand, it is quite simple to see their sensitivity to the
shape of the UV cutoff. Let us take a simple example
and require the UV cutoff hypersurface in the v-q space
to be a cylinder, such that the integral (109) is defined
over the following domain,

{(V,q): —Q<V<Q,O<|q|<A}, (110)
where Q, A > 0. Around the z = 2 Gaussian fixed point,
we have [©2] =1 and [A] = 1/2. The integral in (109) over
the domain (110) can be performed analytically, giving

—)r 1 (T(5)T(n - 3)
23 { 9T (n)

Q3 > >

+ [QFI(%;'W 3 —%) —2,F (i,n; 5 —%)} },(111)
where o F} (a, b; ¢;d) is the hypergeometric function. In-
stead of working directly with hypergeometric functions,
let us focus on two asymptotic limits in which Jf) sim-
plifies:

(2)
In™ = i
_1yp(l
r(n FAL(Z)F(AL)\/Q_ 20 Q< A%

1 2n
A2 Q
T'(n) A - (47171)2(277,71) (ﬁ) SR V> AZ.

There are different limits that we take to push the UV
cutoffs to infinity, which define very distinct notions of
power law divergences. Here are several examples:

e First take 2 — oo and then take A — oo. Taking
the limit 2 — oo, we obtain

2) (_1)n+1ﬁ1" (n_ %)
T = 17T (n)

A, (112)



which is linearly divergent in A.

e First take A — oo and then take {2 — oo. Taking
the limit A — oo, we obtain

(O - D)

(2) —
In 1T () !

(113)

which is linearly divergent in /€.

Simultaneously take 2 and A to infinity along a
curve w = ak?, with a > 0 fixed. In this case, A
will be related to Q by Q = aA?. In this limit, we

obtain
@ _ 2= D+t /al(3)T(n — 1)
I =A 273 { 20 (n)
Oé[zFl (%7”; %§—042)

— 22 (%,n;%;—oﬁ)}}, (114)
which is linearly divergent in A and the coefficient
of this linear divergence is a-dependent.

It is clear that there are a priori no relations among

152)’s that are independent of how one chooses the UV
regulation. For example, using the UV regulation de-
scribed in (112), one finds j1(2)/J2(2) = —2, whereas
(113) gives Jl(Q)/JQ(Q) = —4/3. As a result, T should
be treated as unrelated power law divergences and need
to vanish individually for dc? to be hierarchically smaller
than e?M?/3. This is not possible in (107).

For logarithmic divergences, however, the relevant in-
tegral evaluates to a universal expression Clog(1/e),
where 1/e is the characteristic size of the integration
domain and the coefficient C' is independent of how
one chooses the UV regulation. This implies that the
beta functions for theories in the Aristotelian spacetime
around a Gaussian fixed point are still well-defined. Rel-
evant discussions about log divergences can be found in
Appendix A.

V. ARISTOTELIAN SCALAR QED WITH A z=3
SCALING

In this section, we consider the covariantization of the
complex scalar ¢ whose dynamics is defined by the action
(3), exhibiting a z = 3 scaling at high energies. Let us
start by setting the marginal coupling A3 to zero and
consider the following action,

Soama= [ dtdy[oiE 000 - G0.0°50,5%
— (30%00%6 — 0i9 0i — m*Gd — Mo ($9)°

We have seen in the previous section that there are three
different ways of covariantizing the (2 term. There are,
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however, fifteen ways of covariantizing the (3 operator.
To classify such operators, we first list all possible con-
tractions among the indices in the operators

Gijk = DiDjDk¢, @ijk = DlDJDk(b (115)
There are in total eleven different ways of contracting the
indices in ©;;;, and O,;1, seven of which are real,

01 =0%Ojx, 02=0,101;, (116a)
03=0%0ix, 04=0:1O1;i, (116D)
O5 =001, O6 =04 Ojj, (116¢)
O7=0,1iO ;. (116d)

There are eight more real operators that can be con-
structed from the remaining four contractions, namely,

Og = % (©ijkOjki + c.c.) =Re (0;40;1:) ,  (117a)

Oy = %( 8Ok + c.c) = Re (0:x0;1;) ,  (117b)
010 = 5 (Bruss + cc) = Re (Biuyyy) . (117¢)
O = % (Gi1iOkj; + .c.) = Re (01:0;;) . (117d)
Opp = % (©ijxOjki — c.c.) = —Im (O1kOjks) , (117e)
O3 = % (©iikOji; — c.c.) = —Im (0;1,01;) , (117f)
O = 5 (GiixOrj; — c.c.) = —Im (0:xO4;) , (117g)
O = % (©1:Okj; — c.c.) = —Im (G;4:04;;) . (117h)

Note that @ijk Oj1; and @ijk O}i; are complex conjugates

of each other. If one wishes, one can also rewrite the
above operators O; in a different basis in analogy with
(61) for the z = 2 case:

D:D; Drd D:D; Dy,
iFij (DiDy¢ DjDyo — c.c.)
ik Fjx (Di¢ DjD;¢p — c.c.)

This basis is easier to work with in general. However,
for the z = 3 case, the calculation is already quite in-
volved and we mostly evaluate the Feynman diagrams
in Mathematica, for which the basis given in equations
(116) and (117) is more systematic for keeping track of
all possible contributions (without duplicating or missing
any terms).

We are interested in the divergent quantum correc-
tions to ¢ and m? from the interactions between ¢ and
a,. Due to the presence of polynomial shift symmetries
around the z = 3 Gaussian fixed point, we can open



up a naturally large hierarchy among (3 ~ 1, (3 ~ &2
and A\g ~ g¢ (with the naturalness scale M set to 1 and
€0 K €2 < 1). In this case, the leading contributions to
¢ and m? come from the (3 term, as we have argued in
Section II. Hence, it is sufficient for us to focus on the
following terms in the covariantized action:

S¢_/dtdg}’(D—OébDO(b—imOi—"'), (118)
i=1

where
11
=g =1 (119)
i=1

and “---”7 includes all the other relevant terms. We have

normalized the spacetime coordinates and the field such
that (2 is 1.

We also assume that the gauge sector is around a z = 3
Gaussian fixed point. The gauge action is

1
Sa = /dtd3y|:§EzEZ
1
— 1 (B0 Fy0°F; + G L0uF0cF, + CAF, Fy) .

We take the field redefinition in analogy with (74),

ap — /0% — (3 ,0% + 2 ag. (120)
We also define
Ki = kg /I + B K2 + 2. (121)

Then, in Coulomb gauge with 0;a; = 0, the gauge prop-
agator is

Lz 0
A (k)= P (122)
Coul 0 i (6 _ Kin)
K21ic \%1 ~ TK]?

In Lorenz gauge, the gauge propagator is

KrKY
K2 + e

—1

Atorens () = T3

Lorenz

=g (12)

Again, since we are interested in the UV behavior, we
will simply omit the IR regulators Q%)a and c2, and the

integrals are understood to be regulated in the IR.
The leading corrections to ¢? and m? are

om? = 2|14 2(m + s+ )| T, (124)

with

d d3 4

27 (2m)3 V2 —|q[8’
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which is quartically divergent, and

502 = 12€2j3?3)
2
€ 3
+ 3 [114 + (24206 + Mo+ m1)> + (Mg + 7715)2} jz( )
e

V)

i 35+ 2(81, + 51y + 515 — 31, + T — 3
— 5777 — 27’]10 — 57711):| j1(3)7 (126)

with the integrals J7§3), n=1,---,3 defined to be

7® :z/d_’/ d*q g/ |
" 2m (2m)3 (12 — |q|%)

(127)

which are quadratically divergent. The Coulomb gauge
and Lorenz gauge give the same results (124) and (126).
It is also pleasing to observe that all coefficients in front
of j,§3), n=1,---,3 are gauge-independent.

Requiring dm? = 0 in (124) gives

142 (m +m3 +15) = 0. (128)

The relation (128) will necessarily require that 7y, 73
or 15 be negative, which may result in an unbounded
Hamiltonian (both from below and above) and the theory
may exhibit vacuum decay. However, if the theory is
sufficiently weakly coupled, then it is still perturbatively
stable around (a,) = 0 and (¢) = 0. This is precisely the
case here: both the gauge coupling e and the scalar self-
coupling A3 are very small, suppressed due to polynomial
shift symmetries.

There are no universal relations among J,g?’)’s, and
thus requiring 6c? = 0 in (126) will force all coefficients
in front of J,53) to be zero. This is however impossible,
since both the coefficients in front of j2(3) and Jg(3) are
positive definite. This is the reason why we can only
set the quartic divergence in m? to zero but not push it
further to set the quadratic divergence to c? to zero, as
discussed in Section II.

VI. CONCLUSIONS

This paper focuses on a series of toy models (scalar
QEDs) in which a single massive scalar is coupled to a
U(1) gauge boson in 3+1 dimensional Aristotelian space-
time. After reviewing the relativistic case (with z = 1
scaling), we study the scalar QEDs that exhibit higher
dynamical critical exponents with z = 2 and z = 3.

Around a z = 2 Gaussian fixed point, we consider
a super-renormalizable theory that is simple enough to
work with, but already exhibits intriguing novelties. In
contrast to relativistic theories, the existence of power
law divergences does not imply strong UV sensitivity; in-
stead, the sizes of quantum corrections can be suppressed
by invoking polynomial shift symmetries on the scalar
field. The absence of log divergences allows us to freely



choose the marginal parameters in the quadratic terms
without violating the principle of technical naturalness.
This opens up room for further suppressing power law
divergences in the theory.

We proceed with a systematic investigation of gauge-
fixing in Aristotelian U(1) gauge theories. We develop
the analogues of the Coulomb gauge and Lorenz gauge.
Working in both gauges gives a strong check of the results
obtained in this paper.

In relativistic theories, power law divergences of the
same degree are proportional to each other and their pro-
portionality factors are independent of the choice of UV
regularization. In Aristotelian field theories, however,
power law divergences develop a more refined structure.
Different loop integrals of the same positive superficial
degree of divergence are usually not universally related
to each other. This is not as surprising as it might sound:
since there is no boost symmetry in the Aristotelian case
that relates the UV regulators of frequency and momen-
tum (except that the scaling dimensions of the frequency
and the momentum are fixed with respect to the given
dynamical critical exponent z), divergences of a given
degree form a multi-parameter family, depending on the
UV energy scale, how the regulators of frequencies and
momenta are related, and the detailed expressions of the
loop integrals. Nevertheless, log divergences remain in-
sensitive to how one chooses the UV regulator, and thus
the universality of beta functions is preserved.

For power law divergences of a given degree to vanish,
all divergences of different types need to vanish individ-
ually. It is reassuring that all coefficients of these power
law divergences are indeed gauge independent, as we have
checked explicitly.

Finally, in the z = 3 scalar QED, we compute the
one-loop quantum corrections to the scalar propaga-
tor. While the leading e? correction to the scalar mass
squared m? can be naturally set to zero, there is not
enough room for further suppressing the speed term, even
in the presence of many free parameters. This is a direct
consequence of the refined structure of power law diver-
gences.

The study of the z = 3 scalar QED has direct phe-
nomenological consequences to the Higgs mass hierarchy
problem, if applied to the mechanism proposed in [6].
Cancelling the leading power law divergences in m? pro-
vides us with an opportunity to improve the naturalness
of the model: at least in this toy model, we can main-
tain a hierarchy of 7 orders of magnitude between m and
the naturalness scale M while keeping the Higgs quar-
tic self-coupling, the Yukawa couplings, and the gauge
coupling of the same order as in the Standard Model.
Our results are obtained for a simple model with U(1)
gauge symmetry but can be extended to the Standard
Model gauge group SU(3)c x SU(2)r x U(1)y, which
may weaken the hierarchy but should still allow a sizable
ratio M /m. Moreover, in this toy model, we have taken
the gauge couplings to be of order 0.1, which is realis-
tic in comparison to their Standard Model values around
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the electroweak scale. However, the hierarchy will be fur-
ther reduced if we enhance the gauge coupling towards
~ 0.65, the value relevant for the W and Z bosons. Fur-
thermore, the method proposed in this paper has its own
intrinsic limitation, due to the fact that one cannot fur-
ther suppress the speed term of the scalar. New ideas
will be required to push the hierarchy even further while
maintaining naturalness.

We only focused on the unbroken phase of the scalar
QEDs. One obvious future direction of study is to ex-
tend this to the broken phase and explore nonrelativistic
quantum behavior in the context of spontaneous sym-
metry breaking with gauge symmetries. Furthermore,
generalizations to nonabelian Yang-Mills theories would
be a final goal for us to determine whether or not our
mechanism is useful for addressing the Higgs mass hier-
archy problem in the Standard Model. This study is not
only relevant to Higgs physics as in our original motiva-
tion, but should also shed some light on the effective field
theory of inflation [28, 29].
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Appendix A: Universality of Logarithmic
Divergences

To illustrate the universality of log divergences, let us
focus on the following toy model of a single real scalar ¢
around a z = 2 Gaussian fixed point [4, 30, 31] ina 241
dimensional Aristotelian spacetime,

1 .
S = E/dt d*x {d)Q —(0%0)° — Poip0iep — %(81-(;581-(;5)2 :
This theory enjoys the reflection symmetry ¢ — —¢ and

the constant shift symmetry. At the z = 2 Gaussian fixed
point, X is classically marginal. The speed term with a ¢



coupling is the only relevant term. We are interested in
studying how integrating out higher energy modes affects
the running of the coupling A in the low-energy effective
field theory.

The Feynman rules of this theory are straightforward
to derive. The propagator is

e CILIN Alk) = ! Al
( )_w2_|k|4_02|k|2' ( )
There is also a four-point vertex,
k1 ko
ks ka
V(k:lv k?; k37 k4)

The one-loop correction to the coupling A comes from the
candy diagram,

1/du d*q
=- [ ——=X
2 ) 27 (27)?

X A(q) V(kla kQa q,

_Q) A(Q) V(k37 k4a —dq, Q)7 (A3)

where
Q= V+w +wq+ki +ko), (A4)

Evaluating the candy diagram in (A3) and then summing
over all channels give

O\2
[(k1 kg)(k3-k4)+(k1-k3)(k2-k4)+(k1-k4)(k2-k3)} Js,
(A5)
where
dv d’q Cli
Jo = — . A
N e D
Performing the Wick rotation v — iv, we obtain
1 lal®
J dlv|d . AT
2 = o 2/ | | |q|( 2+|q|4+02|q|2)2 ( )

We would like to show that Jy is independent of the
choice of how to regulate the UV. In Section IVE, we
introduced a cylindrically-shaped sharp cutoff. However,
there is one major drawback to this cylindrical cut: the
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sharp corners around the lids in a cylinder contribute
unwanted nonlocal terms to the log divergence.

In general, the UV cutoff can be parametrized as an
arbitrary hypersurface ¥ defined by

(71

02 A2 )
We require that v can be solved in this equation and one
can rewrite (A8) as

(A8)

V2 =02 [f(la*/A?)]?

with f being a positive definite arbitrary function. We
require that f be finite and f(z) =0 for x > 1.

Since we are only interested in the UV behavior of
the integral Jo, we are free to choose any convenient IR
regulators. For reasons that will be clear later on, we set
¢ — 0 but regulate the IR by introducing a sufficiently
small positive parameter € < 1 in the following way:

(A9)

V={a): eQf(la?/(A%) < ] < Q2 f(la*/A%),

0<laf <A}, (AL0)
which defines a compact domain for the integral Jo. To
perform the integral Jo, we take the following change of
variables,

ql?
A am
where €2 < z < 1 and 0 < y < x. This choice of IR
regulation does not affect the coefficient of the log di-
vergence, since the contribution from this region to Js
becomes negligible in the limit ¢ — 0. Finally, the inte-
gral Jo can be evaluated as follows,

W =2Qf(y/z), y=

y/z f'(y/=)

yv> T awy
2 47T2A2/ d,T/ dy szz

A4 oz f(y/z)? }

dx
47r2A2/ / 1+ 92 (A12)
where
u= gf(y/x) (A13)

We have implicitly required that f(x) is chosen such that
all integrals are Riemann integrable. Finally, we obtain
- 1
Jo = — log(1/e). (A14)
8
In general, with a different choice of IR regulator, the
singular term in Jy converges to (Al4) in the limit of a

zero IR regulator. For example, we can choose to keep ¢?
in (A7) as an IR regular, and take the integration domain



to be {(v,q) : —00 < || < o0, 0 < |q| < A}. Then, J,
is evaluated to be

4 1 o A+ VA2 +c2) A

27 8 & c VA2 + 2

After identifying € = ¢/A and taking the limit ¢ — 0, we
obtain

(A15)

1
Jp = P log(1/€) + O(e"), (A16)
™
which is consistent with (A14).
Plugging the value of Jo back into (A5), we obtain
the one-loop quantum correction to A and thus the beta
function

2
D9 o,

IN= Tlog(i/e) ~ 327

(A7)

Remarkably, this result is completely independent of the
detailed form of f [32]. Moreover, no relation between
the energy scale 2 and the momentum scale A is required.

The same argument also applies to other log divergent
integrals (n =1,2,---),

_ Ut a*"?
= J, el
= (—1)”M log(1/e). (A18)

472T(n)

Nevertheless, for power law divergences, as shown in Sec-
tion IV E for a different example, this is not the case.

Appendix B: Bounds on Nonrelativistic Dispersion
Relations

In this appendix, we discuss the general method of
applying bounds on Lorentz violations in experiments,
which may be useful for testing the phenomenological
viability of our proposal of nonrelativistic short-distance
completion of the Higgs in the future. Reviews of Lorentz
violation tests can be found in [33-35] and references
therein.

There are many ways in which Lorentz symmetry viola-
tion can lead to observable physical effects. For instance,
Lorentz invariance violating (LIV) terms can change the
kinematics of particle interactions and decays, lower or
raise the energy threshold of these processes, modify par-
ticle dispersion relations and even induce neutrino oscil-
lations (see [34] and references therein). The LIV terms
can be present in different sectors of a theory — gauge,
fermionic, scalar and gravity sectors. Lorentz invariance
is also intricately related to CPT invariance. Indeed, it
was proven that if an interacting theory violates the dis-
crete CPT symmetry, it necessarily violates Lorentz in-
variance [36]. However, Lorentz invariance violation can
happen with or without violation of CPT symmetry.
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The Standard Model Extension (SME) framework was
developed to explore systematically Lorentz violation
[37-41]. The SME is an effective field theory extension of
the Standard Model coupled to General Relativity with
all possible LIV terms. A tremendous amount of work
has been generated to classify and catalogue the con-
straints on all of these LIV terms using many experi-
mental tests (see [35], which is updated annually).

In the following, we will focus on a subset of these tests.
We consider mainly the tests that probe modifications of
particle dispersion relations due to LIV terms. In the
nonrelativistic short-distance completion of the Higgs we
proposed, we introduce CPT invariant LIV terms in the
scalar sector, i.e., the Higgs sector. Since the Higgs inter-
acts with the fermions and the gauge bosons, LIV effects
are communicated to these sectors as well.

The particle dispersion relation is often described in
the literature as a power series in the energy E of the
particle, e.g.,

E? ~ |p|*¢? , (BD)

00 k
E
1+ g s
k=1 ’ <MLIV>

from which the particle speed v(E) = 0F/J|p| can be
derived. Here, Myyy is the LIV scale. For s, > 0 (s <
0), the particle is superluminal (subluminal). The LIV
scales for different particles may differ. We will denote
by M,, My and M the LIV scales associated to gauge
bosons, fermions and the Higgs, respectively.

Experimental constraints on Lorentz violation in the
Higgs sector have been considered only recently using ul-
tra high energy cosmic rays [42]. In that work, the LIV
comes from a single dimension-4 operator. By requir-
ing that the cosmic ray particles (assumed to be pro-
tons) do not lose too much energy (e.g., through vac-
uum Higgs radiation), a constraint can be obtained on
this LIV parameter. The derivation of the constraint de-
mands going through the spontaneous symmetry break-
ing of SU(2), x U(1)y which is beyond the scope of this
paper and is left for future study. Therefore, we turn now
to experimental probes testing Lorentz violation effects
on the fermion and gauge boson dispersion relations.

There have been many tests of Lorentz violating effects
on the photon propagation from distant astrophysical ob-
jects, e.g., gamma ray bursts (GRB) [43-49] and active
galactic nuclei (AGN) [50, 51]. These look for a time-
of-flight difference between photons of different energies.
The idea of using gamma ray bursts to put constraints
on Lorentz violation was first raised in [52]. Using this
data (e.g., GRBs, AGNs), lower bounds on the LIV scale
My v can be obtained. Bounds on Myyv can then be
directly translated into bounds on the parameters of a
theory given the photon dispersion relation in the the-
ory. Therefore, we express the dispersion relation of the
photon as in (B1). Keeping only the first higher-order



correction to the photon dispersion relation,
E? = |p|* + Gl + O(IpI%)

~|pl2e? [1+ G B2 + O(BY)] . (B2)
where (2, = (3 ,/c*. In our model, higher-order disper-
sion terms for the photon are generated only indirectly
via interactions with other particles which themselves in-
teract with the Higgs (e.g., electrons) and are therefore
highly suppressed. Taking (2, ~ 1/M?2 we obtain the
photon dispersion relation '

E2 Bt
B = [pfe” [1 taE O (Vﬂ '

(B3)

The works [46, 48, 49] use GRBs to put a lower bound
on M, for a quadratic dependence of the photon disper-
sion relation. The most stringent constraints come from
[46, 48]. The constraints derived are of the same order
but the statistics were deemed insufficient due to the lack
of data in [46]. The recent study [48] of GRBs detected
by the Fermi Large Area Telescope sets 95% lower bound
on M, for superluminal photon with quadratic correction
of ~ 107 TeV (see Table IV of [48]). The exact value of
the lower bound depends on the GRB data and the anal-
ysis method considered. This lower bound on M, can

be directly translated into an upper bound on Q%)a if we
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assume that higher orders E™ /M for n > 2 are negligi-
ble. Note that to derive bounds from GRBs data, ACDM
is assumed. The same order-of-magnitude bound on M,
was found using observations by the MAGIC telescope of
photons from active galactic nuclei [50].

Fermions with a higher-order dispersion relation (with
the correct sign), and sufficiently high energy, will emit
Cerenkov radiation and rapidly lose energy [34]. On the
other hand, experiments have observed cosmic ray elec-
trons directly with energy up to 5 TeV [53] and indirectly
with energy ~ 100 TeV from X-ray synchrotron radiation
from supernova remnants [54, 55]. This suggests that
electrons cannot emit vacuum Cerenkov radiation below
100 TeV. A preliminary analysis in our model shows that
electrons with energy below a few hundreds of TeV do no
produce Cerenkov radiation. This is well above the cur-
rent bound set by direct observation and is borderline
with respect to the indirect bound. Note, however, that
our estimate is conservative and can easily be improved.

Lorentz violation in the fermionic sector can also be
probed, for example, by studying neutrino oscillations
in long-baseline experiments and time-of-arrival delay of
neutrinos emitted by astrophysical sources such as super-
nova explosions. In the work [56] the authors establish
limits on Lorentz violation for neutrino dispersion rela-
tions using neutrino data from supernova 1987a, data
from Kamioka II, Irvine-Michigan-Brookhaven and Bak-
san.
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