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A notion of localization of information within quantum subsystems plays a key role in describing
the physics of quantum systems, and in particular is a prerequisite for discussing important concepts
such as entanglement and information transfer. While subsystems can be readily defined for finite
quantum systems and in local quantum field theory, a corresponding definition for gravitational
systems is significantly complicated by the apparent nonlocality arising due to gauge invariance,
enforced by the constraints. A related question is whether “soft hair” encodes otherwise localized
information, and the question of such localization also remains an important puzzle for proposals
that gravity emerges from another structure such as a boundary field theory as in AdS/CFT. This
paper describes different approaches to defining local subsystem structure, and shows that at least
classically, perturbative gravity has localized subsystems based on a split structure, generalizing
the split property of quantum field theory. This, and related arguments for QED, give simple
explanations that in these theories there is localized information that is independent of fields outside
a region, in particular so that there is no role for “soft hair” in encoding such information. Additional
subtleties appear in quantum gravity. We argue that localized information exists in perturbative
quantum gravity in the presence of global symmetries, but that nonperturbative dynamics is likely
tied to a modification of such structure.

I. INTRODUCTION

A key question in quantum gravity is what mathematical structure underlies the theory. This is important for
understanding how quantum gravity matches onto the familiar structure of local quantum field theory (LQFT) in
the weak-gravity limit. It is also important for understanding the role of basic information-theoretic questions about
the theory, which have been the subject of much recent discussion. To take an example, there is much discussion
about entanglement entropy. However, as is emphasized for example in [1], any entanglement structure is relative to

a subsystem structure, and without specifying such subsystems, ambiguous. Likewise, important questions surround
transfer of information, particularly in trying to understand how black hole evolution can be unitary.1 But, a clear
description of transfer of information is also based on defining subsystems between which information is transferred;
one needs to understand where information is located to describe how it is transferred.
While any subsystem structure is foundationally important, it is often taken for granted that such a structure

exists, or, alternately, sometimes assumed that such a structure is emergent, e.g. from entanglement as in [6, 7]. In
contrast, we feel it important to ask the question of whether giving a fundamental description of this structure –
which is poorly understood in gravity – is an important aspect of arriving at a complete quantum theory of gravity.
In general, this question is closely tied to that of describing the nature of the degrees of freedom and localization
properties of information of a theory, and the symmetries of a theory place important constraints on such structure.
Indeed, in the LQFT limit, subsystem structure plays a foundational role in the theory. In LQFT, subsystems are

most precisely described[8] in terms of subalgebras of the algebras of observables, associated with open regions of the
spacetime manifold. The key property of locality – a cornerstone principle of the theory – is specifically input as
commutativity of these subalgebras.
Such subsystem structure plays a key role in describing physics. One example is in treating observation, where

one would like a clean division between “observer” and “observee” subsystems. In fact, it is hard to see how to give
any complete description of physics without some such structure, providing such clean separations. This point has
been stressed by no less than Einstein, who for example in [9]2 described the importance of this local separability in
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formulating and testing physical law.
Despite appearing to be a key concept, the question of subsystem structure is apparently remarkably subtle in

gravity. In finite quantum systems, subsystems are easily defined in terms of factorization of the Hilbert space into
tensor products. As we will review, already in LQFT this is problematic due to the infinite entanglement inherent
in the continuum theory. However, there one can base a definition on subalgebras, as just indicated. But, quantum
gravity – if it matches onto perturbative general relativity in the weak field limit – lacks an obvious subalgebra
structure that corresponds with that of LQFT in the weak gravity limit, due to the need to gravitationally dress
operators to satisfy the constraints[11, 12].
After reviewing these points, we will investigate another closely related notion of subsystem structure in LQFT,

the notion of a splitting – a kind of regularized factorization of the Hilbert space – and then turn to the question
of finding similar structures in gravity. As a prelude, we first describe what we call “split structures” in quantum
electrodynamics (QED). Here, the nonlocal structure of the gauge field does allows us to asymptotically determine
information about the matter within a region, in a fashion similar to gravity. However, as we show, the information
that can be determined asymptotically is limited to that of the total electric charge. This also addresses the question
of soft hair and charges in QED, which have been explored in this context of having asymptotic dependence on such
local information[13–15], and apparently provides a counterargument. This raises the question of whether one can
determine the information content of a region via measurements of its gravitational field outside this region. We
show that at least in the perturbative and classical theory, the answer is no, in general one can only measure the
Poincaré charges of a localized distribution, and this establishes the classical existence of such split structure. Put
differently, at least if one restricts to classical gravitational fields, there can be localized information in gravity, or
localized “gravitational qubits.” While the quantum situation is more subtle, and full treatment is deferred for future
work, we also see that if global symmetries are present, these can result in such split structure – or “local qubits” – in
the perturbative theory. We close by discussing the non-perturbative situation, where arguments have been given for
an origin of “gravitational holography[16–18]” in the constraints. There, despite finding a close link between unitary
evolution and gravitational nonlocality, we do not yet find an independent description of either.

II. APPROACHES TO DEFINING SUBSYSTEMS

Given the importance of defining subsystem structures in order to describe physical processes and their observation,
we would like to understand how to think about subsystems in a quantum theory of gravity. We begin by recalling
analogous definitions for simpler systems.

A. Tensor factorization

For quantum systems with finite-dimensional Hilbert spaces, a standard definition of subsystem structure is given
by providing a tensor factorization of the Hilbert space, e.g.,

H = H1 ⊗H2 , (1)

with the tensor factors H1 and H2 corresponding to the distinct subsystems. Then, for example, notions such as
entanglement of joint states of these subsystems, or information transfer between them, can be simply defined with
respect to this subsystem decomposition. The same kind of structure can be used for locally-finite systems, e.g. lattice
models where we can think of associating factor Hilbert spaces to lattice sites.
In continuum quantum field theory, the problem of defining subsystems becomes more subtle. In general, if we

consider two adjacent spatial regions, the Hilbert space does not correspondingly factorize as in (1). This is a generic
property of continuum field theories;3 while technically it is known as the type-III property of the von Neumann
algebras acting on their Hilbert spaces, practically it can be understood as arising from the entanglement of adjacent
degrees of freedom arbitrarily deeply into the ultraviolet, in states that have ultraviolet behavior like that of the
vacuum. Conversely, an attempt to define unentangled states of the form (1) for adjacent regions produces infinite-
energy states resulting from ‘breaking’ all this entanglement. (Such states have been seriously considered as physical
states for black holes, and called “firewalls”, in [4].) This failure of factorization is directly seen in the generic UV
divergences that are found in quantum field theory (QFT) when computing the entropy of any region.

3 See [19], and for reviews and further references [8, 20]; also see [21].
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B. Commuting subalgebras

To avoid this problem, a QFT definition of subsystems can instead be based on the structure of the algebra of
observables, as in [8]. Specifically, associated to each region of spacetime is a subalgebra of observables supported on
that region, and the subalgebras associated to spacelike-separated regions commute. These commuting subalgebras
can be though of as providing a definition of subsystems; notice that in the finite case the decomposition (1) also
implies the existence of such subalgebras.
The problem of defining subsystems becomes considerably more subtle for gravity. While we do not presently know

the full description of the degrees of freedom of gravity, in the low-energy limit this should match onto a weak-field
description given by perturbative general relativity, whose gauge symmetries are the diffeomorphisms. This theory
shares with more typical QFTs the problem of defining a Hilbert space factorization (1). While one doesn’t expect
the weak-field description of gravity to be valid arbitrarily far into the UV, there do not appear to be any obvious
clues from the UV structure of gravity about how to define such a Hilbert space factorization. And, when one instead
considers the algebraic approach, one sees that the problem is worse than that of field theory. Here, unlike in QFT,
gauge invariant observables cannot be localized within definite regions of spacetime, and so one does not have an
obvious definition of subsystems via commuting subalgebras.
This behavior can be seen directly by working perturbatively in Newton’s constant G, in the weak-field regime.

Operators that would be localized in the QFT description – such as a scalar field operator φ(x) – must be “gravita-
tionally dressed” in order to become gauge invariant[11, 12, 22]. Once dressed, the support of the resulting operators
generically extends to infinity, as shown in [12]. Such operators will not commute at spacelike separation, obstructing
a definition of subsystems associated to finite neighborhoods of spacetime. Indeed, there are arguments that the
problem is even worse[22, 23], since there is even an apparent obstacle to restricting the gravitational dressing to
definite infinite neighborhoods extending to infinity.
This problem appears to be present in any proposed theory of gravity that matches onto general relativity in the

weak field limit, and thus these statements appear to be highly constraining. Very plausibly, these aspects of the
Hilbert space structure and/or algebraic structure are intrinsic to the fundamental structure of quantum gravity, and
thus need to be better understood. Alternately, one might consider the possibility that quantum gravity emerges from
a more basic structure that behaves like local quantum field theory, or something very similar to it. But, in that case,
a key question is how the kind of algebraic structure just described could emerge in the weak-field or long distance
limit; this in fact appears to be a strong set of constraints on any putative theory of emergent gravity. (See [24], and
for closely related comments [25], and references therein.)

C. Split structures

If an algebraic definition of subsystems of gravitational systems cannot be given that matches onto the QFT
definition of a subsystem in the weak-field limit, an alternative to investigate is whether there is a weaker mathematical
structure that provides a definition sufficient for purposes of physics. For example, one problem with an algebraic
definition stems from the fact that a high power of an operator creating one particle can create many particles, which
will then have a strong gravitational field spanning an increasingly large region. A possible weaker definition of a
subsystem structure is to specify instead a set of states that differ within a region, but which are indistinguishable by
observables outside that region. This does not necessarily imply either a tensor or algebraic factorization, but does
imply that information outside the region is independent of information contained within the region.
We first outline the description of such structure in a non-gauge field theory with field φ and Hilbert space H.

This description is based on the split property4 of the operator algebras associated with sufficiently well-behaved
field theories. Consider a spatial neighborhood U in flat spacetime; there are commuting subalgebras AU and AU ′

associated with this neighborhood and its complement. However, as noted above, this does not imply a factorization
of the Hilbert space. For example, the vacuum |0〉 has infinite entanglement of degrees of freedom arbitrarily close to
the boundary of U .5

But, suppose we are given a “thickening” of U , Uǫ, which extends it outward by a characteristic distance ǫ. Then,

4 See, e.g., [8], and references therein.
5 In fact the type III property is much stronger than simply infinite vacuum entanglement. More precisely, the algebra of observables in
a finite region in quantum field theory is believed to be a type III1 von Neumann algebra. For any state on this algebra the modular
operator, which in the algebraic setting plays the role of the density matrix, has a continuous spectrum that includes all positive real
numbers.
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the split property tells us that there is a state where degrees of freedom in U and U ′
ǫ are disentangled. Specifically,

there is a state |Uǫ〉 such that for x ∈ U and x ∈ U ′
ǫ,

〈Uǫ|φ(x)φ(x′)|Uǫ〉 = 〈0|φ(x)|0〉〈0|φ(x′)|0〉 , (2)

with this relation extending to more general operators supported in U and U ′
ǫ. The state |Uǫ〉 may be written in terms

of a unitary operator U(Uǫ) acting on the vacuum,

|Uǫ〉 = U(Uǫ)|0〉 ; (3)

for free fields U(Uǫ) is expected to be a Bogoliubov transformation. Then, consider states obtained by acting with

the operators in AU on |Uǫ〉. These will be indistinguishable by operators of AU ′

ǫ
. Specifically, if |ψ,Uǫ〉 and |ψ̃, Uǫ〉

are two such states, and A is an operator in AU ′

ǫ
, then

〈ψ̃, Uǫ|A|ψ,Uǫ〉 = 〈ψ̃, Uǫ|ψ,Uǫ〉〈0|A|0〉 . (4)

Thus we have a Hilbert space HUǫ
⊂ H of states associated to Uǫ that “look just like vacuum” to an observer outside

Uǫ.
6

One of the goals of this paper is to investigate whether such a weaker notion of subsystem – based on a this kind of
Hilbert-space structure – is possible in gravity. More colloquially, this is a question of whether there can be localized
qubits in a gravitational theory – that is, can we associate some information to a given region (qubit in “up” or
“down” state) without that information being accessible outside that region?
We will initially explore this question in the weak-field, perturbative, limit, by investigating what information is

available to an observer outside a given region who has access to field observables, including those of the gravitational
field, outside the region in question.
The discussion of this paper has an apparent connection with the soft-hair story, being pursued by Strominger and

others[13–15]. Specifically, that story investigates an infinite number of conserved charges present at infinity, in either
gauge theory or gravity. An important question, then, is whether knowledge of all those charges implies complete
knowledge of the state; if so, that is an important constraint, which may for example help with the unitarity problem
for black holes. These soft charges are examples of quantities that may be measured outside a region, in an attempt
to determine the state inside.
We next make the preceding discussion more concrete, working perturbatively in a weak field expansion, or expansion

in G. We can illustrate some of the considerations by first comparing with the case of QED.

III. SUBSYSTEMS IN QED

A. Algebraic definition

Suppose that we consider a spatial neighborhood U , and wish to define a subsystem associated to that neighborhood.
In QED, there is a subalgebra of the algebra of observables that creates excitations localized in U . For example,
consider the electron field operator ψ(x). This is not gauge-invariant, and must be dressed to provide a gauge-
invariant operator. There are many choices of dressing – essentially differing by choices of the radiation (source-free)
electromagnetic field; one choice is

ΨΓ(x) = eiq
∫
Γ
Aψ(x) (5)

where Γ is a curve running from x to infinity. This operator will be invariant under gauge transformations,

ψ(x) → e−iqΛ(x)ψ(x) , A→ A− dΛ (6)

for Λ(x) with compact support. ΨΓ(x) creates an electron, together with an electric “Faraday line” running along Γ.7

Thus ΨΓ(x) has noncompact support, and in general will not commute with other operators outside U . However, a
subalgebra of observables restricted to U can be found by considering instead operators of the form

W (x, x′) = ψ̄(x′)eiq
∫
Γ
Aψ(x) , (7)

6 The split property itself is somewhat stronger, and says there is a Type I factor with AU ⊂ F ⊂ AUǫ
. In other words, there is a

factorization H = H1 ⊗H2 with AU ⊂ B(H) ⊗ I and AU′

ǫ
⊂ I ⊗ B(H2).

7 While this field configuration is singular, due to restriction of the field lines to a single curve Γ, one may regularize by “thickening” into
a small tube surrounding Γ.
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where x, x′, and Γ (or, its thickened version) are contained in U . We can consider the subalgebra of operators with
support restricted to U , e.g. generated by sums and products of such operators, and the action of the operators of
this subalgebra on the vacuum |0〉 will create excitations which we can think of as “localized to U .” This provides an
algebraic definition of a localized subsystem in QED.

B. Split structure

We may alternately describe subsystems in terms of split structure on the Hilbert space, which also extends to
QED[26]. The QED case provides a paradigm whose extension to gravity we wish to explore, and also makes
connection with recent discussions[13–15] of “soft hair” in QED.
In line with the discussion of section II C, given a neighborhood U , we expect to be able to use a splitting associated

to an extended neighborhood Uǫ to describe a Hilbert space of states localized to U , which cannot be distinguished
by observables outside Uǫ. Specifically, if AU is the algebra of operators associated with U in the e = 0 theory, we
can consider the algebra ÂU of operators in the e 6= 0 theory which are dressings of the operators in AU . These will
not necessarily be localized to U , an example being (5). But we can also define the subalgebra ÂR

U of operators –
such as W (x, x′) in (7) – whose support is restricted to U .

Let us likewise define ÂR
U ′

ǫ

as the algebra of dressed operators with support restricted to U ′
ǫ. Then, if |Uǫ〉 is the

split vacuum associated to Uǫ, we have

〈Uǫ|AA′|Uǫ〉 = 〈0|A|0〉〈0|A′|0〉 (8)

for A ∈ ÂR
U and A′ ∈ ÂR

U ′

ǫ

. In particular, this means that the collection of states created by A ∈ ÂR
U acting on |Uǫ〉

are indistinguishable by measurements made with dressed operators outside Uǫ.
It is also important to consider elements in ÂU whose dressing extends to infinity. Acting on |Uǫ〉, these create

states which can be distinguished outside Uǫ – for example, the presence of the dressed operator (5) can be diagnosed
by its nontrivial commutator with the field strength operator Fµν which detects the field lines running out to infinity.
This raises the interesting question of how much information can be detected about states in U by measurements
conducted outside Uǫ. Can we, for example, detect the configuration of a collection of charged particles inside U?
The answer to the latter question is no; in general we can only detect the total charge. To see this, consider an

undressed operator that is a product
∏

i ψ(xi). This operator can be dressed as in (5) with a collection of Faraday
lines running from the points xi to a common point x0 ∈ U . The resulting operator is not gauge invariant at x0,
but that can be repaired by dressing the point x0 with an operator extending to infinity; this could be a Faraday
line like in (5) but with total charge matching that of the ψ(xi)’s, or alternately could be a dressing that creates a
Coulomb field with the corresponding total charge – for an explicit formula, see eq. (15) of [11]. Clearly the argument
extends to a product of ψ’s and ψ̄’s. So, an arbitrary operator in AU – creating a configuration of charged particles –
corresponds to a dressed operator in ÂU whose configuration outside U only depends on the total charge; we can also
alter the part of the dressing inside U to produce even more operators indistinguishable outside U . Put differently,
for arbitrary operators in AU , there is an algebra ÂS

U of “standardly dressed” operators, whose dressing outside U

only depends on the charge Q of the operator. If Aα, Aβ are two such operators with charge Q, and A′ ∈ ÂR
U ′

ǫ

, then

(8) becomes

〈Uǫ|A†
βA

′Aα|Uǫ〉 = 〈0|A†
βAα|0〉〈Q|A′|Q〉 (9)

where the state |Q〉 depends only on the standard choice of dressing outside U (e.g. Faraday, Coulomb, or other).
Thus, for any given Q there is an infinite Hilbert space of states localized to U , carrying that charge, which are
indistinguishable outside U .8 In this sense, one also has subsystems that carry a charge.

C. Relation to “soft hair”

There has been considerable recent discussion of the possibility that asymptotic gauge or gravitational fields carry
information about a localized state of particles, particularly through the existence of conserved “soft charges;” for a

8 One may alternately describe such states by acting with operators of ÂR

U
on a state of a given charged sector, deriving a statement like

(8); one can check that a dressing such as a Faraday line does not impede this. Also, notice that such states of course do not remain
indistinguishable outside U ; e.g. an initial dipole connected by a Faraday line will radiate as it transitions to a dipole field configuration.
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review with references see [15]. The preceding discussion sheds some general light on the association between such
asymptotic fields and the information content of a region, in QED.
Specifically, we have just seen that for a neighborhood U and any given charge Q, there is an infinite Hilbert space

of states which are indistinguishable by measurements of the electromagnetic dressing outside U . This means there
is an infinite amount of information that can be “stored in U” which is inaccessible outside. The soft charges are of
the form

lim
r→∞

r2r̂iEi(rr̂
j) , (10)

i.e. the asymptotic configuration of the radial electric flux. Clearly this is a special case of more general expressions
involving the field operator Fµν outside U , which are insensitive to the states of this Hilbert space.
There is a lot of information contained in the charges (10), and more generally in the configuration of the field

Fµν(x) outside Uǫ. To understand what this information describes, notice that the soft charges change if we change
the above standard choice of dressing, e.g. from a Faraday line to the Coulomb dressing. Such a change of dressing
corresponds to a change in the radiative part of the electric field – their difference is a field that is a homogeneous
solution of Maxwell’s equations[11, 27]. So, for a given collection of states with one dressing, we can add a radiative
field to produce another dressing. Evolved backward in time, this maps to different initial data on I− corresponding
to choices of different incoming radiative electromagnetic fields – but is not necessarily associated with the precise
configuration of the matter sourcing this field, aside from the information in the total charge.
So, in short, this demonstrates that the “soft hair” of QED is not associated with the state of matter in a region, aside

from its total charge, but is associated with the choice of radiative electromagnetic field that has been superposed on
that matter configuration.9 We can store an arbitrary amount of information in “electrically-charged qubits” within a
region (including inside a black hole), without that information being simultaneously accessible in the electromagnetic
field outside.

IV. SUBSYSTEMS IN GRAVITY?

A. Algebraic approach

We now turn to analogous considerations for gravity, for simplicity coupled to a single scalar field φ(x). The
operator φ(x) is not gauge-invariant, and must be dressed to provide a gauge-invariant operator. Again, there are
many choices of dressing – essentially corresponding to different choices of the radiation (source-free) gravitational

field. Working to leading order in κ =
√
32πG, one choice was given in [11],

ΦΓ(x) = φ(xµ + V µ
Γ ) , (11)

where V µ
Γ is an integral of an expression involving the metric over a curve Γ (taken in [11] to be parallel to the z axis)

running from x to infinity.10 This operator is invariant (to leading order in κ) under gauge transformations

δφ = −κξµ∂µφ , δgµν = −κLξgµν (12)

with ξµ(x) of compact support. This operator creates a scalar particle, together with a gravitational flux running
along Γ. Thus ΦΓ has noncompact support, and in general will not commute with other operators outside a region U
containing x.
But now in gravity there is no direct analog of the localized operators W (x, x′) in (7). In fact, the Dressing

Theorem of [12], prohibits the existence of such localized operators. This theorem shows that for any quantum field
operator localized to U , the dressing at leading order in κ must extend to infinity. The theorem formalizes the
more colloquial statement that one cannot screen the gravitational field. And, it precludes an algebraic definition of
localized subsystems: one does not find a subalgebra of operators localized to U which commutes with all operators
outside U . In fact, it appears that the situation is worse[22, 23]: while the operator ΦΓ is localized to a narrow

9 Related comments have been made previously in algebraic quantum field theory in [28], and in the context of the S-matrix in [29].
10 As in the QED case, such a line may be regularized by “thickening” it. In gravity it can be particularly helpful to thicken to a small

but finite angle. In fact, a particularly natural choice is a dressing thickened to subtend a small finite angle within a two-plane that
extends to infinity.
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neighborhood surrounding Γ which extends to infinity, we expect that in full nonlinear gravity, ΦN
Γ , for large N ,

affects a region that expands with N .11

Thus, gauge-invariant operators in gravity are intrinsically delocalized, and there is no clear algebraic notion of
subsystems which matches onto that for LQFT in the G → 0 limit.12 This suggests looking for a weaker notion of
subsystems in gravity. It is natural to inquire whether such a notion can be based on an analog of the split structure
described in the preceding sections.

B. Split structure

Specifically, let H be the full Hilbert space of the theory. If we choose a neighborhood U , we can ask if there
are Hilbert subspaces ⊂ H of states which are indistinguishable outside Uǫ. Note that in in order to discuss such a
construction, we work perturbatively about a fixed background metric.
From the preceding discussion, we already see that gravity has significant differences from QFT. Specifically, states

|ψ,Uǫ〉 like those of section II C, once dressed, will not produce vacuum correlators for observables outside Uǫ. There
are two reasons for this. The first is the Dressing Theorem: operators that would be localized to U in QFT must have
dressing extending to infinity, and this dressing will have measurable effect on asymptotic observables. Moreover,
even the “fundamental” split state |Uǫ〉 in the G = 0 theory (see (3)) is expected to produce measurable effect on

asymptotic observables, when generalized to a state |Ûǫ〉 at G 6= 0 which satisfies the constraints. This is because
|Uǫ〉 differs from the vacuum, hence has energy-momentum, hence leads to a non-trivial asymptotic gravitational field
once dressed.
This means that in gravity we inevitably face a problem analogous to that of the charged subsystems in QED –

excitations in a given neighborhood will generically produce nontrivial asymptotic fields, arising from the energy-
momentum distribution of the state.
We can then ask whether there is an analogous definition of gravitational subsystems, arising from a split structure

similar to that in (9). Given the algebraic problems arising from high powers of operators, it seems better to base this
directly on the structure of the Hilbert space, rather than attempting to define it algebraically. Specifically, given a
Uǫ, we can ask whether there are Hilbert spaces Hi

Uǫ
⊂ H such that observables outside, while they can distinguish

states |ψ,Uǫ〉 ∈ Hi
Uǫ

from vacuum, cannot distinguish states in Hi
Uǫ

from each other. Specifically, for any operator A′

localized outside Uǫ, and for any two states |ψ,Uǫ〉, |ψ̃, Uǫ〉 ∈ Hi
Uǫ
,

〈ψ̃, Uǫ|A′|ψ,Uǫ〉 = 〈ψ̃, Uǫ|ψ,Uǫ〉〈i|A′|i〉; (13)

compare eq. (9). In the expression on the right, the matrix element of A′ can be non-trivial, but only depends on the
label i of the Hilbert space Hi

Uǫ
, and not on which states have been chosen from Hi

Uǫ
. In the case of QED, the label

i was the charge Q. In gravity, at least classically we expect the label i might include the total energy contained in
the region; this total energy could be measured via the exterior metric, but we could ask whether there are multiple
states that are indistinguishable by such total energy measurements. Of course, other measurements involving the
exterior metric can also be made, and so it is a nontrivial question whether there are any such nontrivial gravitational
split structures. If there are, they will not just be characterized by their energy.
To investigate the possible existence of such split subsystems in perturbative gravity, we take an approach like that

for QED. Given the neighborhood U and a non-gravitational (G = 0) LQFT, there is a subalgebra AU of operators
with support in U that commute with the subalgebra associated with the exterior of U . If this theory is then coupled
to gravity, the operators in AU must be gravitationally dressed in order to be gauge-invariant. As in QED, this
dressing is not unique. Moreover, not all operators in AU have a consistent perturbative dressing; for example, some
operators will create states whose energy exceeds a bound given by the linear size R of U , GE & R, and clearly
are associated with non-perturbative gravitational fields.13 Let AU be such a set of perturbatively-dressed operators

that do not create strong fields. Then, we can act on a fundamental split state |Ûǫ〉 with any combination of such
operators that does not produce a strong field. This set of states gives a candidate Hilbert space of “weak gravitational

11 This behavior would be interesting to explore further.
12 Of course, if one had a description of the full Hilbert space for quantum gravity, one could formally define tensor factorizations or

operator subalgebras yielding formal subsystems. However, in general there is no reason for such a definition to match the familiar
definitions of subsystems that we use in LQFT in the G → 0 limit, and in particular to respect the localization properties of LQFT,
suggesting limited utility for such formal definitions.

13 This bound is the locality bound of [30–32], and in D spacetime dimensions becomes GE & RD−3.
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states” associated to Uǫ. We can ask whether this Hilbert space decomposes into smaller Hilbert spaces Hi
Uǫ

that are
indistinguishable outside Uǫ in the sense of (13). If so, this would show that information can be localized “inside U ,”
in a way that cannot be registered outside Uǫ – defining a notion of a split subsystem in gravity.
We would näıvely expect that at a minimum, the labels i include the different possible gravitational charges carried

by a subsystem; these are the momenta Pµ and angular momenta Mµν , generating the Poincaré algebra. These
quantities are measurable at infinity. An important question is whether there is such a division of H into split
subsystems, and what the full set of labels i is. If there is no such division, that indicates that all states can be
distinguished by measurements outside the region Uǫ, and thus that information is in this sense delocalized in gravity.
Checking this structure is more challenging for gravity than for QED; we first turn to a discussion of the dressing of
classical matter.

C. Classical subsystems in gravity

As a prelude to the quantum problem, this subsection will address the question of the analogous classification of
classical subsystems in gravity. Specifically, we consider the following question. Given a neighborhood U , are there
classical particle configurations in U that can be consistently gravitationally dressed, and for which that dressing does
not allow us to distinguish different configurations? We will show that the answer is yes, and that, analogous to the
case of QED, the dressing for a given configuration may be put in a standard form that depends only on the Poincaré
charges of the configuration.
Specifically, consider a classical energy-momentum distribution Tµν , localized to the neighborhood U . For simplicity,

we represent this as a sum over a discrete collection of point sources.14 The question is whether for such a configuration,
we can consistently find a (perturbative) gravitational field, whose behavior outside U just depends on the Poincaré
charges of the collection, similar to the QED case. If so, we have classical subsystems corresponding to different
configurations of particles with the same total charges.
The answer to this question is yes, as may be shown by a similar construction to that for QED. An essential role is

played by the constraints, which are the gravitational analog of Gauss’ law, and must be satisfied by consistent data
on a given time slice. Taking our initial data surface to be the t = 0 slice, the constraints are the linearization of the
Einstein equations G0µ = 8πGT0µ which take the explicit form

∂i∂jhij − ∂i∂ihjj =
κ

2
T00 (14)

∂j ḣij − ∂iḣjj + ∂i∂jh0j − ∂j∂jh0i =
κ

2
T0i,

where i, j = 1, . . . , D − 1 are spatial indices. These are the linearized Hamiltonian and diffeomorphism constraints,
respectively, and we want to determine whether they can be solved so that the field outside U only depends on the
Poincaré charges of the matter distribution within U .
To see the existence of such solutions, we will show as an example that there are solutions where gravitational lines

run from the particles of the distribution to a common origin within U , and that an appropriate field extending from
this origin then yields a gauge-invariant construction with field exterior to U only depending on the Poincaré charges.
We begin with a distribution corresponding to a pointlike particle of energy p0 at rest at a position ~r = rr̂:

T00(~x) = p0δD−1(~x− ~r). (15)

We can associate to this matter source a gravitational line solution which runs to the origin at x = 0, whose nonzero
components are given by

hij(~x) =
κ

2
p0δ⊥(~x)(r − x)θ(r − x)

(
r̂ir̂j −

δij
D − 2

)
, (16)

where here δ⊥ denotes the delta function in the (D−2) directions perpendicular to r̂. One way to derive this metric is
by considering the commutator of the linearized metric operator with p0V0, where Vµ is the gravitational Wilson line

14 As a technical point, we take the region U to be star-shaped: we assume that there exists a point, taken to be the origin, such that
the straight line connecting any point in U to the origin lies within U . This is because the gravitational Wilson line solutions we
will construct are most naturally defined on geodesics. While we see no obstacle to defining gravitational Wilson lines supported on
non-geodesic curves, we expect this to add additional technical complication that we wish to avoid.
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dressing of Ref. [11]. The fact that hij solves the constraints away from the origin then follows from the fact that the
constraints generate diffeomorphisms, and that the dressed operator is diffeomorphism-invariant. We can also check
the constraints (14) explicitly,

∂i∂jhij − ∂i∂ihjj =
κ

2

[
p0δD−1(~x− ~r)− p0δD−1(~x) + p0ri∂iδ

D−1(~x)
]
. (17)

and see that they are satisfied at ~x = ~r and everywhere else except for the origin.
At the origin, the violation of the Hamiltonian constraint has two terms: one proportional to the energy p0, and the

other proportional to the boost charge p0ri. With any collection of charges, we can simply take a linear combination
of fields of the form (17), and the violation will be proportional to the total energy and total boost charge:

P 0 =
∑

A

p0A, Ki =
∑

A

p0Ar
i
A (18)

where the sum is over particles. This violation may be remedied by providing another gravitational field with source
at ~x = 0. A simple example is to run a gravitational line, or lines, from ~x = 0 to infinity.
To construct such a solution, we can again make use of the dressings constructed in Ref. [11]. To cancel the effect

of a nonzero total energy, we can choose to concentrate the gravitational field to a line pointing along the positive
z-axis:

hij =
κ

2
P 0zθ(z)δ⊥(~x)

(
ẑiẑj −

δij
D − 2

)
(19)

where now ⊥ refers to the directions orthogonal to ẑ. This solution violates the constraint at the origin so that it
precisely cancels out the component proportional to P 0 in (17):

∂i∂jhij − ∂i∂ihjj =
κ

2
P 0δD−1(~x) . (20)

Similarly to cancel out a net boost charge Ki, we can add a solution

hij = −κ
2
θ(z)Kk∂k

[
zδ⊥(~x)

](
ẑiẑj −

δij
D − 2

)
. (21)

If the source has nonzero spatial momentum, we can solve the linearized diffeomorphism constraint by a similar
method. Consider a distribution with momentum pk concentrated at the point ~r:

T0k = pkδ
D−1(~x − ~r). (22)

The corresponding linearized solution to (14) is slightly more complicated, and is given by

ḣij = −κ
2

{
[
pkr̂

kδ⊥(~x) + (r − x)pk∂kδ
⊥(~x)

]
θ(r − x)

(
r̂ir̂j −

δij
D − 2

)

+ (p⊥i r̂j + p⊥j r̂i)
[
θ(r − x)δ⊥(~x)− r

2
δD−1(~x)

]}
, (23)

where p⊥ denotes the projection of the momentum perpendicular to r̂. Once again this solves the constraints away
from the origin:

∂j ḣij − ∂iḣjj =
κ

2

[
piδ

D−1(~x− ~r)− piδ
D−1(~x)− 1

2
(ripj − pirj)∂jδ

D−1(~x)

]
. (24)

The violation of the constraint equation now has two terms supported at the origin: one proportional to the momen-
tum, and the other proportional to the angular momentum.
Again, the constraints may be restored by adding a gravitational line from ~x = 0 to infinity. Suppose the configu-

ration has net momentum and angular momentum given by

P i =
∑

A

piA, Lij =
∑

A

(ripj − pirj)A. (25)
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To cancel the net momentum P i, the line may be taken along the positive z axis with the form

ḣij =
κ

2
θ(z)

[(
ẑiẑj −

δij
D − 2

)(
Pzδ

⊥(~x)− zP k∂kδ
⊥(~x)

)
+ (P⊥

i ẑj + ẑiP
⊥
j )δ⊥(~x)

]
. (26)

To cancel the net angular momentum Lij , we can add

ḣij =
κ

2

[
ẑ(iLj)

k − δij
D − 2

Lz
k

]
∂k

[
θ(z)δ⊥(~x)

]
. (27)

The resulting configuration of the gravitational field, consisting of the sum of (16) and (23) for each particle, plus the
sum of (19), (21), (26), (27) solves the linearized constraints everywhere.
The construction we have just given provides an example of the claimed classical field configuration: for any

distribution of matter within U , we may, by superposing the solutions we have just described, find initial data for
the metric such that the metric outside U depends just on the Poincaré charges of the distribution. Of course, there
will be different such solutions; for example, we expect that the asymptotic line dressings we have constructed can be
replaced by a linearized version of the boosted Kerr solution, which carries all the relevant Poincaré charges.15

D. Implications for classical hair, and the question of quantum split structure

Since for any matter distribution in U , a standard dressing may be chosen that depends just on the Poincaré
charges, we have a classical version of the split structure described in (13), with sectors labeled by those charges. This
also allows an analysis of the role of the BMS charges that is similar to that in QED. First, all matter configurations
in U with the same Poincaré charges will have indistinguishable standard fields outside U , and so in particular cannot
be distinguished by their BMS charges. However, one may choose different standard fields, by, e.g., switching between
the line dressings and the boosted Kerr solution. These will have different BMS charges. Since these fields have the
same sources, their difference is a pure radiation field. Thus, the data in the BMS charges corresponds to the choice
of boundary conditions on the radiative part of the field, but not on the matter configuration, and in particular there
is a large amount of information in the latter that is asymptotically undetectable in the classical theory.
If this classical statement provides accurate guidance to the quantum theory, that would indicate that information

in a given region, aside from the Poincaré charges, cannot be measured asymptotically, and in particular that BMS
charges don’t constrain such information. But, there are subtleties in the quantum case, and an important question is
to what extent the classical construction generalizes, so that there are charged sectors in the full (for now, linearized)
quantum theory that satisfy the condition for split structures, (13). From the quantum generalization of the preceding
analysis, we naively expect that the labels in (13) correspond to Poincaré representations and states within them.
Analysis of this question is in progress. A specific example of quantum states are coherent states created using dressed
operators (11) or analogs with different dressings. Interestingly, as we plan to describe in upcoming work, further
information can be determined about such states by measurements – external to the region U where the states are
supported – of correlation functions of products of the Poincaré charges. The situation for more general states is under
investigation. If there are such split structures in the quantum theory, that would appear to tell us that, at least in
the perturbative theory, information may be contained within a region without being visible or accessible from outside
– in particular through measurement of soft charges.

V. GLOBAL SYMMETRIES

Regardless of how the preceding question of the existence of split structures in gravity is answered in the full
quantum theory, there is a clear example of the existence of split structures in the perturbative theory, in the presence
of matter with global symmetries. Two important caveats which we will discuss below are that there are questions
about the existence of global symmetries in the full nonperturbative theory of gravity, and that if one considers the

15 We can likewise think of this result as a generalization of the Corvino-Schoen gluing theorem[33, 34] to the case of initial data with
sources, within the linearized theory. This theorem states that given vacuum initial data, new initial data may be found that agrees
with the original initial data in a compact region, but matches a standard solution – taken in [33, 34] to be the boosted Kerr solution –
outside a large enough radius.
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full nonperturbative theory, global symmetries don’t necessarily lead to the type of split structure described above.
Before addressing these, we describe how global symmetries perturbatively lead to split structures.
For a simple example, consider gravity coupled to equal-mass scalar fields φ1, φ2, related by an unbroken U(1)

symmetry. Given an open region U , let |Ûǫ〉 be a split vacuum, and consider dressed operators A1 and A2 built
solely from the fields φ1 or φ2, respectively. If these operators are identically constructed and dressed, they will be
related by the U(1) symmetry. We can then for example consider states |ψ,Uǫ〉 and |ψ̃, Uǫ〉 that are general linear

combinations of A1|Ûǫ〉 and A2|Ûǫ〉. Given any operator A′ outside Uǫ, these will obey a relation (13) which says

that A′ cannot distinguish the linear combinations in question. Put differently, we can think of the states A1|Ûǫ〉 and
A2|Ûǫ〉 as realizing a “qubit” whose state cannot be measured by operators outside Uǫ. For even more concreteness,
A1 and A2 could be taken to be dressed fields Φ1, Φ2 of the form (11), with either of the field operators φ1 or φ2
dressed by an identical Faraday line, or by another dressing such as the Coulomb dressing of [11].
While this example appears illustrative, the status of global symmetries and their charges in gravity is uncertain.16

A first reason for this is black hole evaporation, in which the Hawking radiation has no apparent reason to carry out
any global charge of the initial black hole. If this extends to virtual effects, for example virtual black holes, such
effects would generically violate any global symmetry. Alternately, it has been argued that a quantum treatment
of gravity may include spacetime wormholes[36], and if so, global charge can be carried away, and thus violated
for our spacetime, by those wormholes. Finally, if string theory is nature’s theory of quantum gravity, it has been
argued in [37] using world-sheet methods that there are no continuous global symmetries. Nevertheless, we regard
the question of global symmetries as open, pending better understanding of the nonperturbative structure of gravity,
and in particular the explanation of how the theory can be unitary. It is interesting that global symmetries provide a
clear perturbative example of split structure, though the situation potentially changes in the nonperturbative theory,
as we discuss next.

VI. MEASUREMENT VIA NON-PERTURBATIVE GRAVITATIONAL TRANSLATION?

The preceding section has argued that global symmetries – should they exist in the full non-perturbative quantum
theory – lead to examples of split structures in the perturbative theory; our earlier discussion raised the more general
question of existence of split structures in the perturbative theory. The present section will explore an important
question regarding whether such structures persist in the full nonperturbative theory.
For a concrete example, consider dressed fields Φ1(x), Φ2(x) like we have just described; if the U(1) symmetry

persists nonperturbatively, these lead to states perturbatively indistinguishable outside a neighborhood U containing
x. However, this is not so nonperturbatively. This arises because in gravity, translation operators can be formed from
the fields outside U . Specifically, spatial translations are generated by the ADM momentum

Pi = − 2

κ

∮
r2d2Ωr̂j

(
ḣij − ḣkkδij + ∂ih0j − ∂jh0i

)
(28)

which is supported at infinity and translates fields through its action on the dressing[11]. So, for example, if U is
centered on x = 0, the operator

e−iaiPiΦ1(0)e
iaiPi = Φ1(a) (29)

can be translated to an a arbitrarily far outside U . This in principle allows us to distinguish the states Φ1(0)|Ûǫ〉 and
Φ2(0)|Ûǫ〉 via observables “outside U :” for x′ outside Uǫ, there are clearly operators A(x′) such that a combination of
operators completely localized outside Uǫ distinguishes these states:

〈Ûǫ|Φ1(0)e
iaiPiA(x′)e−iaiPiΦ1(0)|Ûǫ〉 6= 〈Ûǫ|Φ2(0)e

iaiPiA(x′)e−iaiPiΦ2(0)|Ûǫ〉 . (30)

Examples for A(x′) are the individual currents φα∂φα, with α = 1 or 2, or their dressed versions. One might even
anticipate that this kind of construction could distinguish states inside a black hole – effectively the translation
operator Pi can be viewed as translating the observable into the black hole, and then back out, or translating the
black hole interior to the observation point x′, then back.

16 For one further discussion, see [35].
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However, this argument that one can observe information in a region from outside that region relies on the non-
perturbative structure of gravity. Indeed, one first indicator of this is the 1/κ in (28), showing that the translation
operator is not perturbatively defined. Because of this, Pi acting on a dressing V µ

(1) that is first order in κ, like those

given in [11], gives a zeroth order shift:

e−iaiPiV j

(1)(x)e
iaiPi = V j

(1)(x) + ai , (31)

so

e−iaiPiφ(x + V(1)(x))e
iaiPi = φ(x+ a+ V(1)(x)) 6= φ(x + a+ V(1)(x+ a)) . (32)

To shift the operators Φ(x) a finite distance, as needed to move them outside the original region U , as in (30), one
needs the full non-perturbative (all-orders) dressing V µ(x).
The all-order quantum operator Φ(x) = φ(x+V (x)) is found by solving the nonperturbative version of the constraint

equations G0µ = 8πGT0µ to all orders in the quantum theory. This is equivalent to having the full non-perturbative
evolution of the system, since the µ = 0 constraint contains time evolution. Thus, while it appears that formally we
have the ability to determine the information content of a region from outside that region in gravity, that rests on
the assumption that we have already found the full non-perturbative unitary evolution. Of course, the latter problem
is particularly difficult, given the challenges to unitarity inherent in non-perturbative gravitational phenomena, such
as black hole formation. But, once we have solved the full problem of non-unitary quantum evolution, it appears
that we could have such “non-local” access to information, and in this sense non-perturbative departures from split
structure. However, given this non-triviality it is not clear how such statements of a possible origin of “gravitational
holography” [16, 17] can lead to an explanation for the mechanism behind such unitary evolution. Put differently,
while there appears to be a link between nonlocality and unitary evolution in gravity, it is not yet clear that we have
a more basic explanation of the reasons for either of them, that may be used to deduce the other.

As this paper was being finalized, a related paper [38] appeared, making similar points about soft hair not con-
straining information content of a region.
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