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ABSTRACT

We construct a relation between the Aretakis charge of any extreme black hole and the
Newman-Penrose charge. This is achieved by constructing a conformal correspondence
between extreme black holes and what we call weakly asymptotically flat space-times. Under
this correspondence the Newman-Penrose charge of the weakly asymptotically flat space-
time maps on to the Aretakis charge of the extreme black hole. Furthermore, we generalise
the conformal isometry displayed by the extreme Reissner-Nordstrém solution to a novel

conformal symmetry that acts within a class of static STU supergravity black holes.



1 Introduction

The horizon of an extreme black hole is unstable under scalar perturbations [1-4]. More gen-
erally, at least for the case of extreme Reissner-Nordstrom (ERN) and extreme Kerr black
holes, the horizon is also unstable under massive scalar, electromagnetic and linearised grav-
itational perturbations [5-7]. This instability is due to the existence of conserved charge(s)
on the extremal horizon—the Aretakis charge(s).

Beyond the calculational intricacies, our aim in this paper is to understand why such
conserved charges exist on the extremal horizon; say as opposed to bifurcate horizons, where
Aretakis charges do not exist. If we consider, for example, the ERN or extreme Kerr black
holes, apart from the associated Aretakis charges on the horizon there exist another set of
conserved charges, namely the Newman-Penrose (NP) charges [8] that are defined at future
null infinity, which is strictly not a part of these space-times.! In fact, for any asymptotically
flat space-time (see e.g. [9]), there exist NP charge(s) at its future null infinity.

Unlike the Aretakis charges, the existence of NP charges is not so surprising. In fact we
would expect such charges to exist from a physical point of view, given that asymptotically
flat space-times are defined precisely such that there is a notion of approaching “flat space-
time” at large radial distance away from the gravitational source of interest. Since conserved
charges exist in flat space-time, it is reasonable to expect that they will exist at future null
infinity [10] (see also [11]).

For scalar perturbations on the ERN background, it has been shown [6,12] that there
is a simple bijective map relating the Aretakis and NP charges. The existence of such a
map is due to the fact that the ERN metric displays a conformal isometry, generated by a
spatial inversion that interchanges the extremal horizon and future null infinity [13]. The
massless scalar wave equation is conformally covariant on a Ricci scalar-flat background.
Therefore, as future null infinity maps on to the horizon under the spatial inversion, so do
its NP charges map on to the Aretakis charges of the horizon.

The above argument provides an attractive explanation for the existence of Aretakis
charges. However, the conformal isometry at the heart of this explanation is a rather special
feature of the ERN black hole. Such an isometry does not exist in more general situations.

For example, the extreme Kerr black hole does not have such a conformal isometry [13]. 2

! This is fortunate, because otherwise the existence of NP charges would lead to an instability of asymp-

totically flat space-times.
2Although, an axially symmetric scalar field propagating on the extreme Kerr(-Newman) background

does display such a symmetry [12]. This is closely related to the fact that the radial equation displays such
a property [13].



Furthermore, the argument for the existence of Aretakis charges associated with a massless
scalar field for general extreme black holes [3,5] does not preclude non-asymptotically flat
extreme black holes. Such space-times have no NP charges. Hence, an argument of the
form above, relating different charges in the space-time to one another, is impossible here.

In this paper, we aim to study the relation between Aretakis and NP charges in a more
general context. Throughout the paper, for lucidity, we confine ourselves to four dimensions
and massless scalar perturbations. These restrictions do not affect our main results, which
will follow through, almost trivially, for higher-dimensional space-times, as well as to other
conformally-covariant fields.

We find that a more general class of solutions, the 4-charge static extreme STU black
holes, also exhibit a kind of conformal symmetry of the type exhibited by the ERN black
hole, albeit of a more general type. Under a spatial inversion, analogous to that performed
in [13] for the ERN black hole, we find that a general 4-charge STU black hole maps on to
a space-time that is conformally related to another such STU black hole but with different
values for the charge parameters. Thus, while the transformation does not amount to an
isometry, there is an intriguing symmetry within the class of static 4-charge STU black
holes which means that the Aretakis charges of one black hole are related to the NP charges
of another, and vice-versa. For a subclass of the 4-charge black holes, where the charges
are set pairwise-equal (which includes the ERN black hole as a special case), we find that
there is indeed a symmetry enhancement to a conformal isometry.

Motivated by the above observation for ST'U black holes we relate, via a spatial inversion,
any extreme black hole space-time and its Aretakis charge(s), to a weakly asymptotically
flat space-time and its associated NP charge(s).  If one makes the fall-off conditions for
certain metric components slightly stronger, weakly asymptotically flat space-times reduce
to asymptotically flat space-times in Bondi coordinates.

In section 2, we review the construction of the NP and Aretakis charges. In section 2.1,
we derive the NP charge for weakly asymptotically flat space-times. This result emphasises
the fact that NP charges do not only exist for asymptotically flat space-times, but also
for more general space-times. In section 2.1.1, we show that for stationary spherically-
symmetric space-times one has a hierarchy of NP charges and complements a similar result
by Aretakis regarding stationary spherically symmetric extreme black holes [3]. In section
2.2, we review the construction in [5] of the Aretakis charge using Gaussian null coordinates

introduced in the vicinity of the horizon [16]. We rederive the first Aretakis charge of the

3Note that our definition of weakly asymptotic has no relation to the usage in [14,15].



ERN black hole as an example.

In section 3, we consider a class of static (extreme) black hole solutions of STU super-
gravity, namely a four-charge family that includes as a sub-class the one-parameter ERN
family. We find a novel conformal symmetry under spatial inversion, whereby the hori-
zon of a particular solution with given parameters maps on to the future null infinity of
another solution with related, but different, parameters, and wvice-versa. If we specialise
to a two-parameter subclass, by setting the four charges pairwise equal, we find that the
conformal symmetry enhances to a conformal isometry. The ERN black holes are contained
as a special case within the pairwise-equal class, in which all the charges are set equal. In
contrast to the four-charge solutions, we find that no such generalised conformal symmetry
exists for the most general eight-charge dyonic static STU black holes, the details of which
are given in appendix A.

In section 4, we derive the main result of the paper: we find a conformal correspondence
between weakly asymptotically flat space-times and extreme black holes. First, we write
the extreme black hole metric in Gaussian null coordinates, which can always be chosen in
the neighbourhood of the horizon. In these coordinates, the horizon corresponds to the null
surface » = 0. We then perform a coordinate transformation, which includes the spatial
inversion  — 1/r. We identify the resulting metric as being conformally related to a space-
time whose metric is naturally written in Bondi coordinates—a weakly asymptotically flat
space-time. Since the original metric was valid in the neighbourhood of {r = 0}, we expect
the weakly asymptotically flat metric to describe a space-time for which we can choose
asymptotic coordinates (i.e. coordinates valid for large r), such that the metric coincides
with that of the weakly asymptotically flat metric for large . Moreover, note that the weakly
asymptotically flat space-time we obtain via this map will not be Ricci-flat. However, it
will be asymptotically Ricci-flat.

The results of section 2.1 guarantee the existence of NP charges for weakly asymptoti-
cally flat space-times. Thus, this correspondence maps the NP charge(s) of the associated
weakly asymptotically flat space-time to the Aretakis charge(s) of the original extreme black
hole under consideration. In section 4.1, we make this map between the Aretakis and NP
charges precise for the massless scalar, and we consider the ERN black hole as an example.
It should be stressed that the associated weakly asymptotically flat space-time has no di-
rect physical significance. The construction merely highlights the correspondence between
Aretakis and NP charges.

We end with some discussions in section 5.



2 Conserved charges at null infinity and the extremal horizon

2.1 Newman-Penrose charge

In this section, we derive the well-known Newman-Penrose (NP) charge [8] for a massless
scalar field at future null infinity. The existence of a boundary that can be identified with
future null infinity necessitates that the solution be asymptotically flat. Thus, NP charges
are generally defined for such space-times. However here we slightly weaken the definition
of asymptotic flatness, and show that NP charges can nevertheless still be defined. The
main reason for doing this is that later we will need a notion of an NP charge for such
slightly more general space-times. Another motivation for this exercise is to highlight the
fact that NP charges arise in this more general context, and they are not merely tied to the
notion of asymptotic flatness.

We define a weakly asymptotically flat space-time as one for which Bondi coordinates

[17,18] (u,7,2') can be introduced, such that the metric takes the Bondi form
ds? = —Fe®du® — 2¢* dudr + r*hyy (dz! — Cdu)(de” — C7du), (2.1)

with the metric functions satisfying the fall-off conditions

: 1\ - F I N Y - VA |
Jim 7(F —=1) = Flu,2%),  lim 778 = f(u,27),
ILm rCT = O (u, 2", li)m r(hry —wry) = hry(u,zb), (2.2)

at large r, where the 2-dimensional space has the metric wr; with coordinates z!, and is
assumed to be compact.

The differences between weakly asymptotically flat and asymptotically flat space-times
are two-fold. First, for asymptotically flat space-times, wy s is the metric on the unit round
2-sphere. Here, we assume only that wy s is a positive-definite metric on a complete compact
2-manifold. Moreover, our assumption about the fall-off for C! at large r is weaker than
that for asymptotically flat space-times, for which it is required that

lim r2C! = C!(u,27). (2.3)

r—00

We can always choose a gauge in which
h = det(hry) = w((r)?, (2.4)
where w = det(wyy) and ((r) is some function of  such that

lim r(¢ — 1) = constant. (2.5)

r—00



Note that, we could of course, eliminate { by redefining r. However, for later convenience
we choose to fix our gauge as in equation (2.4).

We now show that this more general class of space-times, which includes asymptotically
flat space-times as a strict subset, contains an NP charge for a massless scalar field at future
null infinity, which we define to be the surface r = ¢, ¢ — oo.

Consider a massless scalar on the above background, satisfying

0,0 = =0 (V=94 ) = 0. (26)

ﬁ

We assume the fall-off condition

lim (r¢p) = W (u, 21), (2.7)

r—00
at large r. Using the fact that, with respect to coordiantes (u,r, x! ),
0 -1 0
gy =|-1 F —c’ (2.8)
0 oIl e2BhIJ/7,2
and that
V=9 =712((r) eV, (2.9)
equation (2.6) reduces, at leading order as r — 0o, to

¢

w

2
—0u[0p(r*¢) ¥ + 2r2¢ 0,1 — %af [V Clo.y] +

Note that the second term, which involves C!, would drop out for asymptotically flat space-

or[e* Vuh!?94] =0.  (2.10)

times. Multiplying equation (2.10) by r and taking the limit » — oo gives

Tlgglo {—7‘28u [20,(rY) + ro.C Y] + %81 [Vw (wIJ8J¢ - TQC’I@T¢) ] } =0. (2.11)

Now, integrating this equation over the compact space at infinity, whose metric is wyy, we
find that the second set of terms, which do not involve a u-derivative, reduce to a boundary
contribution, which can be discarded. Thus, we have a conserved charge at future null

infinity that is given by
Hyp=—lim [ dw 72120, (r) + ropC 1], (2.12)

where dw = /w da!.
As mentioned earlier, we can always choose a gauge in which ¢ = 1. In this gauge, the

NP charge reduces to
Hyple=1 = — lim / dw 2120, (r). (2.13)
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Note that this charge does not depend on the specific features of the space-time and it is
therefore universal.

If we assume that the scalar field is analytic in 1/r, and so it admits an expansion

()
vy B, (2.14)
n=1

the Newman-Penrose charge reduces to

Hyp =2 | dwy®, (2.15)
SZ

2.1.1 Example: Spherically symmetric case

For the case of spherically symmetric backgrounds, one has a hierarchy of NP charges. A
similar result also holds for Aretakis charges [3]. Given a stationary spherically symmetric

space-time, one can choose coordinates {u,,, ¢} such that the metric takes the form

ds®> = —F(r) du® — 2dudr + ¢ (r) dQ?, (2.16)
where
i 1) =M i 1) =M
Tli}rgo r(F—1)=FY, Tlgglo r(¢(—1)=¢". (2.17)

The scalar wave equation (2.6) on this background reduces to
>y [27»% Byt + 8, (r2C) z/}} + 0, (r2¢ F0,) + A¢p = 0, (2.18)

where A is the scalar Laplacian on the unit 2-sphere.

In order to proceed further, we assume an analytic expansion for the scalar field,

S
b= W (2.19)

n=1
as well as for the metric functions F' and (. We emphasise that this assumption is not
essential (see [3]). However, we do so to make the appearance of the hierarchy of NP
charges clearer.

Substituting the expansion (2.19) into the wave equation (2.18) gives
= 1
> = {0u[2n¢ v = (020, ¥ + nn — 1) CF ™ + A
n=1

~(n = 1[0V} = 0. (2.20)
From this, we can extract a hierarchy of equations labelled by a positive integer n:

T, =0, (2.21)



where .
T, = 0, <Z ol® zp(i)) n(n— 1)+ Alp™ + Z I (2.22)
=1
(i)

with ay,’ and ﬂ,(f) being certain functions of the metric components, which we leave implicit.

For n =1, we have

20, (v + lim (29,Q) w1V + Ay = 0. (2.23)

Integrating this equation over the sphere, we obtain the NP charge (2.12) that we derived
more generally in the previous analysis.
For general n > 1, multiplying by the spherical harmonics Yy ,, with £ = n — 1 and

integrating over the sphere gives

n+1 n—1
/ o Yt { o <Z o) w)) 30 w“)} _o, (2.24)
=1 =1

where we have used the fact that

[ oY A =—t(e+1) [ doYins (2:25)

for any function f. Hence, the only obstacle to obtaining an extra (2n — 1) NP charges at
each level n is the second set of terms. However, these terms can be iteratively rewritten
to be of the same form as the first set of terms in (2.24), by making use of the lower-order
equations T}, = 0, p < n. For example, we show how one can deal with the (n 2 1/1(”_1)
term in equation (2.24). Multiplying equation T;,_; = 0 by Y,,_1 ,, and integrating over the

2-sphere gives
n ) ' n—1 ] .
/ dw Yo 1m {au (Z ol w“)) +5 89, W} =0, (2.26)
i=1 i=1

where ﬂ(n 2 = —2(n—1) # 0. Therefore, this equation allows us to rewrite equation (2.24)

n+1 n—2
/dw Yo 1m {au (Z ald) W) +) B zp@} =0 (2.27)
=1 =1

with &Sf ), 57(12) some functions of the metric components. Moreover, using equation 7;,_o = 0,
we can rewrite the i = (n — 2) term in the second set of terms above in terms of lower-order
terms and other terms of the form 9,(...). Following this prescription down to equation

T; = 0 gives a set of (2n — 1) NP charges for each n:



where
n+1

Cnom = /dw Yn—l,m ZGS) 7/}(2) (229)
i=1

for certain constants an ) that are determined by implementing the above iterative procedure.
Note that

a"t) = op, (2.30)

Therefore, unless ¢ = 0 and an) P& =0 for all i < (n + 1), which would not occur in

a generic case, we have

Cnm # 0. (2.31)

2.2 Aretakis charge

In this section, we rederive the result [3,5] that all extreme black holes admit a conserved
quantity, associated with a massless scalar test field, on the horizon. Assuming that the
horizon is Killing, one can introduce Gaussian null coordinates (v,r,z!) in the vicinity of

the horizon (the surface = 0), such that the metric takes the form [16]

ds* = L(z)?| — r*F(r, z)dv® + 2dvdr} +y1g(r, x) (dml —rhi(r, a:)dv) <dm‘] —rh’(r, x)dv),

(2.32)
with F(r = 0,27) = 1. The timelike Killing vector field is
0
kE=_— 2.
5 (2.33)

in these coordinates. Moreover, we are guaranteed the existence of a rotational Killing

vector field [19] (see also [20]), which we take to be

0
= __ 2.34
m 99 (2.34)
with ¢ = z!. Furthermore, we assume that *
lim 7~ 1h% = h2(z?). (2.35)

r—0

Now consider a massless scalar field 1 on this background, well-behaved on the horizon,
obeying

Oyt L2/7 g aw) — 0, (2.36)

-

4In fact, we can assume the slightly weaker condition that lim,_o h? = 0.



where « is the determinant of the 2-dimensional metric v7;. Using the fact that

0 1 0
(L*¢™) = |1 »2F 0! |, (2.37)
0 ThI L271J

where /7 is the inverse of 477, equation (2.36) reduces on the horizon r = 0 to

% (0,120 + B, y0] + 05T 0) + B [VALA00] L =0, (239)

where we have used the fact that k& and m are Killing vectors, and so the metric components
do not depend on v and ¢, as well as the fall-off condition (2.35). Integrating this equation
over coordinates z! with measure /7, we identify the second and third set of terms, which
do not involve v-derivatives, as total derivative terms. Since the horizon is compact we can
disregard these terms, which leaves us with a conserved quantity, the Aretakis charge, on

the horizon:

H pretakis = h_% / d962\/’_}’ [2 87’¢ + %87’ log’ﬂb] . (239)

2.2.1 Example: Extreme Reissner-Nordstrom solution

The ERN metric can be put into the form (2.32) by redefining r in the standard metric

— M)

2
ds? = 7"2 dv? + 2dvdr 4 r2dQ?, (2.40)

where dQ? = d6? + sin® 6 d¢?, as follows
r— M + M?r, (2.41)

so that the horizon is now at r = 0.> This gives

2
ds? = M? _(1‘:7]\47’)2(12}2 + 2dvdr | + M?(1 + Mr)2d0?. (2.42)

Comparing with metric (2.32), we have
L=M, F=Q0+Mr)2 hnl=0 =M1+ Mr)sin?6. (2.43)
It is now simple to show, using equation (2.39), that the Aretakis charge for the ERN black

hole [1,2] is ©
H pretaris = 2M? lim [ dw (8,9 + M1)). (2.44)

r—0 S2

®Note that the new radial coordinate has dimensions of inverse length. This is done in order to be

consistent with the assumed form of the metric in (2.32), where the function F(r,x) is dimensionless.
6The form of the Aretakis charge in Refs. [1-3] is slightly different from that here. This is simply due to

the different coordinate systems used. Here, we have shifted the horizon to r = 0.
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3 Extreme black holes in STU supergravity

The existence of conserved charges was an unexpected property of extremal horizons. For
the case of the ERN solution, at least, the existence of Aretakis charges has been successfully
understand [6,12], in terms of NP charges, using the Couch-Torrence conformal isometry [13]
that interchanges the horizon, on which Aretakis charges are defined, and future null infinity,
on which NP charges are defined. Unfortunately, such a conformal isometry does not exist
for general extreme black holes, such as the extreme Kerr black hole. We shall deal with
the general case in the next section. For now, in this section, we present a slightly more
involved Couch-Torrence-like conformal relation that takes a particular solution within a
family of extreme solutions to a different solution within the family. For a sub-family of

solutions among these examples, the conformal relation in fact enhances to an isometry.

3.1 The static 4-charge black holes

Here, we shall consider 4-charge static black holes in ungauged four-dimensional STU su-

pergravity.” The relevant part of the bosonic Lagrangian is
4 . .
L=v=g|R- 309721 " FFE,], (3.1)
i=1

where the vectors @; characterising the coupling of the three dilatons ¢ to the four gauge
fields obey the relation
a; - Eij = 452']' —1. (3.2)

In a convenient choice of basis they are given by
(_il = (17171)7 62 = (17_17_1)7 63 = (_1717_1)7 64: (_17_171) (33)
The extreme static black-hole solutions are given by

1. .
ds? = —H Y24t + H'Y? (dr® + r2dQ?) e 2% = H; H Y4, (3.4)
A= (1 —-HYadt,
where

4
H=]]&, H1:1+%. (3.5)
=1

The charge parameters ¢; should all be non-negative in order to have a black-hole solution

with no naked singularity, and an event horizon at r = 0.

"See also [21,22].
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We can define Eddington-Finkelstein coordinates u and v in the standard way:

u=t—r,, v="t+r,, T*E/ VH(r')dr' (3.6)

in terms of which the static black-hole metrics become

ds®> = —H Y2 du? — 2dudr + HY/? r2d0?
= —H Y2 dw? + 2dvdr + HY? r2dQ? . (3.7)
The explicit expression for r, is complicated in general.

The scalar wave equation [y = 0 becomes

1

1 2 771/2 2
1 2 771/2 1 2 1
0= 20,0, + —5—> e Oy (r* HY?) 0ptp + SO O (r* o) + e A, (3.8)
where A is the scalar Laplacian on the unit 2-sphere.
3.2 Inversion and conformal symmetry
If we define a new radial coordinate
r= Q—2 , where Q* = Hq,- , (3.9)
" i
it is easy to see that the metric becomes
2
2 Q.
ds* = ﬁds , (3.10)
where
d5® = —H Y2 dt? + HY? (d7% + 72 d0?) (3.11)
~ ~ ~ Gi Q2
H=][H, where Hi=1+=, §=".
; T di

Thus the metric written in terms of the 7 radial coordinate is conformally related to a metric
of the original form, but with redefined charge parameters.
3.3 The pairwise-equal charge specialisation

Because the charge parameters in the metric d5? are different from those of the original
metric ds?, the inversion transformation (3.9) is not a conformal symmetry. However, it
does become a conformal symmetry in the special case where the four electric charges are

set pairwise equal, without loss of generality,
3 =q1, q4 = q2, (3.12)

12



since then we will have

Q*=qq, Q1= q2, G2 = q1, (3.13)

and so the metric function H(7) is equal to the original metric function H(r). Note also
that in the pairwise equal case the metric takes the very simple form, with no irrational

functions,
a2y = —[(1+ %) (1+ %)} a4 (1+ %) (1+ %) (dr? +r2d02).  (3.14)

Note that the ERN solution arises as the further specialisation where we set ¢ = g2 = ¢ in
(3.14) (after sending r — r — ¢ to express the metric in the usual form).
The explicit expression for the r, coordinate defined in (3.6), which is rather complicated

in the general 4-charge case, becomes very simple in the case of pairwise-equal charges:

re =7+ (1 + q2) logr — qlrﬁ (3.15)

The scalar wave equation, written in terms of advanced or retarded null coordinates as
n (3.8), becomes quite simple also. In particular, if we expand in a power series in 1/r"

around infinity, or in ™ around the horizon,

P(r,u,0,¢) = Z¢nu0,<p , O(r,v,0,0) = Z?/}nvﬁ,gp (3.16)

n>1 n>0

then there will be just a fixed finite number of terms in the various NP or Aretakis charges.

By contrast, in the general 4-charge solutions the number of terms will grow with n.

3.4 General static extreme STU black holes

We saw above that the static extreme STU black holes with four independent electric
charges admit an inversion relation under which a given black hole maps into a conformally-
transformed member of the same family with different values for the four charges. The
charges of the original and the transformed black holes become the same in the special case
where the four charges are taken to be pairwise equal.

The most general static black holes in STU supergravity have eight independent charges,
with each of the four field strengths carrying both an electric and a magnetic charge. It is
of interest to investigate whether an inversion relation of the kind we found for the extreme
four-charge black holes extends to the most general eight-charge extreme black holes. We
find that the answer is no. The eight-charge solutions are actually quite complicated (see,

for example, [23]), but for our purposes it will suffice to consider the simpler case where only

13



one of the four field strengths is turned on, and it carries independent electric and magnetic
charges. For the purposes of describing this dyonic solution one can consistently truncate
the STU theory to the so-called “Kaluza-Klein theory,” that results from dimensionally
reducing pure five-dimensional gravity to four dimensions.

The details of the extreme static Kaluza-Klein dyonic black hole are presented in ap-
pendix A, where we show that it does not map under inversion into a conformally related
extreme dyonic black hole, except for special choices for the two charge parameters which
then reduce to cases encompassed by our previous discussion. Of course, having established
this result for the truncated system of the Kaluza-Klein solutions, it follows that there is
also no inversion transformation relation generically for the eight-charge black holes.

Although our findings for the dyonic black holes are negative, the result does serve to
highlight the fact that there is something rather special about the case where each field
strength in the STU theory carries only a purely electric or a purely magnetic charge, as in

the 4-charge solutions we discussed previously.

4 Correspondence between Aretakis and NP charges

In order to understand the existence of Aretakis charges on the horizon of general extreme
black holes [3], we relate, via a conformal map, their geometry close to the horizon to
the class of solutions that we introduced in section 2.1, namely weakly asymptotically flat
space-times. Such space-times include asymptotically flat space-times as a subset.

The existence of conserved charges near null infinity is not so surprising given that
we have asymptotic Killing isometries that give rise to conserved charges [10], such as
those identified by Newman and Penrose [8]. If these NP charges are generated by an
(asymptotically) conformal field, then they map on to the Aretakis charges on the extremal
horizon via the conformal map that relates the two asymptotic space-times. We shall
demonstrate this explicitly at the end of this section. However, before that we derive the
conformal map.

As was explained in section 2.2, given an extreme black hole solution, we can always
choose Gaussian null coordinates in an open patch in the neighbourhood of the horizon such

that the metric takes the form given in (2.32), which we repeat here for convenience

ds* = L(z)?| — r2F(r, z)dv® + 2dvdr} + vr5(r, ) (dml —rhl(r :E)d’[)) (dm‘] —rh’(r, :E)d’[)).
(4.1)

14



We have Killing vectors
k=0/0v, m=20/0¢ = d/0z". (4.2)
Moreover, as before we assume that®
F(rz) =1+0(r), h*=0(), h*=0(r), =)+ 0(r), (4.3)

where 477 is the metric on a compact space that is topologically spherical [19]. Now, we

consider the coordinate change

v — U, r— %7 (4.4)
which gives
ds? — L_2{ — Fdu® — 2dudr + r*hyy(de’ — CTdu)(dz’ — C Jdu)} (4.5)
= 3 1J ’ ’
where
CI — hI/T7 hIJ = L_2’}/IJ. (46)

Using the fall-off conditions in (4.3)
F(r,z) =1+0(1/r), C?=0(1/r), C*=0(1/r*), hyy=wr+0(1/r) (47)

with wy; the metric on a topological sphere. We identify the conformally related metric in
(4.5) as that of a weakly asymptotically flat space-time, with § = 0, as defined in section
(2.1).

In summary, we have found that the metric in the neighbourhood of an extremal horizon
is conformally related, see equation (4.5), to that of a weakly asymptotically flat metric.
Thus, the Aretakis charge on the horizon generated by a conformal field maps on to the NP
charge generated by that field at the future null infinity of the weakly asymptotically flat

space-time associated with the extreme black hole via this conformal correspondence.

4.1 Massless scalars

More concretely, we take as an example the massless scalar field that was considered in
section 2,

Uy = 0. (4.8)

8 Apart from the leading order terms, we do not need to assume any analyticity properties for the metric
functions. This seems like a reasonable assumption. For example, at null infinity, it is known that non-

analytic terms may contribute at lower orders [24-26].
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Assuming that the background extreme black hole, with metric g, is Ricci scalar-flat 9, the

wave operator [, coincides with the conformally covariant wave operator
Oy = Uy — %R(Q)' (4.9)
In the previous discussion, we have identified a self-inverse diffeomorphism
1 ! 1 I -1 I / 1 I
v:(vyrat) — (u=v,r=— 2 |, (') — lv=u,r ==,z |, (4.10)
r r
such that given the metric g in Gaussian null coordinates obeys
()(g) = 225, (4.11)
where
Q=L/r (4.12)

and ¢ is the associated weakly asymptotically flat metric.

Now, suppose we have a solution of the wave equation on the associated background:

Oz = 0. (4.13)
Although the Ricci scalar R(g) will not generally be zero, the solution is nevertheless asymp-
totically Ricci-flat. Hence for large r, which is the region in which we are interested, we
have

O30 ~ 0, (4.14)
ie. (951/; is asymptotically zero. Given such a solution ¢, the conformal covariance of the
operator O implies that
where

=019 (4.16)
and we have used the fact that 2§ is Ricci scalar-flat. In conclusion, we have generated,
using this map, a solution of the wave equation on the horizon of the original solution of
interest,

L - 1
TIZ)(’U, T, xl) = - TIZ) <U7 — :EI> . (417)
r r
This relation can then be used to map the NP charge at null infinity of the dual space-

time to the Aretakis charge at the extremal horizon.

9 Any solution of the Einstein equation with A = 0 and traceless energy-momentum tensor 7,* = 0 will
have vanishing Ricci scalar. For backgrounds with non-vanishing Ricci scalar, one would naturally consider

the conformally covariant wave operator.
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4.2 Example: Extreme Reissner-Nordstrom solution

We demonstrate this correspondence explicitly for the ERN solution, without recourse to
the special conformal isometry [13] that it exhibits. Starting with coordinates adapted to

the extremal horizon, the metric takes the form (2.42),

2
ds? = M? [_(14‘7,7]\47")2(12}2 + 2dvdr | + M?(1 + Mr)2dQ2. (4.18)
Now we let
v — u, r— %, (4.19)
which gives
M? M\ MY\
ds? = — {— <1 + 7) du® — 2dudr + r* <1 + 7) dsz?} . (4.20)

Hence, we identify the weakly asymptotically flat space-time dual to the ERN metric to be
M\ 2 M\
ds* = — (1 + —) du® — 2dudr + r* <1 + —> dQ?. (4.21)
r r

The determinant of this metric is given by

M 2
V—g=r12 (1 + 7) sin @, (4.22)
from which we read off (compare with (2.9))
= (1 + %)2 (4.23)
Substituting this expression into equation (2.12) gives
Hyp = _2,11320 dw [7‘287“(7‘1;) — Mr|, (4.24)

where 1/; solves the wave equation on the associated weakly asymptotically flat background

given by metric (4.21). Assuming for convenience that for large r

S (2
o 90

T T

)= TR (4.25)

we find that
Hyp =2 / dw (W) + M«%”) . (4.26)

Consider a solution % on the original ERN background, given by the metric (4.18), which
we assume to take the form

=90 4 rp® 4 (4.27)
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near the horizon at r = 0. Equation (4.17) gives that
Y(v,ral) = %&(v, %,xl). (4.28)
Substituting the expansions of the scalar fields (4.25) and (4.27) gives
0O = Mp®D . D = prp@, (4.29)

Hence we find
2
. (1) (0)
Hyp /dw (¢ + My ) . (4.30)

Comparing this expression with the Aretakis charge (2.44), written in terms of the expansion
of ¥ (4.27), we find that
HAremkis = M3 HNP' (431)

Thus, up to an irrelevant factor, we have identified the NP charge at null infinity of the
associated weakly asymptotically flat solution with the Aretakis charge on the horizon of

the ERN black hole.

5 Discussions

In this paper, we have found a correspondence between extreme black holes and weakly
asymptotically flat space-times. These are space-times for which Bondi coordinates can be
introduced. However, the metric functions fall off at a slower rate than that which asymp-
totic flatness would demand. Furthermore, the spatial sections of “future null infinity” are
only required to be compact, rather than specifically S?. In section 2.1, we found that
weakly asymptotically flat space-times admit an NP charge at null infinity. What distin-
guishes asymptotically flat space-times in four dimensions is the existence of an enhanced
symmetry group at null infinity—the BMS group. The existence of NP charges for the
aformentioned more general space-times suggests that there cannot be a direct relation be-
tween NP charges and the BMS group. Another indication of this is that NP charges arise
in higher-dimensional weakly asymptotically flat space-times, even though there is no BMS
group in these cases.

Nevertheless, one might expect the BMS group to play a role in the existence of charges
and the representations that they belong to. A question that remains unanswered, as far as
we are aware, is whether NP charges have special additional features in space-times where
the asymptotic symmetry group is enhanced, and if so how? We hope to return to this issue

in the future.
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Going back to the correspondence that we introduced in section 4, we demonstrated it
explicitly for the ERN black hole in section 4.2. Of course, the existence of the Aretakis
charges in terms of NP charges for the ERN black hole had already been explained in
the literature. Surely, a more interesting example to consider would be the extreme Kerr(-
Newman) black hole. The first step in this construction would be to construct Gaussian null
coordinates in the neighbourhood of its horizon, such that the metric takes the form (2.32).
Given how non-trivial it is to construct Bondi coordinates for the Kerr metric [27-29], we

do not expect this to be an easy task. Nevertheless, it may be an illuminating one.
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A Inversion and the extreme dyonic Kaluza-Klein black holes

Here we present some details of the extreme static dyonic black hole in the truncation of
STU supergravity to the Kaluza-Klein theory that results from the dimensional reduction
of five-dimensional pure gravity on a circle. The four-dimensional theory is described by
the Lagrangian

£=v=g|R= 309~ Je V¥ P2, (A1)

The extreme static dyonic black hole is given by (see, for example, [30] for the details in

the conventions we are using here)

ds? = —(Hy H) ™2 dt? + (Hy Hp)'/? (dr® + 12 d92%)
V3 H,

= Y2 g =2
¥ B 0og Hy'
402/3 \/p2/3 2/3  gp2/3 /3
Hy =1+ @ +Q + 2Q s
r r
4P2/3 P2/3 2/3 8 2/3 P4/3
Hy =1+ L T QTZ , (A.2)
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where P and @ are the magnetic and electric charges. The gauge potential can be found
also in [30], but we shall not need it here.
We now consider the inversion transformation under which we define a new radial coor-
dinate
8PQ

7= - (A.3)

We then find that the metric (A.2) can be written as

8PQ .
ds® = > dsQ, (A.4)
where
45 = —(Hy Hy) 72 dt? + (Hy )2 (a7 + 72 d0?) (A5)
with
_ 1/3 . /p2/3 2/3 4/3 02/3
7 =14 APQIE VP QY| 8P ~262 7
r r
_ 1/3 . /p2/3 2/3 4/3 p2/3

We see that for general P and @ there is no way to map the H; functions into the H,
functions by choosing different parameter values. It can be done only if P = 0 or Q = 0
or P = (). The first of these is just a single electric charge specialisation of the previous
4-charge case. The second is an equivalent single magnetic charge case. The third, although

dyonic, is merely a duality rotation of the ERN black hole.
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