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Gravitational wave astronomy provides an unprecedented opportunity to test the nature of black
holes and search for exotic, compact alternatives. Recent studies have shown that exotic compact
objects (ECOs) can ring down in a manner similar to black holes, but can also produce a sequence
of distinct pulses resembling the initial ringdown. These “echoes” would provide definite evidence
for the existence of ECOs. In this work we study the generation of these echoes in a generic,
parametrized model for the ECO, using Green’s functions. We show how to reprocess radiation
in the near-horizon region of a Schwarzschild black hole into the asymptotic radiation from the
corresponding source in an ECO spacetime. Our methods allow us to understand the connection
between distinct echoes and ringing at the resonant frequencies of the compact object. We find
that the quasinormal mode ringing in the black hole spacetime plays a central role in determining
the shape of the first few echoes. We use this observation to develop a simple template for echo
waveforms. This template preforms well over a variety of ECO parameters, and with improvements
may prove useful in the analysis of gravitational waves.

I. INTRODUCTION

The existence of event horizons is one of the most
astonishing predictions of General Relativity. Horizons
generically [1] form during the gravitational collapse of
classical matter and are expected to be common oc-
currences in our universe. Observations of black holes
are undergoing a revolution, with the advent of gravita-
tional wave astronomy [2–5] and the promise of very-long-
baseline radio observations of supermassive black holes
by the Event Horizon Telescope [6, 7]. While black holes
are consistent with all electromagnetic and gravitational
wave observations to date [4, 5, 8–10], no experiment has
been able probe spacetime near the event horizon [11–
13]. Moreover, the event horizon is at the heart of the
BH information paradox [14], and the role of black holes
in a quantum theory of gravity is an open question.

These puzzles have inspired proposals for horizonless
alternatives to black holes including gravastars [15], bo-
son stars [16], wormholes [17], fuzzballs [18] and others
[19–21]. Many of these exotic compact objects (ECOs)
can be ruled out on theoretical grounds. ECOs with
angular momentum often suffer from a superradiant in-
stability, although this instability can quenched by tun-
ing the compactness and other parameters describing the
ECO [22, 23]. Cardoso et al. [24] have conjectured that
any ECO with an unstable photon orbit may suffer from
nonlinear instabilities.

While the gravitational wave astronomy has the po-
tential to probe black holes (BHs) like never before [9],
distinguishing BHs from highly compact ECOs will be
difficult. The problem is that astrophysical processes are
usually insensitive to the spacetime geometry near the
horizon, and highly compact ECOs behave very similarly
to BHs [12]. Attempts to distinguish merging BHs from
merging ECOs using inspiral waveforms are plagued by
the strong equivalence principal, which means that the
properties of extended self-gravitating bodies only ap-
pear in the equations of motion at high post-Newtonian

order. Nonetheless, several promising studies [25–27] pre-
dict tidal distortion and tidal heating effects will allow
LISA [28] to distinguish merging black holes from highly
compact, merging ECOs (see also e.g. [29, 30] for tests
incorporating inspirals).

Spacetime near the event horizon has an especially in-
teresting effect on the ringdown waveform of the merging
objects. Standard tests of the nature of the final merged
object call for the black hole’s resonant frequencies [31–
33], known as quasinormal mode (QNM) frequencies, to
be extracted from the ringdown portion of the waveform
and compared to theoretical calculations [34–39]. Work-
ing in the test particle limit, Cardoso et al. [40] pointed
out that in the case of highly compact wormholes, the
ringdown of the final ECO is initially nearly identical to
that of a BH despite the fact that QNM spectrum is rad-
ically changed [41–43]. A naive application of the QNM
based tests would be fooled by a highly compact ECO.

However, Cardoso et al. [40] also realized that the later
portion of the ringdown of highly compact ECOs contains
a train of decaying echo pulses (note that similar obser-
vations have been made before; see for example [44–46]).
The time delay between the echoes is related to the ECO
compactness while the decay and shape of each pulse en-
codes the reflective properties of the ECO.

Further work established that this picture was robust
[47] across many different ECO models with many differ-
ent test particle sources, but breaks down for less com-
pact ECOs, which sometimes have ringdowns consistent
with the resonant frequencies of the ECO [48, 49]. Price
and Khanna conjectured that the echoes can be consid-
ered as a superposition of the resonant modes of the ECO
[49]. Völkel and Kokkotas [50] then provided a method
for inferring the exact details of the ECO model from
the ECO modes. Namely, they demonstrated that the
effective scattering potential experienced by the gravita-
tional waves could be approximately reconstructed with
a knowledge of ECO spectrum.

Recently, it has been proposed that LIGO has observed
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echoes in the binary black hole waveforms [51, 52]. While
there has been much skepticism in the community [53],
such tests will only become more definitive as LIGO ac-
cumulates binary merger observations.

Most of the past studies have been in the context of a
particular ECO model, using specific orbits for the merg-
ing objects. The goal of this work is explicitly relate
waveforms from black holes to waveforms from ECOs.
We study evolution of test scalar fields as a proxy for
gravitational perturbations, which allows us to replace a
generic ECO with simple reflecting boundary conditions
in a BH spacetime. We use this formalism to show that
the ECO waveform can be understood either as a su-
perposition of echo pulses or as a superposition of ECO
modes and illustrate the types of behavior that can arise.
We investigate which features of the BH waveforms shape
the first few echoes, leading to a simple template for the
ECO waveform.

In Sec. II A we review the basic equations obeyed by
the scalar field. We parameterize (completely) the influ-
ence of the ECO on scalar waves in the exterior vacuum
region by a complex frequency-dependent reflectivity (a
slight generalization of the models used in [22, 23, 54]).
In Sec. II B we relate the ECO and BH waveform by
determining the relationship between the ECO and BH
Green’s function. We find that the ECO waveform can
be constructed from the BH waveform and a reprocessed
version of the waveform observed on the BH horizon. In
Sec. III we show how the extra piece of the ECO wave-
form can be expressed as sum of echoes. In Sec. IV A we
discuss the relationship between the ECO QNMs and the
BH QNMs and study the ECO mode spectrum numeri-
cally for two particular ECO models. In Sec. IV B and
Sec. IV C, we show how the difference between the ECO
waveform and the BH waveform can be expressed as a
superposition of ECO modes. In Sec. V we determine
general properties of the individual echoes and develop a
simple template for the ECO waveform. We also study
the energy in the ECO waveform, discovering a simple
relationship to the energy in the black hole waveforms
reaching infinity and passing through the horizon.

During the final stages of this work, we learned of the
work of Nakano et al. [54], who discussed gravitational
perturbations in the Kerr spacetime and arrived at a sim-
ilar expression for ECO waveforms by different means.

II. WAVES NEAR A COMPACT OBJECT

A. Wave Equation and Boundary Conditions

We focus on static, spherically symmetric exotic com-
pact objects. In this setting, an ECO consists of an ex-
terior Schwarzschild spacetime patched to a spherically
symmetric interior metric at an areal radius r = r0.

We study a massless scalar field Φ(xµ) that obeys the

sourced, curved spacetime wave equation,

2Φ = −ρ . (2.1)

If we define the scalar ψ(xµ) = rΦ and decompose this
scalar into frequency and spherical harmonics [55],

ψ(xµ) =

∫ ∞
−∞

dω

2π

∑
`,m

ψ̃`m(ω, r)Y`m(θ, φ)e−iωt , (2.2)

ρ(xµ) =

∫ ∞
−∞

dω

2π

∑
`,m

ρ̃`m(ω, r)Y`m(θ, φ)e−iωt , (2.3)

then the wavefunctions ψ̃`m obey the following radial
equation,

d2ψ̃`m
dx2

+
(
ω2 − fV

)
ψ̃`m = S̃ , (2.4)

S̃(ω, x) ≡ −r(x)fρ`m(ω, x) . (2.5)

Here x is the usual tortoise coordinate, defined through

dx

dr
=

1

f(r)
, (2.6)

while the metric component f(r) and the potential V (r)
depend on the particular spacetime. In the exterior,
Schwarzschild portion of the spacetime,

f = 1− 2M

r
, V =

`(`+ 1)

r2
+

2M

r3
, (2.7)

and we treat f and V as implicit functions of x through
r(x), with

x = r + 2M ln

(
r − 2M

M

)
. (2.8)

From here we suppress the harmonic indices (`,m).

The scalar field ψ̃ obeys an outgoing wave boundary
condition ψ̃ ∼ eiωx as x → ∞. In addition, it obeys a
boundary condition inside the ECO, such as regularity
at r = 0. For wormholes, one would instead insist that
the waves were outgoing at null infinity on the other side
of the throat.

When the ECO is very compact, r0/(2M)−1� 1, and
all sources are restricted to reside in the Schwarzschild
portion of the spacetime, we may replace the second
boundary condition with a reflecting boundary condition
at the ECO surface r0. Namely, near the ECO the po-
tential is small, V ≈ 0, and ψ̃ is a linear combination of
ingoing and outgoing waves e±iωx. Therefore near the
ECO surface x0 = x(r0), we must have

ψ̃ ∝ e−iω(x−x0) + R̃(ω)eiω(x−x0) . (2.9)

for some frequency dependent reflectivity R̃(ω). If

|R̃(ω)| = 1, the scalar field is completely reflected by
the ECO.
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Exotic Compact Object

Black Hole

FIG. 1. Top: The boundary conditions for waves propagating
on a black hole spacetime. Bottom: The reflecting boundary
conditions for the waves in the exterior of an ECO.

With this insight, we can study wave emission and
propagation in the ECO spacetime using a Schwarzschild
BH equipped with a reflecting boundary, as shown in
Fig. 1. This perspective is useful since it allows us to re-
process the emission by test particles in a BH spacetime
into the corresponding emission in the ECO spacetime,
by taking the reflecting boundary into account. From
here on we can focus on BH spacetimes, and compare
wave propagation with the usual boundary conditions at
the horizon to the case of a reflecting boundary.

B. Generating ECO waveforms from BH
waveforms

We are interested in computing the scalar waves seen
by distant observers in a BH spacetime with a reflecting
boundary. For this we wish to construct the scalar radial
Green’s function g̃ref(x, x

′), which obeys the scalar wave
equation with a delta function source,

d2g̃ref

dx2
+
(
ω2 − fV

)
g̃ref = δ(x− x′) , (2.10)

and the reflecting boundary condition (2.9). With the
Green’s function, we can compute the field produced by
sources S̃ through integration,

ψ̃(x) =

∫ ∞
−∞

dx′ g̃ref(x, x
′)S̃(x′) . (2.11)

We compute g̃ref for sources outside the reflecting bound-
ary, x′ > x0.

To compute g̃ref we first recall how the scattering of
waves works in the usual Schwarzschild spacetime [56].
Consider the two linearly independent, homogeneous so-

lutions ψ̃in,

ψ̃in ∼
{
Aout(ω)eiωx +Ain(ω)e−iωx , x→∞ ,
e−iωx , x→ −∞ ,

(2.12)

which is purely outgoing at the horizon, and ψ̃up,

ψ̃up ∼
{
eiωx , x→∞ ,
Bout(ω)eiωx +Bin(ω)e−iωx , x→ −∞ ,

(2.13)

which is purely outgoing at infinity.
The effective potential V provides a scattering bar-

rier for waves in the BH spacetime. For waves incident
from infinity, inspection of ψ̃in shows that the reflection
amplitude is Aout/Ain and the transmission amplitude is
1/Ain. For our purpose, it is more convenient to con-
sider the problem of reflection and transmission of waves
incident on V from the left. By inspecting ψ̃up we find
that the reflection and transmission amplitudes for waves
from the left are

R̃BH(ω) =
Bin

Bout
, T̃BH(ω) =

1

Bout
. (2.14)

The relationship between these and the usual reflection
and transmission amplitudes can be derived by noting
that Bout = Ain and Bin = −A∗out [56] .

The Green’s function for Schwarzschild, gBH(x, x′),
also obeys Eq. (2.10), but with an ingoing boundary con-
dition at the horizon and an outgoing boundary condition
at infinity. In terms of the homogeneous solutions, it is

g̃BH =
ψ̃in(x<)ψ̃up(x>)

WBH
, (2.15)

where we have defined x> = max(x, x′), x< = min(x, x′),
and the Wronskian WBH = 2iωBout of ψ̃in and ψ̃up.

Since g̃BH and g̃ref both obey Eq. (2.10), we can con-
struct g̃ref by adding a homogenous solution of the scalar
equation, times a free function of x′, to g̃BH. The ho-
mogenous solution must have the correct boundary con-
dition as x→∞, and so we use ψ̃up(x). Meanwhile, the
free function in x′ is fixed by ensuring that g̃ref obeys the
correct reflecting boundary condition,

g̃ref(x, x
′) ∝ e−iω(x−x0) + R̃(ω)eiω(x−x0) . (2.16)

This gives

g̃ref(x, x
′) = g̃BH(x, x′) + K̃ ψ̃up(x)ψ̃up(x′)

WBH
, (2.17)

K̃(ω) ≡ T̃BHR̃e−2iωx0

1− R̃BHR̃e−2iωx0
. (2.18)

This is our first key result. It shows that wave propaga-
tion in the presence of the reflecting barrier is the same
as in a BH spacetime, with an additional component con-
trolled by the transfer function K̃, which contains all the
dependence on the reflectivity R̃.
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With the Green’s function in hand, we can compute
the waves seen by distant observers. Again it is useful to
first consider a BH spacetime with the usual boundary
conditions. We define the amplitudes of waves seen by
distant observers Z∞BH and of waves at the horizon ZH

BH
through

ψ̃BH(x) ∼
{
Z∞BH(ω)eiωx , x→∞ ,
ZH

BH(ω)e−iωx , x→ −∞ .
(2.19)

In terms of a given source S̃ with support outside x0,
Eqs. (2.11), (2.13) and (2.15) imply

Z∞BH =

∫ ∞
−∞

dx′
ψ̃in(x′)S̃(x′)

WBH
, (2.20)

ZH
BH =

∫ ∞
−∞

dx′
ψ̃up(x′)S̃(x′)

WBH
. (2.21)

With our definitions, Z∞BH is simply related to the wave-
form measured by asymptotic observers in terms of the
retarded time u = t− x,

ψ∞BH(u) =

∫ +∞

−∞

dω

2π
Z∞BHe

−iωu . (2.22)

Similarly, in terms of the advanced time v = t + x, the
waveform at the BH horizon is the Fourier conjugate to
ZH

BH,

ψH
BH(v) =

∫ +∞

−∞

dω

2π
ZH

BHe
−iωv . (2.23)

Having defined these amplitudes, in the presence of
the reflecting boundary we can use g̃ref from Eq. (2.17)
in Eq. (2.11) to compute the asymptotic amplitude asso-

ciated with scalar waves ψ̃,

ψ̃ ∼ Z∞refe
iωx , x→∞ . (2.24)

We find that

Z∞ref = Z∞BH + K̃ZH
BH . (2.25)

This is our second key result. It shows that the waveform
seen by distant observers can be understood as the sum of
the usual emission in a BH spacetime, along with an addi-
tional signal K̃ZH

BH. This additional emission arises from
the reflection of the radiation which would normally enter
the horizon, but is reprocessed by the transfer function K̃.
The power of Eq. (2.25) is that is allows us to compute
the total asymptotic waveform in and ECO spacetime
from the corresponding waveforms observed near infinity
and the horizon in a BH spacetime, given a particular
choice of R̃ and x0.

We gain further insight into the nature of the addi-
tional emission by expanding K̃ as a geometric series,

K̃ = T̃BHR̃e−2iωx0

∞∑
n=1

(R̃BHR̃)(n−1)e−2i(n−1)ωx0 .

(2.26)

FIG. 2. A conformal diagram illustrating the production of
echoes. The waveform that impinges on the reflecting bound-
ary at x0 is approximately the same as the waveform that
reaches the horizon in the BH spacetime, ψH

BH(v). Repeated
partial reflections between x0 and the peak of the potential
xpeak result in an asymptotic waveform ψ∞(u) made up of
a main burst followed by echoes. Each echo is a reprocessed
version of the waveform on the horizon ψH

BH(v).

This shows that the additional signal takes the form of a
series of terms, each reprocessing the waves that impinge
on the boundary with a different transfer function. As we
show in Sec. III, in many circumstances each term in this
sequence results in a distinct pulse. Figure 2 illustrates
the propagation of the echoes on a conformal diagram.
The first term is the result of the primary reflection of
ψH

BH off of the boundary at x0, which generates a factor

of R̃ along with a phase factor 2iωx0. The phase factor
corresponds to a time delay between the first pulse and
the main burst due the pulse’s extra round trip journey
between the boundary at x0 and the peak of the scatter-
ing potential V at xpeak ≈ 0. When the pulse reaches the
potential barrier, it is partially transmitted, contributing
the final factor of T̃BH.

The successive terms are “echoes” of this first reflec-
tion which bounce an integer number of times between
the potential barrier, contributing a factor of R̃BH, and
the reflecting boundary, contributing a factor of R̃, be-
fore transmitting through the potential barrier with an
additional propagation delay. Note that while the precise
propagation delay of each pulse depends on the phases of
T̃BH, R̃BH, and generically R̃, the delay between echoes is
constant starting with the second echo. With this picture
in mind, we define the difference between the waveform
and the corresponding BH waveform to be the echo am-
plitude

Zecho = K̃ZH
BH . (2.27)

Meanwhile, we can also consider the entire transfer
function K̃ given in Eq. (2.18). This function possesses
its own set of resonances, and there is a complementary
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FIG. 3. The frequency domain ` = 2 black hole reflectivity
|R̃BH| and transmissivity |T̃BH|. We also plot the magnitude

of the rescaled transfer functions |K̃(n)|/R̃n for a boundary
with constant reflectivity, for n = 2, 3, 10 and 11.

perspective where the waves propagating towards the re-
flecting boundary excite the modes of a resonant cavity
between the boundary and potential barrier. We discuss
this perspective in Sec. IV.

III. EXAMPLES OF ECHOES

In this section we illustrate the reprocessing of the hori-
zon waveform ψH

BH using two simple examples: a space-

time with a frequency independent reflectivity R̃ and a
wormhole spacetime. We show that the additional waves
appear as a sequence of echoes when the boundary is far
from the peak of the potential barrier, but this behavior
is lost for boundaries closer to the peak.

A. Individual echoes

The picture of successive echoes is made even more
apparent by working in the time domain. The waveform
seen by distant observers is determined through Z∞ref by

ψ∞(u) =

∫ ∞
−∞

dω

2π
Z∞refe

−iωu = ψ∞BH(u) + ψecho(u) ,

(3.1)

ψecho(u) ≡
∫ ∞
−∞

dω

2π
K̃ZH

BHe
−iωu , (3.2)

where we have denoted the additional waveform due to
the reflecting boundary ψecho. For understanding the

echoes, it is useful to further split ψecho =
∑
n ψ

(n)
echo into

contributions ψ
(n)
echo from each term in Eq. (2.26) for K̃,

ψ
(n)
echo(u) ≡

∫ +∞

−∞

dω

2π
K̃(n)ZH

BHe
−iωu , (3.3)

-20 -10 0 10 20 30 40

-1.5

-1.0

-0.5

0.0

FIG. 4. The ` = 2 scalar reflectivity and transmissivity of the
potential barrier, calculated numerically in the time domain.

K̃(n)(ω) ≡ (T̃BHR̃)(R̃BHR̃)(n−1)e−2iωx0n , (3.4)

which are defined in terms of transfer functions K̃(n) for
each echo.

In the time domain, the reflection and transmission
amplitudes are given by response functions

RBH(t) =

∫
dω

2π
R̃BH(ω)e−iωt , (3.5)

and similarly for TBH(t), R(t), and K(t).
To derive the expression for the echoes, recall that

multiplication of two functions f̃(ω) and g̃(ω) in the fre-
quency domain corresponds to convolution (f ∗ g) in the
time domain, where

(f ∗ g)(t) =

∫ ∞
−∞

dτf(t− τ)g(τ) . (3.6)

With this notation the first echo is

ψ
(1)
echo(u) = [K(1) ∗ ψH

BH](u)

= [(TBH ∗ R) ∗ ψH
BH](u+ 2x0), (3.7)

where K(n) is the Fourier conjugate to K̃(n), ψH
BH is the

Fourier conjugate to ZH
BH, and recall that x0 is nega-

tive for boundaries near the horizon. For the successive
echoes,

ψ
(n)
echo(u) =[K(n) ∗ ψH

BH](u)

=[(TBH ∗ R) ∗ (RBH ∗ R) ∗ . . .
∗ (RBH ∗ R) ∗ ψH

BH](u+ 2nx0) . (3.8)

where there are n − 1 convolutions of (RBH ∗ R) with
ψH

BH.
We calculate the BH response functions RBH and TBH

both in the time and frequency domain using numeri-
cal methods described in Appendix A. The blue and red
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dashed curves in Fig. 3 show R̃BH and T̃BH in the fre-
quency domain for the ` = 2 scalar wave equation1. As
expected [56, 58, 59], at low frequencies compared to the
size of the potential peak (Mω)2 � Vp, waves are com-
pletely reflected,

|T̃BH(ω)| → 0, |R̃BH(ω)| → 1, (3.9)

while at high frequencies (Mω)2 � Vp waves are com-
pletely transmitted

T̃BH(ω)→ 1, |R̃BH(ω)| → 0, (3.10)

The transition between the two regimes occurs at approx-
imately the real part of the ` = 2 fundamental BH QNM
frequency

MΩ = MΩR + iMΩI ≈ 0.48− 0.10i , (3.11)

since Vp ≈ (MΩR)2.
Figure 4 showsRBH and TBH in the time domain. Both

response functions ring down at the BH QNM frequency
Ω. As is explained in the appendix, the high frequency
behavior for T̃BH implies that in the time domain TBH(t)
contains a δ(t) singularity at t = 0, which is subtracted
off in the figure.

Using the echo response functions computed from T̃BH

and R̃BH, we now study the echo morphology from a
variety of ECOs. When presenting numerical results, we
use units so that the mass of the BH spacetime is unity,
M = 1, and when we discuss a particle with scalar charge
q we also set q = 1.

B. Frequency Independent Reflectivity

The simplest type of boundary condition in this model
is a frequency independent reflectivity R̃. In this case,
the echoes have a straightforward dependence on the
ECO parameters R̃ and x0. The reflectivity factors out
of the response functions K(n) and controls the size of
each echo, without contributing any phase factors. Thus
the majority of the time delay between echoes is due to
the phase 2ωx0, corresponding to a round trip journey
from the potential peak near x ≈ 0 and the boundary at
x0, with only a small contribution from the BH scattering
coefficient R̃BH.

The shape of each echo is described by the rescaled
response functions

e2iωx0nK̃(n)(ω)/R̃n = T̃BH(ω)R̃BH(ω)(n−1) , (3.12)

1 From their definitions, T̃BH = 1/Bout and R̃BH = Bin/Bout

possess resonances (poles) at the complex BH QNM frequencies
[57]; however these resonances do not manifest themselves as
clearly separated peaks on the real ω axis since the width of the
QNM resonances is large compared to their spacing.

-0.02
-0.01

0.00
0.01
0.02

-100 -50 0 50 100 150 200 250

-0.02
-0.01

0.00
0.01
0.02

FIG. 5. The constant reflectivity ` = 2 echo response func-
tions K(n) for n = 2 and 3 (top) and n = 10 and 11 (bottom).

We divide the response functions by R̃n to rescale them and
time shift each by 2n|x0| so they overlap.

which we show in Fig. 3. Recall that |T̃BH| is approx-
imately zero low frequencies and approximately one at
large frequencies, while the opposite is true for |R̃BH|.
This behavior produces a small window of frequencies
where the second echo response function is nonzero. The
third echo response comes from the multiplying the sec-
ond echo response function by R̃BH; this results in a
smaller slightly shifted window of frequencies. This pat-
tern repeats with each subsequent response function.
However, as the window shifts to the left, |R̃BH| → 1
and so the change in absolute value of the transfer func-
tions slows, so that there is very little difference between
10th and 11th echoes.

In the time domain, the rescaled response functions in
Eq. (3.12) are time shifted to remove the delay between
echoes due to the factor of e2iωx0n. Figure 5 shows the
rescaled and shifted time domain echo response functions,
obtained by numerically performing the convolutions on
TBH and RBH. Each transfer function goes to zero at
early times and is a decaying sinusoid at late times. The
complex frequency of the sinusoid is nearly the funda-
mental QNM frequency Ω for the first few echoes, while
for later echoes the decay time gets longer and the oscil-
lation frequency gets slightly smaller.

Similar trends are seen in the echoes themselves. The
waveforms at both infinity and on the horizon depend on
our particular choice of sources and initial data. As an il-
lustration throughout this paper, we consider the echoes
produced by a test particle with unit scalar charge fol-
lowing an orbit that we refer to as the ISCO plunge orbit.
This orbit is a geodesic that spirals inward from the inner-
most stable circular orbit (ISCO), with the ISCO energy
and angular momentum, and reaches the horizon at an
advanced time vH. Note that for large |x0| the advanced
time vH that the particle crosses the horizon in the BH
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FIG. 6. Top: The (`,m) = (2, 2) waveform on the horizon
ψH

BH, as produced by a test charge following the ISCO plunge

orbit. Bottom: The corresponding first echo ψ
(1)
echo, rescaled

and shifted in time, for a frequency-independent reflectivity.

spacetime is nearly equal (with corrections that scale as
exp(x0/2M)) to the advanced time the particle crosses
x0 in the ECO spacetime. We select this orbit since it is
a reasonable model for the ringdown portion of the scalar
waveform for orbits that have been circularized prior to
reaching the ISCO radius, by a mechanism such as ra-
diation reaction [60]. We use a numerical Green’s func-
tion to generate the waveform from this source, which we
subsequently window at early times so it smoothly starts
from zero. Details on the entire procedure are found in
Appendix B.

Since our method is to reprocess waveforms from BH
spacetimes, our formalism cannot capture the emission
in an actual ECO spacetime after the particle passes x0.
Namely, Eq. (2.17) for g̃ref can only be used when the
source is outside x0, but we use Eq. (2.17) for all source
locations. Using a particular ECO model, this additional
radiation could be added directly to our waveforms, with
only a small remaining inaccuracy due to the suppressed
emission in our waveforms as the particle travels from x0

to the horizon.

Figures 6 and 7 show the (`,m) = (2, 2) horizon wave-
form and select echoes in the time domain from the ISCO
plunge. At early times the horizon waveform frequency
is ω = mΩISCO, where ΩISCO is the ISCO orbital fre-
quency, and at late times there is a ringdown at the fun-
damental BH QNM frequency. The echoes also display
a highly suppressed oscillation at ω ≈ mΩISCO at early
times and then asymptote to decaying sinusoids at late
times. The complex frequency of the sinusoid displays
the same qualitative behavior as the echo response func-
tions; each echo decays less than the previous and has
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FIG. 7. The (`,m) = (2, 2) echoes for a frequency inde-

pendent reflectivity R̃. The source is a test charge following
the ISCO plunge orbit. We show the imaginary part of each
echo, rescaled by R̃n and shifted in time to overlap. Top: The
second and third echoes. Bottom: The tenth and eleventh
echoes. At this stage, successive echoes change only slightly
in duration and amplitude.

a slightly lower frequency, with consecutive early echoes
differing more than consecutive late echoes. We explore
these features in more detail in Sec. V.

C. Wormhole

The echoes from specific ECO spacetimes can also be
placed within the reflecting boundary formalism. Con-
sider for example a wormhole produced by identifying
two Schwarzschild spacetimes of mass M at an areal ra-
dius r0. In Appendix C, we show that an observer in one
universe can describe the influence of the other universe
on wave propagation by a reflecting boundary condition
ψ̃ ∝ R̃(ω)eiω(x−x0) + e−iω(x−x0) as x→ x0, where

R̃(ω) = R̃BH(ω)e−2iωx0 . (3.13)

The free propagation phase e−2iωx0 appearing in the re-
flectivity accounts for the additional delay as the waves
propagate to the potential peak in the other universe and
back again.

Echoes in the wormhole spacetime are simply related
to frequency independent R̃ = 1 echoes. Namely the nth
echo in the wormhole spacetime is the 2nth echo of the
R̃ = 1 case, as can be seen from Eq. (3.4). Therefore,
the wormhole echoes exhibit the same patterns as the
frequency-independent echoes. A comparison of the first
echoes and the fifth echoes produced by a test charge
following the ISCO plunge orbit is shown in Fig. 8.
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FIG. 8. The imaginary part of the (`,m) = (2, 2) time
domain echoes excited by a test charge following the ISCO
plunge orbit in a wormhole spacetime, as compared with the
echoes of the R̃ = 1 reflecting boundary. We plot the first
echo (top) and fifth echo (bottom). Each wormhole echo is
shifted by ∆u = 4n|x0|, while each constant reflectivity echo
is shifted by ∆u = 2n|x0|.

D. Echo interference

Having explored the individual echo pulses, we now ex-
amine the full echo waveform. When the spacing between
echoes is large compared to the duration of each echo, the
echoes do not interfere and the total waveform appears
as a sum of echo pulses. Figure 9 shows the waveform
ψ∞(u) generated by the ISCO plunge orbit in the case

R̃ = 1, truncating the echo sum at n = 11. We illustrate
the ` = 2 waveform for two locations x0 of the boundary.

The top panel shows the total waveform for x0 =
−50M . The first part of the waveform is the BH wave-
form ψ∞BH, which initially oscillates at roughly a fre-
quency of mΩISCO and transitions to ringing at the BH
QNM frequencies. The transition occurs around a re-
tarded time uLR, when the particle crosses the light ring.
Roughly |2x0| later, there are three to four distinct echo
pulses, each spaced by roughly |2x0|. As we observed
earlier, the later echoes decay more slowly and do not ap-
pear distinct because they have a long enough duration
to interfere with each other. The bottom panel shows
the case x0 = −20M , where there are only two distinct
pulses before the echoes begin to interfere.

We show additional examples in Fig. 10, using our
ISCO plunge waveform. In this figure, the ECO sur-
face is located at x0 = −50M and R̃ ranges from 0.01
to 1. While only three to four distinct echoes are visible
at large R̃, for R̃ = 0.1 we can see many pulses in the
rapidly decaying waveform.

0 200 400 600 800 1000
-0.02

-0.01

0.00

0.01

0.02

0 100 200 300 400
-0.02

-0.01

0.00

0.01

0.02

FIG. 9. The imaginary part of the (`,m) = (2, 2) total wave-
form ψ∞ excited by test charge following the ISCO plunge or-
bit. We show results for an ECO with R̃ = 1 and x0 = −50M
(top), and an ECO with R̃ = 1 and x0 = −20M (bottom).
We shift the time axis by the retarded time that the charge
crosses the spherical photon orbit, uLR.
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10-16
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10-10
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FIG. 10. The imaginary part of the (`,m) = (2, 2) total
waveform ψ∞ excited by a test charge following the ISCO
plunge orbit. We show results for ECOs with x0 = −50M
and several different choices of a frequency independent R̃.

The observation also holds for wormhole waveforms,
which we show in Fig. 11. The doubled propagation time
as compared to the R̃ = 1 case produces a longer spacing
between echoes. As such, the early wormhole echoes are
more distinct than early R̃ = 1 echoes.

Meanwhile, when the spacing between the echoes is
small compared to the echo duration, there can be no
distinct pulses. Instead, the waveform resembles a sin-
gle decaying sinusoid at a frequency different than the
BH frequency. Figure 12 shows an occurrence of this for
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FIG. 11. The imaginary part of the (`,m) = (2, 2) total
waveform ψ∞ excited by a test charge following the ISCO
plunge orbit. We show results for a wormhole with x0 =
−50M (top) and x0 = −20M (bottom).

R̃ = 1, x0 = −3M and the ISCO plunge orbit. In this
case, the total waveform, appearing as the red solid curve,
initially agrees with the BH waveform ψ∞BH, appearing as
the black dotted curve, but then transitions to a decay-
ing sinusoid. Note that this case pushes the limits of our
approximation that the waves propagate freely near x0;
for x0 = −3M , r0 ≈ 2.08M and V (r0) is approximately
25% its peak value.

This decaying sinusoid is in fact the coherent superpo-
sition of the late echoes, a fact that we illustrate by plot-
ting the last seven echoes appearing in the echo sum in
purple. This coherent superposition occurs because the
later echoes all have nearly the same frequency. Finally
note that the missing echoes from the truncated sum are
not negligible compared to the total waveform, a fact we
illustrate by also plotting the last echo appearing in the
sum in green. In Sec. IV B we study this example in the
frequency domain, and we find that this is an example
of the excitation of a single resonant mode of the ECO
spacetime as described by our reflecting boundary con-
dition.

IV. EXCITATION OF ECO MODES

The presence of the reflecting boundary condition dras-
tically changes the spectrum of the spacetime. The result
is a different set of resonant frequencies, those of the ECO
spacetime which correspond to the trapped w-modes of
relativistic stars [44, 61–64]. In this section we explore
how our model treats these modes, and how they relate

-50 0 50 100 150 200
-0.02

-0.01

0.00

0.01

0.02

FIG. 12. The imaginary part of the (`,m) = (2, 2), time
domain, total waveform excited by a test charge following the
ISCO plunge orbit. We show results from an ECO with R̃ = 1
and x0 = −3M . The total waveform is obtained by summing
the black hole waveform ψ∞BH and a finite number of echoes.
Each curve contains a different numbers of echoes.
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FIG. 13. Top: The ` = 2 echo transfer function |K̃(ω)|
for x0 = −3M and several choices of R̃. Note that |K̃| is a
symmetric function of ω. Bottom: The same plot for x0 =
−50M .

to the echoes discussed in Sec. III.

A. New Modes

The QNM resonances are the complex poles of the
Green’s function. From Eq. (2.15), we see that for a BH,
they occur when WBH = 0. The BH QNMs are not poles
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of the ECO Green’s function. As is seen from Eq. (2.17),
the first and second terms both have poles at the QNM
frequencies, but these cancel in the full expression.

The modes of the ECO spacetime come from the poles
of the response function K̃(ω) appearing in the Green’s
function,

K̃ =
T̃BHR̃e−2iωx0

1− R̃BHR̃e−2iωx0
.

These modes obey both the reflecting boundary condi-
tion at x0 as well as the outgoing wave condition at
I+. Figure 13 shows the |K̃| for R̃ = 1, R̃ = 0.5, and
for the wormhole spacetime, each for two values of x0:
x0 = −3M and x0 = −50M . In the figure, each peak of
|K̃| represents a resonance of the transfer function2.

Observe that in all our cases there are no new modes
at large frequencies ω � ΩR. This behavior can be un-
derstood analytically. Recall that at large frequencies
R̃BH → 0 and T̃BH → 1. This means that

K̃(ω)→ R̃(ω)e−2iωx0 , ω →∞ , (4.1)

and the additional resonances are exactly the poles of R̃.
For x0 = −3M , Fig. 13 clearly displays a single new

mode at a frequency close to the fundamental QNM of
a BH, for both R̃ = 1 and the wormhole. In the case
R̃ = 0.5, there is a small peak in |K| at about the same
frequency, although it is less visible.

For x0 = −50M and constant R̃, there is a set of new
modes with a frequency spacing of 2π/(2|x0|), which cor-
responds to the inverse of the light travel time T between
the potential peak and the reflecting boundary. Mean-
while for the wormhole, there is a set of new modes and
with a spacing of 2π/(4|x0|), corresponding to approxi-
mately the inverse light travel time T between the two
potential peaks. For an optical cavity, this spacing is
known as the free spectral range of the cavity,

ωFSR =
2π

T
. (4.2)

To understand the resonances, we can use techniques
from similar problems involving optical cavities. The ze-
ros of the denominator of Eq. (2.18) contribute a set of
resonances ωn given by

1 = R̃BH(ωn)R̃(ωn)e−2iωnx0 . (4.3)

Consider first the situation that R̃(ω) is frequency inde-

pendent. When we consider frequencies where R̃BH(ω)
varies slowly, we can solve Eq. (4.3) by making the
ansatz ωn = ωFSR(n + ∆) and seeking a solution for

2 A peak of the transfer function K̃ on the real axis is a resonance
in the sense that amplification occurs at this frequency. To show
that a complex pole of the Green’s function is responsible for this
peak, one must examine K̃ in the complex ω plane.

∆, requiring that |∆| < 1. In this case, there are
two frequency scales in the problem: the scale δωBH ≡
R̃BH(nωFSR)/∂ωR̃BH(nωFSR) on which the reflectivity
changes and the scale ωFSR on which the exponent of
the exponential changes. Since the reflectivity R̃BH(ω)
is approximately constant over intervals of length ωFSR,
then the ratio ωFSR/δωBH is small. Expanding the resid-
ual ∆ = ∆(0) +O(ωFSR/δωBH) in powers of ωFSR/δωBH

and substituting into Eq. (4.3), one finds

1 = R̃BH(nωFSR)R̃e−2πi∆(0)

+O
(
ωFSR

δωBH

)
, (4.4)

leading to the final expression

ωn
ωFSR

= n+
i

2π
ln(R̃R̃BH) +O

(
ωFSR

δωBH

)
, (4.5)

where we use the principal branch of the logarithm. Our
ansatz is consistent provided |∆(0)| = | ln(R̃R̃BH)/2π| <
1. The real part of these new mode frequencies are spaced
by ωFSR in agreement with Fig. 13, and they decay pro-
vided |R̃| < 1.

More generally, when R̃(ω) has frequency dependence
we can often separate it into factors with fast and slow
frequency dependence,

R̃(ω)e−2iωx0 = R̂(ω)eiωT , (4.6)

where R̂(ω) varies appreciably over a characteristic range
of frequencies δω which is large compared to an ap-
propriately redefined free spectral range ωFSR = 2π/T .
Again, T is approximately the round trip travel time be-
tween the potential peak and the major features in the
true potential characterizing the ECO. For the worm-
hole, δω = δωBH and T = −4x0 is the light travel time.
Provided both ωFSR/δωBH � 1 and ωFSR/δω � 1, work-

ing to leading order, we again arrive at Eq. (4.5) with R̂
replacing R̃ and additional O (ωFSR/δω) errors.

Notice also that the ECO resonances for R̃ = 0.5 are
broader than the R̃ = 1 resonances, while the width of
the wormhole resonances is similar to the R̃ = 1 reso-
nances. This also follows from Eq. (4.5) since the width
of the resonances is controlled by the decay rate of the
new modes, which is proportional to ωFSR ln(R̃R̃BH). In
the low frequency regime that the new modes appear at,
R̃ ≈ 1 for the wormhole and we expect the width to be
similar to the R̃ = 1 case.

B. Single Mode Excitation

We return to Fig. 12, where for R̃ = 1 and x0 = −3M
the echo waveform appears as a single decaying sinusoid
which differs from the QNMs of the BH. This behavior
can be interpreted as the excitation of a single resonant
mode of K̃ by the plunge. This is clearest in the frequency
domain.
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FIG. 14. The modulus of the (`,m) = (2, 2) horizon wave-
form generated by a test charge following the ISCO plunge
orbit.
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FIG. 15. Single mode Excitation. The (`,m) = (2, 2) re-

sponse function |K̃|, the horizon waveform ZH
BH , and the echo

sum ψ̃echo for R̃ = 1 and x0 = −3M . The waveforms are gen-
erated by a test charge following the ISCO plunge orbit

The excitation of the modes is encoded in the product
Zecho = K̃ZH

BH. Figure 14 displays the horizon waveform
ZH

BH. For this orbit, most of the power is at negative
frequencies and there are strong peaks near orbital fre-
quency ω = −mΩISCO and fundamental BH QNM fre-
quency ω = −ΩR. Furthermore, ZH

BH goes to zero at high
frequencies.

The echo waveform Zecho is shown in Fig. 15 for the
case R̃ = 1, x0 = −3M . Note that Zecho inherits the
resonance from K̃ . This resonant frequency is similar
to the fundamental BH QNM, but has a much slower
decay, as can be noted by the slenderness of the peak
compared to the peak in the horizon amplitude at the
same frequency.
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FIG. 16. Multi-mode excitation. We fix x0 = −50M , a case
where Fig. 10 shows that the time domain waveform contains
echoes for a range of R̃. We show the (`,m) = (2, 2) response

function |K̃|, the horizon waveform ZH
BH, and the echo sum

ψ̃echo. The waveforms ares generated by a test charge fol-
lowing the ISCO plunge orbit. The top panel corresponds to
R̃ = 1, the middle panel to R̃ = 0.5, and the lower panel is
the wormhole waveform.

C. Echoes from Interference of Modes

Recall that for large values of x0, the total waveform
appears as a sum of distinct echo pulses. This scenario
also can be understood in terms of the additional reso-
nances of the ECO spacetime. Figure 16 shows the fre-
quency domain echo amplitude Zecho for three choices of
R̃, all with x0 = −50M : R̃ = 1 appears in the top panel,
R̃ = 0.5 appears in the middle panel, and the wormhole
appears in the bottom panel. The horizon amplitude is
substantial at all of the resonances of K̃, which have spac-
ing ωFSR. The result is that all of the resonances appear
in the Zecho in all three cases.

In fact, this is what we expect a sum of echo pulses to
look like in the frequency domain. Suppose that in the
time domain a function f(t) is a sum of delta function



12

pulses spaced by T = 2π/∆ω beginning at time t = 0,
with each pulse γ times smaller than than the previous,

f(t) =

∞∑
n=0

γnδ (t− nT ) . (4.7)

Then in the frequency domain f̃(ω) is an infinite sum of
equally spaced, equally excited resonances (see Appendix
D for a derivation)

f̃(ω) =
i∆ω

2π

∞∑
n=−∞

1

ω − ωn
,

ωn = n∆ω + i
∆ω

2π
ln γ . (4.8)

Before the echoes begin to blend together, but after the
initial BH waveform decays, the waveforms ψ∞(u) shown
in Figs. 9, 10 and 11 are loosely of the form of f(u) if
we view each pulse as a delta function and choose T =
2|x0| (or T = 4|x0| for the wormhole case). Therefore

it is not surprising that Zecho(ω) resembles f̃(ω) at low
frequencies, where it is more reasonable to approximate
each pulse appearing in the plots by a delta function.

V. GENERAL FEATURES OF ECHOES

We turn now to some additional applications of our for-
malism for reprocessing black hole waveforms into wave-
forms from ECOs. After reviewing some general features
of echoes in our model, we develop a simple template that
broadly reproduces the echoes seen by distant observers.
We also discuss the energy content of these echoes.

A. General Features of echoes

The horizon waveform ψH
BH has some generic features

which should hold for many sources. Much like the inspi-
ral, merger, and ringdown signal emitted from a compact
binary, there are three phases to ψH

BH. These phases are
easily identifiable for the horizon waveform generated by
the ISCO plunge, shown in the top panel of Fig. 6. At
early times, when the small body is approximately on
the ISCO orbit, the waveform frequency is approximately
proportional to the ISCO orbital frequency, ω = mΩISCO.
The waveform peaks around when the particle crosses the
horizon at v = vH. At this time, there is also a discon-
tinuity in the derivative of the waveform due to jump
conditions across the particle worldline. At late times,
after the particle has crossed the horizon, the waveform
is dominated by a decaying sinusoid at the fundamen-
tal BH QNM frequency. These features are also seen in
the frequency domain waveform shown in Fig. 14 and
discussed in Sec. IV B.

The ringdown has a larger effect on the shape of the
first few echoes than the earlier parts of ψH

BH, because the
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FIG. 17. The modulus of the (`,m) = (2, 2) horizon waveform

ZH
BH and select R̃ = 1 echoes Z

(n)
echo generated by a test charge

following the ISCO plunge orbit. Also shown are R̃BH ad
T̃BH.

fundamental QNM frequency is transmitted more easily
through the potential barrier. Meanwhile, the horizon
waveform at early times, which is generally at lower fre-
quencies associated with the inspiral orbital timescale,
mostly reflects off of the inside of the potential barrier
and contributes less to the first echo. The later echoes,
having already lost power at frequencies near ω = ΩR
from each earlier scatter off of the potential barrier, de-
pend more intricately on the details of the horizon wave-
form at early times.

We illustrate this in Fig. 17, which examines echoes
from the ISCO plunge for constant reflectivity R̃. Figure
17 shows the frequency domain horizon waveform ZH

BH

as well as three echoes Z
(n)
echo, where

Z
(n)
echo = K̃(n)ZH

BH (5.1)

are the Fourier conjugates of the nth echoes ψ
(n)
echo(u).

The first echo inherits the peak of ZH
BH near ΩR, but the

peak near mΩISCO is removed by T̃BH. The third echo
similarly retains a peak near ω = −ΩR, although shifted
to a slightly lower frequency compared to the first, and is
significantly narrower. By the tenth eleventh echoes, the
differences between successive echoes has become small,
and the echoes retain a suppressed peak near (but to the
right of) ω = −ΩR. Overall, we see that because of the
low frequency suppression in all the echoes, the ringdown
portion of the horizon waveform is most important for
determining the shape of the first several echoes.

B. Template for echoes

The observation that the ringdown of the horizon wave-
form ψH

BH is the most important factor for determining
the shape of the echoes leads to a simple idea for a tem-
plate for the echoes. Construct a template ZH

T for the
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horizon waveform ZH
BH consisting of only a ringdown at

the fundamental QNM frequency. Then construct a tem-

plate ZT for the echoes Zecho and a template Z
(n)
T for each

echo Z
(n)
echo using the transfer functions

ZT = K̃ZH
T , Z

(n)
T = K̃(n)ZH

T . (5.2)

To model the ringdown of the horizon waveform, we
take a superposition of decaying sinusoids that each are
excited at a slightly different time. In the time domain
our template for the horizon waveform is

ψH
T(t) = (ψQNM ∗ h)(t)

h(t) =
β√
2π

exp

(−(t− ts)2

2/β2

)
ψQNM(t) = θ(t)

(
−iα+e

−iΩ+t − iα−e−iΩ−t
)
, (5.3)

where we use ψH
T to indicate the Fourier conjugate of ZH

T .
We weight each decaying sinusoid by the Gaussian h(t).
The template is parametrized by two complex amplitudes
α± for the sinusoids at the positive and negative QNM
frequencies, Ω± = ±ΩR + iΩI , a central start time ts,
and a frequency width β. In the frequency domain, the
template for the horizon waveform takes the even simpler
form

ZH
T (ω; ~p) = eiωtse−ω

2/(2β2)

(
α+

ω − Ω+
+

α−
ω − Ω−

)
,

(5.4)

where ~p = (α+, α−, ts, β) are the template parameters.
To evaluate the template we investigate its ability to

match both individual echoes and complete waveforms
produced from a test charge following the ISCO plunge
orbit, in the case of a constant R̃. To quantify the match,
we define the overlap of two waveforms as

ρ2(Z1, Z2) =
| 〈Z1|Z2〉 |2

〈Z1|Z1〉 〈Z2|Z2〉
, (5.5)

in terms of the inner product

〈a|b〉 =

∫ ∞
−∞

dω

2π
ã∗(ω)b̃(ω) . (5.6)

The overlap satisfies 0 ≤ ρ ≤ 1, with ρ ≈ 1 indicating a
good match.

For our first test of the model, we consider the overlap

for the individual echoes, ρ(Z
(n)
T , Z

(n)
echo; ~p). Note that the

overlap for the individual echoes is independent of x0 and
R̃. We set the template parameters ~p = ~p1 by analyti-
cally maximizing the overlap over α± [65] at fixed non-
linear model parameters ts and β; we then numerically
search for optimal parameters ts and β. We compute the
overlap for successive echoes using the same fixed ~p1.

In Fig. 18, we plot ρ(Z
(n)
T , Z

(n)
echo; ~p1) versus n for the

first twenty echoes. We see that the overlap is approxi-
mately between 0.96 and 0.97 and asymptotes to a con-
stant as the echo number n grows. We show a direct
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FIG. 18. The overlap ρ(Z
(n)
T , Z

(n)
echo; ~p1) for the nth individual

echo plotted versus echo number n. The parameters ~p1 are
determined by maximizing the overlap for the first n = 1
echo. We show results for (`,m) = (2, 2) and use a test charge

following the ISCO plunge trajectory as a source for the Z
(n)
echo.
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FIG. 19. A comparison of the (`,m) = (2, 2) real (top) and

imaginary (bottom) parts of the n = 1 echo template Z
(1)
T

and the first echo. The echo is generated by a test charge
following the ISCO plunge orbit and the parameters for the
template are determined by maximizing the overlap ρ given
by Eq. (5.5) between the template and the echo. The value
of the overlap is ρ = 0.969.

comparison of the template and the first echo in Fig. 19
to give an example of the type of match produced by an
overlap in this range3. Importantly, this analysis shows

3 Note that our procedure does not completely fix the param-
eters α± since the normalized overlap is invariant under shifts

Z
(n)
T → aZ

(n)
T for any complex constant a. To completely fix the

parameters for Figs. 19 and 20, we also impose the constraints
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FIG. 20. A comparison of the modulus of the (`,m) = (2, 2) of
the horizon waveform template ZH

T and numerically computed
horizon waveform. The waveform is generated by a test charge
following the ISCO plunge orbit and the parameters for the
template are determined by maximizing the overlap ρ between
the first echo template and the numerically calculated first
echo. The value of the overlap is ρ = 0.72.

that the first echo can be used to generate values of the
template parameters that produce reasonably good over-
laps for later echoes.

It is insightful to compare these overlaps to the cor-
responding overlap ρ(ZH

T , Z
H
BH; ~p1) between the horizon

waveform and its template at the same parameters ~p1.
This overlap is ρ = 0.72, and it is smaller than the over-
lap for the individual echoes. A direct comparison of
the horizon waveform and its template, shown in Fig. 20,
reveals that the template misses key features of the hori-
zon waveform at low frequencies |ω| < ΩR. We explain
the enhanced performance of the template for the echoes
compared to the horizon waveform as being due to the
echo transfer functions K̃(n), which filter out the low fre-
quencies where the template performs poorly.

To investigate how the template models the full
echo amplitude Zecho, we investigate the overlap
ρ(ZT, Zecho; ~p). Note that this overlap does depend on

x0 and R̃. We fix x0 and R̃ and maximize over the tem-
plate parameters ~p. The results are shown in Fig. 21 for
x0 = −3M,−20M , and −50M at several values of R̃
ranging from 0.01 to 1.

We see that the overlap is generally greater than 0.96
for R̃ < 0.99. For R̃ ≥ 0.99, the overlap for the larger
values of x0 drops significantly. The dramatic reduction
in the overlap occurs because the amount of power (as de-
termined by the power density dP/dω = |Zecho|2) in the
echo waveform at low frequencies significantly increases

〈Z(n)
T |Z(n)

T 〉 = 〈Z(n)
echo|Z

(n)
echo〉 and ph(〈Z(n)

T |Z(n)
echo〉) = 0. This is

equivalent to minimizing the least squares differences between

the waveforms while holding 〈Z(n)
T |Z(n)

T 〉 constant.
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FIG. 21. The overlap ρ for the (`,m) = (2, 2) echo sum Zecho

for select values of x0 and and R̃. The waveform is generated
by a test charge following the ISCO plunge orbit. The tem-
plate parameters ~p are fixed in each case by maximizing the
overlap for the corresponding parameters.

as R̃ → 1 when x0 is large. This power is contained in the
narrow resonances appearing in Fig. 16. This degrades
the overlap because the template is only designed to per-
form well for frequencies near the BH QNM frequency
ΩR. For example when x0 = −50M and R̃ = 0.999, less
than 8% of the power is at frequencies |ω| < 0.6ΩR, while

when R̃ = 1, the number jumps to 35%.

C. Energy in the echoes

Our formalism also allows us to relate the energy in the
ECO waveform to the energy in the BH waveforms on
the horizon H+ and at asymptotic infinity I+. For very
compact ECOs, we derive a simple relationship between
the energy in the black hole waveform and the energy in
the ECO waveform.

The stress energy tensor for the scalar field is Tµν =
∇µφ∇νφ− (1/2)gµν∇ρφ∇ρφ and energy flow is governed
by the energy flux vector −Tµν(∂/∂t)ν . Given a wave
ψ(v) that impinges on the horizon or a wave ψ(u) that
is incident on I+, the energy E [ψ] is the functional

E [ψ] =
∑
`m

E`m[ψ], (5.7)

E`m[ψ] =

∫ ∞
−∞

dτ |ψ̇`m(τ)|2 =

∫ ∞
−∞

dω

2π
ω2|Z`m(ω)|2,

(5.8)

where we have temporarily restored the harmonic indices.
The last equality is an application of Parseval’s theorem,
and we have denoted Zlm as the Fourier conjugate of ψlm.

The energy of the ECO waveform E∞ can be expressed
in terms of the energy in the black hole waveform E∞BH =
E[ψ∞BH], the energy in the echoes Eecho = E[ψecho], and
correlations between the echoes and the black hole wave-
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FIG. 22. The energy Eecho in the (`,m) = (2, 2) component
of the echo waveform compared to energy EH

BH in the horizon
waveform for different values of R̃ and x0. The waveforms
come from a test charge following an ISCO plunge orbit.

form

E[ψ∞BH] = E[ψ∞BH + ψecho]

= E∞BH + Eecho + 2<
[∫ ∞
−∞

dτ ψ̇∞BH(τ)ψ̇echo(τ)∗
]
.

(5.9)

In the limit that x0 is much larger than the duration of
each echo, the different echoes do not overlap, allowing
us to neglect the correlations, so that

E∞ ≈ E∞BH + Eecho. (5.10)

An identical argument allows us to write the echo energy
as an approximate sum of the energy in each echo.

Eecho ≈
∞∑
n=1

E[ψ
(n)
echo] =

∞∑
n=1

∫
dω

2π
ω2|Z(n)

echo|2

=

∫
dω

2π
|R̃T̃BH|2

∞∑
m=0

|R̃R̃BH|2mω2|ZH
BH|2

=

∫
dω

2π

|R̃T̃BH|2
1− |R̃R̃BH|2

ω2|ZH
BH|2 , (5.11)

where we have used Eqs. (3.4) and (5.1).

When R̃ = 1, since |T̃BH|2 = 1− |R̃BH|2, the echo en-
ergy Eecho is precisely the energy EH

BH = E[ψH
BH] that

would have gone down the horizon in the BH spacetime.
When |R̃| < 1, there will be less energy in the echoes

than the horizon waveform, falling to 0 as R̃ → 0. Fi-
nally, Eq. (5.11) predicts that for very compact ECOs,
the relationship between the energy in the ECO wave-
form and BH waveforms on H+ and I+ is independent
of x0.

Figure 22 shows Eecho/E
H
BH for (`,m) = (2, 2) wave-

forms from the ISCO plunge orbit for a variety of R̃ and
x0. As expected, smaller values of R̃ produce echoes con-
taining less energy and the ratio becomes independent of

x0 as x0 → ∞. For perfectly reflecting, extremely com-
pact ECOs with x0 > 20M , more than 97% of the energy
in the horizon waveform is radiated in the echoes.

VI. CONCLUSIONS

In this work, we derive a relationship between the
Green’s functions for a massless scalar field in a BH
spacetime and in the exterior region of ECOs. This is
accomplished by replacing the compact object with a re-
flecting boundary near the horizon of the BH. The exte-
rior of any ECO can be modeled with a particular choice
of boundary location and frequency dependent reflectiv-
ity.

We use the relationship between Green’s functions to
show that the ECO waveform seen by asymptotic ob-
servers is the same as that seen in the BH spacetime,
plus additional emission from reflection off the bound-
ary. This additional emission can be computed by repro-
cessing the horizon waveform in the BH spacetime using
a simple transfer function. We find that the difference
between the BH and ECO waveforms at infinity can be
understood either as a superposition of echo pulses or a
superposition of modes associated with poles in the ECO
Green’s function. Furthermore, we show how both the
individual echoes and the new mode frequencies encode
the information describing the ECO model; namely the
boundary reflectivity and location.

Our formalism also explains how the BH QNMs im-
print themselves in ECO waveforms: The ECO wave-
form has a main burst that rings down at the black hole
QNM frequencies. In addition, the frequency content of
the individual echo pulses is largely determined by the
frequency content in the horizon waveform ψH

BH near the
BH QNM frequencies. Despite the imprint of these fre-
quencies on the ECO waveform, our formalism also shows
that the BH QNM frequencies are not poles in the ECO
Green’s function. Rather, the piece of the Green’s func-
tion responsible for producing the main burst and the
piece responsible for the echoes both have poles at the
BH QNM frequencies, which cancel in the full expres-
sion.

We demonstrate how our formalism can be used to re-
process a black hole waveform into an ECO waveform by
studying the echoes produced by a test charge spiralling
in from the ISCO. We use our numerical results and an-
alytic observations to design a simple template for the
echoes that accurately reproduces our waveforms, with
normalized overlaps ρ > 0.95 for most values of bound-
ary location and reflectivity (taken here to be frequency
independent).

To determine the significance of our proposed tem-
plate, future work will be required to extend the for-
malism to gravitational perturbations of Kerr. In addi-
tion to the added algebraic complexity, one will have to
overcome the absence of Birkhoff’s theorem in Kerr, as
well as the lack of a simple scheme for parameterizing
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reflecting boundary conditions for gravitational pertur-
bations [49] (see [54] for one possible prescription). Ide-
ally, future work will also extend the formalism beyond
test particle sources, so that comparable mass binaries
can be treated. Nevertheless, our results indicate that a
relatively simple template, combined with a prescription
for reprocessing waveforms generated in black hole space-
times, can be used to investigate the existence of ECOs
and their echoes using gravitational wave observations.
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Appendix A: Calculation of the reflection and
transmission coefficients

In this appendix we describe our calculation of the re-
flection and transmission coefficients RBH and TBH, in
both the time and frequency domains.

1. Time Domain

The scattering coefficients R̃BH and T̃BH are defined
from the frequency domain solution ψ̃up to Eq. (2.4). An
equivalent time-domain definition is found in terms of a
solution ψ to the characteristic initial value problem

∂2ψ

∂u∂v
+
fV

4
ψ = 0 (A1)

with characteristic initial data posed on the past horizon
H− and past null infinity I− consisting of a delta function
pulse

ψ(u)|H− = δ(u), ψ(v)|I− = 0 (A2)

as shown in Fig. 23. Then TBH(u) is the field ψ(u)|I+
evaluated at future null infinity and RBH(v) is the field
ψ(v)|H+ evaluated on the future horizon. This is seen as
follows.

When V = 0, the general solution to Eq. (A1) is a
superposition of an outward traveling wave and an inward
traveling wave,

ψ(v, u) = h(u) + k(v), (A3)

u =
0

H+

H�

I+

I�

V ⇡ 0V ⇡ 0

Near
Horizon

Far
Field

FIG. 23. A Penrose diagram illustrating the relevant surfaces
of the characteristic initial value definition of TBH and RBH.
Initial data, consisting of a delta function pulse at u = 0 (red
line), is posed on H− and I−. The transfer function TBH

is extracted off of I+ and RBH is extracted off of H+. The
blue dashed lines approximately bound the near-horizon and
far-field regions where V ≈ 0.

where h and k are free functions. The potential can be
neglected, V ≈ 0, in the near horizon region, roughly
bounded by the left blue dashed line in Fig. 23, and also
in the far field region, roughly bounded by the right blued
dashed line. We match the general solution Eq. (A3) to
the boundary data in these regions to obtain

ψ(v, u) =

{
δ(u) + ψ(v)|H+ , x→ −∞ ,

ψ(u)|I+ , x→∞ .
(A4)

Notice the field on the horizon is not determined by the
initial conditions in the near horizon matching region.
Likewise the field at future null infinity is not determined
by the initial conditions in the far-field matching region.
Calculating these fields requires all of the initial data.

Rewriting the solution in (t, x) coordinates and taking
the Fourier transform with respect to t yields

ψ̃(ω, x) =

{
eiωx + ψ̃(ω)|H+e−iωx, x→ −∞
ψ̃(ω)|I+eiωx, x→∞. (A5)

Comparing this with frequency domain definition Eq.
(2.14) of RBH and TBH, we identify

ψ̃(ω)|H+ = R̃BH(ω) , (A6)

ψ̃(ω)|I+ = T̃BH(ω) , (A7)

establishing the equivalence of the two definitions.
For our numerical calculations, it is important to re-

alize that TBH(u) only has support for u ≥ 0 and
TBH(0) = δ(0). The first fact follows from ψ(v, u) = 0
for u < 0, since for these times ψ lies in the domain of
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dependence of the portion of initial data which is equal
to zero. The second conclusion follows from the high fre-
quency behavior T̃BH → 1 as ω/ΩR → ±∞ [58]. This

implies that T̃BH = 1 + f(ω), where f → 0 as ω → ±∞.
Taking the Fourier transform of both sides gives the delta
function at u = 0.

We use our characteristic code for homogeneous solu-
tions to wave equations detailed in Sec. B 3 to solve this
characteristic initial value problem. Namely, we pose the
initial data on the future part of a null cone described
by v = v0 and u = 0 and choose −v0 large enough that
the delta function pulse δ(u) is deep in the near horizon
region. We use a discrete approximation for the delta
function in the initial data

δ(u) =


1

2(2h)
, u = 0

0, otherwise
. (A8)

where our numerical grid is spaced by 2h. We extract
RBH off of the ray u = uE in our computational domain
that is closest to H+. Similarly we extract TBH off of the
ray v = vE in our computational domain that is closest
to I+.

We performed convergence checks on our choice of
stepsize h, initial data ray location v0 and the location
of the extraction rays vE and uE . We used h = 0.025M .
We verified that the same numerical approximation of the
δ(u) that we used in our initial data appears in TBH. For
calculations in the paper that rely on TBH, we insert the
δ function analytically and only use the smooth part of
TBH from our code. To obtain the smooth part of TBH(u)
near zero we extrapolated this data backwards in time a
single time step.

2. Frequency Domain

For computations that required accurate frequency do-
main representations of R̃BH and T̃BH, we also computed
R̃BH and T̃BH directly in the frequency domain. This
also provided an independent check of our time domain
methods.

At a fixed frequency, the homogeneous wave equation
(2.4) together with one of the two boundary conditions in

Eq. (2.13) forms a boundary value problem for ψ̃up(ω, x).

The coefficients Bout and Bin necessary to compute R̃BH

and T̃BH are determined from the solution and its deriva-
tive near the opposite boundary by comparing to the re-
maining boundary condition.

We numerically integrated outward from the horizon,
using an analytic third-order expansion of ψ̃ to match
the boundary condition there. We extracted the field at
a large radius r = 1000M , matching to an asymptotic
expansion of ψ̃ including terms up to third order in 1/r.

Appendix B: Point Particle Waveforms

In this appendix we provide Green’s functions solutions
for the scalar field ψBH in the BH spacetime, specialized
to point particle sources for observers at future null in-
finity I+ and the future horizon H+.

1. Green’s Function solution

The boundary conditions for ψBH in Eq. (2.19) select
the retarded solution to the Klein-Gordon equation

ψBH(x, t) =

∫ ∞
−∞

dt′
∫ ∞
−∞

dx′S(x, t)gBH(x, x′, t− t′),

S(x, t) = −rf(r)ρ`m(x, t), (B1)

constructed from the retarded (biscalar) Green’s function
gBH(x, x′, τ) and the spherical harmonic components of
the scalar charge density4. The retarded Green’s function
obeys gBH(x, x′, t− t′) = 0 when t− t′ < |x− x′| and the
differential equation

∂2gBH

∂x2
− ∂2gBH

∂t2
− f(r)V (r)gBH = δ(t− t′)δ(x− x′).

(B2)

We are interested in the waveforms on either the BH
horizon or at asymptotic infinity. This leads us to con-
sider the asymptotic Green’s functions

gBH ∼
{
gH(x′, v − v′), as x→ −∞, v fixed ,

g∞(x′, u− u′), as x→∞, u fixed ,
(B3)

which describe the response on the horizon and at infin-
ity, respectively.

We also need the appropriate source functions, special-
ized to ingoing coordinates (v, x) and outgoing coordi-
nates (u, x). The scalar charge density of a point particle
of scalar charge q, following the trajectory xµp (τ) is

ρ(xµ) = q

∫
dτ
δ(4)(xµ − xµp (τ))√−g , (B4)

Resolving into spherical harmonics ρ =
∑
`m ρ`mY`m, re-

parameterizing by advanced time, and writing the result
in ingoing coordinates leads to

S(x, v) = Ŝin(v)δ(x− xp),

Ŝin(v) =
−qY ∗`m(θp, φp)

rp(dvp/dτ)
, (B5)

4 Note that S, ψBH, gBH and all variants of them which appear in
this appendix have (`,m) indices which we suppress for brevity.
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where the trajectory is evaluated at v. Similarly, if we re-
parameterize by the retarded time, and write the result
in outgoing coordinates, the source is

S(x, u) = Ŝout(u)δ(x− xp),

Ŝout(u) =
−qY ∗`m(θp, φp)

rp(dup/dτ)
, (B6)

where the trajectory is evaluated at the retarded time u.
With these definitions, the horizon waveform is

ψH
BH(v) =

∫ ∞
−∞

dx′
∫ ∞
−∞

dv′S(x′, v′)gH(x′, v − v′)

=

∫ ∞
−∞

dv′Ŝin(v′)gH(xp(v
′), v − v′). (B7)

For a particle that crosses the horizon at an advance time
v = vH, this becomes, using the causal property of the
retarded Green’s function,

ψH
BH(v) =


∫ v

−∞
dv′Ŝin(v′)gH(xp(v

′), v − v′), v < vH ,∫ vH

−∞
dv′Ŝin(v′)gH(xp(v

′), v − v′), v ≥ vH .

(B8)

Meanwhile, the asymptotic waveform is given by

ψ∞BH(u) =

∫ ∞
−∞

dx′
∫ ∞
−∞

du′S(x′, u′)g∞(x′, u− u′)

=

∫ u

−∞
du′Ŝout(u

′)g∞(xp(u
′), u− u′). (B9)

where we have again used causality to truncate the upper
limit of the integration to u.

In this paper, we extensively study the radiation pro-
duced by a test charge on the ISCO plunge orbit. Such
a particle asymptotes to the ISCO radius r = 6M as
t → −∞ and has a specific energy EISCO = 2

√
2/3

and a specific angular momentum of LISCO =
√

12M .
To calculate the waveforms ψ∞BH and ψH

BH we rely on
Eqs. (B8) and (B9) with analytic expressions for the tra-
jectory found in [60], and a Green’s function that we
compute numerically using a characteristic code detailed
in Sec. B 3.

2. Characteristic Initial Value Problem for the
Green’s function

We obtain the retarded Green’s function gBH for the
scalar field in the BH spacetime as the solution of a char-
acteristic initial value problem. In null coordinates (v, u),
Eq. (B2) for gBH(v, v′, u, u′) takes the form

∂2gBH

∂v∂u
+
fV

4
gBH = −1

2
δ(∆u)δ(∆v) (B10)

(v,u)

(v + h,u + h)

(v − h,u − h)

(v − h,u + h) (v + h,u − h)

N

S

W E
C

FIG. 24. A generic computational cell in our characteristic
evolution scheme.

where ∆u = u− u′, ∆v = v− v′. Causality motivates us
to look for a distributional solution

gBH(v, v′, u, u′) = ĝ(v, v′, u, u′)θ(∆u)θ(∆v), (B11)

where ĝ is a smooth function defined in the future light
cone of the source point (v′, u′). Substitution of the
ansatz (B11) in (B10) yields

δ(∆u)δ(∆v)ĝ + θ(∆u)δ(∆v)
∂ĝ

∂u
+ θ(∆v)δ(∆u)

∂ĝ

∂v

+ θ(∆u)θ(∆v)

(
∂2ĝ

∂v∂u
+
fV

4
ĝ

)
= −1

2
δ(∆u)δ(∆v)

(B12)

We now equate terms of equal singularity strength. The
first term on the LHS balances the RHS if we demand
[ĝ] ≡ g(v′, v′, u′, u′) = −1/2. The second term, which
is only nonzero along v = v′, vanishes if we demand
∂uĝ|v=v′ = 0, which can be integrated to yield ĝ|v=v′ =
−1/2. Likewise, setting the third term to zero yields
ĝ|u=u′ = −1/2. Finally, the fourth term vanishes if ĝ
satisfies the homogeneous wave equation equation

∂2ĝ

∂v∂u
+
fV

4
ĝ = 0 (B13)

in the forward light cone of source point.
Equation (B13), together with the initial data ĝ =
−1/2 posed on the future part of the null cone formed
by the rays u = u′ and v = v′, is a characteristic initial
value problem for gBH. We solve this numerically using
a characteristic code described in Sec. B 3.

3. Characteristic Code

We numerically compute ĝBH using a finite-difference
characteristic code based on the method of Price and



19

Lousto [67]. For this, we fix a source point (v′, u′) and
solve the homogeneous wave equation (B13) obeyed by
ĝ(v, u). We discretize the field point coordinates (v, u)
onto a rectangular grid with nodes spaced by 2h.

A standard computational cell centered on the point
C = (v, u) is shown in Fig. 24. Referring to the figure,
given the data ψS , ψW , and ψE on the bottom three
corners of a computational cell, the value on top corner
ψN can be obtained with the stepping algorithm

ψN = −ψS + (1 + 2WCh
2)(ψE + ψW ) (B14)

WC = −fV
4

∣∣∣∣
C

. (B15)

This algorithm can be derived by integrating the homo-
geneous wave equation (B13) over a computational cell
with O(h4) accuracy. Our code inputs initial data on the
future part of the light cone formed by the rays v = v′

and u = u′ and is second order convergent. We generate
values for ψ on the remaining nodes of the grid using the
stepping algorithm (B14).

To obtain g∞(x′,∆u), we further fix ∆u and use our
characteristic code to obtain gBH as a function of field
point radius r. Using the fact that the field has an ex-
pansion in powers of 1/r, we then extrapolate the field
to future null infinity using Richardson extrapolation.

To extract gH(x′,∆v), we use our characteristic code
to obtain gBH evaluated on the ray u = constant that is
closest to the horizon in our computational domain. For
early advanced time ∆v, this ray is buried deep in the
near horizon region, and we approximate gH(x′,∆v) as
gBH evaluated on this ray. We check that this scheme
converges as we move the extraction ray u = constant
towards H+.

We perform these calculations for radii between r′ −
2M = 1.7 × 10−5 and r′ = rISCO = 6M with ∆x′ =
1. We then interpolate between these values to obtain
gH(x′,∆v) and g∞(x′,∆u) that we use in the calculations
presented in this paper.

4. Windowing and Frequency Domain Waveforms

Waveforms from physically relevant orbits are finite in
duration. The waveforms produced by the exact ISCO
plunge orbit are not; at late times, the waveforms ring-
down to zero, but at arbitrarily early times they have an
oscillation at ω = mΩISCO due to the test charge orbiting
on the ISCO.

Hence, for all calculations in this paper we consider the
echoes produced by a windowed horizon waveform. More
precisely we apply a one-sided version of the Planck-
Taper [68] window function to the exact ISCO plunge
horizon waveforms:

σT (t, t1, n) =


0, t ≤ t1

1

1 + ez
, t1 < t < t2

1, t ≥ t2
, (B16)

where t1 is free parameter indicating when the window
starts, t2 = t1 + 2aπ/ΩISCO with a a free parameter, and
z is a function that goes from ∞ at t1 to −∞ at t2,

z =
t2 − t1
t− t1

+
t2 − t1
t− t2

. (B17)

We choose parameters that leave 3 oscillations at early
times near ω ≈ mΩISCO and smoothly turn on over the
course of two oscillations.

We obtain the horizon waveform ZH
BH in the frequency

domain by numerically performing the inverse Fourier
transform of the time domain waveform ψH

BH.

Appendix C: Wormhole Reflectivity

In this appendix, we compute R̃(ω) for a wormhole [40]
describing two Schwarzschild spacetimes of mass M iden-
tified with a thin shell of exotic stress-energy at an areal
radius r0 corresponding to a tortoise coordinate location
of x0. Note that the value of R̃ depends on our phase
convention, and we use that of Eq. (2.9), which is invari-
ant under shifts of the origin of the tortoise coordinate
x.

To begin, define a new tortoise coordinate y covering
the entire wormhole spacetime,

dr

dy
=


(

1− 2M

r

)
, y > 0

−
(

1− 2M

r

)
, y < 0,

(C1)

with a different origin y(r0) = 0 than is used for the co-
ordinate x. Scalar waves propagating in the wormhole
spacetime are described by the scalar wave equation on
the domain −∞ < y <∞, with a non-differentiable, but
continuous potential V (y) at y = r0. The reflectivity R̃
is determined by matching the solution obeying the out-
going boundary condition in the left half of the universe
to a solution in the right half.

We accomplish this using the homogeneous solution
ψ̃up, although with a different phase normalization than
in Eq. (2.13) due to the shift in the origin y,

ψ̃up(y) ∼ eiωy , y →∞ (C2)

For compact wormholes r0 → 2M the potential V ≈ 0
near the location x = 0 and we have

ψ̃up(y) ∼ Cout(ω)eiωy + Cin(ω)e−iωy , y → 0 (C3)

From these we define R̃W = Cin/Cout to denote the re-
flection coefficient using the phase convention (C2).

In the left half of the universe, ψ̃up(−y) is the solu-
tion describing waves that are completely outgoing at
null infinity. Near the matching radius y = 0, we have
by definition

ψ̃up(−y) ∝ e−iωy + R̃We
iωy. (C4)
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This matches to the form of desired boundary condition
for waves in the right half, ψ ∝ e−iωy + R̃eiωy, if we
choose R̃ = R̃W.

Finally, we express this result in terms of the BH
scattering coefficients, which use the phase convention
of Eq. (2.13). The scattering coefficients defined by
Eq. (C2) are related to those of Eq. (2.13) through a
simple shift of the origin of y. This means that

R̃W = e−2iωx0R̃BH (C5)

We see then that the wormhole can be treated using a
reflecting boundary at x0 with

R̃(ω) = R̃BH(ω)e−2iωx0 . (C6)

We use this simple result to explore the echoes in worm-
hole spacetimes.

Appendix D: Fourier Transform of Decaying
Sequence of Pulses

In this appendix, we derive the Fourier transform of
the f(t) given in Eq. (4.7)

f(t) =

∞∑
n=0

γnδ (t− nT ) , (D1)

which involves some nontrivial manipulations to arrive
at the form in Eq. (4.8). Namely, directly evaluating the
Fourier transform with the delta functions gives

f̃(ω) =

∫ ∞
−∞

dtf(t)eiωt =

∞∑
n=0

γneiωnT (D2)

The derivation of the two different forms is related to the
fact that one can write the Fourier transform c̃(ω) of a
Dirac comb with period T = 2π/∆ω

c(t) =

∞∑
n=−∞

δ(t− nT ) (D3)

in two different ways. On one hand, directly integrating
over the δ functions gives

c̃(ω) =

∞∑
n=−∞

eiωnT . (D4)

On the other hand, the Dirac comb is a periodic function
with a period T and can be expanded as a Fourier series

c(t) =

∞∑
n=−∞

cne
−i∆ωnt,

cn =
1

T

∫ T/2

−T/2
dtei∆ωntc(t) =

1

T
. (D5)

Comparing this to the expression for the inverse Fourier
transform c(t) = 1/(2π)

∫
dωe−iωtc̃(ω) leads to the alter-

nate form of c̃(ω)

c̃(ω) = ∆ω
∞∑

n=−∞
δ(ω − n∆ω) (D6)

We use this result to derive Eq. (4.8) for f̃ .
First note that f has a simple relationship to the Dirac

comb

f(t) =

∞∑
n=0

γnδ(t− nT )

= e(t/T ) ln γ
∞∑
n=0

δ(t− nT ) = b(t)c(t) , (D7)

b(t) ≡ θ(t)e(t/T ) ln γ , (D8)

where θ(t) is the unit step function. Then the convolution
property of the Fourier transform implies that

f̃(ω) =

∫ ∞
−∞

dω′

2π
b̃(ω − ω′)c̃(ω′). (D9)

The Fourier transform b̃(ω) is

b̃(ω) =

∫ ∞
0

dt eiωt+(t/T ) ln γ = − 1

iω + ln γ/T
, (D10)

where we have used the fact that ln γ < 0 for 0 < γ ≤ 1.
Substituting Eq. (D6) and Eq. (D10) into Eq. (D9) and
integrating over the Dirac comb then yields Eq. (4.8).
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