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Geodesic bulk diagrams were recently shown to be the geometric objects which compute global

conformal blocks. We show that this duality continues to hold in p-adic AdS/CFT, where the bulk

is replaced by the Bruhat–Tits tree, an infinite regular graph with no cycles, and the boundary is

described by p-adic numbers, rather than reals. We apply the duality to evaluate the four-point

function of scalar operators of generic dimensions using tree-level bulk diagrams. Relative to stan-

dard results from the literature, we find intriguing similarities as well as significant simplifications.

Notably, all derivatives disappear in the conformal block decomposition of the four-point function.

On the other hand, numerical coefficients in the four-point function as well as the structure con-

stants take surprisingly universal forms, applicable to both the reals and the p-adics when expressed

in terms of local zeta functions. Finally, we present a minimal bulk action with nearest neighbor

interactions on the Bruhat–Tits tree, which reproduces the two-, three-, and four-point functions of

a free boundary theory.

I. INTRODUCTION

Operator product expansions (OPEs) in CFTs defined

on p-adic spaces were first studied in [1] in the context of

two-dimensional CFTs. The p-adic OPE is much simpler

than its Archimedean1 counterpart since it does not ad-

mit derivative expansions in any obvious way, due to the

lack of a notion of local derivatives of functions whose

domain is the p-adics and whose range is the reals. Con-

sequently, no descendants appear in the p-adic OPE; in

fact in such a CFT a local stress-tensor is absent. Nev-

ertheless, p-adic field theories share several common fea-

tures with usual field theories, including renormalization

group flows and the existence of a Wilson-Fisher fixed

point [2–6]. At the fixed point, anomalous dimensions

admit universal expressions independent of the choice of

space, whether p-adic or real [6].

On the holographic side, the dual geometry permits a

∗ ssgubser@princeton.edu
† sparikh@princeton.edu
1 We will use the term Archimedean to refer to any construc-
tion based entirely on real numbers rather than p-adic numbers.
So for example, Archimedean field theories are the ones usually
studied in textbooks, based on fields defined on Rn or Rn−1,1.
To be precise, the Archimedean property of real numbers is that
if 0 < |a| < |b|, then there is some integer n such that |na| > |b|.
The failure of the p-adic numbers to share this property is gen-
erally recognized to be their most fundamental difference from
the reals.

natural description in terms of discrete graphs, the sim-

plest of which is the Bruhat–Tits tree — an infinite reg-

ular graph with no cycles and a coordination number

pn + 1, where pn is a power of a prime — that serves

as the p-adic analog of Euclidean AdS space [7–9].2 The

boundary of the Bruhat–Tits tree is described in terms

of the extended p-adic numbers Qpn (more precisely, the

projective line P1(Qpn)), which may be viewed as an

n-dimensional vector space over the unextended p-adic

numbers Qp in much the same way as C can be viewed as

a two-dimensional vector space over R.3 In order to make

contact with the standard results in Rn,4 we restrict our-

selves to a bulk scalar field on a fixed AdS background,

since in this case the dual CFT in Rn lacks a stress tensor

as well.5 In the p-adics, the theory of a bulk scalar on a

fixed AdS background is described by a scalar degree of

2 See [8, 10] for discussions on connections between tensor networks
and the Bruhat–Tits tree.

3 For a quick review of p-adic numbers and their extensions, see
for example [7].

4 We will sometimes refer to the usual AdS/CFT correspondence
over the reals as the Archimedean case or simply as Rn, and we
will refer to the non-Archimedean case over the p-adics simply
as Qpn .

5 In [9], in the context of p-adic AdS/CFT, a “stress-tensor” like
operator dual to “graviton fluctuations” was considered. The
bulk description consisted of a scalar field defined on the vertices
of the infinite Bruhat–Tits tree, with the “graviton” described
as edge-length fluctuations. The operator dual to edge-length
fluctuations shared some properties with the stress-tensor, such
as the correct scaling dimension, but seemed to lack others, such

mailto:ssgubser@princeton.edu
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freedom defined on the vertices of the Bruhat–Tits tree.

Such theories have been previously studied in the case

of a massless scalar [14], massive scalar [7, 8], as well as

an interacting scalar with cubic and quartic interaction

vertices [7].

In [7], a discrete bulk Euclidean action on the Bruhat–

Tits tree Tpn was considered,

S[ϕ] =
∑
⟨ab⟩

1

2
(ϕa − ϕb)

2

+
∑

a∈Tpn

(
1

2
m2

∆ϕ
2
a +

g3
3!
ϕ3
a +

g4
4!
ϕ4
a

)
,

(1)

which describes a single scalar field ϕ living on the ver-

tices. The first sum in (1) runs over all edges, and the

second sum runs over all the vertices of Tpn . Here g3 and

g4 are coupling constants, and the mass of the scalar is

related to the scaling dimension of the dual operator, ∆

via [7]

Qpn m2
∆ ≡ m2

Qpn ,∆ =
−1

ζ(−∆)ζ(∆− n)
. (2)

The somewhat non-standard notation used in (2) and the

rest of the paper is explained at the end of this section.

It is worth noting here that the zeta function that ap-

pears in (2) is not the Riemann zeta function; instead,

we reserve the symbol ζ to stand for the so-called local

zeta functions, defined in (4)-(5).

The action in (1) was used to compute the bulk-to-

bulk and the bulk-to-boundary propagators [7, 8], which

in turn yielded the holographic two- and three-point func-

tions, as well as the connected four-point function at tree-

level for four identical scalar operators [7]. The four-point

function, which was restricted to a contact interaction

arising from a ϕ4 bulk vertex, was found to have a par-

ticularly simple form compared to its expression in the

usual Archimedean AdS/CFT over Rn. Notwithstand-

ing, surprising similarities were discovered between the

as a notion of spin. In this paper, we avoid the open question of
the properties of a stress tensor in p-adic CFTs by restricting to
a fixed bulk without dynamical gravity. For unrelated reasons,
CFTs in Rn without a stress tensor were also recently considered
in [11–13].

p-adic and Archimedean correlators [7], with the holo-

graphically obtained structure constants admitting uni-

versal expressions independent of the field under consid-

eration (p-adics or the reals), hinting at some version of

an adelic principle at play [1, 15, 16]. The first goal of

this paper is to present the full p-adic four-point function

of scalar composite operators of arbitrary dimensions, in-

cluding this time the exchange interactions arising from

cubic scalar couplings in the bulk. Compared to the

situation in Archimedean AdS/CFT, the p-adic contact

and exchange diagrams in the direct and crossed chan-

nels have much simpler expressions, and we are able to

obtain explicit closed-form expressions for them. These

remarkable simplifications arise due to the fact that only

the simplest double-trace operators appear in the confor-

mal block decomposition of the diagrams— the ones with

no derivatives; additionally no descendants contribute ei-

ther. Despite the simplifications, one continues to find

striking similarities between the results in Rn and Qpn ,

and we emphasize these in this paper.

To evaluate the exchange interactions in various chan-

nels, it is useful to employ the geodesic bulk diagram

techniques introduced in [17], often termed geodesic Wit-

ten diagrams since they are a simplification of the dia-

grammatic techniques introduced in [18]. Roughly speak-

ing, geodesic bulk diagrams are bulk exchange diagrams

with the bulk points of integration restricted to the

geodesics joining the boundary points, rather than the

whole of AdS space. The geodesic bulk diagram so con-

structed turns out to be directly related to the confor-

mal blocks in the boundary CFT. It is natural to expect

analogous relations to hold in p-adic AdS/CFT as well,

especially because geodesics feature prominently on the

Bruhat–Tits tree — in fact, all paths on the tree are

geodesics provided backtracking is disallowed. Indeed,

we will show that the relation between geodesic bulk di-

agrams and conformal blocks carries over to the p-adics,

and in fact turns out to be both similar to as well as sim-

pler than its Archimedean counterpart. In the process,

we obtain the decomposition of geodesic bulk diagrams

in both direct as well as crossed channels.

The final goal of this paper is to construct a bulk action

which reproduces the two-, three- and four-point func-
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tions of a free-field theory. We do that by introducing

a nearest neighbor interaction in the bulk, evaluating its

contributions to the four-point correlator, and tuning the

cubic and quartic bulk couplings to arrive at the free-field

connected four-point function.

A cautionary word on the non-standard notation used

in this paper is in order. Equations applicable only in

Rn or Qpn will be marked to indicate so. For instance,

the mass - scaling dimension relation between mass of a

scalar field, and the scaling dimension of the dual oper-

ator in Qpn is given by (2), while in Rn it is the well

known relation

Rn m2
∆ ≡ m2

Rn,∆ = ∆(∆− n) . (3)

Throughout the paper, we will be expressing results in

terms of the local zeta functions, defined to be

Qpn ζ(s) ≡ ζQp
(s) =

1

1− p−s
(4)

and

Rn ζ(s) ≡ ζR(s) = π−s/2ΓEuler(s/2) , (5)

in Qpn and Rn, respectively.6 The reason for defining

the local zeta functions is that holographic correlators in

Rn and Qpn have more or less a universal form, when

expressed in terms of these local zeta functions.7

Equations which hold both in Rn and Qpn will be left

unmarked. For instance in Rn and Qpn , it will be useful

6 As in [6], we avoid defining local zeta functions for Rn or Qpn

and prefer to use only the local zeta functions defined in (4) and
(5).

7 From a purely CFT perspective, it was shown in [6] (in the con-
text of the p-adic O(N) model), that correlators and anoma-
lous dimensions of various operators admit expressions express-
ible entirely in terms of suitably defined local gamma and beta
functions, which are ultimately constructed out of the local zeta
functions defined in (4)-(5). It is satisfying to see the same func-
tions appear both from purely bulk calculations as well as purely
boundary considerations, especially since in the context of p-adic
AdS/CFT the bulk/boundary correspondence relates two seem-
ingly disparate constructs: a bulk described by a discrete tree
and a boundary described by the continuum of p-adic numbers.
We will not have occasion to use the local gamma and beta func-
tions (though (6) is related); however, to prevent confusion we
will always use Euler’s gamma and beta functions as ΓEuler(z)
and BEuler(z, w).

to define8

β(∆1,∆2) ≡ ζ(∆1)ζ(∆2)

ζ(∆1 +∆2)
. (6)

The organisation of the rest of the paper is as follows.

In section II we establish the relation between p-adic con-

formal blocks and geodesic bulk diagrams on the Bruhat–

Tits tree, and in section III we use results from section

II as well as some bulk propagator identities to evaluate

the full four-point function of scalar operators (includ-

ing contact interactions as well as exchange diagrams in

all channels). In section IV we describe a minimal bulk

construction which yields the two-, three-, and four-point

functions of a free theory on the boundary. We end with

a summary and discussion of some open questions in sec-

tion V. In the appendices we list some additional propa-

gator identities on the Bruhat–Tits tree, illustrate cross-

ing symmetry in the p-adics, and explore the connection

between nearest neighbor interactions and derivative cou-

plings.

II. CONFORMAL BLOCKS AND GEODESIC

BULK DIAGRAMS

A. The p-adic OPE and the three-point function

The OPE between two (scalar) operators in a CFT

takes the general form

O1(x1)O2(x2) =
∑
r

C̃12r|x12|−∆1−∆2+∆rOr(x2) , (7)

where the sum is over all operators in the CFT. The oper-

ator Or has scaling dimension ∆r, and C̃ijks are the OPE

coefficients. In a p-adic CFT, descendants do not appear

in the OPE, and the index r runs only over the ‘pri-

maries’ [1]. A scalar ‘primary’ operator O with scaling

dimension ∆ transforms under p-adic conformal transfor-

8 In Rn, β(∆1,∆2) reduces to the usual Euler beta function,

β
(∆1,∆2)
Rn = BEuler(∆1/2,∆2/2).



4

mations,

Qpn z → z′ =
az + b

cz + d
,

(
a b

c d

)
∈ PGL(2,Qpn) (8)

as

Qpn O′(z′) =

∣∣∣∣ ad− bc

(cz + d)2

∣∣∣∣−∆

O(z) , (9)

where | · | represents the p-adic norm. This serves as the

defining property of scalar ‘primary’ operators in p-adic

CFTs [1]. Moreover, we postulate orthonormality

⟨Oi(x1)Oj(x2)⟩ =
δij

|x12|2∆j
. (10)

First consider a theory of bulk scalars of generic masses

with cubic couplings of the form ϕiϕjϕk in a fixed AdS

background. The p-adic OPE of two non-degenerate op-

erators takes the form in (7) where the sum runs over

all operators, including multi-trace. Inserting a single-

trace operator O3 at x3 of dimension ∆3 ̸= ∆1+∆2 such

that |x12| < |x13|, |x23|, the three-point function of three

single-trace operators following from the OPE is

Qpn

⟨O1(x1)O2(x2)O3(x3)⟩

=
∑
r

C̃12r|x12|−∆1−∆2+∆r ⟨Or(x2)O3(x3)⟩

= C̃123|x12|−∆1−∆2+∆3 |x23|−2∆3 ,

(11)

where we used the orthonormality property (10) and as-

sumed that the cubic coupling ϕ1ϕ2ϕ3 is present. Since

p-adic conformal invariance fixes the form of the three-

point function up to an overall constant f̃ijk [1], we may

set (11) to

f̃123
|x12|∆1+∆2−∆3 |x23|∆2+∆3−∆1 |x13|∆3+∆1−∆2

. (12)

Ultrametricity of the p-adic norm implies |x13| = |x23|.9

9 The proof proceeds as follows. Rewrite |x13| = |x12 + x23|. By
assumption, |x12| < |x23|. Then the desired relation follows
directly from the general property of the p-adic norm that |x +
y| = |x| if |x| > |y|.

This immediately yields at leading order (i.e. tree-level),

Qpn C̃123 = f̃123 . (13)

The OPE coefficient can be determined by working out

the three-point function holographically. For operators

with generic dimensions ∆1,∆2,∆3, which are bulk duals

to ϕ1, ϕ2, ϕ3 appearing in a cubic vertex,10 the standard

prescription in Rn to compute the tree-level contribution

to the three-point function is to evaluate the integral11

Rn

⟨O1(x⃗1)O2(x⃗2)O3(x⃗3)⟩

= N3

∫
dn+1y

yn+1
0

(
3∏
i

K̂∆i
(y0, y⃗ − x⃗i)

)
,

(14)

where K̂∆ is the unnormalized bulk-to-boundary propa-

gator

Rn K̂∆(y0, y⃗ − x⃗) =
y∆0

(y20 + (y⃗ − x⃗)2)∆
, (15)

and

Nk ≡ −gk

(
k∏

i=1

√
c̃∆i

)
, (16)

with

Rn c̃∆ ≡ c∆/(2∆− n) , (17)

and

c∆ ≡ ζ(2∆)/ζ(2∆− n) . (18)

In Qpn , integration over the bulk point y gets replaced

by a sum over all vertices a of the Bruhat–Tits tree [7],

10 In the special case of non-generic scaling dimensions with ∆i +
∆j −∆k = 0, anomalous dimensions become important at tree-
level. We will not address this case here.

11 The normalization differs slightly from the one used in [7], due to
the different choice of normalization for the two-point function.
(See also footnote 22.)
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giving

Qpn

⟨O1(x1)O2(x2)O3(x3)⟩

= N3

∑
a∈Tpn

(
3∏
i

K̂∆i
(a, xi)

)
,

(19)

where the unnormalized bulk-to-boundary propagator

K̂∆ is given by

Qpn K̂∆(a, x) = K̂∆(y0, y − x) =
|y0|∆

|y0, y − x|2∆s
, (20)

N3 is as in (16), c̃∆ is defined to be

Qpn c̃∆ ≡ c∆
p∆/ζ(2∆− n)

, (21)

and c∆ is given by (18). In the first equality in (20), the

bulk vertex a is re-expressed in terms of the boundary co-

ordinate y ∈ Qpn and the bulk depth coordinate y0 ∈ pZ

which together specify a [7]. The notation |z, w|s stands

for supremum norm, |z, w|s ≡ sup{|z|, |w|}.12

In Rn, evaluating the three-point function given in

(14), leads to (12) with [19]

Rn f̃123 =
N3

2
f123 , (22)

where

fijk ≡ ζ(∆i +∆j +∆k − n)

× ζ(∆i +∆jk)ζ(∆j +∆ki)ζ(∆k +∆ij)

ζ(2∆i)ζ(2∆j)ζ(2∆k)
.

(23)

Here ∆ij = ∆i − ∆j and ζ(s) is defined in (5). By

comparison in p-adic AdS/CFT, to evaluate (19) a sim-

ple generalization of the computation of the holographic

three-point amplitude presented in [7] leads to (12) with

Qpn f̃123 = N3 f123 , (24)

where f123 is again given by (23), and ζ(s) is defined in

12 For brevity, from now on we will suppress the vector symbol
on boundary coordinates in Rn, and analogous to the p-adics,
refer to bulk coordinates with lower-case Latin alphabets such
as a, b, c, so that for example, a = (y0, y⃗). Boundary coordinates
will usually be denoted using letters from the other end of the
alphabet, for example x, y, z.

(4).

While the equalities in (22) and (24) are sufficient

to show the striking similarity between the form of the

structure constants in Rn and Qpn , an alternate form for

the structure constants will be more instructive when we

later compare the scalar four-point functions in Rn and

Qpn . For n = 2 in Rn,

Rn

f̃123
(n=2)
=

−N3

c̃∆1+∆2

β(∆3+∆12,∆3−∆12)

×
∞∑

M=0

a
(∆1,∆2)
M

m2
∆3

−m2
∆1+∆2+2M

,

(25)

where c̃∆ is defined in (17), β(s,t) is defined in (6), the

mass squared in Rn is given by (3), and

Rn

a
(∆1,∆2)
M ≡ 1

β(2∆1+2M,2∆2+2M)

(−1)M

M !

× (∆1)M (∆2)M
(∆1 +∆2 +M − n/2)M

,

(26)

where (∆)M ≡ ΓEuler(∆+M)/ΓEuler(∆) is the Pochham-

mer symbol. On the other hand, in Qpn for general n,

Qpn

f̃123 =
−N3

c̃∆1+∆2

β(∆3+∆12,∆3−∆12)

× a(∆1,∆2)

m2
∆3

−m2
∆1+∆2

.

(27)

Here c̃∆ is defined in (21) and β(s,t) is defined in (6). The

p-adic mass squared is given by (2), and

Qpn a(∆1,∆2) ≡ 1

β(2∆1,2∆2)
. (28)

Although the equality in (25) holds only for n = 2, the

comparison between (25) and (27) proves useful in section

III, when we compare the four-point functions in Rn and

Qpn for any n. The absence of an infinite sum in (27)

along the lines of (25) turns out to be directly related to

the absence of derivatives in the OPE in p-adic CFTs.

We will return to this point in section III. It is worth

making the trivial observation that at M = 0, a
(∆1,∆2)
M
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x1

x2

x3

x4

c1 c2

d(c1,c2)

u < 1

ℙ1(ℚpn)

FIG. 1. Boundary points xi in the s-channel configuration.
Solid lines are geodesics on the Bruhat–Tits tree, tracing the
path joining the four points together. Bulk points c1, c2 are
uniquely fixed once xi are specified. The conformal cross-
ratio in (30) is given by u = p−d(c1,c2) where d(c1, c2) is the
graph distance between points c1 and c2. In the s-channel
configuration, u < 1.

in (26) reduces to the simple form

Rn a
(∆1,∆2)
0 =

1

β(2∆1,2∆2)
, (29)

which is to be compared with the definition (28) in Qpn .

B. Four-point contact diagram

For four boundary points x1, x2, x3 and x4, the confor-

mal cross-ratios u and v are defined to be

Qpn u ≡
∣∣∣∣x12x34

x13x24

∣∣∣∣ v ≡
∣∣∣∣x14x23

x13x24

∣∣∣∣ . (30)

In this paper, the points of insertion of external scalar

operators will always be in an ‘s-channel’ configuration

on the boundary (see figure 1). The defining property

of ‘s-channel’ is that the cross-ratio u < 1. A striking

consequence of ultrametricity is that, u < 1 ⇒ v = 1. To

prove this, observe that

Qpn

x14x23

x13x24
= 1− x12x34

x13x24
. (31)

The claim then follows directly from an application of the

ultrametric property of p-adic norms described in foot-

note 9.

We define the p-adic four-point contact amplitude to

be the sum

Qpn D(xi) ≡
1

W0(xi)

∑
a∈Tpn

(
4∏
i

K̂∆i
(a, xi)

)
, (32)

where

Qpn

W∆(xi) ≡ K̂∆1(c1, x1)K̂∆2(c1, x2)Ĝ∆(c1, c2)

× K̂∆3
(c2, x3)K̂∆4

(c2, x4) ,

(33)

and Ĝ∆ is the unnormalized bulk-to-bulk propagator,

given by [7]

Qpn Ĝ∆(c1, c2) = p−∆d(c1,c2) = u∆ , (34)

where c1 and c2 are the unique points of intersection of

the geodesics joining together the boundary points xi (see

figure 1), and u is the cross-ratio defined in (30). The

product in (33) evaluates to (see [7] for similar computa-

tions)

Qpn W∆(xi) = u∆ W0(xi), (35)

where

Qpn
W0 =

1

|x12x34|σ/2
∏

1≤i<j≤4

1

|xij |∆i+∆j−σ/2
, (36)

with σ ≡
∑4

i=1 ∆i. It is clear that W0(xi) carries the

trivial coordinate dependence of the four-point function.

An alternate representation for W0 is

Qpn W0 =

∣∣∣∣x24

x14

∣∣∣∣∆12
∣∣∣∣x14

x13

∣∣∣∣∆34 v(∆12−∆34)/2

|x12|∆1+∆2 |x34|∆3+∆4
,

(37)

where we can freely set v = 1 in the ‘s-channel’.

The sum over Bruhat–Tits tree in (32) was computed

in [7] in the special case of identical ∆i. Generalizing to
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non-identical ∆i, we obtain13

Qpn D(xi) = u∆Af34A + u∆Bf12B , (38)

where

∆A = ∆1 +∆2 ∆B = ∆3 +∆4 , (39)

and the fijks are given by (23). We note that D(xi)

depends on the coordinates only through the cross-ratio

u, and from here on we will simply write it as D(u). The

tree-level four-point function is thus given by

Qpn ⟨O1(x1)O2(x2)O3(x3)O4(x4)⟩ = N4W0(xi)D(u),

(40)

assuming no bulk cubic couplings are present, with N4

given by (16). In Rn, conformal invariance constrains the

four-point function of scalar operators to be of the form

Rn ⟨O1(x1)O2(x2)O3(x3)O4(x4)⟩ = W0(xi)g(u, v),

(41)

where W0(xi) is given by

Rn

W0 ≡
(
|x24|
|x14|

)∆12
(
|x14|
|x13|

)∆34

× 1

|x12|∆1+∆2 |x34|∆3+∆4
,

(42)

and g(u, v) is an arbitrary function of cross-ratios u and

v, defined to be

Rn u ≡ |x12||x34|
|x13||x24|

v ≡ |x14||x23|
|x13||x24|

, (43)

where | · | are L2-norms in Rn. As noted above (31), in

the ‘s-channel’ in Qpn one of the cross-ratios is trivial. So

we see that up to an overall normalization factor, D(u)

13 For convergence of the sum in (32), we require:

4∑
i=1

∆i > n ∆2 +∆3 +∆4 > ∆1 and other permutations.

The computation proceeds straightforwardly using the tree-
summation methods described in [7]. Later in section III B, we
will provide an alternate derivation of (38).

is the p-adic analog of g(u, v). From here on we will not

concern ourselves with the four-point function ⟨O . . .O⟩,
but study directly the amplitude D(u), which is stripped

off of the trivial kinematic factors and contains only the

dynamical information of the theory.

C. p-adic conformal blocks

In analogy with the decomposition of g(u, v) into con-

formal blocks in Rn, the amplitude D(u) may also be

decomposed into (scalar) conformal blocks G∆(u),

Qpn
D(u) =

∑
r

C12rC34r G∆r
(u) . (44)

Comparing with (38), we see the p-adic conformal blocks

are simply given by

Qpn G∆(u) = u∆ . (45)

We can now also identify the kinematic factor W∆(xi) in

(35) with the scalar conformal partial wave, since

Qpn W∆(xi) = W0(xi)G∆(u) . (46)

Incidentally in Rn, the conformal partial wave takes the

form

Rn W∆(xi) ≡ W0(xi)G∆(u, v) , (47)

where G(u, v) is the scalar conformal block.14

To arrive at (44) starting from the OPE, consider a

bulk theory of four scalar fields ϕi with a quartic inter-

action of the form ϕ1ϕ2ϕ3ϕ4 and no cubic coupling. The

14 The contrast between the p-adic conformal blocks (45) and scalar
conformal blocks in Rn is striking. In Rn the conformal block
admits a double power series expansion in u2 and (1− v2),

Rn G∆(u, v) = u∆
∞∑

m,n=0

amnu
2m(1− v2)n , (48)

for some (known) coefficients amn [20].
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OPEs to consider are

O1(x1)O2(x2) =
∑
r

C̃12r|x12|−∆1−∆2+∆rOr(x2)

O3(x3)O4(x4) =
∑
r

C̃34r|x34|−∆3−∆4+∆rOr(x4) .
(49)

For the OPEs to make sense, we must have

|x12|, |x34| < |x13|, |x24|, |x14|, |x23| . (50)

These requirements are consistent with the s-channel

configuration shown in figure 1. In fact the conditions

(50) are stronger than just requiring u < 1, and due to

ultrametricity, they lead to the following equalities:

Qpn |x13| = |x24| = |x14| = |x23| , (51)

which are consistent with but stronger than v = 1. Then

using (10) we obtain

⟨O1(x1)O2(x2)O3(x3)O4(x4)⟩

=
∑
r

C̃12rC̃34r|x12|−∆1−∆2+∆r |x34|−∆3−∆4+∆r

× |x24|−2∆r .

(52)

Recalling the properties of the p-adic OPE from section

IIA, and exploiting the fact that there are no bulk cubic

couplings but only the quartic coupling ϕ1ϕ2ϕ3ϕ4, we

conclude that at tree-level, the index r in (49) runs over

only the double-trace operators OB ≡ O3O4 in the first

line, and OA ≡ O1O2 in the second line of (49), with ∆A

and ∆B given by (39) to leading order. Then using (40)

and various equalities from (51), it is easy to show that

(52) reproduces (38) provided we make the identification

Qpn C̃12rC̃34r = N4C12rC34r r = A,B (53)

with

Qpn

C12AC34A = f34A

C12BC34B = f12B ,
(54)

where fijks are given in (23). Crossing symmetry

imposes the p-adic OPE coefficients C̃ijk to satisfy

associativity:[1]

Qpn

∑
r

C̃ijrC̃kℓr =
∑
r

C̃iℓrC̃jkr =
∑
r

C̃ikrC̃jℓr .

(55)

The coefficients given in (53)-(54) satisfy (55) at lead-

ing order in the coupling. The associativity constraints

with {i, j, k, ℓ} being some permutation of {1, 2, 3, 4}
leave some freedom to rescale the Cijk while maintaining

(54).15

D. Geodesic bulk diagrams

Following [17], we define the geodesic bulk diagram

WS
∆ to be

Qpn

WS
∆ ≡

∑
a∈γ12

∑
b∈γ34

(
K̂∆1(x1, a)K̂∆2(x2, a)

× Ĝ∆(a, b)K̂∆3(b, x3)K̂∆4(b, x4)
)
,

(56)

where the bulk point a (b) is summed over the unique

bulk geodesic γ12 (γ34) on the Bruhat–Tits tree joining

boundary points x1 and x2 (x3 and x4). The label S is

unrelated to the ‘s-channel’ configuration of the bound-

ary points xi, but indicates that the bulk points a and

b are integrated along γ12 and γ34, respectively. Later

in section IIID we will have occasion to define WT
∆ and

WU
∆ . Figure 2 shows the subway diagram, i.e. a Feynman

diagram on the Bruhat–Tits tree, for the geodesic bulk

diagram WS
∆. Summing over a and b as indicated in (56)

leads immediately to (see appendix D for details)

Qpn
WS

∆

W∆
= β(∆+∆12,∆−∆12)β(∆+∆34,∆−∆34). (57)

The result (57) is to be compared with results of [17],

where it is shown that that the Archimedean geodesic

15 The aforementioned associativity boils down to verifying the un-
obvious identity

f34A + f12B = f24C + f13D = f23E + f14F ,

where the fijks are given in (23), ∆A,∆B are given in (39) and
∆C = ∆1 + ∆3,∆D = ∆2 + ∆4,∆E = ∆1 + ∆4 and ∆F =
∆2 +∆3.
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x1

x2

x3

x4

c1 c2

b

a

ℙ1(ℚpn)

FIG. 2. (Color online.) A geodesic subway diagram. Bulk
point a runs along the geodesic joining x1 with x2, and b runs
along the geodesic joining x3 with x4. Colors differentiate the
individual propagators in (56).

bulk diagram, WS
∆ is related to the conformal partial

wave W∆ via

Rn WS
∆

W∆
=

1

4
β(∆+∆12,∆−∆12)β(∆+∆34,∆−∆34), (58)

and β(s,t) is defined in (6).16 Remarkably, comparing

(58) with (57), we see that the proportionality factors in

Rn and Qpn have an (almost) identical form.

A special case of interest corresponds to setting all

external dimensions equal to the dimension of the ex-

changed scalar. In this case, the tree-sum in (56) simpli-

fies to (where now all ∆i = ∆)

Qpn
WS

∆ = W0(xi)×
∑
a∈γ12

∑
b∈γ34

Ĝ∆(a, b), (59)

On the other hand, setting all dimensions equal in (57)

yields

Qpn
WS

∆

W∆
=
(
β(∆,∆)

)2
. (60)

16 Our notation differs slightly from the one used in [17]. In [17],

β∆ij ≡
1

2
β
(∆+∆ij ,∆−∆ij)

Rn =
1

2

ζR(s)ζR(t)

ζR(s+ t)
,

so that WS
∆ = β∆12β∆34W∆ (c.f. (3.3) of [17]). The difference

in notation is the origin of the explicit factor of 1/4 in (58).

From (59), (60) and (46), it follows

Qpn

(
β(∆,∆)

)2
G∆(u) =

∑
a∈γ12

∑
b∈γ34

Ĝ∆(a, b) . (61)

For comparison, the Archimedean analog of (61) is [17,

21]

Rn
1

4

(
β(∆,∆)

)2
G∆(u, v) =

∫
a∈γ12

∫
b∈γ34

Ĝ∆(a, b) ,

(62)

where Ĝ(a, b) is the unnormalized scalar bulk-to-bulk

propagator in Rn, and G∆(u, v) is the scalar conformal

block.

III. FOUR-POINT CONTACT AND EXCHANGE

DIAGRAMS

In this section we introduce some p-adic propagator

identities which greatly reduce the complexity of per-

forming bulk integrations (more precisely, tree summa-

tions) encountered while evaluating various four-point

amplitudes. The Archimedean analogs of these identi-

ties [17] proved to be of great use in Rn for the evalua-

tion of bulk integrals in the scalar four-point contact and

exchange diagrams, and we show below how this carries

over to Qpn .

A. Two AdS propagator identities

An identity which will be especially useful for decom-

posing bulk diagrams into geodesic bulk diagrams (and

as a consequence of (57) and (46) into a conformal block

decomposition) is

Qpn

K̂∆1
(b, x1)K̂∆2

(b, x2) = a(∆1,∆2)

×
∑
a∈γ12

K̂∆1
(a, x1)K̂∆2

(a, x2)Ĝ∆1+∆2
(a, b),

(63)

where a(s,t) is given by (28), and the bulk point a is re-

stricted to lie along γ12, which is the unique bulk geodesic

joining x1 to x2. This identity can be verified straight-

forwardly by explicit evaluation, but it’s helpful to think
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about it geometrically as well. On the Bruhat–Tits tree,

the paths from x1 and x2 to b can be divided into two

sub-paths each: the first which lies along the geodesic

joining x1 and x2, and the second which lies off of that

geodesic, and which is in fact common to both the paths

from x1 and x2 to b. The r.h.s. of (63) can similarly be

seen to decompose into subpaths: the bulk-to-boundary

propagators are restricted to lie along the geodesic join-

ing x1 and x2, while the bulk-to-bulk propagator trav-

els partially along the geodesic, and partially along the

common subpath mentioned above. The overall factor

accounts for the over-counting of paths on the r.h.s. The

corresponding identity in Rn is [17]17

Rn

K̂∆1
(b, x1)K̂∆2

(b, x2) = 2

∞∑
M=0

a
(∆1,∆2)
M

×
∫
a∈γ12

K̂∆1
(a, x1)K̂∆2

(a, x2)Ĝ∆1+∆2+2M (a, b),

(64)

where a
(s,t)
M is given by (26). The crucial difference be-

tween (63) and (64) is the infinite sum over M that has

collapsed to the leading M = 0 term in (63). The bulk-

to-bulk propagators appearing in the identity represent a

scalar of scaling dimension ∆ with ∆ = ∆1 +∆2 in Qpn ,

while in Rn one must perform a (weighted) sum over all

scalars with ∆ = ∆1 +∆2 + 2M for all integral M ≥ 0.

Another identity, which is extremely useful for replac-

ing certain integrations over all of AdS with unintegrated

expressions, takes the following form:

Qpn

∑
c∈Tpn

Ĝ∆1
(a, c)Ĝ∆2

(b, c)

=
−Ĝ∆1

(a, b)/c̃∆2
+ Ĝ∆2

(a, b)/c̃∆1

m2
∆1

−m2
∆2

,

(65)

where we remind the reader that m∆ is the p-adic mass

given by (2), and c̃∆ is given in (21). It is worth rewrit-

ing this identity in terms of the normalized bulk-to-bulk

17 There is an overall explicit factor of 2 as compared with (4.1) of
[17] due to a small difference in notation — see footnote 16.

propagators [7],18

Qpn G∆(a, b) = c̃∆Ĝ∆(a, b) , (66)

in which case it becomes

Qpn

∑
c∈Tpn

G∆1
(a, c)G∆2

(b, c) =
G∆2

(a, b)−G∆1
(a, b)

m2
∆1

−m2
∆2

.

(67)

The corresponding identity satisfied by the unnormalized

bulk-to-bulk propagators in Rn takes the form [17]

Rn

∫
c

Ĝ∆1(a, c)Ĝ∆2(b, c) =
Ĝ∆1(a, b)− Ĝ∆2(a, b)

m2
∆1

−m2
∆2

,

(68)

where the Archimedean mass is given by (3). We list

some more propagator identities in appendix A, which

we will not have occasion to use in the present paper,

but which may prove useful in evaluating higher-point

correlators and bulk loop diagrams.

Curiously, despite having very different expressions,

the masses in Qpn and Rn subtract in a surprisingly sim-

ilar manner. From the expression for the p-adic mass in

(2), it follows

Qpn m2
∆A

−m2
∆B

=
−p∆B

ζ(∆B −∆A)ζ(∆A +∆B − n)
.

(69)

This is to be compared with the Archimedean place,

where

Rn m2
∆A

−m2
∆B

= (∆A −∆B)(∆A +∆B − n) .

(70)

This observation will prove useful later when we discuss

and compare the the logarithmic singularity structure of

the four-point function in Rn and Qpn .

18 Likewise in Rn, c̃∆ given in (17) is the usual normalization con-
stant of the bulk-to-bulk propagator. See, for example, equations
(6.12) and (8.29) of [22], and (133) of [7].
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B. Four-point contact diagram, again

We will now use (63) and (65) to rederive (38). Start-

ing with (32) with the xi arranged in the s-channel con-

figuration shown in figure 1, and applying identity (63)

to the pairs K̂∆1
K̂∆2

and K̂∆3
K̂∆4

, we obtain

Qpn

DW0 = a(∆1,∆2)a(∆3,∆4)
∑

a∈Tpn

∑
b1∈γ12

∑
b2∈γ34

× K̂∆1
(b1, x1)K̂∆1

(b1, x2)Ĝ∆1+∆2
(b1, a)

× K̂∆3(b2, x3)K̂∆4(b2, x4)Ĝ∆3+∆4(b2, a) .

(71)

While it may seem we have made our lives harder by

introducing two additional summations over geodesics

within the Bruhat–Tits tree, the effect is in fact the oppo-

site: Thanks to the identities of sections IID and IIIA,

we never have to explicitly evaluate any of these inte-

grals. We first eliminate the sum over the bulk point a

by recognising it takes exactly the form of identity (65).

This results in two terms with the propagator content

schematically of the form ∼
∑

γ

∑
γ K̂K̂Ĝ∆K̂K̂, with

∆ = ∆1+∆2 in one term, and ∆ = ∆3+∆4 in the other.

This combination is exactly the same as (56), which is

the definition of a geodesic bulk diagram. Substituting

the geodesic bulk diagram with conformal partial waves

using (57), we arrive at

Qpn D(u) = P
(12)
1 G∆A

(u) + P
(34)
1 G∆B

(u) , (72)

with the squared OPE coefficients

Qpn

P
(12)
1 =

−1

c̃∆B

(
β(2∆1,2∆2)a(∆1,∆2)

)(
β(∆A+∆34,∆A−∆34)

a(∆3,∆4)

m2
∆A

−m2
∆B

)

P
(34)
1 =

−1

c̃∆A

(
β(2∆3,2∆4)a(∆3,∆4)

)(
β(∆B+∆12,∆B−∆12)

a(∆1,∆2)

m2
∆B

−m2
∆A

)
.

(73)

It is straightforward to check that (72) with the coeffi-

cients given in (73) agrees precisely with (38). That the

expression for the p-adic four-point amplitude in (38) has

an equivalent representation featuring p-adic mass sin-

gularities as shown in (72)-(73) is highly non-trivial but

physical. We comment more on this at the end of section

IIID.

A calculation in Rn, similar to the one described for

Qpn using the propagator identities, results in an expres-

sion for the contact diagram similar to (73), but with

an important difference. We quote the result computed

in [17]:

Rn

g(u, v) =

∞∑
M=0

P
(12)
1 (M)G∆A+2M (u, v)

+
∞∑

N=0

P
(34)
1 (N)G∆B+2N (u, v) ,

(74)

where the squared OPE coefficients are given by

Rn

P
(12)
1 (M) =

(
β(2∆1+2M,2∆2+2M)a

(∆1,∆2)
M

)(
β(∆A+∆34+2M,∆A−∆34+2M)

∞∑
N=0

a
(∆3,∆4)
N

m2
∆A+2M −m2

∆B+2N

)

P
(34)
1 (N) =

(
β(2∆3+2N,2∆4+2N)a

(∆3,∆4)
N

)(
β(∆B+∆12+2N,∆B−∆12+2N)

∞∑
M=0

a
(∆1,∆2)
M

m2
∆B+2N −m2

∆A+2M

)
.

(75)
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It can be seen in the conformal block decomposition of

the four-point contact diagram in (74) that double-trace

operators, schematically of the form Oi∂
2NOj with scal-

ing dimension ∆i + ∆j + 2N at leading order, run in

the intermediate channel. In Qpn , looking at (72), we

conclude that only double-trace operators without deriva-

tives appear in the intermediate channel. (Essentially, in

(72)-(73), the infinite sums over M and N in (74)-(75)

have collapsed to the M = N = 0 term.) This is consis-

tent with the general expectation that local derivatives

of operators do not appear in p-adic CFTs. This ex-

pectation stems in turn from the understanding that the

ultrametric analog of a smooth function from reals to re-

als is a piecewise constant function from an ultrametric

field to the reals.

C. Exchange diagram in the direct channel

In the rest of this section, we will use the previously

stated propagator identities to evaluate four-point ex-

change diagrams. First we compute the diagram asso-

ciated with the exchange of a scalar of dimension ∆ in

the (12)(34) channel, which we will express in terms of

a conformal block decomposition in the direct channel.

Explicitly, we wish to evaluate

Qpn

DS
∆(xi) ≡

1

W0

∑
a1,a2∈Tpn

K̂∆1
(a1, x1)K̂∆2

(a1, x2)

× Ĝ∆(a1, a2)K̂∆3
(a2, x3)K̂∆4

(a2, x4).

(76)

Applying the propagator identity (63) on the K̂∆1K̂∆2

and K̂∆3K̂∆4 legs leaves us with an expression involving

the following double integration on the tree

Qpn

∑
a1,a2∈Tpn

Ĝ∆A
(b1, a1)Ĝ∆(a1, a2)Ĝ∆B

(a2, b2), (77)

where b1 ∈ γ12 and b2 ∈ γ34. This can be immediately

reduced to a combination of unintegrated bulk-to-bulk

propagators by applying the identity (65) twice. Alto-

gether, we wind up with

Qpn

DS
∆ =

a(∆1,∆2)a(∆3,∆4)

W0c̃∆c̃∆A
c̃∆B

∑
b1∈γ12

∑
b2∈γ34

[
K̂∆1

(b1, x1)K̂∆2
(b1, x2)K̂∆3

(b2, x3)K̂∆4
(b2, x4)

×

(
c̃∆Ĝ∆(b1, b2)

(m2
∆ −m2

∆A
)(m2

∆ −m2
∆B

)
+

c̃∆A
Ĝ∆A

(b1, b2)

(m2
∆A

−m2
∆)(m

2
∆A

−m2
∆B

)
+

c̃∆B
Ĝ∆B

(b1, b2)

(m2
∆B

−m2
∆)(m

2
∆B

−m2
∆A

)

)]
.

(78)

Recognizing the integral over points b1, b2 as the geodesic bulk diagram defined in (56), and using (57) and (46) to

express in terms of conformal blocks, we obtain

Qpn DS
∆(u) = C12∆C34∆ G∆(u) + P

(12)
1 G∆A

(u) + P
(34)
1 G∆B

(u) (79)

where

Qpn

C12∆C34∆ =
1

c̃∆A
c̃∆B

(
β(∆+∆12,∆−∆12)

a(∆1,∆2)

m2
∆ −m2

∆A

)(
β(∆+∆34,∆−∆34)

a(∆3,∆4)

m2
∆ −m2

∆B

)

P
(12)
1 =

1

c̃∆c̃∆B

(
β(2∆1,2∆2)

a(∆1,∆2)

m2
∆A

−m2
∆

)(
β(∆A+∆34,∆A−∆34)

a(∆3,∆4)

m2
∆A

−m2
∆B

)

P
(34)
1 =

1

c̃∆c̃∆A

(
β(2∆3,2∆4)

a(∆3,∆4)

m2
∆B

−m2
∆

)(
β(∆B+∆12,∆B−∆12)

a(∆1,∆2)

m2
∆B

−m2
∆A

)
.

(80)
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FIG. 3. (Color online.) Geodesic subway diagram WT
∆, with

exchange of a scalar in the (13)(24) channel. The bulk point
a runs along the geodesic joining x1 with x3, and b runs along
the geodesic joining x2 with x4, while a scalar of dimension
∆ is exchanged between a and b. Colors differentiate the
individual propagators found in WT

∆ in (81).

This is the p-adic analog of equations (4.16)–(4.17)

in [17]. The similarities between the p-adic and

Archimedean OPE coefficients (squared) are remarkable.

In the conformal block decomposition in the direct chan-

nel, in addition to the double-trace exchanges (albeit

without derivatives just like in the case of the contact

diagram), we find as expected, a term representing the

single-trace exchange of a scalar of dimension ∆.

D. Exchange diagrams in the crossed channel

In section IID, we computed the geodesic bulk dia-

gram for boundary points xi in an ‘s-channel’ configura-

tion (i.e. u < 1) with a scalar of dimension ∆ exchanged

in the (12)(34) channel (see figure 2). Equation (57) then

states that up to an overall factor, the geodesic bulk

diagram is simply the conformal partial wave W∆(xi).

Let’s now consider two closely related geodesic bulk di-

agrams which will prove useful for computing exchange

diagrams in the crossed channels. In these geodesic dia-

grams the boundary points xi remain in the ‘s-channel’

configuration shown in figure 1 with u < 1, but a scalar

of dimension ∆ is exchanged in the (13)(24) channel, or

the (14)(23) channel. Explicitly, we define these geodesic

bulk diagrams to be (see figure 3)

Qpn

WT
∆(xi) ≡

∑
a∈γ13
b∈γ24

K̂∆1
(x1, a)K̂∆3

(x3, a)Ĝ∆(a, b)

× K̂∆2
(x2, b)K̂∆4

(x4, b)

WU
∆(xi) ≡

∑
a∈γ14
b∈γ23

K̂∆1
(x1, a)K̂∆4

(x4, a)Ĝ∆(a, b)

× K̂∆2(x2, b)K̂∆3(x3, b) .

(81)

A direct computation on the Bruhat–Tits tree, detailed

in appendix D, reveals the following decomposition of a

geodesic bulk diagram in the crossed-channel,

Qpn

WT
∆ = β(∆+∆13,∆−∆13)β(−∆13−∆24,∆+∆24)W∆A

+ β(∆+∆13,∆−∆13)β(∆13+∆24,∆−∆24)W∆B

= β(∆+∆24,∆−∆24)β(−∆13−∆24,∆+∆13)W∆A

+ β(∆+∆24,∆−∆24)β(∆13+∆24,∆−∆13)W∆B
.

(82)

The corresponding identity for a geodesic diagram with

exchange in the (14)(23) channel, WU
∆ , is obtained simply

by switching ∆3 ↔ ∆4 in (82).

A non-trivial consistency check on (82) can be ob-

tained by starting from the defining expression (32) for

the contact diagram, then using (63) on the K̂∆1
K̂∆3

and K̂∆2
K̂∆4

legs, then applying (65) once, and finally

employing (82) to obtain (38). This slightly round-about

method is easily seen to agree with the simpler calcula-

tion outlined in section III B.

We can now use the identity (82) to evaluate the four-

point exchange diagram where a scalar of dimension ∆ is

exchanged in the (13)(24) channel (we remind the readers

that the boundary points xi will always be in the ‘s-

channel’ configuration shown in figure 3, i.e. u < 1):

Qpn

DT
∆(xi) ≡

1

W0

∑
a1,a2∈Tpn

K̂∆1(a1, x1)K̂∆3(a1, x3)

× Ĝ∆(a1, a2)K̂∆2
(a2, x2)K̂∆4

(a2, x4) .

(83)

We will express the final result in terms of a conformal



14

block decomposition in the crossed channel. The com-

putation proceeds along lines similar to the one for DS
∆

sketched in section III C, and is described in appendix D.

The final result is

Qpn DT
∆(u) = P

(12)
1 G∆A

(u) + P
(34)
1 G∆B

(u), (84)

where

Qpn

P
(12)
1 =

1

c̃∆C
c̃∆D

(
β(∆+∆13,∆−∆13)

a(∆1,∆3)

m2
∆ −m2

∆C

)(
β(−∆13−∆24,∆+∆24)

a(∆2,∆4)

m2
∆ −m2

∆D

)

+
1

c̃∆c̃∆D

(
β(2∆1,2∆3)

a(∆1,∆3)

m2
∆C

−m2
∆

)(
β(−∆13−∆24,∆C+∆24)

a(∆2,∆4)

m2
∆C

−m2
∆D

)

+
1

c̃∆c̃∆C

(
β(2∆2,2∆4)

a(∆2,∆4)

m2
∆D

−m2
∆

)(
β(−∆13−∆24,∆D+∆13)

a(∆1,∆3)

m2
∆D

−m2
∆C

)
,

(85)

and

Qpn

P
(34)
1 =

1

c̃∆C
c̃∆D

(
β(∆+∆13,∆−∆13)

a(∆1,∆3)

m2
∆ −m2

∆C

)(
β(∆13+∆24,∆−∆24)

a(∆2,∆4)

m2
∆ −m2

∆D

)

+
1

c̃∆c̃∆D

(
β(2∆1,2∆3)

a(∆1,∆3)

m2
∆C

−m2
∆

)(
β(∆13+∆24,∆C−∆24)

a(∆2,∆4)

m2
∆C

−m2
∆D

)

+
1

c̃∆c̃∆C

(
β(2∆2,2∆4)

a(∆2,∆4)

m2
∆D

−m2
∆

)(
β(∆13+∆24,∆D−∆13)

a(∆1,∆3)

m2
∆D

−m2
∆C

)
.

(86)

Here we have defined

∆C = ∆1 +∆3 ∆D = ∆2 +∆4 . (87)

From a diagrammatic point of view in the bulk it appears

that Gδ(u) for various other values of δ, like ∆1+∆4+∆

or ∆2 +∆3 +∆, might appear in the intermediate steps

while computing (83). But miraculously these contribu-

tions wind up canceling in the final result, and as ex-

pected for exchange diagrams expressed in the conformal

block decomposition in a crossed-channel, only double-

trace exchanges appear. (See appendix B for an expla-

nation of this point and related comments on crossing

symmetry.) The exchange diagram DU
∆, where a scalar

of dimension ∆ is exchanged in the (14)(23) channel is

obtained from (84) simply by switching ∆3 ↔ ∆4.

It is worth pointing out that in Rn, anomalous dimen-

sions appear in the tree-level four-point contact ampli-

tude in the form of logarithmic singularities when the in-

tegrality condition, ∆A−∆B ∈ 2Z is met [23], or equiva-

lently when the algebraic condition m2
∆A+2M = m2

∆B+2N

is satisfied in (75) for integral M,N ≥ 0 [17]. Instead in

Qpn , we find logarithmic singularities arise only when

∆A − ∆B = 0, or equivalently when m2
∆A

= m2
∆B

.19

This is intriguingly reminiscent of the existence of an in-

19 If alternate quantization is allowed, it is clear from (69)-(70) that
the condition m2

∆A+2M = m2
∆B+2N has in addition to ∆A −

∆B ∈ 2Z, a second solution, ∆A+∆B −n = 2ℓ where ℓ is a non-
positive integer. (In the p-adics, M = N = 0, so the conditions
are more restrictive: ∆A−∆B = 0 or ∆A+∆B−n = 0.) For n >
4, the second solution is disallowed since it violates the unitarity
bound, which restricts ∆A,∆B ≥ n− 2. For the second solution
to exist in n = 4, ∆A and ∆B must saturate the unitarity bound,
so ∆A = ∆B = 2 and ∆A − ∆B ∈ 2Z is satisfied. However,
for n ≤ 3 there exist pairs of scaling dimensions satisfying the
unitarity bound, such that ∆A + ∆B = n but ∆A − ∆B /∈ 2Z.
Such exceptional choices would seem to hint at the appearance
of a new kind of logarithmic singularity with an origin different
from the usual integrality condition ∆A − ∆B ∈ 2Z. In the p-



15

finite sequence of poles in the anomalous dimension of

composite operators in CFTs in Rn as opposed to just

one pole in p-adic CFTs, at least in the context of the

O(N) model [6]. Analogously for the exchange diagrams,

logarithmic singularities arise in the exchange amplitude

(79)-(80) when any of m2
∆,m

2
∆A

,m2
∆B

coincide, and in

(84)-(86) simply when any of m2
∆,m

2
∆C

,m2
∆D

coincide.

IV. TOWARDS A BULK DUAL OF FREE FIELD

THEORY

So far in this paper, we have presented, in the context

of p-adic AdS/CFT, the holographic computation of the

four-point contact and exchange diagrams for scalar com-

posite operators of general dimensions. In this section

we would like to construct a minimal bulk theory that

reproduces the correlators of a free p-adic field theory,

featuring an operator O of dimension ∆.

In the minimal construction, we would include only

one bulk field, namely a scalar ϕ with mass squared m2
∆

as defined in (2), and with only cubic interactions. It

turns out this is not enough to give a four-point function

that agrees with a free p-adic field theory. As a next-to-

minimal construction, we could consider adding quartic

interactions for ϕ. This is still not enough to reproduce

the four-point function of a free boundary theory. As we

will explain, a strategy which does work (at least as far

as the four-point function) is to include also quartic in-

teractions for ϕ which act across a link: that is, nearest

neighbor interactions. An efficient way to package all the

constructions we have in mind is to introduce an addi-

tional bulk scalar ϕ̃ whose scaling dimension ∆̃ we will

eventually take to be large, and to allow only cubic on-

site interactions of the form ϕ3 and ϕ̃ϕ2. The action for

adics, the convergence conditions listed in footnote 13 portend
the appearance of severe singularities in the four-point contact
amplitude if ∆A +∆B ≤ n. So for example, (38) or equivalently
(72)-(73) is altogether not to be trusted when ∆A+∆B −n ≤ 0,
and we cannot reasonably inquire about singularities at special
values. Might a similar argument in Rn prevent the appearance
of these exceptional singularities?

such a ϕ-ϕ̃ theory takes the form

Qpn

S[ϕ, ϕ̃] =
∑
⟨ab⟩

1

2
(ϕa − ϕb)

2 +
∑
⟨ab⟩

1

2
(ϕ̃a − ϕ̃b)

2

+
∑

a∈Tpn

(
1

2
m2

∆ϕ
2
a +

1

2
m2

∆̃
ϕ̃2
a

+
g3
3!
ϕ3
a +

g̃3
2
ϕ2
aϕ̃a

)
.

(88)

In the strict limit of large m∆̃, any diagram where ϕ̃

propagates even a single step becomes negligible.

Specialising in (79) and (84) to the case of all four ∆i =

∆ with the dimension of the exchanged scalar relabelled

∆̃, we get, after summing up the exchange contributions

from all channels,

Qpn

D(exchange)

∆̃
≡ DS

∆̃
+DT

∆̃
+DU

∆̃

= F1u
∆̃ + F2u

2∆ + F3u
2∆ log u

log p
,

(89)

where the constants Fi depend on n, p,∆ and ∆̃ but not

on u. The Fi can be evaluated immediately from (79)-

(80) and (84)-(86), but the explicit form is complicated

enough as to be unenlightening at this stage. In (89)

we are not assuming large m∆̃. The first term in (89)

indicates, heuristically, that an operator of dimension ∆̃

can participate in the connected four-point function of an

operator O of dimension ∆, while the second two terms

are evidence that one or more operators with dimensions

close to 2∆ participate.

We now show explicitly that integrating out ϕ̃ results

in the contact diagram. If we set

Qpn y = p−∆̃ , (90)

then we find

Qpn F1 = O(y2) F2 = O(1) F3 = O(1) . (91)

Setting y = 0 is the same as ∆̃ → ∞, and because of (91)
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it gives a finite limit:

Qpn

D(contact) ≡ lim
∆̃→∞

D(exchange)

∆̃
= D(exchange)

∆̃

∣∣∣
y=0

=
3(1 + 4p2∆ + p4∆ + d(−1 + p4∆))

−pn + p4∆
u2∆ ,

(92)

where d ≡ − log u/ log p. A useful check is to note that

D(contact) = 3D|∆i=∆, where D is the four-point contact

amplitude given in (72).20

If instead of setting y = 0 we pick out the O(y) term

of D(exchange)

∆̃
at large ∆̃ (meaning small y), it means

we are focusing on nearest neighbor interactions, i.e. an

interaction which takes place when two bulk points are

precisely one step apart. Thus we define

Qpn

D(nearest) ≡
dD(exchange)

∆̃

dy

∣∣∣∣∣
y=0

= (p2∆ + pn−2∆)D(contact) − u2∆

(
3

c̃2∆
+

2d

c̃2∆

)
,

(93)

where c̃∆ is given by (21).

To gain more intuition on the nearest neighbor inter-

action, it helps to arrive at (93) from a different starting

point. Define the nearest neighbor exchange amplitudes,

FS ≡ 1

W0

∑
a∈Tpn

∑
b∼a

K̂∆(x1, a)K̂∆(x2, a)K̂∆(x3, b)K̂∆(x4, b)

FT ≡ 1

W0

∑
a∈Tpn

∑
b∼a

K̂∆(x1, a)K̂∆(x2, b)K̂∆(x3, a)K̂∆(x4, b)

FU ≡ 1

W0

∑
a∈Tpn

∑
b∼a

K̂∆(x1, a)K̂∆(x2, b)K̂∆(x3, b)K̂∆(x4, a).

(94)

Here
∑

b∼a represents summing over all nearest neighbors

of a, with a held fixed. Thus, nearest neighbor interac-

tions are manifest in the amplitudes (94). In fact, one can

easily check that D(nearest) = FS + FT + FU . This was

expected precisely because D(nearest) represents a nearest

neighbor interaction where two pairs of propagators meet

20 Moreover, D(contact) = 3Dp/W0, where Dp is the four-point
contact amplitude evaluated in eq. (122) of [7].

one edge apart, and summing the amplitudes in (94) ac-

counts for all the possible ways that may happen. We

briefly discuss the connection between nearest neighbor

interactions and derivative couplings in appendix C.

Now we observe that including both contact and near-

est neighbor interactions allows us to form a four-point

function where we can control F2 and F3, where F1, F2

and F3 are the coefficients of u∆, u2∆ and u2∆ logp u, re-

spectively. In particular, we can cancel off F3 and control

the ratio F2/F1. The interesting case to consider is the

amplitude

Qpn

D(combined) ≡ − (1 + p∆)2(−pn + p4∆)

2(pn − p3∆)2
D(contact)

+D(exchange)
∆ − p2∆(−1 + p2∆)

2(pn − p3∆)2
D(nearest)

=
f2
∆∆∆

2

(
2u∆ + u2∆

)
,

(95)

where the structure constant f∆∆∆ is given by (23). The

coefficients of D(contact) and D(nearest) in (95) were chosen

carefully so that the u-dependence of D(combined) would

be exactly the 2u∆ + u2∆ behavior expected in case the

operator O = Φ⃗2 where Φ⃗ is a free field on the bound-

ary.21

Having found in (95) a combination of bulk amplitudes

suggestive of a free field dual, we should next inquire

what bulk action leads to (95). It is awkward to use (88)

because to get D(nearest) from it we require the derivative

operation (93) in the ∆̃ → ∞ limit. Let us therefore

21 To see this, note that

u∆W0(xi) =
1

|x12x24x34x13|∆
=

1

|x12x23x34x41|∆

u2∆W0(xi) =
1

|x13x24|2∆
=

1

|x13x23x24x14|∆
,

where in the second and fourth equalities we used |x14x23| =
|x13x24| (which is simply a rephrasing of v = 1). These account
for the three possible Wick contractions we expect to see in the
connected four-point function of a free theory.
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start instead from the action

Qpn

S[ϕ] =
∑
⟨ab⟩

1

2
(ϕa − ϕb)

2

+
∑

a∈Tpn

(
1

2
m2

∆ϕ
2
a +

g3
3!
ϕ3
a +

g4
4!
ϕ4
a

)

+
g̃4
8

∑
a∈Tpn

∑
b∼a

ϕ2
aϕ

2
b ,

(96)

which is precisely (1) augmented by a nearest neigh-

bor interaction. Straightforward diagrammatic consid-

erations lead us from (96) to

Qpn

1

W0
⟨O(x1)O(x2)O(x3)O(x4)⟩

= −g4c̃
2
∆

D(contact)

3
+ g23 c̃

3
∆D(exchange)

− g̃4c̃
2
∆D(nearest) .

(97)

The factors of c̃∆ arise because each external leg picks

up a factor of
√
c̃∆ (c.f. the discussion around (14)-(21))

and an extra factor of c̃∆ comes from the bulk-to-bulk

propagator, as in (66). The factor of 1/3 in the first term

comes from the relation D(contact) = 3D|∆i=∆. Choosing

the couplings to be

Qpn

g4 =
3g23
2

m2
3∆ −m2

∆

(m2
2∆ −m2

∆)
2

g̃4 =
g23
2

(
β(∆,−4∆)β(∆,3∆)

)−1

(m2
2∆ −m2

∆)
2 ,

(98)

we arrive at the connected four-point function of a free

theory,

Qpn

⟨O(x1)O(x2)O(x3)O(x4)⟩

=
g23
2
c̃3∆f

2
∆∆∆(2u

∆ + u2∆)W0 .
(99)

Now, from the boundary perspective, O = Φ⃗2 where Φ⃗

is a free-field on the boundary, with the propagator

Qpn ⟨ΦI(x1)Φ
J(x2)⟩ =

CδIJ

|x12|2∆Φ
, (100)

for some constant C, and I, J = 1, . . . , N . We set C =

1/
√
2N . It then follows that the two- and three-point

functions of the composite operator O are (up to contact

terms)

Qpn

⟨O(x1)O(x2)⟩ = ⟨ΦI(x1)Φ
I(x1)Φ

J(x2)Φ
J(x2)⟩

=
1

|x12|4∆Φ

(101)

and

Qpn ⟨O(x1)O(x2)O(x3)⟩ =
2
√
2√
N

1

|x12x23x31|2∆Φ
,

(102)

where 2
√
2/
√
N = 8C3N , with the factor of 8 coming

from the possible Wick contractions. On the other hand,

the holographically obtained two- and three-point func-

tions are22

Qpn

⟨O(x1)O(x2)⟩ =
1

|x12|2∆

⟨O(x1)O(x2)O(x3)⟩ =
−g3c̃

3/2
∆ f∆∆∆

|x12x23x31|∆
.

(103)

Equating (101)-(102) with the holographic correlators in

(103) we conclude ∆ = 2∆Φ, with

Qpn g3 =
−1√
N

2
√
2

c̃
3/2
∆ f∆∆∆

. (104)

In a free p-adic CFT, ∆Φ = (n− s)/2 where s is a (con-

tinuous) free parameter and is usually restricted to be in

the range n/2 < s < n [6]. Using (104), referring to (23)

for the explicit form of f∆∆∆, and setting ∆ = 2∆Φ, we

see that g3 vanishes at n = 3s/2, while g4 and g̃4 in (98)

stay finite and non-vanishing there. It is interesting to

compare this with the situation in the Archimedean case,

where we usually set s = 2 and the cubic scalar coupling

vanishes at n = 3 [24, 25].23

22 The three-point function in (103) comes from (19). The calcula-
tion of the two-point function is slightly subtle and is discussed
in detail in [7]. To translate from [7] to our current conventions,
set ηp = 1 and Ohere =

√
c̃∆/c∆Othere where c∆, c̃∆ are given

in (18) and (21) respectively. This rescaling leads directly to
⟨Ohere(x1)Ohere(x2)⟩ = 1/|x12|2∆.

23 Curiously, the p-adic couplings g3, g4 and g̃4 vanish simultane-
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Continuing on to the connected free-field four-point

function, up to contact terms, it is

Qpn

⟨O(x1)O(x2)O(x3)O(x4)⟩

=
4

N

(
1

|x12x23x34x41|2∆Φ
+

1

|x12x24x43x31|2∆Φ

+
1

|x13x32x24x41|2∆Φ

)
,

(105)

where 4/N = 16C4N with the factor of 16 coming

from the possible Wick contractions. Holographically, we

found the four-point function to be given by (99). Since

g3 has already been fixed, a non-trivial consistency check

is to verify that (104) is consistent with

Qpn
4

N
=

g23
2
c̃3∆f

2
∆∆∆ , (106)

and we find that it is.

In Rn, the coupling constant for a spin-ℓ1–spin-ℓ2–spin-

ℓ3 cubic vertex in the minimal bosonic higher spin theory

conjecturally dual to the free O(N) model in n dimen-

sions is (c.f. (2.14) of [29] for the scalar–scalar–spin-ℓ cou-

pling, or more generally (1.12) of [30])

Rn

g
(ℓ1,ℓ2,ℓ3)
3 =

π
n−3
4 2

1
2 (3n+ℓ1+ℓ2+ℓ3−1)

√
N ΓEuler(n+ ℓ1 + ℓ2 + ℓ3 − 3)

×
3∏

i=1

√
ΓEuler(ℓi +

n−1
2 )

ΓEuler(ℓi + 1)
,

(107)

which at ℓi = 0 for all i reduces to the scalar–scalar–

scalar coupling constant

Rn g
(0,0,0)
3 =

1√
N

2
√
2

c̃
3/2
∆ f∆∆∆

, (108)

where c̃∆ is given by (17), f∆∆∆ by (23), and ∆ = n −
2. Equation (108) is to be compared with the p-adic

result in (104). The authors of [29] determine the full

ously for n = s. Could this be related to higher spin theories at
n = s = 2 (i.e. AdS3) in the Archimedean case, which are known
to have special properties [26–28]?

quartic scalar coupling in the bulk dual to the free O(N)

model by choosing an ansatz for the contact interaction

schematically of the form

Rn
V =

∞∑
m,ℓ=0

λm,ℓ(ϕ(x)∇µ1
. . .∇µℓ

ϕ(x) + · · · )

×□m(ϕ(x)∇µ1 . . .∇µℓϕ(x) + · · · ) ,
(109)

which together with contributions from exchange dia-

grams [31], must reproduce the full connected four-point

function of the free-theory. This leads to a generating

function for the constants λm,ℓ [29].

In the minimal construction presented in this paper,

we have avoided a discussion of higher spin operators in

the boundary theory since local currents in p-adic field

theories are still not properly understood. Analogously,

an understanding of gauge fields on the Bruhat–Tits tree

remains elusive so far. With this caveat in mind, we may

summarise the findings of this section in the form of a

bulk quartic coupling on the Bruhat–Tits tree

Qpn V =

1∑
m=0

λmϕ2
a □

m ϕ2
a , (110)

which, together with exchange diagrams coming from the

cubic coupling reproduces the O(1/N) four-point func-

tion of the free p-adic O(N) model.24 Here □ is the

Laplacian on the tree, defined by

Qpn □ϕa ≡
∑
b∼a

(ϕa − ϕb) , (111)

where the sum
∑

b∼a is over the nearest neighbors b of a,

and the coefficients λm are related to g4, g̃4 given in (98)

24 In the Archimedean case, using integration by parts and the
equation of motion, it is found that the first independent quar-
tic interaction with derivatives must have four derivatives, and
takes the form ϕ(x)(∇µ∇νϕ(x))(∇µ∇νϕ(x)). By contrast on
the Bruhat–Tits tree, as explicitly shown in (93), the first in-
dependent quartic derivative interaction vertex turns out to be
ϕ2
a □ϕ2

a, where □ is the tree Laplacian. The standard argu-
ment in the Archimedean case showing that this vertex is pro-
portional to the quartic contact vertex ϕ4

a fails to go through on
the Bruhat–Tits tree because integration by parts, at least in its
familiar form over Archimedean spaces, is no longer available on
the tree.
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via

Qpn λ0 =
g4
4!

+
g̃4
8
(pn + 1) λ1 = − g̃4

8
. (112)

In this section we were guided by Occam’s razor to find

the simplest action which produces the desired correla-

tors of a free field theory, up to the four-point function.

A reasonable expectation is that if we allow more interac-

tion terms (for example, next-to-nearest neighbor quartic

interactions), the bulk theory will no longer be entirely

constrained by its correlators up to four-point functions.

Indeed, it is possible that the introduction of gauge de-

grees of freedom, or considerations of higher-point corre-

lators, will suggest the existence of additional interaction

vertices. It would be interesting to find symmetry prin-

ciples which fully dictate the form of the bulk dual of the

free p-adic O(N) model.

V. DISCUSSION

Despite appearances, p-adic AdS/CFT is not discon-

nected from the usual AdS/CFT correspondence; this

becomes strikingly transparent when all quantities are

expressed in terms of the right functions, namely the lo-

cal zeta functions defined in (4)-(5). In continuation of

previous work [7], we have shown in this paper explicit

evidence in line with this point of view, via the holo-

graphic computation of the structure constants as well

as the complete four-point function of scalar operators.

A source of considerable simplifications in p-adic field

theories is the absence of derivatives in the p-adic OPE

and hence in the conformal block decomposition of the

p-adic four-point function. We believe that further in-

sight into how p-adic and Archimedean field theories are

to be compared may be gained by studying the integral

representation of the p-adic OPE, which does not rely on

a derivative expansion even in Rn. Additionally, the sim-

ple structure of the OPE, and the remarkable similarity

with the geodesic bulk diagram story in the Archimedean

place, leads naturally to the expectation that a p-adic

analog of kinematic space technology [21] exists. It would

be interesting to explore this connection further.

Since the absence of derivatives leads to remarkable

simplifications in calculations, we anticipate the compu-

tation of higher-point correlators as well as the evalua-

tion of loop corrections in AdS to be considerably easier

than in Rn. It will be interesting to compute loop cor-

rections and compare with recent results in Rn [12]. It

will also be interesting to compute diagrams which have

remained out of reach so far on the Archimedean side,

since the p-adic results may potentially shed some light

into computations in Rn. To this end we have presented

in appendix A some propagator identities which we ex-

pect to be of use in brute-force computations of certain

diagrams.

Crossing symmetry and Mellin space methods were

found to be especially useful in computing loop diagrams

in Rn [12]. In p-adic CFTs, crossing symmetry is not

as constraining as in Rn; it merely restricts the OPE

coefficients to obey the associativity property of a com-

mutative algebra. Once the OPE coefficients have been

chosen to obey the associativity property (55), there are

no further constraints to impose on the scaling dimen-

sions of operators. On the other hand, application of

Mellin space methods in the context of p-adic AdS/CFT

may lead to further unexpected simplifications. Recent

progress along the lines of [32] would also be interesting

to realize in the p-adic setting.

So far we have restricted ourselves to correlators of

external operators without spin. It would be very inter-

esting to include spin degrees of freedom both in the bulk

and on the boundary. This will likely involve the use of

more general multiplicative characters of the multiplica-

tive group Q×
pn , along the lines mentioned in [6, 8]. Com-

parisons with recent work on geodesic bulk diagrams for

operators with spin [17, 33–36] as well as other alterna-

tive approaches to conformal block decomposition, such

as the one in [37], would also be very interesting.

A difficulty in the study of p-adic AdS/CFT has been

the absence of a clean dual pair, where on the bulk side

we have a classical theory on the Bruhat–Tits tree and on

the boundary side we have a large N field theory which

can be formulated independently of any holographic con-

siderations. Our calculations in section IV bring us a

step closer to exhibiting such a pair, as we summarize in

the next two paragraphs.
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On the field theory side, we have the free O(N) model,

which admits a lagrangian treatment and has deforma-

tions that lead to a Wilson-Fisher fixed point: See for

example [5, 6]. On the bulk side, we have the theory

(96) with couplings chosen as in (98) and (104). Though

this theory seems contrived, it has the virtue of matching

the two-, three-, and four-point functions of the operator

O = Φ⃗2. We should ask, what part of this matching was

forced, or guaranteed, and what part is non-trivial? The

functional form of the two-point and three-point func-

tions are fixed by conformal invariance, so that is an ex-

ample of a guaranteed match once we choose the mass

m2
∆ correctly in the bulk action (96). The dependence

of the four-point function on u is not fixed by conformal

invariance, but by including on-site cubic, on-site quar-

tic, and nearest neighbor quartic interactions in (96), we

are giving ourselves just enough parameters to force an

agreement in the functional form of the four-point func-

tion between the field theory and the bulk theory. This

agreement of the functional form of the four-point func-

tion is guaranteed once we impose the relations (98).

With functional forms matching perfectly between the

field theory and the bulk, there remains the question of

whether normalizations match. At the level of our analy-

sis, the normalization of the two-point function is another

forced match, based essentially on choosing the normal-

ization of the operator O. Even the normalization of

the three-point function is a forced match, because we

have one last free parameter in the bulk theory to adjust,

namely the cubic coupling g3. The choice made in (104)

guarantees a match in the normalization of the three-

point function. But there is one more calculation to do,

namely the normalization of the four-point function! The

condition (106) providing for a precise match in the four-

point normalization is non-trivial because all quantities

involved in it have been fixed by previous considerations

as just described. Thus, finding that (106) holds is the

first non-trivial match we have found between explicit

field theory calculations and bulk calculations in p-adic

AdS/CFT.

Of course, we hope for much more. In particular, be-

cause the setup is so similar to the correspondence [38]

between the Archimedean O(N) model and Vasiliev the-

ory in AdS4 [39, 40], we naturally hope to find some

way to reformulate Vasiliev theory on a discrete geom-

etry such as the Bruhat–Tits tree. And we expect to

see that the interacting Wilson-Fisher fixed point can be

treated holographically just by changing boundary con-

ditions on the bulk field ϕ, as in the Archimedean case.

We hope to report on these and other related issues in

future work.
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Appendix A: Some more propagator identities

In this section we list (without proof) some additional

propagator identities on the Bruhat–Tits tree which

could prove useful in evaluating higher-point correlators

and higher loop bulk integrals. Moreover, it is likely they

will be useful in obtaining by analogy with Qpn the cor-

responding, as yet unknown, propagator identities in Rn,

which could in turn potentially simplify the evaluation of

loop diagrams and higher-point functions in Rn.

1. Identities involving two propagators

Two identities, similar in spirit to (67), are:

Qpn

∑
c∈Tpn

K̂∆1
(x1, c)K̂∆2

(x2, c)

=
K̂∆1(x1, o)K̂∆2(x2, o)

m2
∆1+∆2

ζ(∆1 +∆2)
,

(A1)
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where o is any fixed bulk point lying on the geodesic

between x1 and x2, and

Qpn

∑
c∈Tpn

G∆1
(a1, c)K̂∆2

(x2, c) =
K̂∆2

(x2, a1)

m2
∆1

−m2
∆2

.

(A2)

2. Identities involving three propagators

We begin by recalling the three-point amplitude

Qpn

∑
c∈Tpn

K̂∆1
(x1, c)K̂∆2

(x2, c)K̂∆3
(x3, c)

= K̂∆1(x1, o)K̂∆2(x2, o)K̂∆3(x3, o) f123 ,

(A3)

where o is the unique point of intersection of the geodesics

connecting the (boundary) points x1, x2, x3, and f123 is

a constant given in (24).

A few identities which may be useful in evaluating loop

diagrams involve, similar to (A3), a reduction of the in-

tegration over a bulk point of a product of three prop-

agators, to a combination of unintegrated propagators.

We list here the identities:

Qpn

∑
c∈Tpn

G∆1
(a1, c)K̂∆2

(x2, c)K̂∆3
(x3, c)

= G∆1
(a1, o)K̂∆2

(x2, o)K̂∆3
(x3, o) f123

− K̂∆2
(x2, a1)K̂∆3

(x3, a1)

m2
∆2+∆3

−m2
∆1

,

(A4)

where o is now the bulk point of intersection of geodesics

connecting a1, x2, x3. In addition,

Qpn

∑
c∈Tpn

G∆1
(a1, c)G∆2

(a2, c)K̂∆3
(x3, c)

= G∆1(a1, o)G∆2(a2, o)K̂∆3(x3, o) f123

− G∆2(a2, a1)K̂∆3(x3, a1)

m2
∆2+∆3

−m2
∆1

− G∆1
(a1, a2)K̂∆3

(x3, a2)

m2
∆1+∆3

−m2
∆2

,

(A5)

and

Qpn

∑
c∈Tpn

G∆1
(a1, c)G∆2

(a2, c)G∆3
(a3, c)

= G∆1
(a1, o)G∆2

(a2, o)G∆3
(a3, o) f123

− G∆2
(a2, a1)G∆3

(a3, a1)

m2
∆2+∆3

−m2
∆1

− G∆1
(a1, a2)G∆3

(a3, a2)

m2
∆1+∆3

−m2
∆2

− G∆1(a1, a3)G∆2(a2, a3)

m2
∆1+∆2

−m2
∆3

.

(A6)

As a check, when a1 = a2 (in which case the point of

intersection o = a1 = a2), we recover from (A6) the two

propagator identity (67),

Qpn

∑
c∈Tpn

G∆1+∆2(a1, c)G∆3(a3, c)

=
G∆1+∆2

(a1, a3)−G∆3
(a1, a3)

m2
∆3

−m2
∆1+∆2

.

(A7)

Appendix B: Crossing symmetry of the four-point

function

In this appendix, we demonstrate how crossing sym-

metry of the p-adic four-point function works with an

explicit example (see [1] for a more general argument).

Before we begin, it is useful to emphasize and clarify the

notation used in this paper, since it can lead to some

confusion. Throughout the paper, we have assumed that

the boundary insertion points xi are in a configuration

as depicted in figure 1, i.e. with u < v = 1, and we have

reserved the term ‘s-channel’ to refer to that. (This ad-

mittedly confusing terminology has no connection with

the textbook terminology for exchange of particles in an

intermediate channel. Instead we refer to exchanges as,

for example, the exchange in the (12)(34) channel.) Note

that this is not a simplification but in fact very general on

the Bruhat–Tits tree. Given any four boundary points,

up to relabelling the xi, they always arrange themselves

in an ‘s-channel’ configuration, with one exception. The

exceptional case corresponds to u = v = 1, or equiva-

lently when the bulk points c1 and c2 in figure 1 coin-

cide. All our formulae derived in this paper are appli-
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cable when u = v = 1, which can be thought of as a

degeneration of the s-, t-, and u-channel boundary con-

figurations, where for example, the ‘t-channel’ configura-

tion is obtained after switching x2 and x3 in figure 1.25

It is worth emphasizing that u = v = 1 is the only case

which admits a pairwise overlap between the s-, t- and

u-channels [1].

Now let us consider an exchange diagram where the

boundary configuration is in the ‘s-channel’ (more accu-

rately, we’d like to allow u ≤ v = 1), and a scalar of

dimension ∆ is exchanged in the (13)(24) channel. This

is precisely the diagram defined in (83), whose confor-

mal block decomposition in the crossed channel is given

in (84)-(86). As expected it involves just the conformal

blocks of double-trace operators. If we wanted the con-

formal block decomposition of (83) in the direct chan-

nel (for which the boundary points xi must be able to

admit a ‘t-channel’ configuration as well), we need only

adapt the result in (79)-(80) by making the replacements

∆2 ↔ ∆3 and x2 ↔ x3. (This prescription is obvious

upon comparing (76) with (83).) This leads to

Qpn

DT
∆ = P1(13)G∆C

(u′) + P1(24)G∆D
(u′)

+ C13∆C24∆G∆(u
′)

(B1)

where the OPE coefficients-squared are obtained by mak-

ing the replacements in (79)-(80) as described above,

∆C ,∆D are defined in (87) and

Qpn u′ =

∣∣∣∣x13x24

x12x34

∣∣∣∣ = 1

u
. (B2)

As expected in the direct channel, in addition to the

double-trace operators, the single-trace operator ex-

changed in the intermediate channel appears in the con-

formal block decomposition. Now crossing symmetry

requires that the expressions in the direct and crossed

channels agree. The crucial point is that we required

the boundary points xi to admit both an ‘s-channel’ as

25 Curiously, this degeneration is impossible when pn = 2, since the
Bruhat–Tits tree T2 has coordination number 3, while we need
a coordination number of at least 4 to realize u = v = 1. This
is one of the many reasons, which are all related to the fact that
2 is an even prime, why 2-adic conformal field theories may be
quite exotic.

well a ‘t-channel’ configuration. As remarked earlier, this

forces u = 1/u′ = 1 (and v remains fixed at v = 1). Plug-

ging this in the expressions and comparing (84)-(86) with

(B1), we find they agree exactly as required by crossing

symmetry.

Appendix C: Cubic derivative interactions

In this appendix we briefly discuss bulk cubic couplings

with derivatives. We have shown in section IIA that a

ϕ1ϕ2ϕ3 bulk coupling results in a three-point amplitude

for the dual operator given by

Qpn

A ≡ 1

V (xi)

∑
a∈Tpn

3∏
i

K̂∆i
(xi, a)

= f123 ,

(C1)

where fijk is given in (23) and

V (xi) =
1

|x12|∆1+∆2−∆3 |x23|∆2+∆3−∆1 |x13|∆3+∆1−∆2
.

(C2)

The corresponding amplitude in Rn is [19]

Rn

A ≡ 1

V (xi)

∫
dn+1y

yn+1
0

3∏
i

K̂∆i
(y0, y⃗ − x⃗i)

=
1

2
f123 .

(C3)

We now describe what a derivative cubic coupling,

schematically of the form ϕ(∇ϕ)2, looks like on the

Bruhat–Tits tree. Mimicking Rn, where such a coupling

arises from a ϕ1g
µν∂µϕ2∂νϕ3 interaction vertex, we posit

an obvious candidate vertex on the Bruhat–Tits tree,

Qpn
S ⊃

∑
⟨ab⟩

ϕ1a (ϕ2a − ϕ2b) (ϕ3a − ϕ3b) , (C4)

where ϕi has scaling dimension ∆i and a, b label vertices

on the tree. The symbol
∑

⟨ab⟩ stands for summing over

all pairs of nearest neighbors. It is apparent from the

structure of (C4) that it involves nearest-neighbor inter-

actions of the form ϕaϕaϕb, where a and b are adjacent

vertices on the tree. Thus introducing derivative bulk

couplings is tantamount to introducing nearest-neighbor
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interactions on the tree. (More generally, for higher

derivative couplings, one should introduce (next)k-to-

nearest neighbor interactions on the tree.) Computing

the amplitude arising from (C4), we obtain

Qpn

A∂ ≡ 1

V

∑
⟨ab⟩

K̂∆1
(x1, a)(K̂∆2

(x2, a)− K̂∆2
(x2, b))

× (K̂∆3
(x3, a)− K̂∆3

(x3, b))

=
1

2

(
m2

∆1
−m2

∆2
−m2

∆3

)
A ,

(C5)

where A is given by (C1). The final expression in

(C5) follows from a straightforward computation on the

Bruhat–Tits tree. The corresponding amplitude in Rn

is [19]

Rn

A∂ ≡ 1

V

∫
dn+1y

yn+1
0

K̂∆1
(y0, y⃗ − x⃗1)

× ∂µK̂∆2
(y0, y⃗ − x⃗2)y

2
0∂

µK̂∆3
(y0, y⃗ − x⃗3)

=
1

2

(
m2

∆1
−m2

∆2
−m2

∆3

)
A ,

(C6)

where A is given by (C3). The identical form of the

amplitudes in (C5) and (C6) supports the claim that (C4)

is indeed a derivative coupling on the tree.

Appendix D: Direct computation of geodesic bulk

diagrams

Using variants of (63) and (65) repeatedly, we can con-

vert the four-point amplitudes (such as those in (32), (76)

and (83)) into a sum of several terms of the form given

in (56) and (81), repeated below for convenience:

WS
∆ =

∑
b1∈γ12
b2∈γ34

(x1b1)
∆1(x2b1)

∆2(b1b2)
∆(x3b2)

∆3(x4b2)
∆4

WT
∆ =

∑
b1∈γ13
b2∈γ24

(x1b1)
∆1(x3b1)

∆3(b1b2)
∆(x2b2)

∆2(x4b2)
∆4

WU
∆ =

∑
b1∈γ14
b2∈γ23

(x1b1)
∆1(x4b1)

∆4(b1b2)
∆(x2b2)

∆2(x3b2)
∆3 .

(D1)

(One such computation was detailed in section III C.)

Here we write (ab)∆ instead of Ĝ∆(b, a) or K̂∆(b, a)

for brevity. The symbol γij denotes a geodesic joining

boundary points xi and xj . From here on we will de-

note geodesic paths by (xi : xj). If paths from boundary

points x1, x2, and x3 meet at a bulk point c, then we

have

Qpn (x1c)
∆ =

∣∣∣∣ x23

x12x13

∣∣∣∣∆ . (D2)

We restrict attention to configurations of the xi such that

u ≤ 1 and v = 1, where u and v are defined in (30).

We can do this without loss of generality because upto

relabelling of xi, we can always arrange u ≤ 1 and v = 1.

In these sorts of configurations, paths from x1 and x2

converge at a bulk point c1, which connects to a bulk

point c2 where paths from x3 and x4 converge (see, for

example, figure 1). An important identity is

Qpn u =

∣∣∣∣x12x34

x13x24

∣∣∣∣ = (c1c2) = p−d(c1,c2) . (D3)

If u = 1 then c1 and c2 coincide.

In the main text, we noted without proof that the sums

in (D1), which are referred to as geodesic bulk diagrams,

are related to p-adic conformal blocks via the identities

in (57) and (82). The goal of this appendix is to prove

these identities by direct computation.

We can conveniently factor out most of the xi depen-

dence from any of the geodesic bulk diagrams we con-

sider by dividing out by the trivial conformal partial wave

W0(xi), given in (36). A more convenient form for W0

follows from (33),

Qpn W0(xi) = (x1c1)
∆1(x2c1)

∆2(x3c2)
∆3(x4c2)

∆4 .

(D4)

Then for any of the geodesic bulk diagrams W we con-

sider, W/W0(xi) is a function of the xi only through

dependence on the cross-ratio u. An easy case is



24

x1

x2

x3

x4

c1 c2

b2b1

x1

x2

x3

x4

c1 c2

b2b1

c1 c2

b2b1

Δ-Δ12 Δ-Δ34u
Δ

x1

x2

x3

x4

c1 c2

= =

FIG. 4. (Color online.) A graphical method of representing terms in (D5)-(D6). Here and in figure 5, a solid line means that
the amplitude should include a factor of the propagator between the endpoints of that line, whereas a dashed line means that
we are dividing by that propagator. When a combination of solid and dashed lines is labeled with a power δ, like ∆−∆12, it
means that each step along this combinations of lines is weighted by a factor of p−δ. To improve readability we use uδ instead
of δ to label combined lines between c1 and c2.

c1 c2

b2

b1

Δ-Δ13

Δ-Δ24

u
Δ3+Δ4

c1 c2

b2

b1

c1 c2

b2

b1Δ+Δ13

Δ-Δ24

u
Δ3+Δ4

c1 c2

b2

b1

Δ+Δ13

Δ-Δ24

u
Δ +Δ1+Δ4

c1 c2b2

b1

c1 c2

b2b1

-Δ+Δ13 -Δ-Δ24

u
Δ +Δ2+Δ3

1 2

3 4

=

=

FIG. 5. (Color online.) Subway diagrams leading to summands in (D7).

Qpn

WS
∆

W0
=

 ∑
b1∈(x1:c1]

(x1b1)
∆1(x2b1)

∆2(b1c1)
∆

(x1c1)∆1(x2c1)∆2
+

∑
b1∈(c1:x2)

(x1b1)
∆1(x2b1)

∆2(b1c1)
∆

(x1c1)∆1(x2c1)∆2

u∆

×

 ∑
b2∈(x3:c2]

(x3b2)
∆3(x4b2)

∆4(b2c2)
∆

(x3c2)∆3(x4c2)∆4
+

∑
b2∈(c2:x4)

(x3b2)
∆3(x4b2)

∆4(b2c2)
∆

(x3c2)∆3(x4c2)∆4

 .

(D5)



25

What makes this case relatively easy is that b1 and b2

cannot belong to (c1 : c2), because the paths (x1 : x2)

and (x3 : x4) do not have any points in common with

(c1 : c2). Using identities like (x1c1) = (x1b1)(b1c1) and

(x2b1) = (x1c1)(b1c1), we may simplify (D5) to

Qpn

WS
∆

W0
=u∆

 ∑
b1∈(x1:c1]

(b1c1)
∆−∆12 +

∑
b1∈(c1:x2)

(b1c1)
∆+∆12


×

 ∑
b2∈(x3:c2]

(b2c2)
∆−∆34 +

∑
b2∈(c2:x4)

(b2c2)
∆+∆34


= β(∆+∆12,∆−∆12)β(∆+∆34,∆−∆34) ,

(D6)

where β(s,t) is defined in (6). This proves (57). A graph-

ical method of obtaining (D6) is shown in figure 4. The

diagram furthest to the right in this figure corresponds

to choosing the first term in both sets of square brackets

in (D6). It is worth noting that the sums in (D6) con-

verge iff the four quantities ∆±∆12 and ∆±∆34 are all

positive. If any one of them goes to 0, then we have a

logarithmic divergence.

WT
∆ is more complicated than WS

∆ because the paths

(x1 : x3) and (x2 : x4) are longer than (x1 : x2) and

(x3 : x4), and there are more distinct ways to position b1

and b2 along these paths. The full list of possibilities can

be enumerated as follows:

# b1 ∈ b2 ∈ summand

1: (x1 : c1) (x2 : c1) u∆B (b1c1)
∆−∆13(b2c1)

∆−∆24

1̃ : (x3 : c2) (x4 : c2) u∆A(b1c2)
∆−∆13(b2c2)

∆+∆24

2: [c1 : c2] (x2 : c1) u∆B (b1c1)
∆+∆13(b2c1)

∆−∆24

2̃ : [c1 : c2] (x4 : c2) u∆A(b1c2)
∆−∆13(b2c2)

∆+∆24

2: (x1 : c1) [c1 : c2] u∆B (b1c1)
∆+∆24(b2c1)

∆−∆13

2̃ : (x3 : c2) [c1 : c2] u∆A(b1c2)
∆−∆24(b2c2)

∆+∆13

3: (x3 : c2) (x2 : c1) u∆+∆E (b1c2)
∆+∆13(b2c2)

∆−∆24

3̃ : (x2 : c1) (x4 : c2) u∆+∆F (b1c1)
∆−∆13(b2c1)

∆+∆24

4: [c1 : c2] [b1 : c2] u∆+∆F (b1c1)
−∆+∆13(b2c2)

−∆−∆24

4̃ : (c1 : c2] [c1 : b1) u∆+∆E (b1c2)
−∆−∆13(b2c1)

−∆+∆24

(D7)

where ∆A,∆B ,∆E and ∆F are defined in footnote 15.

The summands can be written down by inspection of the

relevant subway diagrams, a representative sampling of

which is shown in figure 5.

Of the ten rows of (D7), only the following five need

to be computed explicitly:

V1 ≡ u∆B

∑
b1∈(x1:c1)

b2∈(x2:c1)

(b1c1)
∆−∆13(b2c1)

∆−∆24

= u∆B

[ ∞∑
m1=1

p−m1(∆−∆13)

][ ∞∑
m2=1

p−m2(∆−∆24)

]
(D8)

V2 ≡ u∆B

∑
b1∈[c1:c2]

b2∈(x2:c1)

(b1c1)
∆+∆13(b2c1)

∆−∆24

= u∆B

[
d∑

m1=0

p−m1(∆+∆13)

][ ∞∑
m2=1

p−m2(∆−∆24)

]
(D9)
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V3 ≡ u∆+∆E

∑
b1∈(x3:c2)

b2∈(x2:c1)

(b1c2)
∆+∆13(b2c2)

∆−∆24

= u∆+∆E

[ ∞∑
m1=1

p−m1(∆+∆13)

][ ∞∑
m2=1

p−m2(∆−∆24)

]
(D10)

V4 ≡ u∆+∆F

∑
b1∈[c1:c2]

b2∈[b1:c2]

(b1c1)
−∆+∆13(b2c2)

−∆−∆24

= u∆+∆F

d∑
m1=0

p−m1(−∆+∆13)
d−m1∑
m2=0

p−m2(−∆−∆24)

(D11)

V4̃ ≡ u∆+∆E

∑
b1∈(c1:c2]

b2∈[c1:b1)

(b1c2)
−∆−∆13(b2c1)

−∆+∆24

= u∆+∆E

d−1∑
m1=0

p−m1(−∆−∆13)
d−1−m1∑
m2=0

p−m2(−∆+∆24) ,

(D12)

where d = d(c1, c2) = − logp u. Using obvious relations

like

Qpn

∞∑
m=0

p−ma = ζ(a)

∞∑
m=1

p−ma = −ζ(−a)

d∑
m=0

p−ma = ζ(a) + uaζ(−a)

ζ(a)ζ(b) + ζ(a+ b)ζ(−b)− ζ(a+ b)ζ(a) = 0 ,

(D13)

we can simplify (D8)-(D12) to

Qpn

V1 = u∆3+∆4ζ(−∆+∆13)ζ(−∆+∆24)

V2 = −u∆3+∆4ζ(∆ +∆13)ζ(−∆+∆24)

− u∆+∆1+∆4ζ(−∆−∆13)ζ(−∆+∆24)

V3 = u∆+∆1+∆4ζ(−∆−∆13)ζ(−∆+∆24)

V4 = u∆1+∆2ζ(∆−∆13)ζ(−∆13 −∆24)

+ u∆3+∆4ζ(∆ +∆24)ζ(∆13 +∆24)

+ u∆+∆2+∆3ζ(−∆+∆13)ζ(−∆−∆24)

V4̃ = −u∆1+∆2ζ(−∆+∆24)ζ(−∆13 −∆24)

− u∆3+∆4ζ(−∆−∆13)ζ(∆13 +∆24)

+ u∆+∆1+∆4ζ(−∆−∆13)ζ(−∆+∆24) .

(D14)

To obtain the remaining five amplitudes explicitly, we

can either swap 1 ↔ 3 and 2 ↔ 4 (e.g. to go from 2 to 2̃)

or 1 ↔ 2 and 3 ↔ 4 (to go from 2 to 2). In summary,

Qpn

V1̃ = u∆1+∆2ζ(−∆−∆13)ζ(−∆−∆24)

V2̃ = −u∆1+∆2ζ(∆−∆13)ζ(−∆−∆24)

− u∆+∆2+∆3ζ(−∆+∆13)ζ(−∆−∆24)

V2 = −u∆3+∆4ζ(−∆+∆13)ζ(∆ +∆24)

− u∆+∆2+∆3ζ(−∆+∆13)ζ(−∆−∆24)

V2̃ = −u∆1+∆2ζ(−∆−∆13)ζ(∆−∆24)

− u∆+∆1+∆4ζ(−∆−∆13)ζ(−∆+∆24)

V3̃ = u∆+∆2+∆3ζ(−∆+∆13)ζ(∆−∆24) .

(D15)

Our eventual goal is to add all ten Va together. As a step

in that direction, let’s call u∆1+∆2 and u∆3+∆4 “compli-

ant” powers of u, whereas any power of u involving ∆

is “non-compliant.” Then we notice that non-compliant
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powers cancel in the following partial sums:

Qpn

V2 + V3 = −u∆3+∆4ζ(∆ +∆13)ζ(−∆+∆24)

V2̃ + V3̃ = −u∆1+∆2ζ(∆−∆13)ζ(−∆−∆24)

V2 + V4 = u∆1+∆2ζ(∆−∆13)ζ(−∆13 −∆24)

+ u∆3+∆4ζ(∆−∆13)ζ(∆13 +∆24)

V2̃ + V4̃ = −u∆1+∆2ζ(−∆−∆13)ζ(−∆13 −∆24)

− u∆3+∆4ζ(−∆−∆13)ζ(∆13 +∆24) .

(D16)

Finally, we can assemble the full exchange amplitude in

the (13)(24)-channel

Qpn

WT
∆

W0
= V1 + V2 + V3 + V1̃ + V2̃ + V3̃ + V2 + V4

+ V2̃ + V4̃

= β(∆+∆13,∆−∆13)β(−∆13−∆24,∆+∆24)u∆1+∆2

+ β(∆+∆13,∆−∆13)β(∆13+∆24,∆−∆24)u∆3+∆4 .

(D17)

This proves (82). Despite appearances, WT
∆ is symmetric

under 1 ↔ 3, 2 ↔ 4 as well as 1 ↔ 2, 3 ↔ 4. The

amplitude with the exchange in the (14)(23)-channel is

obtained by swapping 3 ↔ 4 in WT
∆:

Qpn

WU
∆

W0
= β(∆+∆14,∆−∆14)β(−∆14−∆23,∆+∆23)u∆1+∆2

+ β(∆+∆14,∆−∆14)β(∆14+∆23,∆−∆23)u∆3+∆4 .

(D18)
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