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Abstract

Compactifications of 6D superconformal field theories (SCFTs) on four-manifolds gener-
ate a large class of novel 2d quantum field theories. We consider in detail the case of the
rank one simple non-Higgsable cluster 6D SCFTs. On the tensor branch of these theories,
the gauge group is simple and there are no matter fields. For compactifications on suitably
chosen Kähler surfaces, we present evidence that this provides a method to realize 2d SCFTs
with N = (0, 2) supersymmetry. In particular, we find that reduction on the tensor branch
of the 6D SCFT yields a description of the same 2d fixed point that is described in the UV
by a gauged linear sigma model (GLSM) in which the parameters are promoted to dynam-
ical fields, that is, a “dynamic GLSM” (DGLSM). Consistency of the model requires the
DGLSM to be coupled to additional non-Lagrangian sectors obtained from reduction of the
anti-chiral two-form of the 6D theory. These extra sectors include both chiral and anti-chiral
currents, as well as spacetime filling non-critical strings of the 6D theory. For each candidate
2d SCFT, we also extract the left- and right-moving central charges in terms of data of the
6D SCFT and the compactification manifold.
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1 Introduction

One of the notable predictions of string theory is the existence of 6D superconformal field

theories (SCFTs) [1–3]. Though a microscopic formulation of these theories remains elusive,

it is especially remarkable that upon compactification to lower dimensions, simple geometric

operations of the compactification space lead to highly non-trivial dualities. This includes

the well-known case of compactification of the (2, 0) SCFTs on a T 2, and the corresponding

S-duality of N = 4 Super Yang-Mills theory [4,5]. Compactifying on Riemann surfaces with

punctures leads to N = 2 dualities [6–8]. Similar considerations hold for compactification

to three, two and one dimension (for a partial list of examples, see [9–13]).

It is natural to ask whether similar structures persist for compactifications of 6D SCFTs

with minimal, i.e., (1, 0) supersymmetry. Recent work on 6D SCFTs with a tensor branch

[14–20] has produced a classification of nearly all such theories.1 See also [24, 25] for a

classification of theories with a holographic dual.

Compactifications of these (1, 0) SCFTs to lower dimensions have the potential to pro-

vide access to strong coupling dynamics in the resulting lower-dimensional theories. One

complication is that due to the reduced amount of supersymmetry, any such theory will

be subject to more quantum corrections than their (2, 0) counterparts. Nevertheless, it is

still possible to extract some data for the 4d theories obtained from compactification, as in

references [26–36].

In this work we begin the study of the resulting 2d effective theories obtained by com-

pactification of (1, 0) SCFTs on a four-manifold. We find that the resulting 2d theories are

often 2d SCFTs, and moreover, are characterized by an appropriate UV gauged linear sigma

model (GLSM) in which some of the parameters of the model are promoted to dynamical

chiral and anti-chiral bosons. These gauge theories are often coupled to additional chiral /

anti-chiral currents as well as spacetime filling strings of the 6D theory (see figure 1 for a

depiction). We also use this geometric characterization to produce parametric families of 2d

SCFTs.

Now, although these (1, 0) theories have reduced supersymmetry when compared with

their (2, 0) counterparts, this is compensated by the fact that the theory on the tensor

branch typically has more structure. One of the central points of this work will be to exploit

this description on the tensor branch to achieve a better understanding of the microscopic

ingredients of the resulting 2d effective field theories. Figure 2 shows the different RG flow

trajectories: we can either directly compactify our 6D SCFT on a four-manifold, reaching a

2d effective theory, or we can first flow on the tensor branch and then compactify the theory

on this branch, yielding an a priori different 2d effective theory. In spite of their differences in

six dimensions, we will present evidence that the two a priori different 2d theories obtained

from compactification are in fact one and the same.

Indeed, for (1, 0) theories, the tensor branch is governed by a weakly coupled 6D gauge

1More precisely, this classification involves geometric phases of F-theory backgrounds. It is expected
that the small number of non-geometric backgrounds recently discussed in [21] (see [22] for the type IIA
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Figure 1: Compactification of the tensor branch deformation of a 6D SCFT on a four-
manifold yields a DGLSM, i.e. a gauged linear sigma model in which the couplings are
dynamical. These theories are also coupled to chiral / anti-chiral currents and spacetime
filling strings.

theory coupled to tensor multiplets and possibly exotic matter fields. The scalar of the tensor

multiplet promotes the gauge coupling to a dynamical field, and the 6D anti-chiral two-form

potential is crucial for 6D anomaly cancellation via the Green-Schwarz mechanism [37–40].

Upon compactification on a four-manifold, the 6D vector multiplet and matter fields

reduce to fields present in a 2d non-abelian GLSM. More striking, however, is that the

gauge coupling of the GLSM will be dynamical, and the anti-chiral two-forms will reduce to

2d chiral and anti-chiral bosons which couple to the fields of the GLSM. Additionally, the

presence of spacetime filling effective strings (as dictated by the tadpole for the anti-chiral

two-form) provides additional chiral sectors which couple to the GLSM.

What then is the relation of this 2d theory to the one obtained by directly compacti-

fying the 6D SCFT on a four-manifold? We propose the following answer. There is one

theory with dynamical couplings that depends on fields of an underlying non-linear sigma

model with non-compact target space. The target space is non-compact due to unsuppressed

contributions of large values of the tensor scalar field, and precisely in this regime we have

a description in terms of a weakly coupled theory fibered over the non-linear sigma model

target space. Of course no such weakly coupled description can be given at the origin of the

tensor branch, and experience with similar strongly coupled systems might at first suggest

these two theories are at infinite distance from one another. On the contrary, we will present

evidence that the origin is at finite distance in the target space metric.

The primary evidence we provide comes from compactifying on a Kähler surface, where

we expect to get a 2d SCFT with (0, 2) supersymmetry. In this case, we can calculate

the anomaly polynomial for the 2d theory by dimensional reduction of the 6D answer. We

compare this with the anomaly polynomial obtained from reduction of the 6D theory on the

tensor branch, and we obtain a perfect match.

The fact that this picture hangs together in a consistent fashion also helps to address

realization of these theories) can be included through a suitable generalization of these earlier results [23].
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Figure 2: Depiction of the different theories starting from compactification of a 6D theory.
We can either begin with a 6D SCFT and compactify directly to two dimensions, obtaining a
strongly coupled candidate 2d SCFT indicated by ∗. Alternatively, we can instead consider
compactification of the 6D theory far out on its tensor branch, arriving at a weakly coupled
dynamic GLSM (the coupling is indicated by the radius of the circle) fibered over the tensor
non-linear sigma model. The match in anomalies for the two 2d theories so obtained suggests
that ∗ is at finite distance in the appropriate sigma model metric.

questions of interest in a purely 2d context. For example, although (0, 2) GLSMs are widely

studied, the case where the parameters of the model are promoted to dynamical fields (let

alone chiral fields) is not well understood, even though, as we discuss below, it is actually

the generic case! While there are many such theories one might write down, a priori it is

entirely unclear which of them will yield sensible results. The top–down approach provides

us with candidates with which we can begin to explore this wider world of 2d dynamics,

and even in these relatively simple theories, we find a rich structure including the following

features:

1. Gauge degrees of freedom with dynamical couplings.

2. A non-compact target space and therefore no normalizable vacuum state.

3. A rich current algebra, part of which is gauged, that originates from reduction of the

6D anti-chiral two-form.

4. Marginal couplings that originate from the geometry of the compactification manifold.

To provide more details of this picture, our focus in this work will be on compactification

of a class of 6D SCFTs we refer to as “simple non-Higgsable clusters.” The non-Higgsable

clusters (NHCs) of reference [41] are the building blocks used in the construction of all

6D SCFTs via F-theory [14, 19]. In F-theory terms, these theories are characterized by

a collection of P1’s in the base such that the generic elliptic fibration over these curves is

singular. Non-Higgsable clusters consist of up to three P1’s, with the specific configuration of

gauge groups and matter fully dictated by the self-intersection of the curve. In particular, the

simple NHCs (SNHCs) consist of a single P1 of self-intersection −n with n ∈ {3, 4, 6, 8, 12}.
For these choices, the gauge group is simple and there are no matter fields. An additional
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feature of these cases is that the F-theory model can be written (for appropriate moduli) as

an orbifold C2 × T 2/Zn.

Reduction of the 6D Green-Schwarz terms leads to an intricate anomaly cancellation

mechanism in two dimensions for these theories. In addition to the chiral and anti-chiral

bosons obtained from reduction of the 6D anti-chiral two form, we also find spacetime filling

strings. These theories are in turn defined by the dimensional reduction of a strongly coupled

N = 2 superconformal field theory on R1,1×P1. The number of such spacetime filling strings

is dictated by the precise coefficients appearing in the 6D Green-Schwarz terms. For recent

work on the structure of these spacetime filling strings, see references [42–45].

To perform precision checks on our proposal, we also specialize to the case of a Kähler

surface so that the resulting 2d effective theory enjoys (0, 2) supersymmetry. In this case, a

putative superconformal field theory will have a U(1) R-symmetry. Assuming the absence

of emergent abelian symmetries in the infrared, this R-symmetry descends from symmetries

already present in the 6D description. For the simple NHCs there are in fact no continuous

flavor symmetries – abelian or non-abelian – in six dimensions. This in particular makes an

analysis of the infrared R-symmetry particularly tractable. Matching all of the data of the

anomalies including the infrared R-symmetry, we obtain a non-trivial match between the

two a priori different 2d theories.

The fact that the anomalies of the two theories match is a strong indication that we are

simply describing the same branch of a single SCFT. While it is indeed quite plausible that

compactifying a 6D SCFT will produce a 2d SCFT, it is quite non-trivial that the massive

tensor branch flows back to the same fixed point upon further compactification. We take

this to mean that the distinction between these two theories is erased once we integrate out

the massive Kaluza-Klein states.

Indeed, from the perspective of the F-theory realization of these models, in both phases we

have a seven-brane wrapped over a Kähler threefold M4×P1. To reach the compactification

of the 6D SCFT, we first collapse the P1 factor to zero size. To instead reach the DGLSM

description, we first collapse M4 to zero size. This also motivates a physical picture in which

the complexified geometric moduli of M4 parameterize a family of 2d SCFTs.

The rest of this paper is organized as follows. First, in section 2, we introduce the class

of 6D SCFTs we shall study, i.e. the simple NHCs. We also study the twist of the 6D SCFT,

and the reduction of the anomaly polynomial to two dimensions. One of our goals will be

to reproduce this answer directly from the 2d theory obtained from reduction on the tensor

branch. Next, in section 3 we discuss some general aspects of DGLSMs, and in particular

how the 6D perspective helps in understanding various aspects of the quantum dynamics. In

section 4 we turn to the explicit F-theory realization of DGLSMs. Section 5 shows that all

gauge anomalies for the DGLSMs vanish, and moreover, calculates the anomaly polynomial

for the resulting theories wrapped on a Kähler surface. We present our conclusions and

directions for future investigation in section 6. Some additional details on the reduction of

free 6D supermultiplets to two dimensions are given in Appendix A. Additional details on
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the spacetime filling strings of the simple NHCs are provided in Appendix B.

2 6D SCFTs on a Four-Manifold

In this section we review some of the salient points of 6D SCFTs, and their compactification

on a four-manifold. The primary evidence for the existence of higher-dimensional conformal

fixed points comes from string theory, so we shall mainly adhere to stringy conventions in our

construction and study of such models. An important feature of all known 6D SCFTs is that

they admit a flow onto a tensor branch where all stringlike excitations have finite tension.

This is actually where we realize a string construction, and then by taking an appropriate

degeneration limit, we pass to the conformal fixed point.

Our aim will be to study the effective field theory obtained from compactifying a 6D

SCFT on a four-manifold. Compactifications of 6D SCFTs with N = (2, 0) supersymmetry

have been studied for example in references [12,46,47].

Experience from higher-dimensional examples strongly suggests that for suitable com-

pactification manifolds (for example, when the curvature of the internal space is negative),

we should expect to realize a 2d superconformal field theory. This is also borne out by the

fact that 6D SCFTs with a holographic dual [24, 25] realize, upon compactification on a

negatively curved space, an AdS3 holographic dual (see e.g. [48–52]). Even so, due to the

non-Lagrangian nature of the UV fixed point, this provides only indirect data about the

resulting 2d theory such as various anomalies of global symmetries.

Along these lines, we will also study the tensor branch deformation of the 6D theory. On

the tensor branch, the strings of the model couple to anti-chiral two-form potentials with

anti-self-dual three-form field strengths. Reduction of this theory to two dimensions thus

leads to a 2d supersymmetric gauge theory coupled to additional sectors such as chiral and

anti-chiral currents, and spacetime filling strings.

Even though the 6D SCFT and tensor branch are distinct in six dimensions, it is natural

to ask how their compactifications are related in two dimensions. Here, the peculiariaties

of 2d systems show themselves. Since we expect the tensor branch system to also flow

to a 2d SCFT, we will actually get two a priori distinct 2d SCFTs. However, using the

6D perspective, we will also see that the anomalies for these two theories are the same,

suggesting that in spite of appearances, we are dealing with a single 2d SCFT. This will lead

us to the notion of a “dynamic GLSM,” a construct we discuss further in section 3.

The rest of this section is organized as follows. First, we discuss in general terms how

to construct 6D SCFTs via F-theory. We then discuss the partial twist of 6D SCFTs on

a four-manifold, and then for the tensor branch deformation of these theories. We then

compute the reduction of the 6D anomaly polynomial to two dimensions.
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2.1 6D SCFTs from F-theory

To provide concrete examples of 6D SCFTs, we will find it convenient to use the F-theory

realization of these models. Recently there has been substantial progress in understanding

the general structure of 6D SCFTs via compactifications of F-theory on elliptically fibered

Calabi-Yau threefolds.

Recall that in F-theory, we work with a ten-dimensional spacetime, but one in which

the axio-dilaton of type IIB string theory can have non-trivial position dependence. For

the purposes of engineering 6D superconformal field theories, our primary interest will be

spacetimes of the form: R5,1×B, where the base B is a non-compact Kähler surface. To reach

a 6D SCFT, we must take some collection of P1’s in B and simultaneously contract them

to zero size at finite distance in moduli space. This in turn requires that the intersection

pairing for these P1’s is negative definite [14]. The condition that we have a consistent F-

theory background requires that B is actually the base of a (non-compact) elliptically fibered

Calabi-Yau threefold. An important result from [41] is that when the self-intersection −n of

the P1 satisfies:

3 ≤ n ≤ 12 , (2.1)

then the elliptic fibration is singular over the curve. The upper bound of 12 comes about

from the condition that we can place the elliptic fiber in standard Kodaira-Tate form. For

n = 1, 2 we instead have a generic fiber type which is smooth. Collapsing this P1 generates

a 6D SCFT [14,53].

Each value of n determines a minimal singularity type of the elliptic fiber and thus a 6D

effective field theory with a UV cutoff. The effective field theory consists of a single tensor

multiplet because there is just one P1. The volume of this P1 is the vev of t, the scalar in the

corresponding tensor multiplet. Additionally, we have a gauge group, and in some limited

cases, matter fields. Let us remark that in addition to the rank one non-Higgsable clusters,

there are also NHCs with two and three curves, consisting of related intersection patterns

3, 2 as well as 2, 3, 2 and 3, 2, 2.

All of the bases which appear in an F-theory model are constructed from “gluing” these

NHCs together to form larger structures. In physical terms, this comes from taking the

theory on a −1 curve, which has E8 flavor symmetry, and gauging a product subalgebra.

For further details on this gluing procedure in the context of 6D SCFTs, see [14,19].

We shall primarily focus on this class of theories, and in particular the ones with values

n = 3, 4, 6, 8, 12. These are the cases where the seven-brane has a simple gauge group, and

there are no matter fields. An additional feature of these cases is that for appropriate moduli,

the elliptically fibered Calabi-Yau threefold is simply the orbifold C2 × T 2/Zn [14, 53]. See

table 1 for a list of the simple NHCs.
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n = 3 n = 4 n = 6 n = 8 n = 12
SU(3) SO(8) E6 E7 E8

Table 1: List of Simple NHCs

2.2 Twisting a 6D SCFT

Suppose then, that we have realized a 6D SCFT via a compactification of F-theory. We now

turn to the study of their compactification on a four-manifold M4. At first, we consider a

general Riemannian four-manifold, though we shall see that to preserve at least N = (0, 2)

supersymmetry we will need to specialize to the case of a Kähler surface.

To begin, recall that since we have a field theory, there is a local stress energy tensor.

As such, we should expect that with sufficient supersymmetry, it is possible to perform a

topological twist of the theory. Recall that a 6D SCFT has an su(2) ' sp(1)R,6D R-symmetry,

so in compactifying on a four-manifold, we seek possible ways to retain a covariantly constant

spinor on the internal space. The supercharges of the 6D N = (1, 0) theory transform as a

symplectic Majorana-Weyl spinor in the representation (4,2) of so(5, 1)×sp(1)R,6D. Making

the further decomposition to so(1, 1)×so(4)×sp(1) ' so(1, 1)×su(2)L×su(2)R×sp(1)R,6D,

we have the decomposition:

so(5, 1)× sp(1)R,6D ⊃ so(1, 1)× su(2)L × su(2)R × sp(1)R,6D (2.2)

(4,2)→ (+1/2,2,1,2)⊕ (−1/2,1,2,2). (2.3)

In accord with our 2d N = (0, 2) conventions used in reference [54], we refer to fermions

with spin +1/2 by a − subscript, i.e. λ−, and fermions with spin −1/2 by a + subscripts,

i.e. ψ+. To avoid overloading the notation, we shall also sometimes drop these subscripts

and respectively write λ̃ and ψ, respectively.

To perform a twist, we consider activating a background value for the gauge field as-

sociated with the sp(1) R-symmetry. Our aim is to activate this field strength in such a

way that the combined holonomy for the spin connection and the R-symmetry connection

retains a covariantly constant spinor of the uncompactified 2d effective theory. On a general

four-manifold, we have available to us the standard “Donaldson twist,” introduced in refer-

ence [55]. In terms of representations, we take the diagonal subalgebra of su(2)R× sp(1)R,6D
which we refer to as su(2)diag. The structure group retained is now su(2)L × su(2)diag. The

6D supercharge now decomposes as:

so(5, 1)× sp(1)R,6D ⊃ so(1, 1)× su(2)L × su(2)diag (2.4)

(4,2)→ (+1/2,2,2)⊕ (−1/2,1,3)⊕ (−1/2,1,1), (2.5)

so that now, our twisted supercharges transform as a vector, and a self-dual two form, and a
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scalar. We thus conclude that on a general four-manifold, we can twist to retain N = (0, 1)

supersymmetry in two dimensions.

To retain N = (0, 2) supersymmetry, we can specialize further to the case where M4 is

a Kähler surface. Since the structure algebra of the holonomy is now reduced to u(2) =

su(2)L × u(1)R, this is tantamount to simply taking a further decomposition of su(2)diag to

its Cartan subalgebra:

so(5, 1)× sp(1)R,6D ⊃ so(1, 1)× su(2)L × u(1)diag (2.6)

(4,2)→ (−1/2,1,0)⊕ (+1/2,2,+1)⊕ (+1/2,2,−1) (2.7)

⊕ (−1/2,1,+2)⊕ (−1/2,1,0)⊕ (−1/2,1,−2) (2.8)

so as claimed, we now see two real supercharges which are internally scalars, which are also

of the same chirality, i.e. we have (0, 2) supersymmetry. We now have a continuous 2d

R-symmetry with algebra so(2)R,2d.

Specializing further, we can also consider the case where M4 is Calabi-Yau, (i.e. for

compact manifolds we have a K3 surface). In this case, we need not twist the theory at all

since the Calabi-Yau space already admits covariantly constant spinors. Indeed, since the

structure algebra of the holonomy is now further reduced to su(2)L, we can effectively perform

the same decomposition, but with an additional degeneracy due to the sp(1) R-symmetry:

so(5, 1)× sp(1)R,6D ⊃ so(1, 1)× su(2)L × sp(1)R,6D (2.9)

(4,2)→ (+1/2,2,2)⊕ (−1/2,1,2)⊕ (−1/2,1,2), (2.10)

that is, we have a system with N = (0, 4) supersymmetry and the R-symmetry algebra is

now so(4)R,2d.

For additional details on the explicit decomposition of the various spinor representations,

and in particular the relation to 6D N = (1, 0) supermultiplets, we refer the interested reader

to Appendix A.

As a brief aside, given the fact that our starting point is a theory with conformal sym-

metry, one might naturally ask whether there are more general possibilities for retaining a

conformal Killing spinor. We leave this interesting possibility for future work, perhaps along

the lines of references [56–58].

2.3 Twisting on the Tensor Branch

For suitable choices of four-manifold, we expect the compactification of the 6D SCFT to

realize a 2d SCFT. It is also natural to consider the class of 2d theories obtained by com-

pactifying the tensor branch deformation of this SCFT, which will also lead to a 2d SCFT.

An important aspect of the tensor branch is that it retains the sp(1)6D,R R-symmetry of

the 6D theory, so that the twisting procedure introduced in the previous section can also be
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applied in this case as well.2

On the tensor branch, we have a 6D effective field theory built from consistently com-

bining tensor multiplets, vector multiplets and hypermultiplets. The field content of these

modes is:

Tensor Multiplet: t6D ⊕ ψL ⊕B(−)
MN (2.11)

Vector Multiplet: AM ⊕ µR (2.12)

Hypermultiplet: Q⊕Qc ⊕ χL, (2.13)

where here, bosons are indicated by latin letters and fermions by greek letters. For the

hypermultiplet, the c superscript indicates a complex scalar transforming in the conjugate

gauge group representation to Q. The subscript L and R refers to whether the fermion has

the same (L) or opposite (R) chirality to the 6D supercharge.

In the tensor multiplet, we have t6D a real scalar, B
(−)
MN an anti-chiral two-form and ψL a

left-handed spinor with the same chirality as our N = (1, 0) supercharge which transforms in

the (4,2) of so(5, 1)× sp(1)6D,R. Geometrically, the vacuum expectation value (vev) of t6D
is associated with the volume of the P1, and the origin of the tensor branch (where the 6D

SCFT resides) comes about from collapsing the P1’s to zero size. The anti-chiral two-form

B
(−)
MN has a three-form field strength which satisfies H(3) = − ∗6 H

(3).

In a string construction this mode comes about from reduction of the four-form potential

of type IIB string theory on this collapsing P1. The relative sign convention is fixed by

IIB conventions; there we have a self-dual five-form, so since the (1, 1) form β
(1,1)

P1 which is

Poincaré dual to the collapsing P1 in the local geometry O(−n) → P1 is anti-self-dual, we

can expand:

F (5) = H(3) ∧ β(1,1)

P1 , (2.14)

i.e. F (5) = ∗10F
(5) descends to our sign convention.

Let us now consider the effects of the twist on the content of the various 6D supermulti-

plets. We mainly focus on the case of reduction of the tensor multiplet, since this is the most

unfamiliar case. We focus on the case of compactification on a general four-manifold, pre-

serving just N = (0, 1) supersymmetry. The remaining cases of N = (0, 2) and N = (0, 4)

supersymmetry are obtained from further specialization on the internal index structure of

our modes. To this end, we denote by M and N internal vector indices, and µ a vector index

on R1,1. Here, then, is the resulting form content for a tensor multiplet after applying the

twist on a general four-manifold:

Tensor Multiplet: Bµν ⊕ (t6D ⊕ ψ)⊕ (BµM ⊕ ψ̃M)⊕
(
BMN ⊕ ψ(+)

MN

)
. (2.15)

2Note that this also singles out this class of possibilities for preserving some supersymmetry over the a
priori more general possibility afforded by just preserving conformal Killing spinors.
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where in the above, we denote left-handed 2d spinors with decoration by a tilde, and right-

handed ones by no tilde. Here, ψ
(+)
MN transforms as a right-handed fermion and internally as a

self-dual two-form on M4. In the above, we have grouped the terms according to N = (0, 1)

supermultiplets, as indicated by the various parentheses. Note that Bµν does not really pair

with a fermion. This is acceptable because it is non-dynamical in 2d. Rather, it functions as

a chemical potential for spacetime filling strings of the 6D theory, and each of these sectors

comes with its own set of complete N = (0, 1) supermultiplets.

The case of N = (0, 2) supersymmetry amounts to making further restrictions on the

index structure of the model. We defer the analysis of the corresponding supermultiplet

structure to section 4 where we place it in the context of couplings to modes of a DGLSM.

2.4 Anomaly Reduction

One of the calculable quantities of all known 6D SCFTs is its anomaly polynomial. In six

dimensions, the anomaly polynomial is specified by a formal eight-form constructed from

the characteristic classes of the associated curvatures for these background fields. It has the

general form:

I
(8)
6D = αc2(R6D)2 + βc2(R6D)p1(T ) + γp1(T )2 + δp2(T ) + . . . . (2.16)

where c2(R6D) denotes the second Chern class of an SU(2) R-symmetry bundle, p1(T ) is the

integrated first Pontryagin class of the tangent bundle, and p2(T ) is the second Pontryagin

class. The ellipsis “...” refers to the possibility of having additional global flavor symmetries.

The reason this is calculable is that it can also be determined on the tensor branch of the

theory. In particular, for theories with an equal number of simple gauge group factors and

tensor multiplets, anomaly cancellation via the Green-Schwarz mechanism yields a unique

answer for the result. Now, from the classification results of references [14,16,19], all known

6D SCFTs admit a partial tensor branch description in terms of just such a generalized

quiver gauge theory (with conformal matter), so it follows that the anomaly polynomial can

be calculated in all these theories [59,60]. This has been used for example to analyze various

RG flows, see for example [61–63].

Now, the very fact that we get the same answer at the conformal fixed point and the

tensor branch means that we are guaranteed to also get the same answer for the two theories

obtained from dimensional reduction. Indeed, the 2d theory will also have an anomaly

polynomial, and by activating an appropriate background field strength for the Sp(1) R-

symmetry bundle as dictated by the twist, we reduce to a formal four-form:

I
(4)
2d =

∫
M4

I
(8)
6D(twist). (2.17)

Here then is the point. A priori we get two distinct 2d theories, with anomaly polynomials
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ISCFT
2d and ITensor

2d . What anomaly matching guarantees is that we actually have:

ISCFT
2d = ITensor

2d . (2.18)

The crucial difference from the 6D case, however, is that in many cases, we expect the

reduction of the tensor branch theory to also produce a 2d SCFT. What this means is that

our two candidate SCFTs actually have identical anomaly polynomials. This is non-trivial,

and has to do with the fact that we are in two dimensions. Indeed, in higher-dimensional

vacua obtained from a 6D parent, there is no guarantee that compactification of the 6D

tensor branch and conformal fixed point will lead to identical anomaly polynomials.

Additionally, we can also see how these two theories may in fact be one and the same. In

6D, we move between the SCFT to the tensor branch by activating a vev for t6D, the tensor

multiplet scalar. This scalar persists as a non-compact real scalar t2d in two dimensions.3 Its

vev parametrizes the target space of a (strongly coupled) 2d NLSM, and different choices of

t6D simply correspond to different points in this target space. The matching of the anomaly

polynomials provides strong evidence that these candidate theories are actually part of the

same connected branch of a single SCFT! This is particularly persuasive since the match

works for all choices of the background Kähler manifold as well as starting 6D theory that

we consider.

This fact is perhaps the single most important distinction between the heavily studied

case of compactifications of the (2, 0) theories and the comparatively less studied (1, 0) the-

ories. In the latter, we have less supersymmetry, but as compensation, we have a potentially

tractable description of the SCFT for large non-zero values of t2d.

Turning the discussion around, we can use this relation to extract various details about

the resulting 2d SCFTs. Consider, for example the anomaly polynomial of a 2d SCFT with

N = (0, 2) supersymmetry. This depends on the background values of the U(1) R-symmetry

and the background tangent bundle. Written as a formal four-form on a four-manifold Z,

we have:

I2d =
kRR

2
× c1(R2d,R)2 − kgrav

24
p1(TZ) + ..., (2.19)

where the additional terms will depend on various background flavor field strengths. Here,

the quantity :

kgrav = −(cL − cR) (2.20)

is the gravitational anomaly. The infrared R-symmetry will typically be a linear combination

of the U(1) associated with the UV quantity R2d,R inherited from the Cartan of the Sp(1)6D,R

R-symmetry, and other abelian flavor symmetries. In the cases where there is no mixing,

i.e. where there are no additional abelian flavor symmetries, we have cR = 3kRR. When

there is mixing, one must use other methods such as c-extremization [64, 65] to extract this

3The crucial point here is that our boson is non-compact. This is very analogous to the situation in
Liouville theory, a point we return to in section 3.
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information.

2.4.1 Twisting and Reduction

Let us now turn to the explicit form of the background field strengths needed to reduce the

anomaly polynomial of a 6D SCFT. To this end, we note that the characteristic classes of

the 6D theory are formally defined on an eight-manifold W , and the characteristic classes of

the 2d theory are formally defined on a four-manifold Z. The reduction to two dimensions

amounts to making the further restriction W = Z ×M4. We need to specify for each choice

of twist how the different field strengths break up. For simplicity we switch off all flavor

symmetry field strengths. The generalization to this case is also straightforward, but will

not concern us in the context of reduction of the SNHCs.

As a warmup, let us review the analogous calculation for the reduction of Pontryagin

classes. Recall that for a general curvature two-form Ω of a real vector bundle E, the

Pontryagin classes are defined via the formal polynomial:

p(E) =

[
1− Tr(Ω2)

2
+

Tr(Ω2)2 − 2Tr (Ω4)

8
+ ...

]
(2.21)

where in the above, we have absorbed a factor of (2π) into the definition of the curvature

to adhere with 6D SCFT conventions for the anomaly polynomial. Letting ΩW denote the

curvature form on W for the tangent bundle, we have the decomposition:

ΩW = ΩZ + ΩM , (2.22)

so, since Tr(Ω) = 0, we get:

p(TW ) = 1 + p1(TZ) + p1(TM) + p1(TZ)p1(TM). (2.23)

Let us now turn to the reduction of the 6D R-symmetry field strength. This is fully de-

termined by the choice of twist we enact. We shall first consider the case of compactification

on a general four-manifold, i.e., we retain just N = (0, 1) supersymmetry. Then, we turn to

the case of compactification on a Kähler surface, i.e., we retain N = (0, 2) supersymmetry.

Consider first the twist which preserves N = (0, 1) supersymmetry. Here, the 2d anomaly

polynomial consists of a single term associated with the gravitational anomaly:

I2d =
cL − cR

24
p1(TZ), (2.24)

where cL− cR are the left- and right-moving central charges. We now show how to compute

this for reduction on a four-manifold. In what follows, we switch off all flavor symmetry con-

tributions. To proceed, we use the isomorphism SO(4) ' SU(2)L×SU(2)R/Z2 to decompose
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the field strength on M4 as:4

ΩM = Ω
(L)
M + Ω

(R)
M . (2.25)

We can express the relevant field strengths in terms of the first Pontryagin class and the

Euler density:

p1(TM) = −2c2(TM (L))− 2c2(TM (R)) (2.26)

χ(TM) = c2(TM (L))− c2(TM (R)), (2.27)

in the obvious notation. In the twist to preserve N = (0, 1) supersymmetry, we make the

specific choice:

c2(R6D) = c2(TM (R)) = −1

2
χ(TM)− 1

4
p1(TM). (2.28)

Reduction of the 6D anomaly polynomial to 2d is now straightforward. Since there is no

continuous R-symmetry for these models, it suffices to consider the term proportional to the

first Pontryagin class on Z. We find:∫
M4

I6D(twist(0,1)) =

(
−1

4
(P + 2χ) β + 2Pγ + Pδ

)
p1(TZ). (2.29)

Here, χ is the topological Euler character of and p1(TZ) is the first Pontryagin class of M4.

Let us now turn to the case of models with N = (0, 2) supersymmetry, i.e., compact-

ification on a Kähler surface. Here, the structure group of the manifold is reduced to

U(2) = SU(2)L × U(1)R/Z2. The twist now involves activating an abelian field strength

valued in the Cartan subalgebra of Sp(1)6D,R. In terms of bundles, the rank two bundle with

Sp(1)6D,R structure group decomposes as the sum of two line bundles:

R6D =
(
R2d,R ⊗K1/2

M4

)
⊕
(
R2d,R ⊗K1/2

M4

)∨
. (2.30)

Although the above expressions involve K
1/2
M4

, the formulae given below for counting spectra

and anomaly computations continue to apply even when M4 fails to be Spin and is just

SpinC . For the spectrum this is the case because the fields continue to be sections of well–

defined bundles (we will comment on this again below); for anomalies this is the case because

only characteristic classes of KM4 enter into the anomaly polynomials, as can be seen below.

Now, decompose the second Chern class of R6D by expanding in the associated field

strengths. This yields:

c2(R6D) = −
(
c1(R2d,R) +

1

2
c1(KM4)

)2

. (2.31)

4This amounts to working with the complexified bundle TM ⊗ C; we will suppress the complexification
in what follows.
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We now turn to the reduction of the anomaly polynomial to two dimensions. Integrating the

Pontryagin classes yields the same result as for the (0, 1) twist. Integrating over the internal

space, we have: ∫
M4

c2(R6D)2 =
3

2
c1(R2d,R)2

∫
M4

c1(KM4)
2 (2.32)

and: ∫
M4

c2(R6D)p1(TW ) = −c1(R2d,R)2

∫
M4

p1(TM)− 1

4
p1(TZ)

∫
M4

c1(KM4)
2. (2.33)

Now, since we also have: ∫
M4

c1(KM4)
2 = P + 2χ, (2.34)

we learn that the anomaly polynomial integrates to:∫
M4

I6D(twist(0,2)) =

(
3

2
(P + 2χ)α− Pβ

)
c1(R2d,R)2 +

(
−1

4
(P + 2χ) β + P (γ + δ)

)
p1(TZ).

(2.35)

So in other words:

kRR = (3P + 6χ)α− 2Pβ (2.36)

kgrav = (6P + 12χ) β − 24P (2γ + δ). (2.37)

2.4.2 Simple NHCs

To illustrate the above calculation, we now consider the anomaly polynomial for the simple

NHCs and their reduction to two dimensions.

Consider first the 6D anomaly polynomial. The key feature which makes this quantity

calculable is that, as noted in reference [60] (see also [40]), when the number of tensor mul-

tiplets and irreducible gauge group factors is the same, there is a unique answer compatible

with anomaly cancellation via the Green-Schwarz mechanism. As we shall need it later, let

us summarize the structure of the anomaly polynomial for all of the simple NHCs. The total

anomaly polynomial is a sum of two terms:

I6D(SNHC) = I1-loop(SNHC) + IGS(SNHC), (2.38)
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where:

I1-loop(SNHC) =
1

5760

 240(1− dG)c2(R6D)2 − 120(dG − 1)c2(R6D)p1(T )

+(23− 7dG)p1(T )2 + 4(dG − 29)p2(T )

−120h∨G(12c2(R6D) + p1(T ))TrF 2)− 180nTrF 2

 (2.39)

IGS(SNHC) =
n

2

(
1

4
TrF 2 +

h∨G
n

(
c2(R6D) +

p1(T )

12

))2

, (2.40)

where dG is the dimension of the gauge group, h∨G is the dual Coxeter number of the group,

and −n is the self-intersection of the P1 in the base of the F-theory model. The list of values

encountered for the rank one simple NHCs is:

G SU(3) SO(8) E6 E7 E8

n 3 4 6 8 12

dG 8 28 78 133 248

h∨G 3 6 12 18 30

h∨G/n 1 3/2 2 9/4 5/2

. (2.41)

Summing up the contributions from I1-loop and IGS, we get the 6D anomaly polynomial:

I6D(SNHC) = αc2(R6D)2 + βc2(R)p1(T ) + γp1(T )2 + δp2(T ) (2.42)

with:

α = −dG − 1

24
+

(h∨G)2

2n
, β = −dG − 1

48
+

(h∨G)2

12n
, γ = −7dG − 23

5760
+

(h∨G)2

288n
, δ =

dG − 29

1440
.

(2.43)

Reduction on a four-manifold in the case of the (0, 1) twist yields:

kgrav = −dG
(
P + 3χ

12

)
+

5P + 3χ

12
+

(h∨G)2

3n
(P + 3χ) , (2.44)

and in the case of the (0, 2) twist (when compactified on a Kähler surface), we also get:

kRR = −(dG − 1)

(
P + 3χ

12

)
+

(h∨G)2

3n
(4P + 9χ) . (2.45)

In the case of the simple NHCs, where there are no additional abelian U(1)’s present, and

assuming no emergent IR symmetries, we can therefore also extract the central charges cL
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and cR:

cL = −(dG + 1)P + 3(dG − 1)χ

6
+

(h∨G)2

6n
(22P + 48χ) (2.46)

cR = −(dG − 1)(P + 3χ)

4
+

(h∨G)2

n
(4P + 9χ) . (2.47)

One of our goals will be to match to these cases using the formulation of the DGLSM.

3 Dynamic GLSMs

In the previous section we discussed some general aspects of compactifications of 6D SCFTs

on four-manifolds. We also saw that the dimensional reduction on the tensor branch provided

a potentially more direct way to access data about the resulting 2d effective theories. These

theories are also intrinsically interesting from a purely 2d perspective. Indeed, as we shortly

explain, we find a natural generalization of the standard gauged linear sigma model con-

struction to one in which the parameters of the theory are promoted to dynamical, possibly

chiral fields. We refer to such a theory as a “dynamic GLSM” (DGLSM).

The main reason we encounter DGLSMs in compactifying our 6D theories has to do with

the novelties of the 6D tensor multiplet. First of all, the real scalar in 6D functions as a

dynamical gauge coupling. Additionally, the anti-chiral two-form descends, upon reduction,

to chiral and anti-chiral 2d bosons, as well as a chemical potential for spacetime filling strings.

These in turn also couple to the reduction of the rest of the modes of the GLSM.

One might therefore be tempted to treat this DGLSM as a theory in its own right. This

is basically correct, but much as in other contexts, gauge anomalies will only cancel with

appropriate matter content. Here, we uncover a rather rich generalization of the standard

weakly coupled analysis of anomalies.

From a 2d perspective, the interplay of these ingredients would at first appear to be

rather ad hoc and arbitrary. From a 6D perspective, however, we see that this rich structure

is completely automatic!

The rest of this section is organized as follows. First, we discuss some general aspects

of dynamic GLSMs. Next, we turn to the chiral / anti-chiral bosons of the DGLSM. After

this, we outline the general structure of anomaly cancellation in DGLSMs, which we follow

with a general discussion of the parameter space of the models. In subsequent sections we

will present quite explicit examples of how all of these ingredients intricately fit together.

3.1 General Gauge Theories

General 2d gauge theories are constructed in the same fashion as their higher-dimensional

counterparts. The starting point is some non-linear sigma model with target spaceM, local
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coordinate fields φa, and a Lagrangian with leading order terms in the derivative expansion

of the form

L0 ⊃ Gab(φ)∂µφ
a∂µφb + iBab(φ)εµν∂µφ

a∂νφ
b . (3.1)

We work in Euclidean signature with world sheet coordinates y1, y2, and G and B denote,

respectively, the metric and B-field pulled back from M.5

If the geometric data (M, G,B) has an isometry group G, then we can gauge a subgroup

of G by introducing a set of 2d gauge fields Aµ with field-strengths Fµν and appropriate

covariant derivatives for the fields:

Lgauge ⊃ Gab(φ)Dµφ
aDµφb + iBab(φ)εµνDµφ

aDνφ
b +

1

4M2g(φ)2
trFµνF

µν +M2V (φ) . (3.2)

In this action we introduced two additional terms: a field–dependent kinetic term for the

gauge fields and a potential field for the bosons. Both of these involve a scale M , and

while the former, if omitted classically, will typically be induced by quantum corrections,

the latter is often required by classical supersymmetry — e.g. the classical D-terms in

the scalar potential. If R denotes the radius of curvature of the NLSM metric, then we

might naively expect that for energies E � M, 1/R the theory will be well-described by

the gauged non-linear sigma model Lagrangian, while for E ≈ M, 1/R the theory will be

strongly coupled.

There are a number of important differences that such 2d theories have from their higher-

dimensional counterparts. The most critical originate from the rather different role played

by scalar expectation values. Suppose V (φ) has some flat direction with a coordinate t such

that ∂g/∂t 6= 0. If the dimensionality of spacetime d > 2, then we have a family of theories

parameterized by the expectation value 〈t〉. Of course for d = 2 the situation is rather

different: we must integrate over the zero mode of t! So, for instance, if the kinetic term for

the gauge fields vanishes at say t = 0, the theory defined by Lgauge is not weakly coupled for

any E! Unlike in the d > 2 case, we cannot choose 〈t〉 to simplify the dynamics.

It is therefore not so surprising that, even with constraints from supersymmetry, we know

little about such theories, even if, for instance, (M, G,B) is just Euclidean space with flat

metric and zero B-field: in other words, we take a standard gauged linear sigma model and

promote some of its couplings to dynamical fields. These are the theories that we will explore

in this paper: they naturally arise from 6D SCFTs, and where an effective description of the

sort just sketched is valid, the theory is described by a gauged linear sigma model fibered

over some non-linear sigma model. To emphasize the role of dynamic couplings, we refer to

these as dynamic GLSMs.

Of course not all is lost! There are examples that are relatively well-understood. The

most venerable is surely Liouville theory (see [66] for a review), an example of a non-compact

conformal field theory defined by a scalar Lagrangian with a potential. The field space has a

5For simplicity we are just considering the bosonic terms.
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non-compact direction where the potential is exponentially small, and this is essentially the

reason why semi-classical reasoning based on the Lagrangian is useful for describing aspects

of the theory. In supersymmetric theories we also have examples of 2d theories with exactly

flat directions, and these can receive important quantum corrections. For instance, in the

context of gauge theories with (4, 4) supersymmetry, the Higgs and Coulomb branches which

meet classically are found to be at infinite distance in the quantum–corrected non-linear

sigma model metric [67]. The result is that such a gauge theory may a priori correspond

to several distinct SCFTs, labelled by the choice of branch.6 In addition, there are also a

number of interesting examples of (2, 2) and (0, 2) abelian gauge theories with dynamical

Fayet-Iliopoulos and θ–angle terms, for instance references [69–74].

3.2 Dynamical Gauge Coupling

The previous sketches indicate, in broad terms, that there is a very large class of 2d theories

to be explored beyond simple elaborations on gauged linear sigma models, but it should also

be clear that it is not so easy to find examples free of various pathologies such as local and

global gauge and diffeomorphism anomalies, nor is it easy to identify sufficient conditions

for the weakly–coupled picture of a GLSM fibered over some non–linear sigma model to be a

useful description of the dynamics. In particular, since the classical non–linear sigma model

metric will often have singularities, how can we be sure that we do not get a singular SCFT?

The top–down perspective is invaluable when facing such questions, and it helps us to find

some reasonably firm footing. In the following sections we will illustrate this with precise

examples, but for now we will sketch out how the 2d structures just discussed naturally and

sensibly emerge from six dimensions.

The key players in this story are the bosonic degrees of freedom in the tensor multiplet:

the scalar field t6D and the anti-chiral two-form B(−) with anti-self-dual field strength H =

−∗6H. For simplicity, in the following subsection we concentrate on a single tensor multiplet.

The expectation value of t6D is a flat direction of the theory: the origin is a non-Lagrangian

SCFT, while for 〈t6D〉 6= 0 conformal invariance is spontaneously broken, and t6D becomes

the corresponding Goldstone boson — the dilaton. The corresponding low energy theory is

a gauge theory with Yang-Mills coupling g2
6D = 1/〈t6D〉, as well as higher derivative terms

suppressed by powers of 〈t6D〉; i.e. it is weakly coupled for energy scales E2 � 〈t6D〉.
Now suppose that we compactify this theory on a four-manifold M4 with a smooth

background metric and corresponding volume V4. Reducing the kinetic terms for the tensor

scalar and the gauge field, we then find a 2d action that describes the physics away from the

6Some of these “branches” may in fact be isolated points generated by quantum dynamics [68].
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origin of the tensor branch:

L2d ⊃
V4

2
∂µt6D∂

µt6D +
1

4
V4t6D tr{FµνF µν} (3.3)

⊃ 1

2
∂µt2d∂

µt2d +
t2d

4M2
KK

tr{FµνF µν} . (3.4)

In the second line we introduced the dimensionless field t2d = t6D
√
V4 and the Kaluza-Klein

scale MKK = V
−1/4

4 . For energies E �MKK the contributions from the Kaluza-Klein towers

associated to M4 will be suppressed, and the physics is well-described by a 2d theory. If

t2d were not a dynamical field but a parameter, then by making t2d suitably large we could

always find energies E in the following hierarchy of scales:

M2
KK

t2d
= g2

2d � E2 �M2
KK . (3.5)

This would allow us to ignore the Kaluza-Klein excitations and define an effective weakly

coupled 2d theory. The Lagrangian would then be a good starting point for exploring the

low energy dynamics by applying standard methods from the study of 2d gauge theories. Of

course this is exactly what we cannot do when t2d is a dynamical field.

There are several conceivable possibilities for the low–energy dynamics. First, it may be

that quantum corrections generate a potential which separates t2d = 0 and t2d 6= 0 into two

different branches. A second possibility is that even if this potential is zero, corrections to

the target space metric may push the t2d = 0 origin to infinite distance. Finally, it may be

that t2d = 0 remains at finite distance, and the theory is intrinsically strongly coupled. One

of the main aims of this paper will be to present evidence that it is the third possibility

which is actually realized.

Along these lines, we can return to the anomaly matching argument introduced in sub-

section 2. There, we saw that the anomaly polynomial for the t2d = 0 and t2d 6= 0 theories

are actually the same. Now, in a theory with only N = (0, 1) supersymmetry, this allows us

to match just the gravitational anomaly. With N = (0, 2) or more supersymmetry, however,

we can also extract the central charges of the putative SCFTs. The exact match of central

charges gives a strong indication that these two sectors actually remain at finite distance.

Indeed, we shall often focus on the case of models with at least (0, 2) supersymmetry since

this is case where we can still utilize holomorphy to constrain the structure of our models.

Consider, for example, the possible structure of quantum corrections to the potential for

t2d in a model with (0, 2) supersymmetry. We expect this field to pair with some part of the

reduction of the two-form potential in six dimensions. This already constrains the structure

of our theory, because we get a compact, chiral boson, and so any putative superpotential

correction will be subject to constraints from the associated shift symmetry. In other words,

we expect these corrections to be small when t2d is large. Indeed, such contributions to the

potential are generated by instanton corrections, i.e., from Euclidean D3-branes wrapped
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over four-manifolds of the form Σ × P1, with Σ a Riemann surface in M4 and P1 an excep-

tional curve of the base B. Experience from the higher-dimensional case suggests that such

instanton corrections will in general correct the structure of the F-term data, but typically

the modulus t2d will not appear in isolation. Rather, it will be accompanied by couplings

to other modes of the model. Whereas this is usually problematic in higher dimensions

(for example in the context of enacting supersymmetric moduli stabilization), in the present

context it would suggest that we should still expect some flat directions in field space. Said

differently, we should expect there is likely to still be a direction in field space which takes

us to the weak coupling limit described by the DGLSM. Of course, to really settle this issue,

one should actually perform the corresponding instanton calculation, perhaps generalizing

the analysis presented in reference [46]. We expect that the general methods developed for

calculating intanton corrections in F-theory (see e.g. [75–80]) can be suitably adapted to this

purpose. We therefore leave this interesting question for further work.

3.2.1 Twisted Sectors

Another interesting feature of such DGLSMs is the automatic appearance of twisted sectors

in any candidate CFT. In fact, this point was already noted in the special case of the A1

(2, 0) theory [46], though we expect it to hold far more generally.

The reason is already apparent in the case of a single tensor multiplet because of the

condition t2d ≥ 0, rather than having t2d valued on the real line. This Z2 quotient means

we should also expect twisted sectors to be present in the full Hilbert space of the system.

So in particular, if we were to consider compactification of the Euclidean signature theory

on a genus g Riemann surface, such sectors must also be taken into account. In the broader

context of 6D SCFTs, we typically have more than one tensor multiplet. In such cases, we

again expect multiple twisted sectors stemming from the condition that we have non-negative

values for all of the tensor branch scalars.

In some cases, we can say more about the structure of these twisted sectors. For ex-

ample, if the 6D SCFT consists of a collection of just collapsing −2 curves, then there is a

corresponding ADE classification of the possible intersection pairings. The associated Weyl

group for the root system is then the orbifold group (that is, we pick a Weyl chamber), so

all the twisted sectors will be the conjugacy classes of the Weyl group. More generally, how-

ever, the analogue of this Weyl group action is unknown for general 6D SCFTs.7 Though

we leave a more complete analysis to future work, let us point out that the inclusion of

these twisted sectors is likely to be essential in unraveling the structure of the theory in the

strongly coupled t = 0 region of the NLSM.

7There is one other case which is likely to follow a similar Lie algebraic characterization. In the case
of the configuration of k curves 1, 2, ..., 2, we also know that compactification on a circle leads to a gauge
theory with sp(k) gauge symmetry. This would suggest that for this theory, the conjugacy classes for the
Weyl group of sp(k) describe the twisted sector states of such theories.
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3.3 Chiral / Anti-Chiral Sectors

One of the most striking features of the 6D tensor multiplet is the presence of an anti-chiral

two-form. Upon reduction to two dimensions, we now get chiral and anti-chiral bosons. In

the context of DGLSMs, one can again view these modes as parameters which have now been

promoted to dynamical fields. As we explicitly show later, from a purely 2d perspective (i.e.

without the assistance of the 6D theory), this must be done with significant care.

Consider then, the reduction to two dimensions of a collection of anti-chiral three-form

field strengths. We label these as HI where the index I = 1, ..., T runs over the total number

of tensor multiplets on the tensor branch. Associated with this is a corresponding lattice of

string charges Λstring = Hcpct
2 (B, Z) and a Dirac pairing (just minus the geometric intersection

pairing):

A : Λstring × Λstring → Z, (3.6)

which we denote by AIJ .8

To keep track of this charge quantization condition in the 2d theory, it is convenient

to actually work in terms of the type IIB four-form potential with self-dual field strength.

Reduction on the collapsing P1’s of the F-theory model then yields the basis of anti-self-dual

three-form fluxes in six dimensions.

Now, along these lines, we introduce a basis of self-dual and anti-self-dual four-forms

on the eight-manifold M4 × B which are Poincaré dual to compact four-cycles. Since all of

the collapsing P1’s are Poincaré dual (in the F-theory base B) to anti-self-dual two-forms,

introduce the basis:

Πα,K = πα ∧ βK and Π̃α̇,K = π̃α̇ ∧ βK , (3.7)

where the π’s, π̃’s and β’s satisfy the relations:

∗M4 πα = −πα, ∗M4 π̃α̇ = +π̃α̇, ∗B βK = −βK , (3.8)

so that α = 1, ..., b−2 (M4) runs over a basis of anti-self-dual two-forms and α̇ = 1, ..., b+
2 (M4)

runs over a basis of self-dual two-forms on M4.

Reducing the five-form field strength yields the corresponding 2d currents:

F (5) = Jα,K ∧ Πα,K + J̃ α̇,K ∧ Π̃α̇,K , (3.9)

where in our conventions, a self-dual one-form is associated with a left-moving, (i.e. holo-

morphic) current Jα,K(z), and an anti-self-dual one-form is associated with a right-moving

(i.e. anti-holomorphic) current J̃ α̇,K(z). We may bosonize these in the usual fashion by

8Our conventions for using raised indices for this pairing are chosen to avoid possible confusions later on
in the index structure of our vertex operators. In the other literature on F-theory realizations of 6D SCFTs,
we typically would write AIJ . So, AIJ

here = Athere
IJ . This is important because when the lattice Λstring is not

self-dual, the inverse of A may not be integral.
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writing these currents in terms of derivatives of chiral bosons. In Minkowski signature these

take the form

JαI = ∂−ϕ
αI(x−) and J̃ α̇I = ∂+ϕ̃

α̇I(x+). (3.10)

We do not expect a conventional Lagrangian description, but we can describe the Kac-

Moody-Virasoro primaries:

OQL,QR
= exp

{
iQαIϕ

αI + iQ̃α̇Iϕ̃
α̇I
}
. (3.11)

Associativity of the OPE requires that the charge vectors (Q, Q̃) belong to a lattice ΓnL,nR

of signature nL − nR, and the OPE is single–valued if and only if for all pairs (Q, Q̃) and

(Q′, Q̃′) we have

Q ·Q′ − Q̃ · Q̃′ ∈ Z. (3.12)

Let us see how such operators come about from a higher-dimensional perspective. It is

actually instructive to consider both the 10D IIB perspective as well as the construction

directly in 6D terms. In 10D terms, we can construct additional operators by evaluating

periods of the IIB four-form potential, or equivalently, periods of the anti-chiral two-forms.

As a period over the four-form potential, we write, for S a four-cycle in Hcpct
4 (M4 × B,Z):

OS = exp

{
i

∫
S

C

}
. (3.13)

This can also be stated in purely 6D terms by evaluating the integrals over the F-theory

base. For example, given a charge vector vI of the lattice Λstring, we have, for Σ two-cycle in

Hcpct
2 (M4,Z):

OΣ = exp

{
i

∫
Σ

vIB
I

}
. (3.14)

To obtain a basis of vertex operators as in line (3.11), we first expand in terms of the

integral basis ei ∈ H2(M4,Z) satisfying:∫
M4

ei ∧ ej = dij. (3.15)

Introduce vielbeins:

πα = Eαie
i and π̃α̇ = Ẽα̇ie

i, (3.16)

with:

Eα̇id
ijEβ̇j = δα̇β̇, Ẽαid

ijẼβj = −δαβ, dij = Eα̇iEα̇j − ẼαiẼαj, (3.17)

we can now expand BI as:

BI = ϕαI(z)πα + ϕ̃α̇I(z)π̃α̇. (3.18)
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So, we can expand the dual of Σ in H2(M4,Z) as qie
i to obtain:

OΣ = exp

{
ivIqi

∫
M4

ei ∧BI

}
= exp

{
iQαIϕ

αI + iQ̃α̇Iϕ̃
α̇I
}
, (3.19)

where

QαI = vI

∫
Σ

πα = vIqid
ijEαj, Q̃α̇I = vI

∫
Σ

π̃α̇ = vIqid
ijẼα̇j . (3.20)

The (Euclidean signature) OPE of two such operators takes the form

OΣ(z, z)OΣ′(0) = zρzρ̃ : OΣ+Σ′(0) : , (3.21)

where

ρ = AIJQαIQ
′
αJ , ρ̃ = AIJQ̃α̇IQ̃

′
α̇J . (3.22)

Note that the OPE is single–valued because the potential phase under z → e2πiz is

e2πi(ρ−ρ̃), and the difference ρ− ρ̃ is an integer. To see this, we expand (see also [46]):

ρ− ρ̃ = AIJ
(
QαIQ

′
αJ − Q̃α̇IQ̃

′
α̇J

)
= −AIJvIv′Jqidijq′j = −AIJvIv′JΣ · Σ′ ∈ Z . (3.23)

The second equality follows from (3.17).

When this chiral sector is decoupled from the other degrees of freedom, then the scaling

dimensions of OΣ are given by (1
2
‖Q‖2, 1

2
‖Q̃‖2). In that case we observe that we obtain

additional chiral currents whenever one of these vanishes and the other is 1. This of course

depends on the moduli of the geometry, which determine the expansion of the πα and π̃α̇ in

terms of the integral basis ei. So, in particular, whenever the moduli are tuned so that:

AIJvIvJΣ · Σ = −2,

∫
Σ

π̃α̇ = 0, for all α̇, (3.24)

we obtain additional left–moving non–abelian currents.

For instance, when M4 is a K3 surface and AIJvIvJ = 1, we see that these occur precisely

at finite–distance orbifold singularities in the K3 moduli space, where a −2 curve collapses

to zero size. This would be the case where we compactify the E-string theory on a K3

surface as it arises from collapsing a single −1 curve in the F-theory base B. Another case of

interest comes about from a collapsing −1 curve in M4 for a (2, 0) theory. For other cases of

interest such as those involving an NHC, we expect to generically realize higher-spin currents

rather than a Kac–Moody current algebra. This is because the pairing AIJvIvJ reduces to

an integer n ≥ 3. It would be quite interesting to determine the structure of these higher

spin currents.
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4 N = (0, 2) DGLSMs from Seven-Branes

In the previous sections we sketched some general considerations on the compactification

of 6D SCFTs, and in particular the structure of DGLSMs obtained from reduction on the

tensor branch. To provide a more complete characterization of the resulting 2d effective

theories, in this section we specialize to the case of DGLSMs obtained from the simple rank

one non-Higgsable clusters.

Along these lines, it is helpful to return to the F-theory construction of 6D SCFTs. From

this perspective, we are considering intersecting seven-branes wrapped on Kähler threefolds

of the form M4 × P1, where each P1 factor is associated with a collapsing curve in the base

B of a non-compact elliptically fibered Calabi-Yau threefold. The field theory limit amounts

to taking some collection of Kähler threefolds and collapsing them to a lower-dimensional

subspace, in this case a Kähler surface.

In the context of F-theory, decoupling gravity amounts to contracting the Kähler manifold

wrapped by a seven-brane to a lower-dimensional Kähler manifold. For 6D SCFTs, this

involves collapsing a P1 to a point. For 4d theories a Kähler surface is collapsed to either

a point or a curve, and for 2d theories we have a Kähler threefold which either collapses

to a point, a curve or a Kähler surface. In the present context where we first decouple

gravity in six dimensions, we are contracting to a Kähler surface. Note that in this case, it

is acceptable for the Kähler surface to have negative curvature. For further discussion on

decoupling gravity in F-theory, see for example references [23,81–83].

Thankfully, the effective field theory obtained from reduction of intersecting seven-branes

on Kähler threefolds has already been determined in the context of compactifications of

F-theory on a Calabi-Yau fivefold [54, 84] (see also [85–88]). As noted in reference [54],

decoupling gravity can sometimes leave behind some coupling to dynamical breathing modes.

The symptom of this fact in 6D SCFTs is that on the tensor branch, gauge couplings are

dynamical.

Our plan in this section will be to assemble the various ingredients which appear in the

F-theory realization of DGLSMs. First of all, we review the construction of reference [54]

(see also [84]) on the dimensional reduction of intersecting seven-branes wrapped over Kähler

threefolds.

After this, we turn to the mode content and couplings associated with minimal couplings

of the anti-chiral two-form to the other modes of the model. In particular, for a general 6D

SCFT, these come from the coupling (see for example [40]):

L6D ⊃ µI,V
∫

6D

BI ∧XV , (4.1)

where I is an index running over the tensor multiplets of the theory, and V is an index

running over the irreducible vector multiplets of the theory. As noted in reference [60], in
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theories where the number of irreducible gauge group factors is the same as the number of

tensor multiplets, factorization of the 6D anomaly polynomial uniquely fixes the form of the

couplings µI,V and the form of XV . The structure of the four-forms XV is fully determined

by the condition that the Green-Schwarz mechanism can actually cancel the anomalies of the

theory. It depends on the background field strengths for the gauge field, the tangent bundle,

the sp(1) R-symmetry, and possible flavor symmetry field strengths. Working through the

reduction of line (4.1), we will find a number of interaction terms between the GLSM sector

and chiral extra sectors.

Finally, an added bonus of working in terms of the F-theory picture is that we will also

be able to provide a geometric parameterization of the space of vacua associated with such

DGLSMs.

4.1 GLSM Sector

To set our conventions, recall that an N = (0, 2) GLSM is constructed with three sorts of

mulitiplets: a chiral scalar (CS) multiplet, a Fermi (F) multiplet and a vector (V) multiplet.

In Wess-Zumino gauge these have superspace expansions:

CS: Φ = φ+
√

2θ+ψ+ − iθ+θ
+
D+φ (4.2)

F: Λ = λ− −
√

2θ+G−
√

2θ
+
E − iθ+θ

+
D+λ− (4.3)

V: V = v− − 2iθ+µ− 2iθ
+
µ+ 2θ+θ

+D and Ξ = −iθ+θ
+
v+ , (4.4)

where in the above, a subscript of +/− on a greek letter indicates a spinor index, while for a

latin letter it indicates a vector index. We sometimes denote the gaugino superfield strength

associated with V by the variable Υ.

Summarizing the discussion found in [54] (see also [84]), the mode content from seven-

branes on R1,1×Y with Y a Kähler threefold include CS, Fermi and Vector multiplets which

transform as bundle-valued differential forms on the internal space:

CS: Φ(3,0) ∈ Ω(3,0)(adP) (4.5)

CS: D(0,1) ∈ Ω(0,1)(adP) (4.6)

F: Λ(0,2) ∈ Ω(0,2)(adP) (4.7)

V: V(0,0) ∈ Ω(0,0)(adP), (4.8)

where P is a principal G-bundle dictated by having a seven-brane with gauge group G.

Strictly speaking, this is really the mode content of an eight-dimensional gauge theory pack-

aged in terms of 2d supermultiplets.

Intersections of seven-branes translate to 6D hypermultiplets localized on a Kähler sur-

face, which also contribute CS and Fermi multiplets to the 2d effective theory. In the present

25



context where all seven-branes wrap the same Kähler surface M4, we have bundle-valued dif-

ferential forms on the internal space:

CS: Q ∈ K1/2
M4
⊗R1 ⊗R∨2 (4.9)

CS: Qc ∈ K1/2
M4
⊗R∨1 ⊗R2 (4.10)

F: Ψ ∈ Ω(0,1)(K
1/2
M4
⊗R1 ⊗R∨2 ) (4.11)

where the Ri are bundles obtained from restriction of the seven-branes to M4.9 In addition

to these localized modes, we also have the reduction of the 6D tensor multiplet, that is, we

have modes obtained from the reduction of the volume of the P1 and its superpartner (in six

dimensions) the reduction of the four-form potential. As we have already seen in section 3,

this contributes chiral and anti-chiral currents which will couple to the other modes of the

GLSM. See Appendix A for a summary of these conditions from a purely 6D perspective.

Treating the modes of the tensor multiplet as a constant background, the equations of

motion for the bosonic field content is schematically of the form [54]:

F(0,2) = 0, ∂AQ = 0, ∂AQ
c = 0, ∂AΦ(3,0) = δM4 ∧ (Qc, Q) (4.12)

ωY ∧ ωY ∧ F(1,1) +
[
Φ(3,0),Φ

†
(3,0)

]
− δM4 ∧

(〈
Q†, Q

〉
−
〈
Qc, Qc†〉) = 0, (4.13)

where ωY is the Kähler form on Y a threefold. These equations are further corrected in the

presence of triple and quartic intersections of seven-branes.

Expanding around these background values, we find a zero mode spectrum, and a corre-

sponding GLSM. By itself, this gauge theory is typically anomalous and must be accompanied

by additional chiral sectors [54].

Now, implicit in our discussion is the assumption that the flux on the P1 factor is trivial.

In particular, this means that when we reduce to six dimensions, any fluctuation associated

with δΦ(3,0) will automatically vanish. In this limit, then, we can simply switch off Φ(3,0).

With this in mind, we see that the dimensional reduction on a Kähler surface will require

us to specify a stable holomorphic vector bundle. When 6D hypermultiplets are present, we

also need to specify global sections of the associated bundles.

4.1.1 Simple NHCs

Let us now specialize further to the case of the simple rank one non-Higgsable clusters. In

all of these cases, we have no matter fields, and the Lie algebra is simply laced. So, the full

9We note again that when M4 is not Spin, the twisting will ensure that the fields transform in sections

of well-defined bundles; thus, even if K
1/2
M4

may not be a well–defined bundle, the tensor products, such as

K
1/2
M4
⊗R1 ⊗R∨2 , will be well–defined.
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structure of the background equations (for the GLSM sector) is given by:

F(0,2) = 0 and ωM4 ∧ F(1,1) = 0, (4.14)

that is, we simply have the instanton equations of motion on a Kähler surface. In particu-

lar, the zero modes are obtained by expanding around the background defined by a stable

holomorphic vector bundle. We will shortly see how these moduli correspond to the target

space of dynamical fields localized on spacetime filling strings.

Now, to match to the case where we compactify our 6D SCFT, we could in principle

also consider switching on background values for various operators in the CFT. Without

additional data about the conformal fixed point, however, this would simply amount to

interpolating back from the tensor branch description. Since one of our aims in this paper

is to provide a complementary perspective on these SCFTs, we shall adhere to the simplest

case where all background fields are switched off. Turning the discussion around, of course,

it is tempting to use the tensor branch description as a means to specify this additional

data of the compactification for the 6D SCFT. We leave a more complete treatment of this

interesting possibility to future work.

Further restricting, then, to the special case where we have trivial background fields

activated, we can now count all the zero modes of the system:

CS: δD(0,1) ∈ H1
∂
(M4,OM4) (4.15)

F: δΛ(0,2) ∈ H2
∂
(M4,OM4) (4.16)

V: δV(0,0) ∈ H0
∂
(M4,OM4). (4.17)

Observe also that we can assemble the count of the zero modes into the index

#δV(0,0) −#δD(0,1) + #δΛ(0,2) = dimG× χ(M4,OM4). (4.18)

Note that since the holomorphic Euler characteristic is typically non-zero, we will need to

supplement our GLSM by additional chiral sectors [54].

We can also re-write this quantity in terms of the Pontryagin class P and Euler character

χ of the four-manifold:

χ(M4,OM4) =

∫
M4

Td(M4)ch(OM4) =

∫
M4

(
c1(M4)2 + c2(M4)

12

)
=
P (M4) + 3χ(M4)

12
,

(4.19)

where Td(M4) is the Todd class of M4, and the Chern characteristic of the trivial bundle is

ch(OM4) = 1.

A general analysis of interactions purely within the GLSM sector has been given in

references [54, 84] to which we refer the interested reader. For purposes of exposition, we

focus on the interactions present in the simple NHC theories. In particular, we focus on those
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interaction terms which are protected by N = (0, 2) supersymmetry, i.e. roughly speaking

the holomorphic F-terms.

We see that there are only a few holomorphic interaction terms present for the GLSM

sector. Indeed, using the results of reference [54], we see that the Fermi multiplet which

transforms as a (0, 2) form on M4 admits the expansion:

Λ(0,2) = λ
(0,2)
− −

√
2θ+G(0,2)−

√
2θ

+
F(0,2) − iθ+θ

+
D+λ

(0,2)
− , (4.20)

where

F(0,2) = [D(0,1),D(0,1)]. (4.21)

There are no bulk zero modes from the (3, 0) form on M4×P1, so these are all the holomorphic

interaction terms from the GLSM sector.

4.2 Chiral Currents

As we have already remarked, one of the defining features of the DGLSM is that some

parameters are now promoted to fields. To further understand the structure of the resulting

field theories, we now turn to a discussion of the possible supermultiplets in the case of

N = (0, 2) supersymmetry. For simplicity, we focus on the case of a single tensor multiplet,

as this is the case most germane to our analysis of simple NHCs.

One of the important features of (0, 2) multiplets is that the number of bosonic and

fermionic degrees of freedom need not be the same. This will persist in the context of

supermultiplets constructed from reduction of the anti-chiral two-form. Indeed, from our

discussion of anti-chiral two-forms and their reduction, we should expect the various chiral

and anti-chiral bosons to also assemble into supermultiplets.

The left-moving currents J = ∂−ϕ(x−) are (0,2) SUSY singlets and appear without

superpartners. On the other hand, the right-moving currents J̃ = ∂+ϕ̃(x+) appear as top

components of abelian N = (0, 2) current multiplets. These are easily described in terms of

CS multiplets of the form

CSR : ΦR = ϕ̃R +
√

2θ+ψ+ − iθ+θ
+
∂+ϕ̃R . (4.22)

The corresponding current supermultiplet is then:

Ξ+ = D+ΦR . (4.23)

For the explicit form of the resulting expressions, see Appendix A. Note that in the above, we

implicitly assumed that ϕ̃R was a complex scalar. As we will see shortly, this accounts for all

but one of the right-moving bosons that descend from the 6D anti-chiral two-form B(−): the

bosons and corresponding currents can be packaged into complex multiplets. The remaining

scalar combines with the descendant of the tensor scalar t2d into another CS multiplet.
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Let us illustate how these multiplets arise in the context of 6D N = (1, 0) theories. First,

reduction of the 6D vector multiplet will clearly descend to some combination of 2d vector

multiplets, CS and Fermi multiplets. Similar considerations also hold for 6D hypermultiplets.

It is the reduction of the tensor multiplets which will lead us to the novel multiplet

structures expected in the context of a DGLSM. The explicit reduction for the free tensor

multiplet is carried out in Appendix A, so here we summarize the salient features.

Our conventions for 6D superspace are adapted from reference [89]. Introduce coordinates

(xM , θsα); the Grassmann coordinates transform in a symplectic Majorana-Weyl spinor and

furnish the real representation (4,2) of so(5, 1)× sp(1)6D,R. Here, α is a spinor index and s

is a doublet index.

First, we introduce the superspace derivatives:

Ds
α =

∂

∂θαs
− iθsβ∂αβ with {Ds

α, D
t
β} = −2iΩst∂αβ , (4.24)

where Ωst is a two-index anti-symmetric tensor of sp(1)6D,R. Now, since the twist treats

the two components of the R-symmetry doublet differently, we will find it convenient to

explicitly indicate this expansion into various pieces. We denote these two components by

s = 1, 2.

We now turn to the construction of the on-shell free tensor multiplet. Recall that the

on-shell content consists of a real scalar t6D, a left-handed fermion ξsα and the anti-self-dual

3-form flux HMNL in bispinor representation Hαβ = γMNL
αβ HMNL. Our γ-matrix convention

is given in Appendix A. As the multiplet is on-shell, these fields have to fulfill the equations

of motion

∂M∂
M t6D = 0 , ∂αβξsβ = 0 and ∂αγHγα = 0 . (4.25)

We implement the tensor multiplet as a real on-shell superfield T which is constrained

by:

D(s
αD

t)
β T = 0 . (4.26)

In order to obtain the (0, 2) multiplets in two dimensions, we start from the superspace

expansion in 6D flat space.

T =t6D − θ2αξ1
α + θ1αξ2

α + θ2αθ1β(Hαβ − i∂αβφ)− iθ2αθ2βθ1γ∂βγξ
1
α+

iθ2αθ1βθ1γ∂αβξ
2
γ −

1

2
θ2αθ2βθ1γθ1δ∂αγ∂βδφ− iθ2αθ2βθ1γθ1δ∂βδHαγ + . . . (4.27)

which solves the constraint (4.26) on-shell.

To implement the twist, it is helpful to assemble the Grassmann coordinates θsβ as

differntial forms on our Kähler surface. Following our conventions of subsection 2.2, we have
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the decomposition of the Grassmann coordinates as in line (2.6):

θsβ → θ ⊕ θi ⊕ θij , (4.28)

where all θ’s are associated with −1/2 charge spinors of so(1, 1). The standard Grassmann

coordinate of our N = (0, 2) system is given by θ, so we shall sometimes use the notation

θ+ to indicate this. Raising of differential form indices is accomplished via the Kähler form.

Let us summarize the physical content of the on-shell supermultiplets. The key point is

that as we have already remarked, the anti-chiral two-form splits up into b+
2 internal self-

dual and b−2 anti-self-dual two forms, which are respectively associated with right-moving

and left-moving chiral bosons. Additionally, the free field t6D can also be decomposed in

terms of left–moving and right–moving parts:

t2d = tL + tR . (4.29)

So all told, for each tensor multiplet we get b+
2 + 1 right–movers, and b−2 + 1 left–movers.

Note that on a Kähler surface, we have:

b+
2 = 2h2,0 + 1 and b−2 = h1,1 − 1 . (4.30)

The shift by one is due to the fact that the (1, 1) form proportional to the Kähler form

is actually self-dual rather than anti-self-dual. Summarizing, from the reduction of a free

tensor multiplet we obtain

2h2,0 + 2 Right–Moving Currents (4.31)

h1,1 Left–Moving Currents . (4.32)

Now, in keeping with the structure of N = (0, 2) supersymmetry, we should expect the right-

movers to have fermionic partners, but with no partners for the left-movers. Additionally,

we expect (when there are non-trivial one-cycles) 2d vector multiplets, which transform as

one-forms on the internal space. Retaining all of the differential form content, we get the

following multiplets:

CSR: B(2,0)
R = B

(2,0)
R +

√
2θ+ψ

(2,0)
+ − iθ+θ

+
∂+B

(2,0)
R , (4.33)

RSR: Re τR = tR +
1√
2
θ+ψ

(0,0)
+ − 1√

2
θ

+
ψ

(0,0)

+ − iθ+θ
+
∂+B

i
i
, (4.34)

V: ReV (0,1) = Re
(
v

(0,1)
− − 2iθ

+
µ(0,1) + 2θ+θ

+D(0,1)
)

and

Re(Ξ(0,1)) = Re(−iθ+θ
+
v

(0,1)
+ ) (4.35)

JL: ∂−tL and ∂−Bij , (4.36)

where in the last line, we must take all (1, 1)-forms orthogonal (using the pairing defined by
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the wedge product) to the Kähler form. The only possibly mysterious ingredient here is the

real scalar multiplet RSR. This is just the real part of the CS multiplet τR, but we choose to

write the real part, since that is what is naturally found in the 6D to 2d reduction, details

of which are in Appendix A.

Of course the bare compact boson fields such as B
(2,0)
R are more appropriately packaged

in terms of current supermultiplets. For the left-movers, there is not much to do, but for the

right-movers, we see that there are 2h2,0 + 2 chiral currents.10

We also observe that the chiral bosons again assemble into an index:

#(Right–Movers)−#(Left–Movers) = b+
2 − b−2 = τ(M4), (4.37)

i.e., the signature of the four-manifold. This is in turn related to the Pontryagin class as:

τ(M4) =
P (M4)

3
. (4.38)

Consider next the coupling of the GLSM sector to terms involving the anti-chiral two-

form. The minimal coupling between these two sectors is controlled by the bosonic interac-

tion:

L2d ⊃ µGS

∫
6D

B ∧X, (4.39)

where X is a four-form constructed from the background gauge field strength, the R-

symmetry field strength, and the metric curvature.

Recall that the chiral bosons obtained from reduction transform as both (2, 0) forms and

as (1, 1) forms on the internal space. Now, since X is a function of characteristic classes

(of holomorphic vector bundles), we see that around a fixed background, there will be no

coupling between the (2, 0)-form and the 2d vector multiplet. There will, however, sometimes

be a non-trivial coupling to the (1, 1) components of the field strength. In the special case

where we have a trivial internal flux, or more generally when there are no abelian gauge

fields in the GLSM sector, these minimal couplings will also vanish.

But we do expect a rich class of non-minimal couplings between the vector field and these

chiral currents. To illustrate, consider the contribution to X proportional to Tr(F6D ∧F6D).

Now, we can split this field strength up as:

F6D → F2d + dAD + dAD† + [D,D] + [D†,D†] + [D,D†], (4.40)

where dA = d+A is the 2d gauge connection, and D is a (0, 1) form on the Kähler surface. So,

10We stress that this is the case for the reduction of the free tensor multiplet. In the interacting case we
will not be able to decompose t2d into left– and right–moving parts; the corresponding degrees of freedom
will combine with B ī

ī
and fermionic superpartners into a chiral multiplet. The axionic nature of B ī

ī
naturally

leads to selection rules and constraints on t2d–dependent corrections to various F-terms.

31



we certainly do have non-minimal couplings between the (2, 0) form and the GLSM sector

modes such as:

L2d ⊃µGS

∫
6D

B(2,0) ∧ Tr(F2d ∧ [D,D]) +B(2,0) ∧ Tr(dAD∧dAD) + c.c (4.41)

+µGS

∫
6D

B(1,1) ∧ Tr(F2d ∧ [D,D†]) +B(1,1) ∧ Tr(dAD∧dAD†) + c.c. (4.42)

We obtain the associated couplings to the zero modes by making the further substitution:

D→ Dbkgnd + δD. (4.43)

As far as we are aware, the structure of such couplings is largely unexplored in the context of

2d N = (0, 2) models. Perhaps the biggest surprise from a 2d perspective is that we would

seem to require an integrality constraint from shifts of the form B → B+ 2π. Note that this

is automatic from the topological structure of the 6D coupling. It would be quite exciting

to better understand this from a purely 2d perspective.

4.3 Abelian Vector Multiplets

Reduction of the B-field can also generate abelian vector multiplets. These clearly come

about from taking one leg of the B-field in the internal space M4, and one in the external

space. The total number of such vector multiplets on a Kähler surface is 2h1,0, so we denote

these by Bµ(0,1), i.e. they are vector fields on the 2d spacetime and a (0, 1) form on the Kähler

surface.

Consider next the coupling of these abelian vector multiplets to the other modes of the

system. Returning to the coupling:

L2d ⊃ µGS

∫
6D

B ∧X, (4.44)

and performing the expansion:

F6D → F2d + dAD + dAD† + [D,D] + [D†,D†] + [D,D†], (4.45)

we now get couplings to the GLSM modes such as:

L2d ⊃ µGS

∫
6D

B(0,1) ∧ Tr(dAD∧[D,D]) + ... . (4.46)

There are also background couplings to the background curvature and 2d R-symmetry,
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as obtained by reduction of the appropriate field strengths of the 6D theory. We will return

to these shortly when we turn to the calculation of anomalies in the model.

4.4 Spacetime Filling Strings

One of the additional features of reducing the tensor multiplet is that we also encounter

spacetime filling strings. Again returning to the 6D Green-Schwarz term for a single tensor

multiplet, we have:

L2d ⊃ µGS

∫
6D

B ∧X. (4.47)

To count the number of spacetime filling strings, we now need the explicit form of X.

Returning to the form of equation (2.40) we see that for all of the simple NHC theories, the

Green-Schwarz term is fixed to be:

L2d ⊃ −n
∫

2d

B

∫
M4

(
1

4
TrF 2 +

h∨G
n

(
c2(R) +

p1(TM4)

12

))
. (4.48)

Here, the term 1
4
TrF 2 integrates to an integer (the instanton number of the gauge bundle),

and h∨G is the dual Coxeter number for the group. The number of spacetime filling strings is

given by integrating X over M4:

Nstring = −
∫
M4

(
1

4
TrF 2 +

h∨G
n

(
c2(R) +

p1(TM4)

12

))
. (4.49)

The overall sign is fixed by our conventions for chirality of spinors and the fact that we

retain (0, 2) rather than (2, 0) supersymmetry in two dimensions. We shall return to this

point later when we analyze explicit models, and count the number of effective strings. After

applying the twist appropriate for a Kähler surface, we have:

Nstring = −kinst +
2h∨G
n

(
P + 3χ

12

)
, (4.50)

where kinst is the instanton number for the gauge bundle. We can also package the number

of spacetime filling strings in terms of the holomorphic Euler characteristic:

Nstring = −kinst +
2h∨G
n
χ(M4,OM4). (4.51)

Returning to our table of values for the ratio h∨G/n, we see that for all the simple NHCs but

one, the quantity Nstring is an integer. For n = 8, however, h∨G/n = 9/4, so we would seem

to generate half integer quantization for the strings. This appears to be compatible with

the fact that of all the gauge groups for the SNHCs, E7 is the only one for which matter

in the fundamental representation can be in a half hypermultiplet. We take this to mean
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that the 3−7 strings generated in this way typically fill out half-hypermultiplets rather than

hypermultiplets.

Let us also comment on the relative signs in equation (4.51). This is due to the anti-

self-duality of the three-form field strength, which in turn sets our convention for “anti-

instantons” as being supersymmetric. We shall return to this point later when we fix the

various signs and chiralities of all modes using a weakly coupled example.

Now, for all of the simple NHCs, the resulting effective field theory of strings descends

from a 4d N = 2 superconformal field theory with flavor group G as dictated by the presence

of the seven-branes. For the exceptional groups, these realize the Minahan-Nemeschansky

theories [90, 91], and for the case G = SU(3) we get the H2 Argyres-Douglas theory [92].

The case G = SO(8) realizes a weakly coupled model with Sp-type gauge theory [93–95].

In the limit where M4 = C2, there is also an SU(2)L × SU(2)R symmetry associated with

moving the instanton around in these directions. When we work on a curved background,

we are simply activating a background field strength in the 4d model.

At this point, it is perhaps worthwhile to note that for the other single curve 6D SCFTs,

i.e. the cases n = 7, 9, 10, 11, the interpretation of the spacetime filling strings in terms of a

compactified 4d theory is different. In all these cases, the P1 wrapped by the D3-brane has

a marked point where matter fields (possibly strongly coupled) are localized. So, to analyze

these cases one would need to explicitly couple the 4d theory to 2d defects. In the case

n = 5 where we have a pure F4 gauge theory, we actually face the same issue even though

no matter is present. The reason is that this theory can be viewed as descending from an E6

gauge theory with a single hypermultiplet in the fundamental representation. Activating a

vev for this field triggers a Higgs branch flow to the F4 gauge theory. There are, however, still

cosmic string solutions from the remnant of this breaking pattern. It would be interesting

to study all of these cases further.

4.5 Parameter Space

In the previous subsections we introduced the different sectors obtained from compactifying

our seven-brane on the manifold M4 × P1. It is also natural to ask whether our higher-

dimensional perspective provides any insight into the parameter space of the model. Our

aim in this section will be to study this question for the simple NHCs. Though it is tempting

to interpret all of these parameters as defining marginal couplings of the 2d theory, strictly

speaking this need not be the case, since a priori, we cannot exclude the possibility that

our ground state is not normalizable, as happens in Liouville theory, for example. To keep

this distinction clear, we shall refer to the family of vacua we find as specifying a parameter

space rather than as a moduli space.

Consider first the parameters associated with a choice of background metric for M4. Since

we are assuming we have a Kähler surface, the geometric moduli will descend to parameters of

the 2d theory. Since the theories we consider can be presented as 10D F-theory geometries, we
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expect to find a finite–dimensional space of parameters that describe the complex structure

and Kähler class of the surface. These are easy to characterize at the infinitesimal level since

a small deformation of a compact Kähler manifold remains Kähler [96].11

Hence, the geometric moduli will be a subset of H1,1(M4,R)⊕H1(M4, T ), where the first

term counts the Kähler deformations and the second the infinitesimal complex structure

deformations. Now, whereas the complex structure deformations automatically come as

complex parameters, the Kähler moduli are real. Since we are dealing with an N = (0, 2)

supersymmetric theory, we expect that the Kähler moduli will also be complexified. This is

automatic when working on a 6D supergravity background because the graviton multiplet

contains a chiral two-form B+. There is then a natural complexification:

ωC = ω + iB+, (4.52)

and the periods of ωC correspond to complexified parameters of the 2d model.

In addition to these modes, we also expect a number of parameters from the field theoretic

degrees of freedom. These come about both from the GLSM, and the moduli associated with

reduction of the anti-chiral two-form. Indeed, the moduli spaces of these two sectors are not

really decoupled since, for example, the instanton moduli space of the 4d field theory on

M4 translates into the directions transverse to the spacetime filling strings moving inside of

M4. Physically, this means that some parameters that would have been part of the moduli

space in a higher-dimensional setting are really associated with flat directions of a physical

potential in two dimensions.

What then, remains of the moduli space of vacua from the field theory sector? For one,

we can see that the target space of the various chiral bosons provides a natural class of such

moduli. From the reduction of the self-dual two-forms and the anti-self-dual two-forms, we

get compact chiral / anti-chiral bosons. Additionally, we have one non-compact real scalar,

the modulus t. This is quite analogous to the moduli space of the perturbative heterotic

string with target a torus, where in addition to the compact chiral bosons, we have a non-

compact mode from the dilaton. The parameter spaces we have just sketched is really the

one associated with working around the free field limit. We expect that since we only have

N = (0, 2) supersymmetry that there will be various quantum corrections to the structure

of this space. We leave the investigation of this mathematically rich topic for future study.

5 Anomalies

In the previous section we discussed the general structure of 2d effective theories obtained

from compactifying an SNHC on a Kähler surface. In this section we turn to some of the

11In fact, for 2d surfaces it is true globally since a complex compact surface is Kähler if and only if its first
Betti number is even; see, e.g. [97].
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calculable quantities associated with these theories. In particular, we compute the anomaly

polynomial for these DGLSMs.

If the physical picture advocated in section 2 is to hang together, we should be able to

compute this anomaly polynomial in two complementary ways. First, we can simply take

the anomaly polynomial of the 6D theory and dimensionally reduce.

Since there are no abelian flavor symmetries present in 6D, if we assume there are no

emergent symmetries in the IR, we can also directly compute the infrared R-symmetry of

the 2d model. In some sense, this is typically the best one can hope for in compactifying a

non-Lagrangian theory.

But since we also have a characterization of the tensor branch of our theory, we can

ask whether we obtain the same answer when we directly compute all anomalies in the

corresponding DGLSM. Our aim in this section will be to show how reduction of the 6D

Green-Schwarz terms breaks up into several ingredients which all contribute to the calculation

of the 2d anomaly polynomial. In all of the SNHCs, we find a perfect match. This provides

additional support for the general physical picture we have developed, and also motivates

further study of the resulting weakly coupled branch of these DGLSMs.

In the rest of this section we show how to calculate the anomaly polynomial for the

2d DGLSM directly in 2d terms. As a warmup, we first consider the theory defined by a

collapsing −4 curve. In this theory, all components of the model admit a weakly coupled

limit, and we can directly track the various contributions. We then show how to perform

an analogous computation when the extra sector defined by D3-branes wrapped on the

collapsing P1 is strongly coupled.

5.1 The Weakly Coupled SO(8) Theory

The one simple NHC which defines a weakly coupled DGLSM (far on the tensor branch) is

given by a collapsing −4 curve. In this case, the bulk seven-brane gauge group is SO(8), and

the D3-branes wrapped over the collapsing P1 realize an Sp(N) gauge theory. All together

then, we realize a quiver gauge theory with gauge group SO(8) × Sp(N), and with matter

fields from the 7 − 7 strings, the 3 − 3 strings and the 3 − 7 strings. Additionally, the

reduction of the tensor multiplet to a collection of chiral / anti-chiral currents naturally

couples to both gauge sectors. We have already discussed this for the seven-brane sector,

and it also follows for the D3-brane sector since, for example, the volume of the collapsing P1

directly sets the inverse gauge coupling squared for the Sp(N) gauge theory. Additionally,

the various 3−3 strings will necessarily couple to these chiral bosons as well. One way to see

this is to observe that the 3−3 mode content is essentially T-dual to that for the seven-brane

sector. So, the appropriate pullback maps onto the worldvolume of the D3-brane lead to the

analogous couplings for the D3-brane.

Let us discuss in more detail the resulting quiver gauge theory. Consider first the 7− 7

strings. From the reduction of the SO(8) seven-brane, we get the zero modes given by a
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Figure 3: Depiction of the DGLSM defined by compactifying the 6D SCFT defined a −4
curve with SO(8) gauge group on a Kähler surface. In two dimensions, we obtain a GLSM
with gauge group SO(8) × Sp(N), and matter transforming in representations of the two
gauge groups. Additionally, the GLSM sector is coupled to a collection of chiral and anti-
chiral currents which are depicted by a thickened shell around each quiver node.

vector multiplet, V(0,0) some CS multiplets D(0,1) and Fermi multiplets Λ(0,2), all transforming

in the adjoint representation.

Consider next the contribution from the D3-branes. The theory of spacetime filling strings

for this case has been determined in reference [42], and also follows from the general discussion

of extra sectors given in reference [54]. For the 3 − 3 strings, we have a vector multiplet in

the adjoint representation of Sp(N), so we denote this contribution as Ṽ ⊕ Λ̃. Additionally,

we have a (0, 4) hypermultiplet in the two-index anti-symmetric representation which we can

also write as two CS multiplets X ⊕ Y . Finally, we have 3 − 7 strings transforming in the

bifundamental representation and as a (0, 4) half hypermultiplet Q. For a summary of the

associated quiver gauge theory, see figure 3.

So far, we have kept the number of D3-branes as a free parameter. However, this is not

really so, since we need to have a theory free of gauge anomalies. Now, we have seen that

the chiral / anti-chiral bosons from reduction of the tensor multiplet do not contribute to

the seven-brane gauge anomaly, so the only way for us to cancel the SO(8) gauge anomaly

will be through a combination of modes present in the quiver gauge theory.

Adding up the contribution from the 7 − 7 strings and the 3 − 7 strings, we have the

SO(8) anomaly:

ktot(SO(8)) = k7−7(SO(8)) + k3−7(SO(8)) (5.1)

= −Ind(adj(SO(8)))× (h0,0 − h0,1 + h0,2) + Ind(fund(SO(8)))× 2N.

Here, Ind(adj(G)) is the index of the adjoint representation. In our normalization this is 2k
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for SU(k) and 4k − 4 for SO(2k). The index of the fundamental representation of SO(2k)

is then 2. Setting ktot(SO(8)) = 0, we can now solve for the total number of D3-branes:

N =
Ind(adj(SO(8)))

2Ind(fund(SO(8)))
× P + 3χ

12
=
P + 3χ

4
. (5.2)

Note that in spite of appearances, this is always an integer since the holomorphic Euler

characteristic is given by:

h0,0 − h0,1 + h0,2 = χ(M4,OM4) =
P + 3χ

12
. (5.3)

We can also see that our formula for the total number of D3-branes agrees with our general

formula for the number of spacetime filling strings given in equation (4.51):

Nstring = −kinst +
2h∨G
n
χ(M4,OM4), (5.4)

where we set kinst = 0, h∨G = 6 and n = 4.

Let us next verify that there is no gauge anomaly for the Sp(N) sector. Recall that here,

we have in the 3 − 3 sector the contribution from a (0, 4) vector multiplet, i.e. we have

two gauginos in the adjoint representation. Additionally, we have a (0, 4) hypermultiplet in

the two-index symmetric representation, i.e. two CS multiplets. Finally, we have the 3 − 7

sector which contributes eight (0, 4) half hypermultiplets in the fundamental representation,

i.e., eight CS multiplets in the fundamental. Totalling up the contributions to the Sp(N)

anomaly, we have:

ktot(Sp(N)) = k3−3 + k3−7 (5.5)

= −2× Ind(adj(Sp(N))) + 2× Ind(anti(Sp(N))) + 8× Ind(fund(Sp(N)))

= −2(4N + 4) + 2(4N − 4) + 16 = 0.

Based on this, we conclude that we have indeed realized an anomaly free spectrum, as

expected.

Let us now turn to the interaction terms of the theory. We primarily concentrate on the

holomorphic terms, i.e. those associated with the superpotential and E-potential (for the

Fermi multiplets). To this end, it is helpful to make manifest just the (0, 2) supersymmetry,

so we write the (0, 4) half hypermultiplet in the bifundamental as a pair of CS multiplets

Q⊕Qc in conjugate representations of U(4) ⊂ SO(8). To maintain a parallel description of

the various interaction terms in the two sectors, we write all holomorphic data in terms of

the associated E-potential for the Fermi multiplets where they appear. Due to the effective

(0, 4) structure of the system, the resulting system is given by the E-potentials for the adjoint
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valued Fermi multiplets Λ and Λ̃:12

EΛ = D · T adj
SO(8) · D +Qc · T fund

SO(8) ·Q , (5.6)

EΛ̃ = X · T symm
Sp(N) · Y +Q · T fund

Sp(N) ·Qc, (5.7)

where the notation A ·TG ·B means that we take generators TG of the gauge group G in the

representation for A and its conjugate representation B, and trace over all other symmetry

indices.

Now, in addition to these couplings, we also have, from the reduction of the 6D Green-

Schwarz term, an interaction term with bosonic content obtained from the reduction of line

(4.41):

L2d ⊃ µGS

∫
6D

B(2,0) ∧ Tr(F2d ∧ [D,D]) +B(2,0) ∧ Tr(dAD∧dAD) + c.c. (5.8)

This sort of term is topological in 6D, and so we do not expect it to receive quantum

corrections. Additionally, since it continues to play an important role in the low energy

dynamics of the 2d system, we conclude that the R-charge assignments for the associated

bosonic modes B(2,0) and D satisfy:

R
(
B(2,0)

)
+ 2R(D) =0. (5.9)

But, unitarity ensures that all such R-charges must also be non-negative. Tracing through

the rest of the relations in lines (5.6) and (5.7), we see that the R-charge assignments in this

case all remain at their free-field values:

R(D) =R(Qc) = R(Q) = R(X) = R(Y ) = 0. (5.10)

Moreover, the R-charge assignments for the left-moving chiral bosons are protected since

they are associated with symmetry currents. This also extends to all fermionic superpartners;

each right–moving fermion in a chiral multiplet has R-charge −1. Additionally, based on

the structure of the interactions, we see that all of the left–handed Weyl fermions in Fermi

multiplets have R-charge −1.

So, as we expected from the 6D analysis, there appear to be no emergent U(1) flavor

symmetries which could mix with a candidate R-symmetry. Said differently, once we compute

the anomaly polynomial, we will also be able to extract the IR R-symmetry without appealing

to c-extremization.

12Strictly speaking, here we use the fact that we have justN = (0, 2) supersymmetry rather thanN = (0, 4)
supersymmetry in order to repackage all interaction terms using E-potentials.
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5.1.1 Anomaly Polynomial

We now turn to the calculation of the 2d anomaly polynomial for this system:

I2d =
kRR

2
c1(R2d,R)2 − kgrav

24
p1(TZ). (5.11)

Where:

kRR = Tr(γ3R2d,RR2d,R) and kgrav = Tr(γ3). (5.12)

Since we are at weak coupling, and all R-charge assignments are fixed by the couplings of

the model, it suffices to carefully count the various degrees of freedom in the system.

We begin with the calculation of kRR. This includes the sectors associated with our

GLSMs, as well as the contribution from the reduction of the anti-chiral two-form, i.e., we

obtain additional chiral bosons, as well as additional vector multiplets from reduction on

one-cycles. Finally, we also need to include the coupling between the chiral bosons and the

background R-symmetry field strength, i.e., the corresponding 2d Green-Schwarz term.

Consider, then, the various contributions to kRR. We have, in the obvious notation:

kRR = k7−7
RR + k3−3

RR + k3−7
RR + kTensor

RR + kGS
RR, (5.13)

where the last term is due to the fact that there is a direct coupling between the chiral

bosons and the U(1) R-symmetry. Let us discuss each of these terms. First, from the 7− 7

strings, we have:

k7−7
RR = dimSO(8)×

(
−h0,0 + h0,1 − h0,2

)
= −28×

(
P + 3χ

12

)
. (5.14)

Next, from the 3− 3 strings, we have:

k3−3
RR = −2× dimSp(N)× (RΛ̃)2 + 2× dim(anti(Sp(N)))× (RX − 1)2 = −4N. (5.15)

From the 3− 7 strings, we have:

k3−7
RR = 8× dim(fund(Sp(N)))× (RQ − 1)2 = 16N. (5.16)

Consider next the contribution from the reduction of the tensor multiplet fields. Here,

we have both fermionic partners of the complex chiral bosons, h2,0 + 1, all with R-charge

+1, and gauginos for the h1,0 modes obtained from taking one leg of the B-field on M4 and

one in the spacetime. The net contribution from these fermions to the anomaly is:

kTensor
RR = (h0,0 − h1,0 + h2,0) =

(
P + 3χ

12

)
. (5.17)
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Finally, we turn to the contribution from the reduction of the Green-Schwarz term, i.e.,

terms associated with the exchange of the anti-chiral bosons. Now, in 6D, the relevant

interaction term is:

L6D ⊃ −n
∫

6D

B ∧X, (5.18)

where for the SO(8) SNHC, we have:

X =
1

4
TrF 2 +

6

4

(
c2(R) +

p1(T )

12

)
. (5.19)

This yields the Green-Schwarz contribution to the 6D anomaly polynomial:

I6D ⊃
4

2
X2. (5.20)

A similar term will be present in the 2d anomaly polynomial, i.e., for the reducible con-

tribution c1(R2d,R)2. To extract the form of this contribution to the 2d anomaly polynomial,

we need to track the coupling of the chiral bosons to the relevant field strengths. Now, since

we are integrating characteristic classes (of holomorphic vector bundles), we see that only the

chiral bosons proportional to (1, 1) forms will actually contribute. Note there is at least one

such contribution, since we have the Kähler class of the manifold itself. Observe, however,

that this coupling does not involve the Pontryagin class at all. What this means is that it is

not correct to simply integrate X2 over M4 to extract the contribution to c1(R2d,R)2. Indeed,

part of the point of our analysis in this section has been to see how the 6D Green-Schwarz

terms break up into separate contributions in the 2d effective theory.

Instead, we must only include those terms directly associated with the coupling of the

2d chiral bosons. In practical terms, this simply means we make the substitution X → Xeff

compatible with the twist on M4:

Xeff = −6

4
c1(R2d,R)c1(KM4), (5.21)

so that the contribution to the 2d anomaly polynomial is:

I2d ⊃
4

2

∫
M4

X2
eff =

9

2
× (P + 2χ)× c1(R2d,R)2. (5.22)

So in other words, the contribution to kRR is then:

kGS
RR = 9(P + 2χ). (5.23)

We can now add up all of the contributions to kRR, and we find:

kRR =
3

4
(13P + 27χ) , (5.24)
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which agrees with the general expression we presented in equation (2.45) from direct dimen-

sional reduction of the 6D anomaly polynomial!

Consider next the contribution to kgrav. In this case there is no contribution from a Green-

Schwarz term, as the p1(T ) term is irreducible. Again, we split up the various contributions

as:

kgrav = k7−7
grav + k3−3

grav + k3−7
grav + kTensor

grav . (5.25)

where the contributions from the GLSM sector are the same as for kRR:

k7−7
grav = dimSO(8)× (−h0,0 + h0,1 − h0,2) = −28

(
P + 3χ

12

)
. (5.26)

k3−3
grav = −2× dimSp(N) + 2× dim(anti(Sp(N))) = −4N (5.27)

k3−7
grav = 8× dim(fund(Sp(N))) = 16N. (5.28)

For the reduction of the anti-chiral two-form, we need to include the contributions from

the fermionic superpartners, as well as the chiral bosons. The fermionic contribution to the

gravitational anomaly is the same as what we already calculated for kRR:

kTensor,F
grav = h0,0 − h1,0 + h2,0 =

(
P + 3χ

12

)
. (5.29)

Additionally, we have 2h2,0+2 right-moving chiral bosons, and h1,1 left-moving chiral bosons.

The difference between these two sectors contributions as the signature of the manifold:

kTensor,B
grav = b+

2 − b−2 =
P

3
. (5.30)

So in other words, the net contribution from reduction of the anti-chiral two-form to the

gravitational anomaly is:

kTensor
grav =

(
5P + 3χ

12

)
. (5.31)

The net contribution to the gravitation anomaly is thus:

kgrav =
13P + 27χ

12
, (5.32)

which agrees with equation (2.44), which we obtained by direct dimensional reduction of the

−4 curve SNHC!

An interesting feature of this case is that the ratio of kRR and kgrav does not depend on

the details of the four-manifold:
kRR
kgrav

= 9. (5.33)
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5.2 Simple NHCs

The simplifying feature of the −4 curve theory is that we essentially had a standard GLSM

coupled to a collection of chiral / anti-chiral bosons. In this sense, the whole theory is just

a DGLSM. We now turn to the other simple NHCs where we do not a priori expect the

spacetime filling strings to admit a description in terms of a GLSM. We can, however, still

apply the general logic used in our analysis of the SO(8) theory to calculate the resulting

anomaly polynomial.

For the simple NHC defined by a −n curve, we have a simply laced gauge group G which

comes from a seven-brane on R1,1 × M4 × P1. Additionally, we now have some number

of spacetime filling strings which coupled to the seven-brane. Finally, we also have the

contribution from the reduction of the tensor multiplet.

To see that spacetime filling strings are really necessary, consider just the GLSM sector

from the seven-branes. The gauge anomaly for the gauge group G is:

k7−7(G) = −Ind(adj(G))× (h0,0 − h0,1 + h0,2) = −Ind(adj(G))

(
P + 3χ

12

)
. (5.34)

The chiral bosons cannot contribute to anomaly cancellation, because this is a non-abelian

gauge group factor. So, we must assume the presence of additional spacetime filling strings.

Note that in weakly coupled terms, we need to add some number of CS multiplets to cancel

the anomaly. This means in particular that we expect to cancel the anomaly with super-

symmetric matter multiplets when P + 3χ > 0.

Now, we can actually fix the total number of such strings using the structure of the

anomaly polynomial for these 2d effective theories. This has recently been calculated in ref-

erences [43–45], and in Appendix B we verify this by directly dimensionally reducing on a P1

the 4d N = 2 SCFTs (using the values of the anomalies obtained in references [98–101]) that

we obtain the same result. For our purposes, the presentation for the anomaly polynomial of

N spacetime filling strings in flat space given in reference [45] is most convenient. Focussing

on just the symmetries which survive in compactifying on a Kähler surface, we have:

Istring = N ×
(
n

4
TrGF

2 − h∨G
(
c2(R) +

1

12
p1(TZ)

))
, (5.35)

where in the above, we have introduced an overall relative minus sign between the gauge

field strength term and the background R-symmetry and tangent bundle contributions. As

we remarked before, this is due to the chirality conventions for our system, which as we shall

shortly verify, led to a self-consistent prescription for supersymmetric anomaly cancellation.

Now, in our case where we can only activate a contribution from the 2d U(1) R-symmetry
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and the background metric in two dimensions, the relevant expression is given by:

Istring = N ×
(
n

4
TrGF

2 − h∨G
(
−c1(R2d,R)2 +

1

12
p1(TZ)

))
. (5.36)

Returning to equation (5.34), we see that the total gauge anomaly is:

ktot(G) = k7−7(G) + kstring(G) = −Ind(adj(G))

(
P + 3χ

12

)
+N × n, (5.37)

so the number of strings is fixed as:

N = Ind(adj(G))× 1

n
×
(
P + 3χ

12

)
. (5.38)

Reassuringly, this agrees with our answer from the previous subsection in the special case

G = SO(8), where Ind(adj(G)) = 12 and n = 4. We can also repackage this formula using

the fact that for all of the simply laced simple algebras (i.e. the gauge groups of the simple

NHCs), Ind(adj(G)) = 2h∨G. So, we indeed recover the formula of equation (4.51):

N =
2h∨G
n
×
(
P + 3χ

12

)
. (5.39)

Now, in spite of the fact that we do not have a Lagrangian description for these spacetime

filling strings, we can use the geometric picture to argue that there are (at least in the UV)

no additional flavor symmetries. Assuming the absence of emergent abelian symmetries in

the infrared, this means in particular that we can fix the R-charge assignments of fields in

terms of UV data. Much as in our discussion of the weakly coupled model, we deduce that

the R-charges of the GLSM fields are frozen to their free field values. Similar considerations

hold for the chiral bosons of the system.

5.2.1 Anomaly Polynomial

Let us now turn to the calculation of the 2d anomaly polynomial. In this case, we again see

no evidence for additional abelian flavor symmetries. Thus, our task reduces to calculating

the coefficients in:

I2d =
kRR

2
c1(R2d,R)2 − kgrav

24
p1(TZ), (5.40)

where:

kRR = Tr(γ3R2d,RR2d,R) and kgrav = Tr(γ3). (5.41)

Now that we are at strong coupling, it will be more challenging to make detailed checks

of the proposal. However, we can still rely on anomalies as a way to track this data. From

this perspective, the main subtlety is to ensure that we fix our chirality convention so that
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all anomalies are cancelled with supersymmetric multiplets.

We begin with the calculation of kRR. This includes the sectors associated with our

GLSM, the spacetime filling strings, as well as the contribution from the reduction of the

anti-chiral two-form, i.e., we obtain additional chiral bosons, as well as additional vector

multiplets from reduction on one-cycles. Finally, we also need to include the coupling between

the chiral bosons and the background R-symmetry field strength, i.e., the corresponding 2d

Green-Schwarz term.

Consider, then, the various contributions to kRR:

kRR = k7−7
RR + kstrings

RR + kTensor
RR + kGS

RR, (5.42)

where the last term is due to the fact that there is a direct coupling between the chiral

bosons and the U(1) R-symmetry. Let us discuss each of these terms. First, from the 7− 7

strings, we have:

k7−7
RR = dG ×

(
−h0,0 + h0,1 − h0,2

)
= −dG ×

(
P + 3χ

12

)
, (5.43)

where dG is the dimension of the gauge group G.

Next, from the spacetime filling strings, we have the contribution:

kstrings
RR = 2N × h∨G =

4 (h∨G)2

n
×
(
P + 3χ

12

)
. (5.44)

Observe in particular that for P + 3χ > 0 this is a positive quantity, i.e., it is what we

would get from summing up the contribution from CS, rather than Fermi multiplets, or (if

supersymmetry had been broken) anti-CS multiplets.

The contribution from kTensor
RR is the same as what we already found for the SO(8) model:

kTensor
RR = (h0,0 − h1,0 + h2,0) =

(
P + 3χ

12

)
. (5.45)

Finally, there is the contribution from the Green-Schwarz term in two dimensions. Using

the same analysis presented near line (5.18), we see that now, Xeff is given by:

Xeff = −h
∨
G

n
c1(R2d,R)c1(KM4), (5.46)

so that the contribution to the 2d anomaly polynomial is:

I2d ⊃
n

2

∫
M4

X2
eff =

(h∨G)2

2n
× (P + 2χ)× c1(R2d,R)2. (5.47)
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So in other words, the contribution to kRR is then:

kGS
RR =

(h∨G)2

n
(P + 2χ). (5.48)

The sum total of all these contributions is therefore:

kRR = −dG ×
(
P + 3χ

12

)
+

4 (h∨G)2

n
×
(
P + 3χ

12

)
+

(
P + 3χ

12

)
+

(h∨G)2

n
(P + 2χ) (5.49)

= (1− dG)×
(
P + 3χ

12

)
+

(h∨G)2

3n
× (4P + 9χ) , (5.50)

which agrees with equation (2.45), i.e., our formula obtained from dimensional reduction of

the 6D SCFT anomaly polynomial!

Consider next the contributions to the gravitational anomaly. Just as in the SO(8)

example, there is no Green-Schwarz term as the p1(T ) term is irreducible. We must, however,

properly take into account the contributions from the chiral bosons. Again, we split up the

various contributions as:

kgrav = k7−7
grav + kstrings

grav + kTensor
grav , (5.51)

where:

k7−7
grav = dG × (−h0,0 + h0,1 − h0,2) = −dG

(
P + 3χ

12

)
(5.52)

kstrings
grav = 2h∨GN =

4 (h∨G)2

n
×
(
P + 3χ

12

)
(5.53)

kTensor
grav =

(
5P + 3χ

12

)
, (5.54)

which by inspection of equation (2.44) yields precisely the same answer as obtained from

dimensional reduction of the 6D SCFT answer!

We can also compute the ratio kRR/kgrav, which in the general case, does depend on the

four-manifold:
kRR
kgrav

=
n(dG − 1)(P + 3χ)− 4 (h∨G)2 (4P + 9χ)

n(dG − 1)(P + 3χ)− 4 (h∨G)2 (P + 3χ)− 4nP
. (5.55)

Indeed, it appears to be a special property of just the −4 curve theory that all dependence

on P and χ vanishes. It would be quite interesting to understand this better.

5.3 Four-Manifold Constraints

In our analysis of anomalies, we left the general choice of four-manifold arbitrary. Of course,

experience from higher-dimensional examples suggests that the particular choice will impact

whether we realize a supersymmetric 2d theory at all.
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As an example, the relative supersymmetries preserved by our DGLSM and our spacetime

filling strings may be misaligned, thus leading to a non-supersymmetric matter spectrum.

This depends on both the background curvatures of the four-manifold in question, as well as

the choice of background flux from the seven-branes. Here, we focus on the case considered

in the rest of the paper, i.e., where the flux of the seven-brane is trivial.

Returning to the weakly coupled SO(8) model, we see that to cancel the SO(8) gauge

anomalies, it was necessary to add additional CS multiplets. The total number of such CS

multiplets is:

NQ ∝
P + 3χ

12
, (5.56)

where the constant of proportionality is positive. So, to have a supersymmetric matter

spectrum we require:
P + 3χ

12
> 0, (5.57)

a condition which is not always satisfied by a four-manifold.

Let us give some examples of both types. It is helpful to recall that the quantity we are

considering is also given by the holomorphic Euler characteristic:

P (M4) + 3χ(M4)

12
= χ(M4,OM4) = 1− h0,1 + h0,2. (5.58)

First of all, for all the del Pezzo surfaces dPk we have:

P (dPk) + 3χ(dPk)

12
= 1, (5.59)

while for a K3 surface we have:

P (K3) + 3χ(K3)

12
= 2. (5.60)

An additional class of examples comes from taking a Cartesian product of two Riemann

surfaces M4 = Σ1 × Σ2:

P (Σ1 × Σ2) + 3χ(Σ1 × Σ2)

12
= 1− (g1 + g2) + g1g2, (5.61)

where gi is the genus of Σi. So, we see that if both g1 = g2 = 0, this is positive, and it is

non-negative if gi ≥ 1 for both i. In the case where one factor is a P1 and the other factor is

a genus g > 1 Riemann surface, we see that χ(M4,OM4) < 0, so in this case we do not realize

a supersymmetric matter spectrum. More broadly, one can consider activating non-trivial

background fluxes. This can lead to non-trivial bound states between the seven-brane and

spacetime filling strings. A related way to preserve supersymmetry is to introduce defects,

i.e. poles for some operators in the internal directions. We leave the analysis of these more
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general possibilities for future work.

Based on our discussion above, we conclude that for suitable four-manifolds, we realize

a supersymmetric matter spectrum. A more subtle question has to do with whether the

resulting infrared dynamics will support a supersymmetric vacuum. One way to partially

address this is to calculate the Witten index and various examples of elliptic genera. As far

as we are aware, this has not been carried out for any DGLSMs, and only for some examples

of compactifications of (2, 0) theories (see e.g. [12]) so we leave this task for future work.

Though we have mainly focussed on theories with a single tensor multiplet, an alterna-

tive way to provide evidence for the existence of such fixed points for 6D SCFTs with a

holographic dual (see e.g. [24, 15, 16, 25]) is to consider the resulting compactification on a

four-manifold. Some examples along these lines have been worked out in references [48–52]),

where one finds that for a four-manifold of negative curvature, there is a reduction from an

AdS7 solution to an AdS3 solution. This is in line with the constraint P + 3χ > 0 we have

observed. Note also that this condition is somewhat weaker than what is required to get a

weakly coupled gravity dual. Indeed, we expect that compactification on a del Pezzo surface

or a K3 surface should also yield a sensible 2d conformal fixed point. The holographic dual

of this case is likely to be a theory with higher spins in the bulk, which would be quite

interesting to study further.

6 Conclusions

Compactifications of higher-dimensional SCFTs provide a general template for understand-

ing many non-trivial aspects of lower-dimensional quantum systems. In this paper we have

considered compactifications of 6D SCFTs on four-manifolds, using the higher-dimensional

string theory description as a tool in the study of the resulting 2d effective field theories.

In particular, we have argued that the resulting theory can also be understood by studying

compactification on the tensor branch, where we obtain a dynamic GLSM, that is, a GLSM

in which some parameters and couplings have been promoted to chiral / anti-chiral modes,

and which is in turn typically coupled to a theory of spacetime filling effective strings. We

have provided general evidence for this physical picture, by calculating, for example, the

anomaly polynomial of this DGLSM, finding perfect agreement with the answer expected

from compactification of the 6D SCFT. Turning the discussion around, we have also used

the 6D (and ultimately stringy) perspective to shed light on the dynamics of DGLSMs. In

the remainder of this section we discuss some avenues of future investigation.

One of the key simplifications we made in our analysis is to focus on the simple NHCs.

It would be quite interesting to extend this to all of the NHCs, and to combine this with an

analysis of compactification of the E-string theory on a four-manifold. This would provide

a class of tools to systematically study more general compactifications of 6D SCFTs using

the classification results of [14,19].
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There has recently been much study of other compactifications of 6D SCFTs, and in

particular the case of the resulting 4d effective theories. It is tempting to combine this

thread with the present one to develop a generalized 2d / 4d correspondence perhaps along

the lines of reference [102]. Indeed, we have seen that some aspects of these 2d theories are

remarkably tractable, and moreover, that the internal dynamics of these systems are often

governed by a quasi-topological field theory coupled to various defects. In that context,

another item of interest would be the calculation of the elliptic genera for our 2d effective

theories.

Another natural avenue of investigation involves the study of various defects / punctures

in these theories. Now, in contrast to the case of compactifications to four dimensions, the

defects here will now be associated with complex curves, leading to a rather rich generaliza-

tion of the purely algebraic data present for 4d theories.

The theories we have focussed on in this work are particularly simple because they have

a single tensor multiplet. It is natural to also consider the opposite limit, i.e. where we take

particular 6D SCFTs with a weakly coupled holographic dual. Compactifications of these

systems on a negative curvature surface lead to AdS3 vacua. It would be quite interesting

to use the present perspective to extract further information about the resulting 2d CFTs

thus obtained.

Finally, one of the original motivations for this work was to study a particularly tractable

class of examples in which the moduli present in F-theory compactified on an elliptically

fibered Calabi-Yau fivefold can be systematically decoupled (see in particular [54]). Having

developed further tools to study such systems, it would be exciting to return to this more

ambitious class of questions, and their application to questions in the cosmology of super-

critical strings.
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A Reduction of 6D Free Fields

This Appendix presents the detailed reduction of (1, 0) six dimensional superfields to two

dimensions. While the main focus lies on the tensor multiplet, we also dimensionally reduce

the vector- and hypermultiplet to provide a consistency check.

Before we discuss the actual dimensional reduction, let us review our superspace con-

ventions. The superspace coordinates are (xM , θαs) where xM are the coordinates of the 6D

spacetime and the Grassmann coordinates θαs represent a symplectic Majorana-Weyl spinor.

Spinor indices α, β, . . . parameterize the fundamental/anti-fundamental of SO(5, 1) ∼ SU∗(4).

We use the convention that ψαR is right-handed chiral and (ψL)α has the opposite chirality.

To avoid a redundancy in the notation, we either write ψR or ψα and the same for left-handed

spinors. Further, indices s, t . . . represent the Sp(1) ∼ SU(2) R-symmetry. They are raised

and lowered by totally antisymmetric Ωst, e.g. ψs = Ωstψ
t and ψs = Ωstψt with ΩsuΩut = δst .

In most cases, we go to the explicit basis s = (1, 2) with Ω12 = −1 and Ω12 = 1. Finally,

there is complex conjugation which acts on pseudo-real symplectic Majorana-Weyl spinors

as ψαs = ψsα = Ωstψαt .

The 6D superspace derivatives

Ds
α =

∂

∂θαs
− iθsβ∂αβ (A.1)

anti-commute with the supercharges

Qs
α =

∂

∂θαs
+ iθsβ∂αβ , (A.2)

and they give rise to the algebra

{Ds
α, D

t
β} = −2iΩst∂αβ , (A.3)

while for the supercharges

{Qs
α, Q

t
β} = 2iΩst∂αβ (A.4)

holds. We use the abbreviation ∂αβ = γMαβ∂M for partial derivatives contracted with an

antisymmetric representation of the Γ-matrix sub-block γMαβ. The full 8 × 8 matrices have

the form

ΓMΨ =

(
0 γMαβ

(γ̃M)αβ 0

)(
ψβ
ψβ

)
, γ̃αβM =

1

2
εαβσδ(γM)σδ . (A.5)

Using this definition, we further find

ΓMNΨ =

(
(γMN)α

β 0

0 (γ̃MN)αβ

)(
ψβ
ψβ

)
(A.6)
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with

(γMN)α
β = (γ[M γ̃N ])α

β and (γ̃MN)αβ = −(γMN)β
α . (A.7)

In six dimensions the chirality operator is defined by

Γ7 = −Γ0Γ1Γ2Γ3Γ4Γ5 . (A.8)

Finally, there is the completeness relation

(γMN)α
β(γMN)δ

σ = 2δβαδ
σ
δ − 8δσαδ

β
δ (A.9)

that is quite useful for several calculations.

Reduction on Kähler Surface

In order to reduce the six dimensional theory on a Kähler surface M4, we first split the

coordinates according to xM = (y+, y−, zi, z ī). The first two directions are identified with

the external R1,1, while M4 has the complex coordinated z1, z2. Further, we fix the metric

(ds)2 = −4dy+dy− or g+− = −2 , g+− = −1

2
(A.10)

of the external Minkowski space. On M4 the only non-vanishing metric components are gij̄.

In 6D, the covariantly constant spinor representing the parameter of supersymmetry

transformations is denotes as ηsα. It has the opposite chirality of the supercharge Qs
α. We

use it to fix the + direction of the external coordinate system by requiring

ηsαγMαβη
tβ∂M = Ωst∂+ . (A.11)

For the following calculations, we introduce a left-handed counterpart of ηsα defined as:

ηsα = γ+
αβη

sβ , (A.12)

which immediately gives rise to ηsαηtα = Ωst. In addition to (A.12), we further obtain the

relations

γ̃−βαηsα = −ηsβ , γ−βαη
sα = 0 and γ̃+βαηsα = 0 (A.13)

by requiring a consistent inner product for ηsα.

In the spinor representation, the generator of the u(1)M4 , which arises after decomposing
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the holonomy group U(2)M4 of M4 into SU(2)× U(1)M4 , reads13

JM4 = − i
4
ωMNΓMN (A.14)

where

ωMN =
i

2

(
η1β(γMN)β

αη2
α + η2β(γMN)β

αη1
α

)
(A.15)

By construction this choice of ωMN , results in u(1)M4 charges −1/+1 for η1α/η2α. This can

be checked by applying the completeness relation (A.9). Further, we denote the generator

of the u(1)R cartan subalgebra of the SU(2) R-symmetry as JR. Taking into account the

branching 2→ +1⊕−1 of the fundamental in which ηsα transforms, we obtain the charges

JRη
1α = η1α and JRη

2α = −η2α . (A.16)

The generator of the U(1)diag which can be embedded U(1)M4 × U(1)R is Jdiag = JM4 + JR.

Combining now the action of JM4 and JR, we discussed so far, it is obvious that

Jdiagη
sα = 0 (A.17)

holds. Thus, we indeed can identify ηsα with a covariant constant spinor on M4. As a

convenient crosscheck, we note that this spinor has perspective negative chirality

Γ3,2d = Γ0Γ1 = Γ−Γ+ − Γ+Γ− , (A.18)

e.g. Γ3,2dη = −η, from a 2d perspective. This is equivalent to spin +1/2. The corresponding

conserved supercharges have the opposite chirality and spin.

We now use ηsα and its left-handed counterpart to construct the arbitrary 6D spinors:

ψ1
α =

(1

4
ψijγ

ij +
1√
2
ψiγ

−i + ψδ
)
α
βη1

β ψ2
α =

(1

4
ψīj̄γ

īj̄ +
1√
2
ψīγ

−ī + ψδ
)
α
βη2

β (A.19)

ψ1α =
(1

4
ψijγ

ij +
1√
2
ψiγ

+i + ψδ
)
β
αη1β ψ2α =

(1

4
ψīj̄γ

īj̄ +
1√
2
ψīγ

+ī + ψδ
)
β
αη2β (A.20)

out of differential forms on the Kähler surface M4. These expression are explicit realizations

of the branching rules

(4,2)→(−1/2,1, 2)⊕ (+1/2,2,+1)⊕ (−1/2,2, 0)⊕
(−1/2, 1,−2)⊕ (+1/2, 2,−1)⊕ (−1/2, 1, 0) (A.21)

(4,2)→(+1/2,1, 2)⊕ (−1/2,2,+1)⊕ (+1/2,2, 0)⊕
(+1/2, 1,−2)⊕ (−1/2, 2,−1)⊕ (+1/2, 1, 0) (A.22)

13We normalized JM4 such that [JM4 ,Γ
i] = Γi and [JM4 ,Γ

ī] = −Γī assuming the standard convention

ωik̄g
k̄j = iδji and ωīkg

kj̄ = −iδj̄
ī
.
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from so(5, 1) × su(2)R6D to so(1, 1) × su(2)L × u(1)diag. These equations provide an iso-

morphism between spinors in six dimensions and holomorphic/anti-holomorphic differential

forms on M4. We choose the normalization such that

ψ1αφ2
α = ψφ+ ψiφ

i − 1

2
ψijφ

ij

ψ2αφ1
α = −φψ − φiψi +

1

2
φijψ

ij = −ψ1αφ2
α (A.23)

reproduces the natural pairing of (p, q)-forms applied to polyforms. To see how this works,

consider the polyforms Ψ = ψ(0,0) +ψ(1,0) +ψ(2,0) and Φ. We now write the pairing (A.23) as

ψ1αφ2
α = (Ψ,Φ) = (ψ(0,0), φ(0,0)) + (ψ(1,0), φ(1,0))− (ψ(2,0), φ(2,0)) . (A.24)

By remembering that the pairing in this equation utilizes the Hodge-star on M4, we finally

obtain

(Ψ,Φ)
ω2

2
= σ(Ψ) ∧ ∗Φ

∣∣
top

. (A.25)

Here σ is required to obtain the right sign for the two-form part in (A.24). It is defined as

σ(ψ) = (−1)(n−1)n/2 for a form ψ of degree n.

As a first application of the presented spinor decomposition, we reduce the 6D superspace

derivatives

D2
α =

∂

θ1α
− iθ2β∂αβ and D1

α = − ∂

θ2α
− iθ1β∂αβ . (A.26)

to the (0, 2) superspace derivative

D+ = η1αD2
α =

∂

∂θ+
− iθ+∂+ − i

√
2θi∂i and

D+ = η2αD1
α = − ∂

∂θ+
+ iθ+∂+ + i

√
2θī∂ī (A.27)

in 2d by contraction with η1α or η2α, respectively. In doing the calculation, we decompose

the Grassmann coordinates θsα in the same way as ψsα in (A.20). In order to decompose

the partial derivative ∂αβ, we further need the branching

ψ2αγMαβφ
1βλM =− ψ(φλ+ −

√
2φīλī)− ψ

i
(
√

2φλi +
√

2φjiλ
j − φiλ−)

+
1

2
ψij(φijλ+ + 2

√
2φiλj) (A.28)

of a vector, say λM . Again, this decomposition is compatible with the corresponding branch-

ing

(6,1)→ (−1,1, 0)⊕ (+1,1, 0)⊕ (0,2,+1)⊕ (0,2,−1) = λ+ ⊕ λ− ⊕ λ(1,0) ⊕ λ(0,1) (A.29)

of so(5, 1)×su(2)R6D ⊃ so(1, 1)×su(2)L×u(1)diag. We here explicitly write the spinor index
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for the Grassmann variables θ+ and θ+ in 2d to be compatible with the standard conventions.

Except for the last term, (A.27) looks exactly like the (0, 2) derivatives given in [103]. In

order to get rid of this term, we perform the coordinate transformation

x̃M =
(
x+ x− xi + i

√
2 θ+θi xī + i

√
2 θ+θī

)
. (A.30)

The reduction of the supercharges to two dimensions works in the same way as for Ds
α.

Vector multiplet

As a consistency check of the compactification procedure on a Kähler manifold M4 presented

in the last subsection, we apply it to the 6D vector multiplet. It is fully determined in terms

of the gauge potential Aαβ of the covariant derivative

Dsα = Ds
α + iAsα (A.31)

and contains a vector AM , a right-handed symplectic Majorana-Weyl fermion λsα and an

auxiliary field Y st in the adjoint of SU(2). Our starting point is the real superfield

Aαβ = Aαβ − 2(θ2γλ1δ − θ1γλ2δ)εγδαβ + . . . . (A.32)

In order to identify the (0, 2) superfield resulting after the compactification, we take a closer

look at the components

A− = γ̃αβ− Aαβ = V + θijΛij + θīj̄Λīj̄ + . . . and Aī = γ̃αβ
ī
Aαβ = Aī + . . . (A.33)

with the corresponding superfields

V = A− − 2θ+λ− 2θ+λ+ . . . (A.34)

Aī = Aī + 2
√

2θ+λī + . . . (A.35)

Λīj̄ = λīj̄ + . . . (A.36)

in two dimensions. These are exactly the superfields we studied in [54]. The gaugino λ

has negative chirality and therewith spin 1/2 (in our conventions it is a left–mover). All

superfields transform in bundle E which combines the adjoint action of the gauge algebra

and diffeomorphisms of the Kähler surface M4. The latter are not dynamic. However, they

have to be taken into account when counting fermionic zero modes weighted by the chirality.

This zero mode count is given by the index χ(M4, E) which reduces to χ(M4, T
∗) for vanishing

gauge field flux on M4.
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Hypermultiplet

A hypermultiplet is captured by the on-shell superfield Qs transforming in the fundamental

of the SU(2) R-symmetry. Further, it has to satisfy the superspace constraint

D(s
αQt) = 0 , (A.37)

where Dsα is the gauge covariant superspace derivative which fulfills the relation

{Dsα,Dtβ} = −2iΩstDαβ . (A.38)

It contains a complex scalar qs in the fundamental of SU(2) and a left-handed Weyl-fermion

χα.

To obtain the 2d superfield after the reduction, we start from the expansion

Qs = qs + θsαχα + . . . (A.39)

of the 6D superfield and express the Weyl-fermion in terms of antiholomorphic differential

forms on the Kähler surface M4. This gives rise to the expansion

χα =
(1

4
χīj̄γ

īj̄ +
1√
2
χ−īγ

−ī + χδ
)
α
βη2

β . (A.40)

Calculating the term θ2αχα requires to introduce the (2, 0) form

Oij =
1

2
η2α(γij)α

βη2
β and its complex conjugate Oīj̄ =

1

2
η1α(γīj̄)α

βη1
β . (A.41)

The normalization chosen here gives rise to

(O,O) =
1

2
OijO

ij
= −1 (A.42)

Using O, we find

θ2αχα =
(1

2
θīj̄χ+ θīχj̄ +

1

2
θ χīj̄

)
Oīj̄ (A.43)

and finally

Q1 = Q1 + θīΨī + . . . and Q2 = Q2 + θīΨj̄Oīj̄ + . . . (A.44)

with the (0, 2) superfields

Q1 = q1 + θ+χ+ . . . Ψī = χī + . . . (A.45)

Q2 = q2 +
1

2
θ+χīj̄Oīj̄ + . . . . (A.46)
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where Q1 is chiral and Q2 is antichiral. The bundle assignments for these superfields are

Q1 ∈ K1/2
M4
⊗R1⊗R∨2 , Q2 ∈ K−1/2

M4
⊗R1⊗R∨2 and Ψ−ī ∈ Ω(0,1)(K1/2⊗R1⊗R∨2 ) , (A.47)

if we assume that qs transforms in the bifundamental R1 ⊗ R∨2 . The square root of the

canonical bundle K1/2 in the bundle assignments is a consequence of the topological twist.

In general, a superfield with charge q under JR transforms in Kq/2. To make contact with

the bundle assignments introduced in reference [54], we apply Serre duality to Q2 resulting

in

(Q2)c ∈ K1/2
M4
⊗R∨1 ⊗R2 (A.48)

and suppress the SU(2) R-symmetry indices. Zero modes are counted by the corresponding

cohomology classes. If we count the massless fermions weighted by their chirality, we obtain

the index χ(M4, K
1/2
M4
⊗R1⊗R2). This matches perfectly with the results in [54]. The SUSY

transformation rules are given there.

Tensor multiplet

We implement the tensor multiplet as a real, on-shell superfield T which is constrained by

D(s
αD

t)
β T = 0 . (A.49)

It contains a real scalar t6D, the left-handed symplectic Majorana-Weyl fermion ξsα and the

anti-self-dual 3-form flux H
(−)
MNL, here in bispinor representation Hαβ = γMNL

αβ H
(−)
MNL. As the

multiplet is on-shell, these fields have to fulfill the equations of motion

∂M∂
M t6D = 0 , ∂αβξ+

β = 0 and ∂αγHγα = 0 . (A.50)

Remember that in six dimensions each 3-form can be decomposed into a self-dual and a

anti-self-dual part

HMNL = H
(+)
MNL +H

(−)
MNL with H

(±)
MNL =

1

2
(HMNL ± ∗HMNL) . (A.51)

These two parts get mapped to spinor indices

Hαβ = H
(+)
MNL(γ̃MNL)αβ and Hαβ = H

(−)
MNLγ

MNL
αβ . (A.52)

Thus, we see that H(αβ) in the tensor multiplet’s equations of motion (A.50) represent the

anti-self-dual H(−). Because we are interested in massless fields in two dimensions, we

expand it using all b2 elements of H2(S,R). They decompose into α̇ = 1, . . . , b+
2 self-dual
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and α = 1, . . . , b−2 anti-self-dual two forms.14 Here, we use the same notation as in section

3. The splitting in self-dual and anti-self-dual cohomology representatives λα̇/λα give rise to

the expansion

H(−) = ∂+ϕ
α̇
L(x+) ∧ λα̇ + ∂−ϕ

α
R(x−) ∧ λα . (A.53)

Here the 2d scalars ϕαL/ϕα̇R have to be chiral/anti-chiral otherwise H(−) would violate the

anti-self-duality constraint. Repeating this discussion for H contributions with one or three

legs in the internal space, we find that they have to vanish on-shell due to the self-duality

constraint.

In order to obtain the (0, 2) multiplets in two dimensions, we again start from the super-

space expansion

T =t6D − θ2αξ1
α + θ1αξ2

α + θ2αθ1β(Hαβ − i∂αβφ)− iθ2αθ2βθ1γ∂βγξ
1
α+

iθ2αθ1βθ1γ∂αβξ
2
γ −

1

2
θ2αθ2βθ1γθ1δ∂αγ∂βδφ− iθ2αθ2βθ1γθ1δ∂βδHαγ + . . . (A.54)

which solves the constraint (A.49) on-shell. Going from the bispinor representation Hαβ to

the corresponding anti-self-dual 3-form, we obtain

θ2αγMNL
αβ θ1βH

(−)
MNL =− θ(6θH+ ī

ī − 6θīj̄H+īj̄)− 12θiθj̄H−j̄i

+
1

2
θij(12θH+ij + 12θikH+j

k) (A.55)

and implement the branching

(10,1)→ (+1,3, 0)⊕ (−1,1, 2)⊕ (−1,1, 0)⊕�����XXXXX(0,2, 1) ⊕����
�XXXXX(0,2,−1)

= H−ij̄ with H−i
i = 0 ⊕H+ij ⊕H+ī

ī ⊕H+īj̄ . (A.56)

from so(5, 1) × su(2)6D,R to so(1, 1) × su(2)L × u(1)diag. The last products of irreps do not

contribute because they correspond to three-from fluxes with only one or all three legs in

the internal directions. As we already explained, such configurations are ruled out on-shell

by the equations of motion. Finally, one finds

Φ = tL + Re τR − θiΞi −
1

2
θijΞij + 12θīθjH−īj + · · ·+ c.c. (A.57)

which allows us to identify the (0, 2) multiplets

Re τR(x̃M) = tR + θ+ξ − θ+ξ − 6θ+θ+H+ī
ī Ξi(x̃

M) = ξi + iθ+θ+∂+ξi

Ξij(x̃
M) = ξij + 12θ+H+ij + iθ+θ+∂+ξij H−īj(x̃M) = H−īj. (A.58)

14At this point we overload our index convention. However, it will be clear from the context whether 6D
spinor indices are used or we label a basis of H2(M4, T

∗) instead.
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We split t6D = tL + tR into left- and right-moving parts, as explained in section 4. It is

important that we use the coordinates x̃M which we introduce in (A.30) for these multiplets.

For xM the results would not be conclusive because the 2d superspace derivatives do not have

the standard form. In principle, we face the same problem for the vector and hypermultiplet

in the last subsections. But there we only considered the leading components which are

always free from obstructions.

Only the multiplet Re τR appears somewhat exotic. It is real and contains the right-

moving part of the tensor multiplets scalar as leading contribution. Its highest component

is a chiral boson H+ which is proportional to the Kähler form ω on M4. As we explained in

section 4, it is, in fact, not mysterious: it is simply the real part of the corresponding CS mul-

tiplet. The Hodge number 2h2,0 counts the number of massless multiplets Ξij (weighted by 2

because they are complex, and we counting real degrees of freedom) and the 1 corresponds to

the real multiplet Re τL. All b
(−)
2 anti-chiral bosons form singlets under supersymmetry and

are captured by H−īj̄. Finally Ξi hosts the two gauginos of the U(1)2 abelian gauge theory

arising from compactifying the 6D B-field with one leg in the internal and one leg in the ex-

ternal directions. Off-shell this multiplet also contains the corresponding field strength and

an auxiliary field as bosonic degrees of freedom. On-shell all bosonic contributions vanish

and we are left with the gauginos. From Re τR we can derive the abelian current multiplet

Ξ = D+ Re τR = ξ + iθ+(H+ī
ī + ∂+tL)− iθ+θ+∂+ξ (A.59)

which will be useful in deriving the superconformal current multiplet in the next subsection.

Finally we calculate the (0, 2) SUSY variation

δε = ε+Q+ − ε+Q+ (A.60)

of the real multiplet Re τR. It gives rise to

δεtR = ε+ξ+ − ε+ξ+ δεξ+ = −ε+(6H+ī
ī + i∂+tR)

H+ī
ī =

i

6
(ε+∂+ξ+ + ε+∂+ξ+) δεξ+ = −ε+(6H+ī

ī − i∂+tR) (A.61)

and is compatible with tR and iH+ī
ī being real.

Supercurrents for Tensor Multiplet

The chiral bosons arising from the reduction of the tensor multiplet make it difficult to write

down an action for the (0, 2) multiplets discussed in the last subsection. But we still can

explicitly calculate the energy momentum tensor of the two dimensional theory. To this end,
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we first consider the 6D real supercurrent

J =
1

2
T 2 . (A.62)

It gives rise to the superfield

V st
αβ = D(s

αD
t)
β J = vstαβ + . . . (A.63)

which hosts the conserved R-symmetry current as its leading part v12
αβ [104]. We are interested

in the component V 21
αβ . It is associated to the Cartan generator JR of su(2) and thus the R-

symmetry in 2d. The two antisymmetric spinor indices this multiplet carries can be mapped

to a vector index

V 12
M = γ̃αβM V 12

αβ = γ̃αβM v12
αβ + . . . . (A.64)

In the R1,1 directions the leading components of this vector are:

V 12
+ = ξξ − 1

2
ξijξ

ij + . . . (A.65)

V 12
− = ξiξ

i. (A.66)

These leading contributions are sufficient to figure out the full expression for V 12
M in terms

of the superfields we introduced in the last subsection. We obtain

V 12
+ = D+T D−T − 1

2
ΞijΞ

ij = ΞΞ− 1

2
ΞijΞ

ij and V 12
− = −ΞiΞ

i
, (A.67)

where we have used (A.59). It is straightforward to check that these two superfields represent

conserved currents in 2d, namely they fulfill ∂−V
12

+ = ∂+V
12
− = 0. The latter is a singlet,

while the former is the superconformal current of a 2d SCFT. It has exactly the form one

would expect from the (0, 2) Sugawara construction of chiral currents [105].

B Effective Strings from 4d N = 2 SCFTs

In this Appendix we provide further details on the spacetime filling strings which are a

necessary ingredient in the construction of our 2d theories. In string theory terms, these

effective strings arise from N D3-branes wrapped on the collapsing P1 factor of M4×P1, the

six-manifold wrapped by the seven-brane. Here, the P1 factor has self-intersection −n in the

base of an F-theory model.

Now, in the limit where the volume of the P1 is very large, we can approximate this

system by the 4d theory defined by D3-branes probing a seven-brane with gauge group

G. For the simple NHCs, this realizes 4d N = 2 superconformal field theories where the

seven-branes contribute a flavor symmetry G. Various aspects of these theories have been
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studied for example in references [90–95, 99–101, 106–110]. In what follows we will include

the free hypermultiplet describing motion of the center of mass for the D3-branes inside the

seven-brane.

In addition to the flavor symmetry localized on the seven-brane, we also have the geomet-

ric isometries associated with directions both inside the seven-brane, i.e., an SO(4)‖ symme-

try, and transverse to the seven-brane, i.e. U(1)⊥. The R-symmetry of the 4dN = 2 SCFT is

realized by SU(2)R×U(1)⊥, where we use the isomorphism SO(4)‖ ' SU(2)L×SU(2)R/Z2.

The generator for the 4d N = 1 R-symmetry is given by the linear combination:

RN=1 =
1

3
RN=2 +

2

3
I(3), (B.1)

where RN=2 is the generator associated with U(1)⊥ and I(3) is the generator of the Cartan

subalgebra of SU(2)R, with eigenvalues ±1 in the fundamental representation. For the

theories in question, the usual central charges

a =
3

32

(
3TrR3

N=1 − TrRN=1

)
, c =

1

32

(
9TrR3

N=1 − 5TrRN=1

)
, (B.2)

reduce to:

a =
1

8
N2n+

1

12
Nh∨G , c =

1

8
N2n+

1

8
Nh∨G . (B.3)

Here, we include the contribution from the free hypermultiplet parameterizing the center of

mass degree of freedom for the stack of D3-branes inside of the seven-branes.

The anomalies for these theories have been computed in references [7,98,99,101,107]. It

is convenient to assemble these expressions into a single anomaly polynomial which depends

on the background field strengths FG, FL, FR, F⊥, and T , the background tangent bundle:

I4d =
k⊥GG

4

(
c1(F⊥)TrF 2

G

)
+
k⊥⊥⊥

6

(
c1(F⊥)3

)
+
k⊥TT

24
(c1(F⊥)p1(T )) (B.4)

+
k⊥LL

4

(
c1(F⊥)TrF 2

L

)
+
k⊥RR

4

(
c1(F⊥)TrF 2

R

)
. (B.5)

where the explicit values are:

k⊥GG = −Nn, k⊥⊥⊥ = −2Nh∨G, k⊥TT = 2Nh∨G, (B.6)

k⊥LL = −N
(
Nn− h∨G

3

)
, k⊥RR = N

(
Nn+

h∨G
3

)
, (B.7)

which are in turn obtained by evaluating the anomalies:

k⊥GG × δAB = Tr(RN=2T
ATB), k⊥⊥⊥ = Tr(R3

N=2), k⊥TT = −Tr(RN=2), (B.8)

k⊥LL × δab = Tr(RN=2I
a
LI

b
L), k⊥RR × δab = Tr(RN=2I

a
RI

b
R), (B.9)
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where in the above, we have introduced the Lie algebra generators TA for the flavor group

G and generators IaL and IbR for SU(2)L and SU(2)R.

Next, consider the dimensional reduction of the 4d theory on a P1. In this case, the

SU(2)R factor of SO(4)‖ ' SU(2)L × SU(2)R/Z2 remains as a spectator, and we only use

the abelian factor coming from the U(1)⊥ factor of the 4d N = 2 SCFT. This is required

in order to match to the symmetries preserved by the N = 2 SCFT. So, we introduce the

specific decomposition:

RN=2
4d = R2d,R ⊗K1/2

P1 , (B.10)

where KP1 is the canonical bundle on P1. The overall twist is dictated by the same analysis

presented, for example in reference [111]. The first Chern class splits up as:

c1 (F⊥) = c1(R2d,R) +
1

2
c1(KP1) . (B.11)

To obtain the anomaly polynomial of the 2d effective strings, we now integrate over the P1.

To this end, we make the subsitutions p1(T )→ p1(TZ), and use the fact that:∫
P1

c1(KP1) = −2. (B.12)

The 2d anomaly polynomial is then given by:

I2d =
Nn

4
TrF 2

G +Nh∨G

(
c1(R2d,R)2 − 1

12
p1(TZ)

)
(B.13)

+
N

4

(
Nn− h∨G

3

)
TrF 2

L −
N

4

(
Nn+

h∨G
3

)
TrF 2

R. (B.14)

On a curved background where FL and FR are generically broken, this reduces to:

I2d =
Nn

4
TrF 2

G +Nh∨G

(
c1(R2d,R)2 − 1

12
p1(TZ)

)
, (B.15)

which is the expression used in section 5.

Weakly Coupled Example

To check that we have correctly fixed all normalizations, as well as all relative signs, it

is helpful to return to a weakly coupled example where all contributions to the anomaly

polynomial can be explicitly evaluated. Along these lines, we consider the 4d N = 2 SCFT

defined by SU(2) gauge theory with four flavors in the fundamental representation, and a

decoupled free hypermultiplet. This is the special case N = 1 and n = 4. In terms of N = 1

multiplets, the matter content consists of four chiral multiplets Q⊕Qc, another pair of chiral

multiplets H ⊕Hc, a chiral multiplet Φ in the adjoint representation of SU(2), and a vector
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multiplet V . In this presentation, we have a manifest U(4) flavor symmetry which enhances

to SO(8). In our normalization conventions for generators, the fermionic components of each

multiplet (denoted by ψ) have charge assignments:

I
(3)
L I

(3)
R U(1)⊥ U(4) SU(2)D3

ψQ 0 0 −1 4 2

ψQc 0 0 −1 4 2

ψH +1 0 −1 1 1

ψHc −1 0 −1 1 1

ψΦ 0 −1 +1 1 3

ψV 0 +1 +1 1 3

. (B.16)

Let us now verify that our formulae agree with the normalization conventions used in lines

(B.6) and (B.7). In the obvious notation, we have:

k⊥GG = k⊥GG(ψQ) + k⊥GG(ψQc) = −2− 2 = −4, (B.17)

k⊥⊥⊥ = k⊥⊥⊥(ψQ) + k⊥⊥⊥(ψQc) + k⊥⊥⊥(ψH) + k⊥⊥⊥(ψHc) + k⊥⊥⊥(ψΦ) + k⊥⊥⊥(ψV )

= −8− 8− 1− 1 + 3 + 3 = −12, (B.18)

k⊥TT = k⊥TT (ψQ) + k⊥TT (ψQc) + k⊥TT (ψH) + k⊥TT (ψHc) + k⊥TT (ψΦ) + k⊥TT (ψV )

= +8 + 8 + 1 + 1− 3− 3 = +12, (B.19)

k⊥LL = k⊥LL(ψH) + k⊥LL(ψHc) = −1− 1 = −2, (B.20)

k⊥RR = k⊥RR(ψΦ) + k⊥RR(ψV ) = 3 + 3 = 6. (B.21)

Returning to lines (B.6) and (B.7) and plugging in N = 1 and n = 4, we obtain the same

values.
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