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Abstract

We study solutions of the Klein-Gordon, Maxwell, and linearized Einstein equations
in RU4*1! that transform as d-dimensional conformal primaries under the Lorentz group
SO(1,d+1). Such solutions, called conformal primary wavefunctions, are labeled by a
conformal dimension A and a point in R%, rather than an on-shell (d 4 2)-dimensional
momentum. We show that the continuum of scalar conformal primary wavefunctions
on the principal continuous series A € %l + iR of SO(1,d + 1) spans a complete set
of normalizable solutions to the wave equation. In the massless case, with or without
spin, the transition from momentum space to conformal primary wavefunctions is im-
plemented by a Mellin transform. As a consequence of this construction, scattering
amplitudes in this basis transform covariantly under SO(1,d + 1) as d-dimensional

conformal correlators.



1 Introduction

Scattering problems are conventionally studied in momentum space where translation sym-
metry is manifest. However, not all properties of scattering amplitudes are emphasized in this
choice of basis. One famous alternative basis is twistor space [I.2] where many remarkable
properties of perturbative gauge theory amplitudes are naturally explained.

The Lorentz group in R+ is identical to the Euclidean d-dimensional conformal group
SO(1,d+1). It is then natural to ask if there is a basis of wavefunctions where scattering am-
plitudes in R"*! admit interpretations as Euclidean d-dimensional conformal correlators
For massless scalar and spin-one fields, such wavefunctions were constructed in [3,4], while
the massive scalar wavefunctions were introduced in [5] for (3 4+ 1) spacetime dimensions.
However, it had not been established whether these conformal wavefunctions form a com-
plete set of normalizable solutions to the wave equation in each case. In this paper we study
the completeness of these wavefunctions with and without spin and extend the construction
to arbitrary spacetime dimensions.

The search for conformal bases of wavefunctions has its roots in the study of two-
dimensional conformal symmetries in four-dimensional scattering amplitudes. In [3], de Boer
and Solodukhin approached the problem of flat space holography from a hyperbolic slicing of
Minkowski space. Since each slice is a copy of a three-dimensional hyperbolic space Hs, the
two-dimensional conformal symmetry naturally arises on the boundary via AdS holography.
It was then conjectured [6H9] that in any four-dimensional quantum gravity, the Lorentz
group SL(2,C) is enhanced to the full Virasoro symmetry. This conjecture was later refined
and verified [4L[I0,11] for tree-level S-matrices following a new subleading soft graviton theo-
rem [I2]. In particular, the authors of [11] gave an explicit construction of a two-dimensional
stress-tensor that generates a complex Virasoro symmetry acting on the celestial sphere at
null infinity. The one-loop correction to the Virasoro stress tensor was recently discussed
in [13,14] from an anomaly [15H18] of this subleading soft graviton theorem. Furthermore,
it was observed that insertions of soft photons in the amplitude resemble the Kac-Moody
algebra in two dimensions [I9H23]. See [24] for a comprehensive review of this subject.

In this paper we introduce a basis of flat space wavefunctions that is natural for the study
of the d-dimensional conformal structure of (d+2)-dimensional scattering amplitudes beyond
the soft limit. We consider on-shell wavefunctions in R»¥*! with spin that are SO(1,d + 1)
conformal primaries, extending the construction in [41[5] beyond (3 4+ 1) dimensions. These
solutions, called conformal primary wavefunctions, are labeled by a conformal dimension A

!By a conformal correlator we mean a function of n points on R? that transforms covariantly as in (Z.26])
(or the spin version thereof), i.e. it is a function with the same conformal covariance as an n-point function

of primaries in conformal field theory (CFT).



and a point @ in R%, as opposed to a (d+ 2)-dimensional on-shell momentum. Crucially, the
conformal dimension A should be thought of as a continuous label for solutions in this basis,
and is not fixed by the mass of the bulk field. Rather, we require a continuum of conformal
primary wavefunctions to span the solution space of a single bulk field

One immediate puzzle about the massive conformal primary wavefunction is that, as
opposed to the massless case, there does not appear to be a canonical way to associate a
point @ in R to the trajectory of a massive particle in R4+ It turns out that the label
w is not a point in position space, but in momentum space of the massive particle. More
precisely, @ is a boundary point of the space of (d+ 2)-dimensional on-shell momenta, which
is a copy of a (d + 1)-dimensional hyperbolic space Hgy1. See (Z14) for details.

The main objective of this paper is to determine the range of the conformal dimension
A for these conformal primary wavefunctions to form a basis of on-shell wavefunctions in
RYM4*1 If such range of A exists, then we can safely translate every scattering amplitude
into this conformal primary basis without loss of information. In both the massive and the
massless scalar cases, we show that the continuum of conformal primary wavefunctions wit

Aeg+ﬁ, (1.1)

spans the complete set of delta-function-normalizable solutions with respect to the Klein-
Gordon norm (3.6). This range of A is known as the principal continuous series of irreducible
unitary representations of SO(1,d + 1), which plays a central role in the harmonic analysis
of the conformal group (see, for example, [25]). We contrast the scalar conformal primary
basis with the momentum basis in Tables[Iland 2l In the massless case, the change of basis is
given by a Mellin transform (or plus a shadow transform). In the massive, on the other hand,
it is implemented by an integral over all the on-shell momenta with the bulk-to-boundary
propagator in Hy,, being the Fourier coefficient.

We then discuss massless conformal primary wavefunctions with spin. More specifically,
we will construct solutions to the (d + 2)-dimensional Maxwell and vacuum linearized Ein-
stein equation that transform as d-dimensional spin-one and spin-two conformal primaries,
respectively. This extends the study of spin-one conformal primary wavefunctions in (3 + 1)
dimensions of [4]. One qualitative difference between the massless spinning wavefunctions
and the scalar wavefunctions is the presence of gauge or diffeomorphism symmetry. It turns
out that conformal covariance of the on-shell wavefunction selects a particular gauge. We will
also discuss spinning conformal primary wavefunctions that are pure gauge/diffeomorphism

2Therefore in any flat space holographic duality formulated through this construction, the dual putative

conformal theory will be non-compact (like a Liouville theory). This point was also advocated in [3,[4].
3For massive scalar conformal primary wavefunctions, we only require half of the principal continuous

series, i.e. A € £ +iR>g or A € 4 4+ iR<o. See Section [ for more details.
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Bases Plane Waves Conformal Primary Wavefunctions

Notations exp [£ip - X] oK (XH; D)

Labels Pt (p? = —m?,p° > 0) Aed+iRs, WeR?

Table 1: A comparison between the plane wave basis and the conformal primary basis B+
for normalizable, outgoing/incoming solutions to the massive Klein-Gordon equation. The
plane wave is labeled by an on-shell momentum p* with p? = —m?2, whereas the conformal
primary wavefunction is labeled by A € g + iR5 and @ € R?. Here the plus and minus

superscripts denote outgoing and incoming wavefunctions, respectively. There is another
basis B* that is shadow to BE.

Bases Plane Waves Conformal Primary Wavefunctions
Notations exp [+ik - X] ok (XP;0) = (—q(@) - X Fie)
Labels k" (k> =0, k° > 0) Aed+iR, @ eR

Table 2: A comparison between the plane wave basis and the conformal primary basis Bf;:o
for normalizable, outgoing/incoming solutions to the massless Klein-Gordon equation. The
plane wave is labeled by a null momentum k*, whereas the conformal primary wavefunction

is labeled by A € % + iR and @ € R%. There is another basis gi:o that is shadow to BE_,.

in diverse spacetime dimensions. Finally we show that the plane waves are spanned by spin-
ning conformal primary wavefunctions on the principal continuous series (ILT]). The transition
from momentum space to the space of massless spinning conformal primary wavefunctions
is implemented by a Mellin transform (or plus a shadow transform).

Scattering amplitudes written in the conformal primary basis manifestly enjoy the confor-
mal covariance of d-dimensional conformal correlators. For example, the three-point decay
amplitude of a four-dimensional ¢* theory written in this basis was shown to take the form



of a two-dimensional CFT three-point function in a special mass limit [5]. The soft limit and
collinear singularities of gluon and graviton amplitudes were analyzed in this basis in [4].
The factorization singularity of scattering amplitudes has also been studied in the CFT
language [26,27]. It will be interesting to explore how other conformal structures can be
translated into statements about scattering amplitudes in this basis.

The construction of conformal primary wavefunctions proceeds naturally via the embed-
ding formalism in CFT [28435]. Our flat space conformal wavefunctions are expressed in
terms of the hyperbolic space Hy,1 bulk-to-boundary propagators lifted to the embedding
Minkowski space. In the CFT context, the embedding Minkowski space RY¥*! is merely
a fictitious space one introduces to realize the conformal transformation linearly. By con-
trast, in the current setting the embedding R'4*! is the spacetime where physical scattering
processes take place.

The rest of the paper is organized as follows. In Section Pl we review and extend the
definition of massive scalar conformal primary wavefunctions in general spacetime dimen-
sions. In Section B we determine the range of the conformal dimension to be the principal
continuous series of SO(1,d + 1). In Section @], we consider massless scalar conformal pri-
mary wavefunctions and determine the range of their conformal dimensions. In particular,
we show that the change of basis from momentum space to conformal primary wavefunctions
is implemented by a Mellin transform in the massless case. In Sections [ and [6] we discuss
massless spin-one and spin-two conformal primary wavefunctions, respectively.

2 Massive Conformal Primary Wavefunctions

In this section we construct massive scalar wavefunctions in (d + 2)-dimensional Minkowski
spacetime R+ with coordinates X*, = 0,1,---,d + 1.

2.1 Massive Scalar Conformal Primary Wavefunctions in General Dimensions

Let us review the massive scalar conformal primary wavefunction defined in [5]. The massive
scalar conformal primary wavefunction ¢a(X*; W) of mass m in RV is a wavefunction
labeled by a “conformal dimension” A and a point @ in R?. It satisfies the following two
defining properties:

4We omit the mass m dependence of the conformal primary wavefunction in the notation ¢ (X*; ).



e It satisfies the (d 4 2)-dimensional massive Klein-Gordon equation of mass mﬁ

o 0 9

— X)) =0. 2.1

(50— *) @a(xvs 1)

e [t transforms covariantly as a scalar conformal primary operator in d dimensions under
an SO(1,d + 1) transformation,

—A/d
Pa (X" ), (2.2)

ow’

ow

ba (A% X (@) = \

where /() is an SO(1,d + 1) transformation that acts non-linearly on @ € R? and
A* ) is the associated group element in the (d + 2)-dimensional representation. More
explicitly, @' () is generated by:

R? translation : W' =w+d,
SO(d) rotation : W' = M -0, (2.3)
dilation : w' = M0,
— — 2_’
special conformal . 117/ _ w + |’UJ| b
transformation ° - 7o ol =19
14 2b - @ + |b]?|w|?

Being a solution to the Klein-Gordon equation, the conformal primary wavefunction can
be expanded on the plane waves. The Fourier expansion takes the form of an integral over all
the possible outgoing or incoming on-shell momenta, each of which is a copy of the (d + 1)-
dimensional hyperbolic space Hy,1. To be more concrete, let y, 2 be the coordinates of Hy 4
with y > 0 and Z € R?. The Hy,, metric is

PR dy? +dz-dzZ
SHd+1 - y2 J

(2.4)

with y = 0 being the boundary. This geometry has an SO(1, d+1) isometry 2 — Z'(y, 2) ,y —
y'(y, Z) that is generated by

R? translation : 3 =y, 7 =7+d,

SO(d) rotation : y =y, Z'=M-Z, (2.5)
dilation : Yy = \y, 7' =\Z,

special confmjmal . y/ — Y 71— 5—|— (y2 + ‘5‘2)19
transformation 142624 b2(y2 + |212) 1+2b- 24 |b2(y2 + |212)

>Qur convention for the spacetime signature in RV4+1 is (— + + .- +).



We can then parametrize a unit timelike vector p(y, 2) satisfying p> = —1 in terms of the
Hy, 1 coordinates as,

AP T+y*+ 1|22 27 1—9*— |22
p@w)z(————iln—,————lj— : (2.6)
2y y 2y

The map p(y, Z) defines an embedding of the Hy,; into the upper branch (p° > 0) of the unit
hyperboloid in RV¥*!. We will henceforth use p and (y, 7) interchangeably to parametrize a
point in Hy, ;. The advantage of working with p* is that the non-linear SO(1,d + 1) action
(2.5) on y, Z now becomes linear on p*,

P2 = ALY (2.7)

where A* is the associated group element of SO(1,d + 1) in the (d + 2)-dimensional repre-
sentation.

One last ingredient we need is the scalar bulk-to-boundary propagator G (p; W) in Hgyq
361,

Ga (s 1) = (ﬁf , (2.8)

v+ 17—

where @ € R is a point on the boundary of Hy, ;. Let us define a map from R? to a “unit”
null momentum ¢* in RV ag

(W) = (1+ |0, 20, 1 — |@]*) . (2.9)

We will use 1 and ¢* interchangeably to parametrize a point in R?. While @ transforms
non-linearly under SO(1,d+ 1) as in ([2.3)), its embedding ¢* into R transforms linearly,

ow’ |
Hap') = A" ¥ () . 2.1
)= |G| v (2.10)
We will often use
0
"= M) = 2(w”, &, —w®). 2.11
0ug" = 5 2d"(W) = 2(w", 5, —u") (2.11)

In terms of the coordinates p*(y,2) and ¢*(w), the bulk-to-boundary propagator can be
written succinctly as [35]

Ga(p;q) = A A (2.12)



Under an SO(1,d + 1) transformation p(y, 2) — p' = p(v/, 2’) and ¢(@) — ¢’ = q(&’), the
G a transforms covariantly as

—A/d
Ga(p;q) - (2.13)

ow’

o

Ga(p'id) = ‘

With the above preparation, we can now write down the Fourier expansion of the scalar
conformal primary wavefunction on the plane waves,

(2.14)

6% (XH; ) = / (dp] Ga(; @) exp [£imp - X

Hgyq

with Fourier coefficients being the scalar bulk-to-boundary propagator in Hy, ;. We use a
plus (minus) sign for an outgoing (incoming) wavefunction. Here [dp] is the SO(1,d + 1)
invariant measure on Hy1:

[e§) dy dd—i—lﬁi
dp z/ —/dd5:/ - 2.15
[, = [ - (2.15)

where i = 1,2,--- ,d+1 and p* = 1/pip + 1. The conformal primary wavefunction given in
(214) satisfies the defining property (2.2]) thanks to the conformal covariance of the bulk-
to-boundary propagator (213).

Importantly, the conformal dimension A of the conformal primary wavefunction qbi (XH; W)
is not related to the mass m. Indeed, A together with @ € R? should be thought of as the
dual variables to an on-shell momentum p* that label the space of solutions to the Klein-

Gordon equation. In particular, we require a continuum of conformal primary wavefunctions
da(XH; W) to form a basis of normalizable wavefunctions. We will determine the range of A
in Section [3l

2.2 Closed-Form Expression

In (214)) we have provided an integral representation for the massive scalar conformal pri-
mary wavefunction. In this section we will write its closed-form expression in terms of Bessel
functions by directly solving the Klein-Gordon equation.

Let us consider the following ansatz for the wavefunction:

f(X?)

oA (XM W) = —g- XA (2.16)



with ¢* = ¢*() given in (ZJ). The factor 1/(—¢q - X)* solves the massless Klein-Gordon
equation and has the desired conformal covariance (2Z2]) following from (H])E while the
numerator is invariant under SO(1,d + 1). Hence the ansatz (2.16]) already obeys (2.2]) and
we only need to solve for f(X?) such that ¢ is a solution to the massive Klein-Gordon
equation. The massive Klein-Gordon equation gives the following differential equation for

F(X2):
0=4X2f"(X?) - 2(2A —d — 2)f/(X?) — m*f(X?), (2.17)
from which we obtain
F(X?) = (VX222 e Iy g (mVX?) + e Ly g (mV/X)] (2.18)

where [,(z) is the modified Bessel function of the first kind. For large spacelike X*, the
Bessel function I,(mv/X?) grows exponentially as e™ >, so a generic solution (ZI8) will
not give rise to normalizable wavefunctions. By requiring a finite Klein-Gordon norm (3.6))
of the wavefunction, we select out a particular linear combination that is proportional to

a modified Bessel of the second kind, K,(z) = EM, which dies off exponentially

2 sin(ar)
as e=™VX? for large X2. We can fix the overall constant by comparing with the integral
expression (2.14) and find
25+lns  (V=X2)A %

L (XH W) = — g(_q(w).X$i€>AKA_%(m\/ﬁ). (2.19)

We have introduced an ie prescription for the denominator.

2.3 Shadow Transform

In this section we show that the conformal primary wavefunction gbi is the shadow transform
of ¢, B

Given a d-dimensional scalar conformal primary operator Oa (W), its shadow [37-40]
Oa (W) is a non-local operator defined as

On() = #))/ddw’w_ L Oa(@'). (2.20)

117/|2(d_A)

6This implies that 1/(—q- X)? is a massless conformal primary wavefunction, which will be discussed in

full detail in Section [l
"To obtain the above closed-form expression, we should analytically continue to imaginary m as in [5]

and perform the integral.
8We would like to thank Andy Strominger for pointing this out to us.



The shadow operator (5A transforms as a scalar conformal primary operator with conformal
dimension d — A. The normalization constant is chosen so that our conformal primary
wavefunctions transform nicely under (2.20).

More generally, given a d-dimensional conformal primary O, ...,(@) in the symmetric
traceless rank-J representation of SO(d) with dimension A, its shadow O,,..,, (W) can be
most conveniently computed in terms of its uplift O,,..,,, (@) to the embedding space R}
[34]:

o) i I(A+J) / d—»/Hizl [5Z”(—%Q'ql)+%q’u q””} N
© A d™w § - Ol/l“'l/ w ),
i () w2 (A —1),T(A - g) (—%q L q)d=AtT ,(0")

(2.21)

where (a); = I'(a + J)/I'(a) and ¢* = ¢*(w) as in (29). The uplifted operator O, ..., (W)
is transverse to ¢* and is defined modulo terms of the form q#iA*1#i#7 (). Note that

—2q-¢ = |W — @'|*. We recover the d-dimensional primary O,,...,, (@) via the projection:
L Og"9g -
Ofll“‘aj (w) = Own T W Hivpg (w) ) (2’22)

—

and similarly for its shadow O,,..q, (). The shadow operator O,,..q, () transforms as a
spin-J conformal primary with dimension d — A under SO(1,d + 1).

To study the shadow transform of our conformal primary wavefunction, let us first note
a useful identity (see, for example, [34])
d_
ra-d) (cxyis

d > 1 1 .m
/d Z‘g_ W[AA=A) (—q(2) - X)A T(A)  (—q(d@)- X)&Aa- (2.23)

Now the shadow transform of our conformal primary wavefunction (2.19)) directly follows

from ([2.23)):

% (X 0) = ¢ A (X;10) |. (2.24)

Thus the conformal primary wavefunctions ¢% and ¢3 . should not be counted as linearly
independent solutions to the massive Klein-Gordon equation as they are related by a shadow
transform.

2.4 Integral Transform: From Amplitudes to Conformal Correlators

In (ZI4) we determined the change of basis from the plane wave e*?~ to ¢%(X*; ) for
a single wavefunction. This change of basis can be imminently extended to any n-point

9



scattering amplitude of massive scalars. Let A(p!') be such an amplitude in momentum
space, including the momentum conservation delta function 62 (3" p'). We can then
define an integral transform that takes this amplitude to the basis of conformal primary

wavefunctions,
Adia)=T] [ ldp) Gonliui @) Almist). (2.25)
k=1 Hat+1
where we have parametrized an outgoing (incoming) on-shell momentum as p! = m;p*
(pl' = —mp") with p? = —1 as in (2.6). Thanks to the conformal covariance (2.2)) of

the wavefunctions ¢% (), the scattering amplitude in this basis transforms covariantly as a
d-dimensional CF'T n-point function of scalar primaries with dimensions A,

—/ —Ak/d .
Oy, A(A, 18, (2.26)

0wy,

-’Z(Ai, w;(wz)) = H

Hence the change of basis (2.25]) is implemented as an integral transformation that takes a
scattering amplitude A(p!) to a d-dimensional conformal correlator A(A;, ;).

3 A Conformal Primary Basis

It is natural to ask for what, if any, range of the conformal dimension A will the set of
conformal primary wavefunctions ¢z (X*;w) form a basis for delta-function-normalizable,
outgoing/incoming solutions of the Klein-Gordon equationﬁ In this section we show that

the range of A can be chosen to be the principal continuous series of SO(1,d + 1).

3.1 Inverse Transform and Principal Continuous Series

We begin by seeking the inverse transform of (2.I4]), i.e. the expansion of plane waves
into the conformal primary wavefunctions Since the plane waves form a basis, if we can
expand them on a certain set of conformal primary wavefunctions, then the latter also forms a
(possibly over-complete) basis. This is possible if the bulk-to-boundary propagator, which is
the Fourier coefficient in (2.I4]), satisfies certain orthonormality conditions for some range of

9Throughout this paper, we will consider the space of complex solutions to the wave equation. As usual,
a reality condition is needed if one wants to perform a mode expansion of a real field on these complex

solutions.
10We would like to thank H.-Y. Chen, X. Dong, J. Maldacena, and H. Ooguri for discussions on this point.

10



the conformal dimension A. Indeed, this is the case if A belongs to the principal continuous
series of the irreducible unitary SO(1,d + 1) representations

d
Aeg+iR|. (3.1)

One orthonormality condition we need for the Hyy; scalar bulk-to-boundary propagator
is [35]:

/ dv p(v) /ddegm(ﬁl;w)Gg—w(ﬁz;vﬂ) = 0" (py, o), (3.2)
where 6@V (p1, po) is the SO(1,d + 1) invariant delta function in Hg,,. The measure factor
wu(v) is

I(¢+iv)D(4 —iv)

H) = T T (i)

(3.3)

which is an even, non-negative function of v. The second orthonormality condition is [35]:

[ 1G5 0)Gyp ) = (3.4)
Hair 2 2

L(iw)(—iv) _ L d [(iv) _ 1
o+ 5w+ 7)5 (i, — i) + 2731 )50, _ |
T T+ T =) (v +0)8\Y (W) — Wy) + 27 0+ i) (v —1) [y — | 2E )

Now we are ready to write down the inverse transform of (ZI4]). Combining (2.I4) and
B.2), we immediately obtain:

6iimﬁ.X = 2/ dV,“J(”) /ddu_f G%—w(ﬁ? ’LB) i-l—iu(XM; U_;) ! (35)
0 2

where we have used (2.23)) and (2:24) to rewrite the expansion only on wavefunctions with
non-negative v.

Given that the plane waves form a basis for the normalizable solutions of the Klein-
Gordon equation, it is tempting to conclude from (B.5]) that the conformal primary wave-
functions on the principal continuous series with non-negative v form a basis too. We have
to check the following two conditions, however, in order to prove the above assertion:

HUMore precisely, the principal continuous series representations are labeled by a conformal dimension
A e % + iR and a representation, the spin, of SO(d). In this section we will consider the spin-zero principal
continuous series representations, while in Section Bl and [l we will encounter spin-one and spin-two (i.e.

symmetric traceless rank-two tensors of SO(d)) representations, respectively.
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e Are the conformal primary wavefunctions ¢x (X*;w) with A € ¢ 4+ iR>q and € R?
linearly independent of each other?

e Are the conformal primary wavefunctions delta-function-normalizable with respect to
the Klein-Gordon norm?

We will shortly give positive answers to both questions in Section [3.2] by explicit computation
of the Klein-Gordon inner product between conformal primary wavefunctions.

3.2 Klein-Gordon Inner Product

In studying the solution space for the massive Klein-Gordon equation, we focus on wave-
functions that are (delta-function-)normalizable with respect to a certain inner product. A

natural inner product between complex wavefunctions is the Klein-Gordon inner product
defined as

(@, Py) = —i/dd“Xi [@1(X) Ox0®5(X) — Oxo®1(X) P5(X)] , (3.6)

where i = 1,2,---,d + 1 is an index for the spatial directions in R+ and * stands for
complex conjugation. Using the Klein-Gordon equation, one can show that the above inner
product does not depend on the choice of the Cauchy surface we integrate over. The plane
waves, for example, are delta-function-normalizable with respect to this inner product

(XX FPX) = £9(2m) M1 p0 6@ (pf — ). (3.7)

Furthermore, they form a basis of normalizable solutions to the Klein-Gordon equation.

Let us compute the Klein-Gordon inner product of two conformal primary wavefunctions:

(¢:§+iul (X5 ), Cb:;i,,z (X" 2l72)>
2d+3,ﬂ.2d+2 F('él/l)r(—il/l)

md  D(4 4 iv)T(4 — i)
243542 iy 1
d d( 1.) 6(V1+V2) - S 20444
m F(E + 21/1) ‘wl — w2‘ (g+iv1)

==+

+

: (3.8)

12Strictly speaking, while (3.6) is a positive-definite inner product on the space of outgoing (i.e. positive
energy) wavefunctions, we should use the minus of ([B.6]) as a positive-definite inner product on the space of

incoming (i.e. negative energy) wavefunctions.
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where we have used the second orthonormality condition ([B4]). As we saw in the last section,
conformal primary wavefunctions with negative v are linearly related to those with positive v
by the shadow transform. Therefore we only need to consider the inner product between those
with positive v, in which case the second term in (3.8]) drops out. Note that the coefficient of
the surviving term (i.e. the first term) is positive (negative) definite for outgoing (incoming)
wavefunctions, as it should be for an inner product on single particle solutions.

From (3.8), we then conclude that the conformal primary wavefunctions are delta-function
normalizable with respect to the Klein-Gordon inner product. Furthermore, the set of con-
formal primary wavefunctions <b§+w(X #: ) with non-negative v and @ € R are orthogonal

2

to each other, and hence are linearly independent.

3.3 The Massive Scalar Conformal Primary Basis

We are finally ready to write down the complete set of linearly independent conformal pri-
mary wavefunctions that span the space of outgoing or incoming solutions to the massive
Klein-Gordon equation. We will call such bases of wavefunctions the outgoing (4) and
incoming (—) conformal primary bases B*.

Let us recap the logic. In (B) we showed that the plane waves can be expanded upon
conformal primary wavefunctions on the principal continuous series with non-negative v,
so the latter must span the whole solution space. In (B.8]) we showed that the conformal
primary wavefunctions with non-negative v and € R are delta-function-normalizable and
linearly independent of each other. Thus we conclude that the outgoing/incoming conformal
primary bases B* for the massive Klein-Gordon equation can be chosen to be

Bt = {0

§+w

(&w)uzawemﬂ (3.9)

where we recall that the plus and minus superscripts denote outgoing and incoming wave-
functions, respectively. We contrast the massive conformal primary bases with the plane
wave bases in Table [l

Alternatively, the shadows of the bases (8.9) are equally good conformal primary bases
for the massive Klein-Gordon solutions:

B ={ o}

§+w

(&w)ugawemﬂ. (3.10)

To sum up, we have identified a pair of bases Bt and B* for the outgoing, normalizable
solutions to the massive Klein-Gordon equation. Similarly, we have identified a pair of bases

13



B~ and B~ for the incoming, normalizable solutions to the massive Klein-Gordon equation.
The four bases are related by complex conjugation and shadow transformation as below:

Outgoing: Bt  +— Bt

shadow
| | (3.11)
Incoming : B~ N B~

For odd d, there are also principal discrete series irreducible unitary SO(1,d 4 1) rep-
resentations with conformal dimension A = g + Zy. The conformal primary wavefunctions
for the discrete series, however, are not normalizable with respect to the Klein-Gordon inner
product ([B.6). To see this, note that the Klein-Gordon inner product between two conformal
primary wavefunctions with conformal dimensions A; and A, is proportional to

|G G, (3.12)
Hgyq

which diverges for positive A; and As. On the other hand, the wavefunction is delta-function-
normalizable if A is on the principal continuous series. Therefore we will not consider the
discrete series representations in this paper.

Recently, a simple solution to the conformal crossing equation of SO(1,d + 1) was
found [41] for all d[' The spectrum of conformal primaries consists of the whole contin-
uum of principal continuous series representations plus the principal discrete series. It will
be interesting to explore the connection between this conformal crossing solution and scat-
tering amplitudes in RY4+

4 Massless Scalars

So far we have been studying the conformal primary basis of the massive Klein-Gordon
equation. In this section we show how the massless limit of our massive conformal primary
wavefunction reduces to a combination of the Mellin transform of the plane wave and its
shadow. We will then determine the conformal primary basis of solutions to the massless
Klein-Gordon equation with nonvanishing inner product.

4.1 Mellin Transform

Let us consider the massless limit of the massive conformal primary wavefunction written in
the integral representation (2.I4]). It will be convenient to change the integration variable

13See also [42] for a crossing solution in one dimension on the principal continuous series.
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from y to
m
2y

w (4.1)

The massless limit is taken by sending y = 3> — 0 (while holding w fixed) in the bulk-to-
boundary propagator,

(A %) d—A )
> g —Asd) (7 _ 7
Gal(y, Z; W) — T(A) Yy o0\ (2 — ) + 7o +-- (4.2)
where --- are higher order terms in the small y expansion. Note that for our purpose

A= g + il/ so the second term above is not smaller than the first one.

The massless limit of the conformal primary wavefunction is

d - d . 0o
- m\ —z~w m2D'(iv Ao g e
+ (X,’UJ) , <_> ( ) / dwwz T le:l:zwq(w)X
m—>
0

g+iv 2 I'(¢+iv)
+ (m)_g+iy dd—» 1 ood g—iy—l +iwg(2)-X (4 3)
— F— ww e :
2 |Z— u—;‘2(%+iu) 0 ’
where ¢*(w) = (1 + ||, 2wW,1 — |[@|*) as in [29). We see that the massive conformal

primary wavefunction does not have a well-defined massless limit because of the phases
m*. Nonetheless, we can extract the massless scalar conformal primary wavefunction from
the coefficients of these phases.

The first term in ([43]) takes the form of a Mellin transform of the plane wave. This is

the massless scalar conformal primary wavefunction, which, up to an overall constant, can
be regularized as [3-5,143,/44]

(Fi)2T(A)
(—q(w) - X Fie)®

(4.4)

()
@X(Xuv u—;) = / dw wA—l e:l:zwq-X—ew —
0

with € > 0. Since we obtain ¢% (X*; 1) from the massless limit of the conformal primary
wavefunction, it automatically satisfies the defining properties (2Z.I]) (with m = 0) and (2.2).
The second term in (@3] is the shadow of ¢%(X*; ), and so is not a linearly independent
wavefunction.

In fact, the massless scalar conformal primary wavefunction (4.4) is, up to a normalization
constant, nothing but the Hy,; bulk-to-boundary propagator Ga(p;w) (2.8), with the unit
timelike vector p extended to a generic point X* in R4+ [4]. Indeed, the bulk-to-boundary

HStrictly speaking we have not justified that the massless conformal primary wavefunctions on the prin-

cipal continuous series form a basis of wavefunctions. We will show this in Section
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propagator satisfies the two defining properties (ZI) and (2Z2]) of the conformal primary
wavefunction. First, from (ZI3]), it manifestly has the desired conformal covariance (2.2I).
Second, when extended to a generic point in R"¥*! it satisfies the massless Klein-Gordon
equation via a hyperbolic slicing of the d’Alembert operator in flat space [4,43,145,46]. We
will make use of this fact for the spinning conformal primary wavefunctions in later sections.

Let us elaborate more on the properties of the massless conformal primary wavefunction.
For a fixed null momentum ¢*, the Lorentz boost along the spatial direction of ¢* acts as

Boost : ¢-X = A(q-X) = @a(X* W) = A 2pa(XH0), (4.5)

where we have used (ZI0). Hence the dilation of the conformal primary wavefunction (% is
nothing but a Lorentz boost in RV+1,

The change of basis from plane waves to conformal primary wavefunctions is physi-
cally more intuitive in the massless case. Given a null momentum ¢* in R»*! it can be
parametrized by a scale w and a point @ € R? as in (Z3). The change of basis is imple-
mented by a Mellin transform on this scale w, while the point @ € R? is directly identified as
the position of the d-dimension conformal primary. The conformal dimension A is the dual
variable for the scale w. By contrast, there is no direct way to relate a timelike momentum
P* to a point in R? in the massive case. The change of basis is done by a Fourier transform
integrating over all p to conformal primary wavefunctions labeled by the dual variables A, @

as in (Z14).

4.2 The Massless Scalar Conformal Primary Basis

Since the massive conformal primary wavefunction does not have a well-defined massless
limit, we should study the completeness question separately for the massless case.

Before we dive into the space of conformal primary wavefunctions, let us note a qualitative
difference between the massless and massive solution spaces to the Klein-Gordon equation.
In the massless case, the constant wavefunction is a solution to the massless Klein-Gordon
equation, which sits at the intersection between the outgoing and the incoming solution
spaces. On the other hand, the massive outgoing and incoming solution spaces are disjoint
from each other. The constant wavefunction has strictly zero-energy and thus vanishing
Klein-Gordon norm (B.7). We will exclude the constant wavefunction from our definition of
either the outgoing or the incoming solution space. In fact, we will see that the conformal
primary wavefunctions do not cover the constant wavefunction.

Let us start with the inverse transform of (£4). The inverse Mellin transform of the
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plane wave is (see, for example, [3]),

e:l:iwq-X—ew — /OO @ w—c_iy (:FZ')CH”F(C + Zl/)
— 0o 2 (—q . X F Z'E)C-H'V )

w>0, (4.6)

where ¢ can be any positive number. Hence all the massless plane waves except for the
constant wavefunction can be expanded on the conformal primary wavefunctions. In other
words, for any positive ¢, the massless conformal primary wavefunctions (4.4]) with A € c¢+iR
form a (possibly non-normalizable) basis of nonzero energy solutions to massless Klein-
Gordon equations.

Next we need to determine for what value of ¢ > 0 will the massless conformal primary
wavefunction be delta-function-normalizable with respect to the Klein-Gordon inner product
(3:4). The Klein-Gordon inner product of the massless conformal primary wavefunctions with
A=c+ivis

(¢, (X5 @) , @k, (XP; )

= :|:2(27T)d+1 dw1 wf_l—i_iul / dw2 wg_l_m w1(1 -+ |1171‘2> (5(d+1) (wlqi(u_fl) - wgqi(u_fg))
0 0

_ j:4ﬂ_d+15(d) (U_jl . ,u—]»2) / dCUQ wgc—d-l-im—iuz—l ) (47)
0
The w, integral is divergent unless ¢ = g, in which case,

/00 dww™ ™ =2716(v). (4.8)

The Klein-Gordon inner product when ¢ = ¢ is (with 1,15 € R)

(SD:%":HW (X5 ), ‘p;%(X”; u72)> = 872011 — 12) 8 (W) — ) - (4.9)
Thus, the massless conformal primary wavefunctions ¢x are delta-function-normalizable if
the conformal dimensions are chosen to be A = g + iv with v € R, which are again the
principal continuous series representations of SO(1,d+1). The same conclusion was reached
from studying the AdS holography on each hyperbolic slice of Minkowski space [3,/4].

Notice that since the constant wavefunction is not spanned by the outgoing (incom-
ing) conformal primary wavefunctions, the inner products of the latter are strictly positive-
(negative-) definite as shown in (A.9]).

The Klein-Gordon inner product further implies that the massless conformal primary

wavefunctions with different v € R are orthogonal to each other. In particular, ¢ a is not

+iv
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in contrast to the massive case (2.24)). Instead, using (2.23), the

—iv)

linearly related to Pa
shadow of ¢ d iy, is

I'(¢+iv) 1

+ . = 2 d > + w. 2
Oq, . (XMW —7/dz—, oy, . (XM 2
%-Hu( ) %F(w) | d ( )

= (:Fz')g“’T(g +iv) (4.10)

(
(—q(@) - X Fie)z—
which, up to a normalization constant, is (—X?)~""y (X ). The Klein-Gordon inner
2

product between wiﬂ,y and its shadow goiw is then a power law term as a CFT two-point
2 2

function:

[(4— 1
4 w(;(yl_yz)

i, — 1172‘2(%%:/1) '

(4.11)

We conclude that the massless conformal primary bases Bi_, for the outgoing (+) and
incoming (—), delta-function-normalizable solutions of the massless Klein-Gordon equation
are

Bio={ ¢t (X" @) [veR Ger } | (4.12)

We compare the plane wave bases with the massless conformal primary bases in Table 2
We emphasize again that the constant wavefunction is excluded from our definition of either
the outgoing or the incoming solution space. In particular, the constant wavefunction is not
spanned by the conformal primary wavefunctions.

Alternatively, the shadows of the bases ([412) are equally good conformal primary bases
for the outgoing/incoming massless Klein-Gordon solutions:

B = {wiﬂ.y(){“; W) |v e R W e Rd} : (4.13)
2

We have thus identified a pair of bases B;._, and l?;zo for the outgoing, normalizable
solutions of the massless Klein-Gordon equation. Similarly, we have identified a pair of
bases B,,_, and 5;20 for the incoming, normalizable solutions of the massless Klein-Gordon
equation. The four bases are related by complex conjugation and shadow transform as below:

Outgoing:  Bf_, <+— Bi_,

shadow

L. L. 414

«— B,

Incoming : B,
shadow

m=0
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5 Photons

In this and the following section we present a detailed discussion of massless conformal
primary wavefunctions with spin. A massless state in RV**! sits in a representation of
the massless little group SO(d), the spin or helicity. For a spinning conformal primary
wavefunction, this spin gets interpreted as that of a conformal primary in d dimensions.
For example, an outgoing conformal primary wavefunctions in R'?® with positive helicity
transforms as a spin +1 conformal primary in two dimensions under SL(2,C).

The spin-one massless conformal primary wavefunction in (3 + 1) dimensions has been
constructed in [4]. In Section 5.1l we review this construction and extend it to general
spacetime dimensions. In Section we discuss how conformal covariance fixes a particular
gauge choice for the conformal primary wavefunctions. We also discuss conformal primary
wavefunctions that happen to be pure gauge. In Section[5.3] we show that spin-one conformal
primary wavefunctions on the principal continuous series A € %l + ¢R are normalizable and
span the space of plane wave solutions to the Maxwell equation.

Since there are no propagating degrees of freedom for a spin-one field in (1+ 1) spacetime
dimensions, we will assume d > 1 in this section.

5.1 Massless Spin-One Conformal Primary Wavefunctions in General Dimen-
sions

The defining properties of the outgoing (+) and incoming (—) massless spin-one conformal
primary wavefunction Afmi(X“; @) in RM* L are (u=0,1,--- ,d+1anda=1,---,d):

1. It satisfies the (d + 2)-dimensional Maxwell equation,

o 0 o 0
wo_ . Axiyp. 2\ —
<0X"8X05” aXvax)Aw (XP0) = 0. (5.1)

2. It transforms both as a (d+2)-dimensional vector and a d-dimensional spin-one confor-
mal primary with conformal dimension A under an SO(1, d+1) Lorentz transformation:

—(A-1)/d

ow® .
= AH"A?bi(X”; W), (5.2)

- ow'®

o’

o

A+ v, (5
A,ua (APVX y W (w>>

where w’(w) is an element of SO(1,d + 1) defined in (23] and A*, is the associated
group element in the (d + 2)-dimensional representation.

19



As usual, a solution to the Maxwell equation is subject to the ambiguity of gauge transfor-
mations. We will return to this in Section B2l

Similar to the scalar massless conformal primary wavefunction, its spin-one analog has
been obtained [4] from the spin-one bulk-to-boundary propagator in Hyy [36,47]. The uplift
of the latter in the embedding space RY¥*! with conformal dimension A is [35]:

X —q " D) + qubo

G2, () = L T 5.9
1 (—q - p)A+

where p# is a unit timelike vector and ¢” is a null vector (Z9), both living in R4+ The

uplifted bulk-to-boundary propagator satisfies the following two transversality conditions:

PG, (Prq) =0, G, (;q) =0. (5.4)

Under SO(1,d + 1), G2, transforms as a (d + 2)-dimensional rank-two tensor but a scalar
conformal primary in d dimensions:

—A/d
o A [,
SIS Gp;a(p7 q) . (5.5)

ow’

ow

A A —
Gu;u(Ap7 AQ) - ‘

This is not quite what we want for the conformal primary wavefunction (5.2l), but its pro-
jection

99" A
G, (D; 5.6
Hupa Cw (D3 0) (5.6)
on the second index v does have the desired conformal covariance (5.2]). This can be shown
by the second transversality condition in (54]) and the SO(1,d+ 1) transformation of d,¢* =
0 (7).
¢ (w):

ow®

B ow’
- ow'®

ow’

o

Ou ¢ (w0") dw' il

1/d b =
A g () + 22 5, <‘ O

1/d
) NL(T).  (57)

We therefore identify the massless spin-one conformal primary wavefunction as the bulk-to-
boundary propagator (5.6) with p replaced by X* [4]:

aaQu + aaq - X
(—¢- XFi)d  (—q XFigan™
1 0

a .
= _(—q-X:FiE)A_l OXH O log(—q - X Fie). (5.8)

A+ ) —
A,ua (Xuvw) -

It is straightforward to check that (5.8) indeed satisfies the Maxwell equation.
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—~—

An equally good spin-one conformal primary wavefunction would be the shadow Aﬁdi of
(5.8). The shadow transform (Z.21]) for the uplifted wavefunction AﬁV(X b)) = GﬁV(X :q)

i

AL (X;0) =

N(A+1) ) /ddw,(—%q @08+ 3d,a” (= - X)mup + 4, X, (5.9

T3 (A — DI(A — (—3q-¢)=a+ (—¢ - X)AH

NI

Using (2.23)), the above integral (excluding the prefactor ey AF_(?;Z)A_g)
be

) can be computed to
MA-9) (XY
B+D) (g x)Fae

< [(A=1)(=¢ X) (=g X) + 4, X,) = (d+1 = A)gy (X" — Xu(q- X))] -

(5.10)

The second term in the bracket drops out after the projection 222)). In the end, the shadow
wavefunction A%, = 0,¢” A5, is simply:

AR (XH D) = (—X?)2 B AL AE (XK ). (5.11)

One can easily show that the shadow wavefunction satisfies the two defining properties of
massless spin-one conformal primary wavefunctions as well. Similar to the massless scalar
case, for general A, the shadow transform does not take the conformal primary wavefunction
Aﬁf back to itself with the shadow dimension d — A, but to a different wavefunction.

5.2 Gauge Symmetry

Let us discuss the role of gauge symmetry in (d+2) dimensions. A general gauge transforma-
tion has no nice conformal property and thus spoils the conformal covariance of conformal
primary wavefunctions. In other words, conformal covariance (5.2) fixes a gauge for the
conformal primary wavefunction (B.8)). Indeed, (5.8]) satisfies both the radial gauge and the
Lorenz gauge conditions:

X“Aﬁf(X“; W) =0, (‘WAﬁf(X“; W) =0. (5.12)

The radial gauge condition X*A, = 0 comes from the first transversality condition for
the bulk-to-boundary propagator in (5.4]). Note that for any on-shell massless spin-one
wavefunction, i.e. a solution to the Maxwell equation, it is always possible to perform

15For notational simplicity, we drop the ie terms and the =+ labels for the outgoing/incoming wavefunctions

in this calculation.
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a gauge transformation such that it satisfies both the radial gauge and the Lorenz gauge
conditions [48] Under these gauge conditions, the Maxwell equation simplifies to

9, 0P A (XH;0) = 0. (5.13)
All these properties also apply to the shadow wavefunction (5.1T]).

One natural question is whether the conformal primary wavefunction (5.8) or its shadow
is ever a pure gauge in (d + 2) dimensions. A short calculation of their field strengths shows
that, for any d, Aﬁa’i(X“; W) is a pure gauge only if A = 1:

g 0 .
~ 5% B log(—q - X Fie). (5.14)

This pure gauge has been studied in the context of soft theorems in (34 1) dimensions in [4].

A=1+ _
AM =

Incidentally, A = 1 is the shadow dimension (i.e. A — d — A) of a conserved spin-one
current in a d-dimensional CFT.

What about the shadow conformal primary wavefunctions (5.I11)7 The shadow transform
(221) commutes with the X* derivative, and hence, at least naively, should map one pure
gauge to another. This expectation, however, suffers from an important subtlety that we
will describe below. The shadow transform (2.21]) is strictly speaking not defined for A =1,
in which case (5.8)) is a pure gauge. Indeed, from (5.10) with A = 1, we see that the shadow
integral after the projection (2.22) is either zero or singular for integer d, and is accompanied
by a singular prefactor I'(A + 1)/72(A — 1)I'(A — 4) in our normalization for the shadow
transform. In practice, we first obtain the expression (G.I1]) by assuming a generic value of

A, and only then we analytic continue it to all A.

Even though the shadow wavefunctions (B.11]) satisfy all the required properties of confor-
mal primary wavefunctions, the analytic continuation in A mentioned above generally does
not preserve the pure gauge condition. The naive expectation that the shadow wavefunction
with conformal dimension d — 1 is a pure gauge in general spacetime dimensions is falsified
by a direct calculation of the field strength of (5.I1). Furthermore, one can show that the
shadow wavefunction (5.I1)) is never a pure gauge if d # 2.

There is one exception in (3 + 1) spacetime dimensions where the shadow wavefunction
can be a pure gauge. When d = 2, the shadow wavefunction (5.I1) happens to be the same
as the pure gauge wavefunction (5.14):

A=1+ . = —Lt (. _
Apa (X5 0) = AgTHE(XGd) (d=2), (5.15)
and is thus a pure gauge as well. We summarize spin-one conformal primary wavefunctions
Aﬁf and their shadow Aﬁdi that are pure gauge in Table [3

16This is similar to the fact that temporal gauge A° = 0 and Coulomb gauge 8°4; = 0 can be imposed at

the same time for a solution to the Maxwell equation.
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At —
A% A=1

d—A+
Apa™ X

Table 3: Spin-one conformal primary wavefunctions and their shadows that are pure gauge

in RY4*+! For d = 2, the conformal primary wavefunction Aﬁazl’i with A =1 is identical to

its (formal) shadow Age * (518), so we place A = 1 in the middle between the two rows.

5.3 Mellin Transform

In this section we will determine the range of A such that the conformal primary wavefunc-
tions (5.8)) are delta-function-normalizable with respect to a certain norm and span the plane
wave solutions to the Maxwell equation.

Let us first review massless spin-one on-shell wavefunctions in momentum space. We will
be working in Lorenz gauge:

9" A (X) = 0. (5.16)

In this gauge, the Maxwell equation reduces to 9*4, = 0. The outgoing and incoming

plane waves are €,(k)e*™* ¥ where k is a null momentum and €, (k) is a polarization vector

satisfying k*e, (k) = 0. The residual gauge symmetry preserving the Lorenz gauge condition
is

AuX) = AuX) +0,a(X), Pa(X)=0. (5.17)

In momentum space, this residual gauge symmetry shifts the polarization vector by €,(k) —
€u(k) + Ck,, where C is any constant. We can fix this residual gauge symmetry by choosing
the polarization vectors to be dg, (w)/0w® [2.11):

Dagp €™, (5.18)

where we have parametrized a null vector k* as k* = wg"(w) with ¢*(w) given in (2.9) and
w>0. Herea=1,--- d.

There is an inner product on the space of complex solutions, modulo gauge transforma-
tions that fall off sufficiently fast at infinity, to the Maxwell equation [49-52]:

(Ap, A)) = —i / X [APF, — AT Ry, (5.19)
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Using the Maxwell equation 0" F),, = 0, one can show that the above inner product does not
depend on the choice of the Cauchy surface we integrate over. Furthermore, the integrand is
gauge invariant up to a total derivative [53755] The plane waves (5.18)) are delta-function-
normalizable with respect to this inner product:

(Gugu =7, By, 57 ) = 48027 G g 6 D (wg —g"). (520)

Let us now switch gears to conformal primary wavefunctions. It will prove convenient
to choose a particular gauge representative of (5.8). As discussed in Section [5.2] confor-
mal covariance (0.2)) fixes the conformal primary wavefunctions (5.8)) to be in radial gauge
X*"A, = 0 and Lorenz gauge 0*A, = 0 at the same time. However, for the purpose of
computing any gauge invariant physical observables such as scattering amplitudes, we can
work with any wavefunction that is equivalent to (5.8]) by a gauge transformation, and still
obtain a conformally covariant answer at the end of the day.

A convenient gauge representative of the conformal primary wavefunction is:

0aqy

Pai(XP1) = (i) T(8) ey

(5.21)

which satisfies the Lorenz gauge condition but not the radial gauge condition. Up to a
normalization factor, goﬁf is gauge equivalent to the conformal primary wavefunction (5.8])
by the following pure gauge:

afm ( - 8;1(3 - A> : (5.22)
(—q )

% satisfies 0’ = 0, it is a residual gauge
transformation (5.I7) preserving the Lorenz gauge condition. It follows that even though
(5:21)) does not transform covariantly under SO(1,d+1) as in (5.2]), the non-covariant terms
are pure residual gauge (5I7). For this reason we will still call @ﬁf a spin-one conformal

primary wavefunction.

In fact, since the gauge parameter a =

The particular gauge representative (5.21]) is chosen such that it is related to the plane
wave (.I8) by a Mellin transform as in the case of massless scalars,

P (X 0) = / dww™ ™" (Bagy e™1¥ ) (5.23)
0

I"Large gauge transformations generally have nontrivial inner products with other on-shell wavefunctions
because of this boundary term, and thus should be regarded as nontrivial elements in the solution space of
the Maxwell equation. In the following we will only construct conformal primary wavefunctions that span

the non-zero energy plane waves (5.18).
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It follows that the same argument in Section can be directly borrowed for the spin-
one case. We conclude that spin-one conformal primary wavefunctions on the principal
continuous series A € ¢ 4R are delta-function-normalizable with respect to (5.19) and span
the plane wave solutions (5.I8]) of the Maxwell equation. Similar to the massless scalar case,
another equally interesting space of on-shell wavefunctions with the same property is the
shadow of (521]) on the principal continuous series. Given a gluon scattering amplitude,
the transition from momentum space to the space of conformal primary wavefunctions is
then implemented by a Mellin transform (5.23]) (or plus a shadow transform (2.21])) on each
external gluon particle.

6 Gravitons

We now turn to massless spin-two conformal primary wavefunctions. In Section we
construct solutions to the (d + 2)-dimensional vacuum linearized Einstein equation that
transform as spin-two conformal primaries in d dimensions. In Section we identify pure
diffeomorphisms that are also conformal primary wavefunctions. In Section [6.3] we show that
again the spin-two conformal primary wavefunctions on the principal continuous series are
normalizable (with respect to (G.I6])) and span the plane wave solutions of the linearized
Einstein equation.

Since there are no propagating degrees of freedom in flat space for gravitons below (3+1)
dimensions, we will assume d > 2 in this section.

6.1 Massless Spin-Two Conformal Primary Wavefunctions in General Dimen-

sions

The defining properties for the outgoing (4) and incoming (—) massless spin-two conformal

; ; A+ e o7?) 1,d+1
primary wavefunction higyl o (X#; @) in R are

e It is symmetric both in the (d + 2)- and d-dimensional vector indices and traceless in

the latter:
hA,:I: _ hA,:I:
pip2;aiaz T p2p1ia1a2 0 (6 1)
hA,:I: _ hA,:I: Jaraz hA,:I: =0 :
pipz;araz T Cp1p2;a2a1 0 pipz;araz YT

e [t is a solution to the vacuum linearized Einstein equation in flat space

0s0,h°

p;a1az

4 0,00, 0 — 0O o — 0 Ophyaras = 0. (6.2)

via1a2 0;a1a2

18For notational simplicity, we omit the superscript A, & of the wavefunction in this equation.
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e It transforms both as a (d + 2)-dimensional rank-two tensor and a d-dimensional spin-
two conformal primary with conformal dimension A under an SO(1,d + 1) Lorentz

transformation:
b1 b | o —(A-2)/d
A, £ P YV ) ow w w o1 A o2 A p.
huluz;alaz (A VX y W (w>> - aw/al aw/az 8117 Aul Auz hdlo'z;blbz (X 7w)7

(6.3)

where w’(w) is an element of SO(1,d 4 1) defined in (23] and A*, is the associated
group element in the (d + 2)-dimensional representation.

With our experiences from the scalar and spin-one wavefunctions, we can immediately
write down the massless spin-two conformal primary wavefunctions from the H;,; spin-two
bulk-to-boundary propagator in the embedding formalism:

—a-X X —q- X X
AE L (Xi@) = P [(=q - X)0b, gy + (O,q (EMT])[(()AZ : )by Gz + (06,0 - X))

1 ) )
= phb i XA Oy Oy log(—q - X Fi€) Oy, 0y, log(—q - X Fic), (6.4)

where Pfllsg projects a rank-two tensor to its symmetric traceless components

1
0%, = =0aya, 0" (6.5)

biba — b
phib2 = §01 da1a2

aiaz (a1
It is then straightforward to check that (6.4]) satisfies the vacuum linearized Einstein equation.

An equally interesting spin-two conformal primary wavefunction is the shadow transform
(Z2T) of (G4). A direct calculation shows that the shadow primary is:

. d_ — -
hinsizaras (X5 0) = (= X7)2 8R4 (X5 40). (6.6)

H1p2;a1a2

One can straightforwardly show that (6.6) satisfies all the required properties of massless

spin-two conformal primary wavefunctions. Again for general A, the shadow transform does

At
hmuz;awz

dimension d — A, but to a different wavefunction.

not take the conformal primary wavefunction to itself with the shadow conformal

6.2 Diffeomorphism

As in the photon case, conformal covariance (6.3]) picks a particular diffeomorphism choice
for the conformal primary wavefunction. It is easy to check (6.4]) is traceless and satisfies

90ur convention for symmetrization of indices is Tiap) = %(Tab + Tha)-
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the Lorenz@ as well as the radial gauge conditions:

R e =0, OB, =0, XFh =0, (6.7)

H1p2;50102 Hp23a1a2 Hp2;a1a2

In fact, any solution to the vacuum linearized Einstein equation is diffeomorphic to another
solution that satisfies all three conditions in (G7) [48]. In this gauge (6.1), the vacuum
linearized Einstein equation becomes

0P, haE - (XM) =0. (6.8)

P Tppz;ialaz

All these properties also apply to the shadow wavefunction (6.6]).

While a general diffeomorphism has no nice conformal covariance, the massless spin-two

A+
H1p2;a102

A =1 for any d. In these two cases they can be written as

conformal primary wavefunction h happens to be a pure diffeomorphism if A =0 or

hio (Xu§ w) = 8#1 o + auzfo

H1p2;a1a2 p2;a1a2 p1sa1az
1 ) )
2;a1a2 = §P¢5112§ (q - X E ZE) 8b1 [QuabQ log(_q - X + ZE)] ) (69)

and

A=1+ ) 1 1
h (XM’ w) - aﬂlguz;awz + 8“2£l/«1§‘11a2 )

H1p2;0102
1 .
;1L;a1a2 = _Zptflltl;; ablabZ [qﬂ log(_q ' X :F ZE)] ° (6]‘0)

Incidentally, A = 0 is the shadow dimension (i.e. A — d — A) of the stress-tensor in a
d-dimensional CFT.

The shadows of these two wavefunctions (6.9) and (€.10), however, are not pure diffeo-
morphisms in general. This subtlety is parallel to the one we encountered in the spin-one case
in Section In the spin-two case, the shadow transform (2.27]) is not defined for A = 0,1,
in which cases the conformal primary wavefunctions (6.4]) reduce to pure diffeomorphisms.
Nonetheless, the shadow wavefunction can be analytically continued to any value of A from
the expression (6.6). The subtlety is that this analytic continuation spoils the pure diffeo-
morphism condition. Indeed, by a direct computation of the linearized Riemann curvature
tensor, one can check that the shadow wavefunctions (6.6]) with conformal dimensions d and
d — 1, i.e. the shadow dimensions of 0 and 1, are never pure diffeomorphisms if d # 2.

There is again an exception for spin-two wavefunctions in (3 4 1) spacetime dimensions.
When d = 2, the A = 1 shadow wavefunction (6.6]) is identical to the pure diffeomorphism

20In general relativity, Lorenz gauge is usually defined as 9*h,, — %('thp = 0. Since our wavefunction is

traceless, the Lorenz gauge condition reduces to 0*h,, = 0.
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wavefunction (G.10),

hiwiaas (X" 0) = W51E (XM ) (d=2), (6.11)

H1p25a102

and is thus a pure diffecomorphism as well. Additionally, the shadow wavefunction (6.6]) with
conformal dimension 2 is also a pure diffeomorphism:

hiingIGQ (XU’7 QE) = aﬂ1§iz;a1a2 + auzgil;alag Y (d = 2) (6]‘2)
1 ) 1 ,
A2L;a1a2 = _ﬂpcl;lgg ablabza (prplﬁc lOg(—q X F ZE)) - 58 acaln (pr/w;bz 1Og(_q X F 26)) )

where fo.c = ¢,0:q, — ¢.0.q,- In [4], this A = 2 pure diffeomorphism was discussed in
the context of soft graviton theorem in (3 4 1) spacetime dimensions. We summarize spin-

—_—

two conformal primary wavefunctions hﬁl’fmm and their shadows hﬁl’ffwlaz that are pure
diffeomorphisms in Table @l
d=2 d>2
At _ _
hﬂlﬂ2§alf12 A=0 A= 0,1
A=1
d—A+
hﬂl#z;alaz A=2 X

Table 4: Spin-two conformal primary wavefunctions and their shadows that are pure diffeo-

morphisms in RM*!. For d = 2, the conformal primary wavefunction hﬁ;ﬁ’;iuz with A =1

is identical to its (formal) shadow hiyjmie e, (B11), so we place A = 1 in the middle between

the two rows.

6.3 Mellin Transform

Finally, let us determine the range of the conformal dimension A for the spin-two conformal
primary wavefunctions so that they are normalizable with respect to a certain norm and
span the plane wave solutions of the linearized Einstein equation.

As before, we first review solutions in momentum space. We will be working in Lorenz
gauge:

1
0"y — 50,7, =0, (6.13)
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in which the vacuum linearized Einstein equation reduces to 9°d,h,,, = 0. The outgoing and
incoming plane waves are €, (k)er*X where k* is null and e, (k) is a symmetric polarization
tensor satisfying k*e,, = %k,,e”“. The residual diffeomorphisms preserving the Lorenz gauge
condition are

Py (X) = hyw (X) + 0,6, (X) + 0,6,.(X), 0°0,£,(X) =0. (6.14)

In momentum space, the residual diffeomorphisms shift the polarization tensor by €, (k) —
€uw(k) + kur, + k,r, for any vector r,. Using these residual diffeomorphisms, we can bring
the polarization tensor to a rank-two symmetric traceless tensor of the following form:

X;w,q) = phibe O, 40, Qv eFiwaX (6.15)

guu;alag( aiaz

with 0,¢" given by (ZII). Again we have parametrized a null vector k* as k* = wq" (W)
with w > 0.

The inner product on the space of complex solutions to the vacuum linearized Einstein
equation, modulo diffeomorphisms that fall off sufficiently fast at infinity, is [13,49H52]

(Pyars Bly) = —i / A X [h“”&oh’* 201 9,5, + MRy, — hOoh"™ + ho, 0" R
—(h < h’*)} : (6.16)

where h = h”,. Using the linearized Einstein equation we can show that the inner product
does not depend on the choice of Cauchy surface. Further, it is invariant under diffeomor-
phism up to a boundary term [I3] 53755] The inner products between two plane waves
are

(gj:u;alaz (X w Q) ‘gﬂ v a’ a’ (X CU q ))
1 ) .
d d 7 (]
= £32(27) " <5a1(a/15a/2)a2 - Eéa’la’zéamz) w® S (we' —W'dt). (6.17)
We now wish to find the space of conformal primary wavefunctions that spans the plane
wave solutions (6.I5). We start by considering a particular diffeomorphism representative

of the conformal primary wavefunction. Let us consider one of the terms in the conformal
primary wavefunction (6.4)):

0 0
,u A b1bo b1 1 Oba Qs

90#1#2,0102

21Gimilar to the spin-one case, large diffeomorphisms generally have nonzero inner products with other
on-shell wavefunctions and should therefore be included as nontrivial elements in the solution space. We will

focus on the non-zero energy plane wave solutions (610 to the linearized Einstein equation below.
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It is traceless and satisfies the Lorenz gauge condition 8”<pw2 010, = 0, but not the radial
gauge condition. It also satisfies the linearized Einstein equation in this gauge, 0” 8p<pﬁlvff2;a L
0. One can straightforwardly show that (6.I8]) differs from the spin-two conformal primary
wavefunction (6.4) by a pure residual diffecomorphism (6.14]). Indeed, even though (618

does not transform covariantly as in (6.3]), the non-covariant terms of the transformation are

pure residual diffeomorphisms of the Lorenz gauge condition:

abQ(mQuz) _ 1 P abQuz) Qu19us _ 1 P Qus)
(o303 AT \(mg- X)3T) 7 (g XA T AT (mg- XA )
(6.19)

Hence for the purpose of computing any diffeomorphism invariant observables, we can use
the wavefunction gpu ; m ara, and still reproduce a conformally covariant answer in the end.

The advantage of this diffeomorphism representative (G.I8]) for the conformal primary
wavefunction is that it is simply the Mellin transform of the pane wave (G.I5]) as in the
massless scalar case:

oA (X = / Qo gBE (X gt (6.20)
0

Following the same argument used in Section 4.2 we conclude that spin-two conformal
primary wavefunctions on the principal continuous series A € %l + iR are delta-function-
normalizable (with respect to (6.16))) and span the plane wave solutions (6.15) of the vacuum
linearized Einstein equation. Another equally interesting set of on-shell wavefunctions with
the same property is the shadow of (6.I8). Given a graviton scattering amplitude, the
transition from momentum space to the space of conformal primary wavefunctions is again
implemented by a Mellin transform (620) (or plus a shadow transform (221])) on each
external graviton particle.
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