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Abstract

We study the vector and axial-vector current correlators in perturbative and non-perturbative

regimes of QCD. The correlators in Euclidean coordinate space are calculated on the lattice using

the Möbius domain-wall fermion formulation at three lattice spacings covering 0.044–0.080 fm.

The dynamical quark effects of 2+1 light flavors are included. The sum V + A and the difference

V − A of the vector (V ) and axial-vector (A) current correlators calculated on the lattice after

extrapolating to the physical point agree with those converted from the ALEPH experimental data

of hadronic τ decays. The level of the agreement in the V +A channel is about 1.3σ or smaller in

the region of |x| ≥ 0.4 fm, while that in the V −A channel is about 1.8σ at |x| = 0.74 fm and smaller

at other distances. We also extract the chiral condensate from the short-distance correlators on

the lattice using the PCAC relation. Its result extrapolated to the chiral and continuum limit is

compatible with other estimates at low energies.
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I. INTRODUCTION

The two-point current correlator is one of the most fundamental quantities in the study of

Quantum Chromodynamics (QCD). It is defined as a vacuum expectation value of a product

of quark currents, and reflects the QCD dynamics. It shows different features depending on

the distance between the currents. At short distances (< 0.1 fm), it behaves perturbatively,

i.e. the perturbative expansion about small coupling constant works reasonably well. Several

properties including its scaling are understood perturbatively. In this region, the effect of

spontaneous chiral symmetry breaking is small and two correlators connected by the chiral

transformation become almost degenerate. At long distances (> 1 fm), on the other hand,

current correlators are saturated by the ground state and are characterized by its mass and

decay constant. Degeneracy between the chiral partners is clearly lost.

In the distance region between the two regimes, ∼ 0.1–1 fm, neither the perturbative nor

the hadronic description is fully applicable. Terms of higher powers in the QCD coupling

constant αs(Q) become more significant, or the expansion even ceases to converge. This

is related to the emergence of power corrections through e1/β0αs(Q) ∼ (ΛQCD/Q) due to

the running of the coupling as a function of the scale Q, an inverse of the distance scale.

The QCD scale ΛQCD characterizes the distance scale where power corrections of the form

(ΛQCD/Q)n become important. In the hadronic picture, this region is identified by many

resonances and multi-body scattering states. The individual states involved are complicated,

but the common belief is that the sum over a number of hadronic states can be interpreted

as interacting quarks and gluons, i.e. quark-hadron duality. There are many sources of

evidence that this duality works, such as the perturbative description of the experimentally

measured R ratio of the e+e− cross section, but theoretical understanding based on QCD is

as yet unsatisfactory.

A lattice QCD calculation is, in principle, applicable to any distance scales in Euclidean

space. So far, it has been successfully used to calculate hadron correlators at long distances

to extract hadron masses and matrix elements, and precise agreement with experimental

data for many physical quantities is reported. In such a calculation, the data at the short

and middle distances are ignored to avoid “contamination” from excited states, although

they may contain interesting information about the intermediate regime where the quark

and hadron pictures overlap. In this work, we explore this regime using lattice data.
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The vector and axial-vector current correlators can be related to hadronic τ decays and

e+e− hadronic cross section through the optical theorem, which involves a weighted integral

over the square of the momentum transfer. This connection between correlators and ex-

perimental data allows us to compare the lattice calculation with experiment in the region

where excited states contribute significantly.

The vector and axial-vector current correlators in Euclidean space were reconstructed

using the early experimental data [1, 2]. They provide correlators in coordinate space with

space-like separation x between the currents. This is equivalent to space-like correlators in

momentum space after an appropriate Fourier transform, but allows more direct compar-

ison with the lattice calculation. This sort of comparison was attempted previously using

quenched simulations [3–5]. We revisit this problem because there has been considerable

progress in lattice calculations and updated experimental data since.

In this work, we study correlators of the iso-triplet vector and axial-vector currents. The

most recent experimental data for these correlators are obtained through the hadronic τ

decay experiment by the ALEPH collaboration [6]. This experiment provides the spectral

functions, which are functions of the invariant mass s, with kinematical upper limits set by

the τ lepton mass m2
τ . Above this limit, the spectral function needs to be estimated using

perturbation theory, which is available to the order of α4
s [7, 8] and reliable at sufficiently

large invariant masses. At lower invariant masses, the observed spectral functions show

significant deviation from the perturbative prediction due to a violation of quark-hadron

duality [9–12]. The duality violation may be modeled using the Regge theory with the

large-Nc assumption [11–14].

Our lattice calculation is performed on 2+1-flavor QCD gauge ensembles. We employ

the Möbius domain-wall fermion formulation [15, 16] for both sea and valence quarks. Since

discretization effects may become more significant at distance scales below 1 fm, we take the

continuum limit using ensembles with lattice spacing a ≃ 0.080, 0.055 and 0.044 fm. As a

result, the correlators at distances larger than ≃ 0.4 fm are obtained with errors well under

control. The same set of gauge ensembles has been used for studying heavy-light decay

constants [17], D meson semileptonic form factors [18], the determination of the charm

quark mass [19], a calculation of the chiral condensate [20] and the η′ mass [21].

We use local vector and axial-vector currents constructed with Möbius domain-wall

fermions. Since these currents are not conserving, a finite renormalization is needed. In
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our previous work [22], we determined the renormalization factor using correlators in the

perturbative regime based on the X-space renormalization procedure [23–25]. That is, we

determine the renormalization factor such that the lattice correlators at short distances

reproduce the continuum perturbative calculation available up to the order of α4
s [26] for

massless quarks. Since the chiral symmetry on the lattice is precisely maintained, the renor-

malization factors of the vector and axial-vector currents are identical. The present work

is a natural extension of the previous one, as the deviation from the perturbative regime is

the main concern.

Besides the comparison with experiment, we extract the chiral condensate from the vector

and axial-vector correlators. This appears as the leading power correction to the correlators,

reflecting the spontaneous chiral symmetry breaking in QCD. The extraction is based on

the PCAC relation, through which the derivative of the axial-vector correlator is directly

related to the chiral condensate [27]. With good control of the discretization effects, we are

able to determine the chiral condensate. The result is consistent with another determination

from the spectral density of the Dirac operator [20].

This paper is organized as follows. In Section II, we discuss the vector and axial-vector

current correlators in the continuum theory, including the conversion of the experimental

data through a dispersion relation. The relation between the chiral condensate and the

axial-vector correlator is also discussed. In Section III, we summarize our lattice setup

and describe the method to reduce the discretization effect in the lattice correlators. The

comparison of the lattice data with experiment and the extraction of the chiral condensate

are shown in Section IV. Section V concludes the paper with some discussions.

II. CURRENT CORRELATORS

In this work, we study two-point correlation functions of the iso-triplet vector and axial-

vector currents in Euclidean coordinate space,

ΠV,µν(x) = 〈Vµ(x)Vν(0)
†〉, ΠA,µν(x) = 〈Aµ(x)Aν(0)

†〉, (1)

where the currents are defined by

Vµ(x) = ū(x)γµd(x), Aµ(x) = ū(x)γµγ5d(x), (2)
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with up and down quark fields u(x) and d(x). We also analyze the sum of the Lorentz

diagonal components,

ΠV/A(x) =
∑

µ

ΠV/A,µµ(x). (3)

In this work, we take the masses of up and down quarks to be degenerate.

In the momentum space, the corresponding vacuum polarization tensors Π̃V/A,µν(Q) are

given by

Π̃V/A,µν(Q) =

∫
d4x e−iQx ΠV/A,µν(x)

= (Q2δµν −QµQν)Π̃
(1)
V/A(q

2)−QµQνΠ̃
(0)
V/A(q

2), (4)

where Π̃
(J)
V/A(q

2) is the vacuum polarization function in the spin J channel written as a

function of the momentum squared in Minkowski space, q2 = −Q2.

A. Correlators from experiment

The vector and axial-vector correlators ΠV/A(x) in coordinate space are related to the

experimental observables through a dispersion relation. In the momentum space, it is given

by the well-known analyticity formula

Π̃
(J)
V/A(q

2) =
1

π

∫ ∞

0

ds
Im Π̃

(J)
V/A(s)

s− q2
− subtraction. (5)

Inserting this into (4) and Fourier transforming back to coordinate space, the correlators

are found to be [1, 2]

ΠV/A(x) =
1

8π4

∫ ∞

0

ds s3/2
(
3ρ

(1)
V/A(s)− ρ

(0)
V/A(s)

) K1(
√
s|x|)

|x| , (6)

where K1 is the modified Bessel function and ρ
(J)
V/A(s) = 2π Im Π̃

(J)
V/A(s) is the so-called

spectral function. The second term on the RHS of (5), an unphysical contact term, is

proportional to δ(|x|) in coordinate space and is therefore omitted from (6) and in the

following discussions.

The spectral function represents the hadronic spectrum associated with the corresponding

current and spin J . The spin-1 part ρ
(1)
V/A(s) is measured by hadronic τ decay experiments

[6, 28–30]. The spin-0 part of the vector channel vanishes in the isospin limit, while that of
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the axial-vector channel is dominated by the pion pole, ρ
(0)
A (s) ∝ f 2

πδ(s−m2
π) with mπ and

fπ the pion mass and decay constant, respectively.

Schäfer and Shuryak [2] converted ρ
(1)
V/A(s) measured by ALEPH [28, 29] to the corre-

lators (6), while the contribution of the spin-0 part ρ
(0)
A (s) of the axial-vector channel was

approximated by using the mass and decay constant of the pion as explained above. Their

result was used to test consistency with a quenched lattice simulation [5].

In this work, we use the latest ALEPH data for ρ
(1)
V/A(s) from τ decays [6] to calculate

Π
(1)
V/A(x) =

3

8π4

∫ ∞

0

ds s3/2ρ
(1)
V/A(s)

K1(
√
s|x|)

|x| , (7)

which does not contain the contribution of the spin-0 part. In Section IVA–IVB, we show

the result of the lattice calculation for Π
(1)
V/A(x) extrapolated to the physical point and discuss

the consistency with experiment.

Since the spectral functions obtained from hadronic τ decays are measured in a limited

region of the invariant mass below the τ lepton mass, s < m2
τ , we need to complement this

using some theory or model for the region s > m2
τ in order to estimate the integral in (7).

The spectral functions are calculated through order α4
s in perturbation theory [7, 8], which

allows us to precisely estimate the spectral functions in the perturbative regime. Another

possibility is to use the Operator Product Expansion (OPE) technique [31], but it is known

that the OPE of the spectral functions in the Minkowski domain disagrees with that in full

QCD beyond the uncertainty due to the truncation of the perturbative expansion and the

operator expansion [9–12]. (Such disagreement is usually referred to as the quark-hadron

duality violation.) Due to this, one needs to rely on models to estimate the spectral functions

in the region beyond experimental reach. Following a widely used model based on the Regge

theory with a large-Nc assumption [11–14], we parametrize the spectral functions at large s

as

ρ
(1)
V/A(s) = ρpertV/A(s) + e−δV/A−γV/As sin

(
αV/A + βV/As

)
, (8)

with the perturbative part ρpertV/A(s) of the spectral functions [7, 8] and unknown parameters

δV/A, γV/A, αV/A and βV/A. The remnant of resonances appears as the oscillatory term, which

is exponentially suppressed at higher energies.

We perform a global fit for the vector and axial-vector spectral functions measured by

ALEPH [6] to determine the unknown parameters δV/A, γV/A, αV/A and βV/A taking account
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of the correlation between these two channels. We choose the fit range 1.6 GeV2 ≤ s ≤
2.7 GeV2, in which the fit function (8) is supposed to be valid and the statistical uncertainty

of the experimental data is not too large. As a result of the global fit, we obtain the

parameters as

δV = 0.32(27), γV = 0.72(9) GeV−2, αV = −2.4(9), βV = 4.3(2) GeV−2,

δA = −1.5(5), γA = 1.7(2) GeV−2, αA = 2.2(4.8), βA = 3.6(1.2) GeV−2. (9)

There are 24 degrees of freedom and the value of χ2 per degree of freedom is 1.3.

Figure 1 shows the spectral functions in the vector (upper panel) and axial-vector (lower

panel) channels measured by ALEPH [6]. The dotted and solid lines stand for the predic-

tion of the parton model (corresponding to the leading order perturbation theory) and the

perturbation theory at O(α4
s), respectively. The fit result is represented by the dashed curve

and the band. For the vector channel, the effect of the duality violation is visible as a bump

around s ≃ 2.5 GeV2. In order to converge towards the perturbative prediction at high

energies, the oscillatory and decaying function of the form e−δV/A−γV/As sin(αV/A + βV/As) is

necessary.

The correlators reconstructed using (7) are shown in Figure 2. They are normalized by

the tree-level value RV/A(x) = Π
(1)
V/A(x)/Π0(x) with Π0(x) the correlator in the massless free

theory, which is the same for the vector and axial-vector channels. We divide the integral

(7) into two regions at s0 = 2.7 GeV2. Below s0, we directly input the spectral functions

from experiment. Above s0, the spectral functions from massless perturbation theory with

(solid band) and without (hatched band) the duality-violating term are used. There are two

remaining experimental data points for each channel above s0 that has been discarded in this

analysis due to the large statistical errors. At short distances (< 0.2 fm), these correlators

agree with the prediction of massless perturbation theory (dotted line) [26].

One can see that the impact of the duality-violating term is not very significant. This

is reasonable because the effect of the duality violation is smeared out by the dispersion

integral. The vacuum polarization function in the space-like region is insensitive to the

individual poles in the Minkowski domain. We show consistency between these results with

the lattice calculation in Section IVA–IVB.

It is convenient for later discussions to investigate the size of non-perturbative contribu-
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FIG. 1. Spectral functions of the vector (upper) and axial-vector (lower) channels measured by the

ALEPH collaboration (circles) [6] as functions of s. The prediction of the parton model (dotted

line), perturbation theory (solid line) and the fit result (dashed curve and band) using the fit

function (8) are also shown.
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FIG. 2. Vector and axial-vector correlators reproduced using the dispersion relation (7). The

spectral functions measured by ALEPH are used for s ≤ 2.7 GeV2, while those in s > 2.7 GeV2

are calculated perturbatively with (solid band) and without (hatched band) the duality-violating

term. The prediction of the massless perturbation theory is also shown (dotted line).

tions to the correlators at each distance |x|. Figure 3 shows the decomposition of RV (x)

into contributions from the spectral function in different regions of s. The area indicated

by “Perturbation” represents the contribution from the spectral function for s > 2.7 GeV2,

which is calculated perturbatively. For the more non-perturbative regime, we split the

region s ≤ 2.7 GeV2 into three: the ρ meson resonance (0.776 − 0.150)2 GeV2 < s <

(0.776+0.150)2 GeV2, plus the regions above and below it. We also show the corresponding

plot for the axial-vector channel in Figure 4. The region of s indicated by “Perturbation”

is the same as for the vector channel, i.e. s > 2.7 GeV2, while the resonance of the a1

meson is chosen as (1.23− 0.40)2 GeV2 < s < (1.23+0.40)2 GeV2. Both plots indicate that

the non-perturbative effect is quite significant in the distance region around |x| ≃ 0.5 fm,

but the correlators are not saturated by the ground state. This is the region that we are

interested in, i.e. neither the perturbative expansion nor low-energy effective theories are

fully applicable. In Section IVA–IVB, we demonstrate that the lattice calculation succeeds

in reproducing the experimental results at |x| ≃ 0.5 fm.
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B. Chiral condensate through PCAC relation

While the spin-1 part of the vector and axial-vector correlators is related to the hadronic

τ decays as discussed in the previous subsection, their spin-0 part is sensitive to another

feature of QCD. In the isospin limit, the spin-0 part of the vector channel vanishes, so only

the axial-vector channel is non-trivial.

According to the PCAC relation, projection of the axial-vector correlator to the spin-0

part is achieved by taking its divergence. Using the PCAC relation, we can relate the axial-

vector correlator to the chiral condensate 〈q̄q〉 as follows. The spin-0 part of the axial-vector

correlator is given by [27, 32]

Π̃
(0)
A (q2) =

4mq

q4
〈q̄q〉+

4m2
q

q4
Π̃P (q

2), (10)

where mq is the degenerate mass of up and down quarks and

Π̃P (q
2) =

∫
d4x e−iQx〈ūiγ5d(x) · d̄iγ5u(0)〉. (11)

Therefore, the Fourier transform of (4) leads to

− π2

2mq
x2

∑

µ,ν

xν∂µΠA,µν(x) = −〈q̄q〉+O(mq/x
2). (12)

Here, the renormalization scheme and scale dependence of mq account for those of 〈q̄q〉.
Taking the chiral limit of (12), we can extract the chiral condensate Σ = − limmq→0〈q̄q〉.
While the dependence on mass and |x| is O(mq/x

2) at short distances, this quantity decreases

exponentially at long distances, ∼ e−mπ|x|. This is discussed in Section IVC, where we

calculate the chiral condensate based on this relation.

III. LATTICE CALCULATION

In this work, we use the lattice ensembles generated with 2 + 1-flavor dynamical Möbius

domain-wall fermions [15, 16]. The tree-level improved Symanzik action [33] is used for the

gauge part and the fermions couple to the gauge links after three steps of the stout smearing

[34]. The gauge ensembles used in this analysis are summarized in Table I.

The lattice spacing a ranges between 0.044 and 0.080 fm, with which we take the contin-

uum limit. Their values are determined through the Wilson-flow scale t
1/2
0 [35] with an input
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TABLE I. Lattice ensembles used in this work.

β a [fm] N3
s ×Nt × Ls ams amq amres aMπ Nconf Nsrc

4.17 0.0804 323 × 64× 12 0.0300 0.0070 0.00017(1) 0.1263(4) 200 4

0.0120 0.00015(2) 0.1618(3) 200 2

0.0190 0.00015(3) 0.2030(3) 200 2

483 × 96× 12 0.0400 0.0035 0.00022(2) 0.0921(1) 200 2

323 × 64× 12 0.0070 0.00023(4) 0.1260(4) 200 4

0.0120 0.00012(8) 0.1627(3) 200 2

0.0190 0.00015(3) 0.2033(3) 200 2

4.35 0.0547 483 × 96× 8 0.0180 0.0042 ∼ 10−5 0.0820(3) 200 2

0.0080 0.1127(3) 200 1

0.0120 0.1381(3) 200 1

0.0250 0.0042 0.0831(4) 200 2

0.0080 0.1130(3) 200 1

0.0120 0.1387(3) 200 1

4.47 0.0439 643 × 128 × 8 0.0150 0.0030 0.0632(2) 200 1

t
1/2
0 = 0.1465(21)(13) fm taken from [36]. Degenerate up and down quark masses mq cover a

range of pion masses between 230 and 500 MeV. The same masses are used for both sea and

valence quarks. The strange quark is, on the other hand, only in the sea, and its mass ms is

taken close to the physical value. The residual mass mres is O(1) MeV on the coarsest lattice

and much smaller than that on finer lattices. For each ensemble, Nconf = 200 configurations

are sampled from 5,000 molecular dynamics time. On each configuration, we calculate the

correlators with one or more (Nsrc) source points. We use the IroIro++ simulation code [37]

for these calculations.

We calculate the current-current correlators ΠV/A,µν(x) in (1) with the local vector and

axial-vector currents defined on the lattice using Möbius domain-wall fermions. The auto-

correlation of correlators exists and is estimated to affect O(10) nearby measurements on

the finest lattice, which is examined by varying bin size of jackknife samples. Among 200

configurations analyzed, roughly 20 measurements are statistically independent. The au-
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tocorrelation time of the topological charge is about 4 times larger, but we don’t find any

significant correlation with correlators.

We average correlators that are related by 90◦ rotations. In this way lattice points of

different orientations are distinguished even when they have the same x2. Namely, the points

equivalent to the coordinate (1,1,1,1) are distinct from (2,0,0,0), since they receive different

discretization effects.

As discussed in the previous paper [22], we apply some cuts and corrections to reduce the

discretization effects. First, we subtract the dominant discretization effect by subtracting

the correlators constructed from lattice quarks in the free field theory and add back their

continuum counterparts. This procedure is further improved by using the mean-field ap-

proximation instead of the free propagator [38]. In addition, we discard the data points that

are expected to have large remaining discretization effects. The criterion for the cut is given

by an angle θ between the position vector x and the direction (1,1,1,1). Since the lattice

data at large θ tend to have large discretization effects [3, 25], we neglect the lattice data

with θ ≥ 30◦. This particular value is chosen such that the points with a same x2 become

consistent within the statistical error. More details are described in [22].

IV. RESULTS

A. Consistency of the lattice data with ALEPH in the V +A channel

In this subsection, we discuss the consistency between the correlators calculated on the

lattice and those converted from the ALEPH data for hadronic τ decays. The conversion of

the experimental data is discussed in Section IIA. Here, we analyze the sum and difference

of the vector and axial-vector correlators, i.e. the V + A and V − A channels, normalized

by the corresponding free correlator Π0(x) in the massless limit

RV±A(x) =
Π

(1)
V (x)± Π

(1)
A (x)

2Π0(x)
. (13)

For the lattice calculation, the vector and axial-vector currents need to be renormalized

since the local currents we use in this work are not conserving. The renormalization is done

multiplicatively, i.e. RV±A(x) → ZMS
V (a)

2
RV±A(x), with ZMS

V (a) the renormalization factor

of the vector and axial-vector currents determined in the previous work [22].
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Since the quantities RV±A(x) do not contain the spin-0 contribution, we also need to

subtract the spin-0 part from the lattice correlators to obtain the spin-1 piece Π
(1)
V/A(x) =

ΠV/A(x) − Π
(0)
V/A(x). For the vector channel, the spin-0 part is absent in the isospin limit,

Π
(0)
V (x) = 0. For the axial-vector channel, we approximate the spin-0 part Π

(0)
A (x) by the

contribution from the ground state pion. In the infinite volume, it is given by

Π
(0),∞
A (x) ≃ z0M

2
π

2π2

K1(Mπ|x|)
|x| , (14)

where z0 and Mπ are extracted from the zero-momentum correlator
∫
d3x ΠA,44(~x, t) →

z0e
−Mπt at large time separations. We neglect the excited states of the pion because they

are not expected to give significant contributions. In a finite box, finite volume effects due

to the pion pole may appear. To take account of this, we subtract the wrap-around effect

of the pion and analyze

Π
(1)
A (x) = ΠA(x)−

∑

x0

Π
(0),∞
A (x− x0), (15)

where the sum over x0 runs over

x0 ∈ {(0, 0, 0, 0), (±L, 0, 0, 0), (0,±L, 0, 0), (0, 0,±L, 0), (0, 0, 0,±T ), (±L,±L, 0, 0), . . .}.
(16)

Figure 5 shows the results for RV+A(x) on the ensembles with β = 4.35, ams = 0.0180

and with different light quark masses, amq = 0.042, 0.080 and 0.0120. Here, we also show

the prediction of massless perturbation theory [26] (dashed line) and the experimental result

(band) from the dispersion relation, where the spectral functions ρV/A(s) in s > 2.7 GeV2

include the duality-violating term in (8). In Figure 5, one can see that the results at smaller

masses are closer to the experimental result.

Figure 6 shows the results at pion masses Mπ ≃ 300 MeV but with different β’s. We find

a significant dependence on the lattice spacing, which can be described by the leading term,

which is proportional to a2 at middle and long distances. As we approach the continuum

limit, the lattice data tend to approach the experimental data.

We extrapolate these lattice results to the physical point, i.e. the continuum limit a → 0

and physical pion mass mπ ≃ 140 MeV. To do so, we first divide the range of |x| into N

bins,

Bi = [xi − δx/2, xi + δx/2], xi+1 = xi + δx, i = 1, 2, . . . , N, (17)
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FIG. 5. RV+A calculated on the ensembles with β = 4.35, ams = 0.0180 and three input light

quark masses: amq = 0.0042 (diamonds), 0.080 (squares) and 0.0120 (circles). The prediction of

massless perturbation theory (dashed curve), and the results from experiment calculated with the

duality-violating term in (8) (band) are also shown.

where xi and δx are the center of the ith bin and the width of the bins, respectively. For

each bin, we average RV+A(x) over lattice points x in Bi. Since the average depends on the

lattice spacing, input mass and the representative distance xi of the correlator, the average

is denoted by RV+A(a,Mπ, xi) with the explicit dependence on these parameters. Here,

we neglect the dependence on the strange quark mass because we do not find significant

dependence in the lattice results. We then perform a global fit for all ensembles using the

fit function

RV+A(a,Mπ, xi) = RV+A(0, mπ, xi) + ci(M
2
π −m2

π) + dia
2, (18)

with three free parameters RV+A(0, mπ, xi), ci and di for each i. The first parameter

RV+A(0, mπ, xi) corresponds to the extrapolated value. The other parameters ci and di

control the dependences on the pion mass and the lattice spacing, respectively.

Figure 7 shows the result of the extrapolation. Here, we take δx = 0.02 fm for xi ≥ 0.4 fm

and δx = 0.04 fm for xi < 0.4 fm. While the agreement between the lattice result and
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FIG. 6. Same as Figure 5 but calculated on ensembles with different lattice cutoffs. Pion masses

are Mπ ≃ 300 MeV.
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FIG. 7. Lattice result for RV+A after the chiral and continuum extrapolations. Data in each bin

are extrapolated assuming (18). The bin size is larger in the short-distance region |x| . 0.4 fm

(blue crosses) than others (red squares) as there are fewer lattice points.
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FIG. 10. Significance of the difference DV+A(x) between the lattice calculation and experiment

plotted as a function of |x|.

experiment is found for |x| > 0.3 fm in the plot, the fit function (18) may not be appropriate

at short distances due to remnant discretization effects that could not be removed by the

extrapolation linear in a2. In order to clarify the appropriate region of the fit function, we

show the fit result of the coefficient di in Figure 8 and χ2/dof in Figure 9. In Figure 8,

the coefficient di varies quite rapidly at |x| ≃ 0.4 fm, while it is mostly constant at longer

distances. As Figure 9 shows, χ2/dof in |x| < 0.4 fm is much larger than that in the longer

distance regime. These results imply that the remnant discretization effects at O(a4) are

not negligible in |x| < 0.4 fm.

To clarify the level of agreement between the lattice calculation and experiment, we

analyze the significance of the difference

DV±A(x) =
Rlat

V±A(x)−Rexp
V±A(x)√

δRlat
V±A(x)

2
+ δRexp

V±A(x)
2
, (19)

where R
lat(exp)
V±A (x) is the central value of RV±A(x) calculated on the lattice (converted from

experiment) in Figure 7 and δR
lat(exp)
V±A (x) is its statistical error. Figure 10 shows DV+A(x)

and indicates that the lattice calculation agrees with experiment within 1.3σ in the region

|x| ≥ 0.4 fm.
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FIG. 11. RV−A calculated on the ensembles with β = 4.35, ams = 0.0180 and three input light

quark masses: amq = 0.0042 (diamonds), 0.080 (squares) and 0.0120 (circles). The results from

experiment converted including the duality-violating term in (8) (band) are also shown.

We may conclude that the lattice QCD calculation successfully reproduces the spectral

function observed in experiment at length scale of 0.4 fm and larger. The agreement around

|x| ∼ 0.5 fm is important since the precise calculation of the correlators in this region is

difficult with perturbative approaches and with low-energy effective theories as discussed in

Section IIA.

B. Consistency of the lattice data with ALEPH in the V −A channel

Next, we report the results for RV−A(x). Figure 11 shows the lattice data at three

different input masses at the same lattice spacing, β = 4.35. As expected, RV−A(x) vanishes

in the short-distance limit because of the good chiral symmetry of the Möbius domain-wall

fermion. At short distances (. 0.5 fm), the dependence on the input mass is clearly seen

and the results at smaller masses are closer to the experimental result.

In Figure 12, which shows the results at pion masses Mπ ≃ 300 MeV and at three

different β’s, there is no significant dependence on the lattice spacing at short distances
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FIG. 12. Same as Figure 11 but calculated on ensembles with different lattice cutoffs. Pion masses

are Mπ ≃ 300 MeV.

(. 0.5 fm), unlike the case of the V + A channel. One possible reason for this is that the

discretization effect on correlators at short distances is mostly perturbative and cancel in

the V −A channel.

We extrapolate RV−A(x) to the physical point in the same manner as for the V + A

channel. The result is shown in Figure 13. The consistency between the lattice result and

experiment can be seen in the region |x| > 0.2 fm. The extrapolation formula works at

|x| ≃ 0.2 fm as the fit result of di and χ2/dof indicates (Figures 14 and 15). Unlike the

V + A channel, di does not vary rapidly and χ2/dof remains O(1) even at |x| ≃ 0.2 fm. At

shorter distances there are few lattice points in a bin Bi and the average of |x| over lattice
points in the bin could significantly deviate from the center xi of the bin depending on a.

This may lead to another source of a-dependence in RV−A(a,Mπ, xi), which may not be

taken into account by our fit procedure. Although we do not extrapolate the lattice data in

|x| < 0.2 fm for this reason, Figures 11 and 12 indicate that the lattice data agree with the

phenomenological curve even in the asymptotically small |x| region. Figure 16 shows the

significance of the difference DV−A(x) between the lattice calculation and experiment. The
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FIG. 13. Lattice result for RV−A after the chiral and continuum extrapolations. Data in each bin

are extrapolated assuming (18). The bin size is larger in the short-distance region |x| . 0.4 fm

(blue crosses) than others (red squares) as there are fewer lattice points. The experimental result

(band) and the predictions of the OPE including up to dimension-4 (dotted curve) and dimension-6

(dashed curve) operators are also plotted.

largest difference, ∼ 1.8σ, is seen at |x| = 0.74 fm, while 1σ agreement is seen below 0.5 fm,

except for at |x| = 0.33 fm, where the fit function may not be appropriate as explained

above.

Figure 13 also shows the predictions of the OPE including up to dimension-4 (dotted

curve) and dimension-6 (dashed curve) operators. The OPE ROPE
V−A(x) of the V −A channel

is written as

ROPE
V−A(x) = −π2

3
mq〈q̄q〉x4 +

αsπ
3

9
〈q̄q〉2 ln(µ0x)

2x6 − f 2
πm

3
ππ

2

48
|x|5K1(mπ|x|) +O(m2

q). (20)

Here, only the leading order of the strong coupling constant αs is shown for the first and

second terms. The first term is calculated by the Fourier transform of the OPE in the

momentum space given in [31]. The second term is estimated using the vacuum saturation

approximation with 〈q̄q〉2 [39]. Before the normalization of (13), this term is logarithmic in

x with an unknown parameter µ0 as a result of the Fourier transform Q−4 → − 1
16π2 ln(µ0x)

2.
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FIG. 14. Same as Figure 8 but for the V −A channel.

Since the first two terms on the right hand side of (20) correspond to the OPE including

the longitudinal component of the axial-vector correlators, we subtract the contribution of

the pion pole by the third term. In the evaluation of ROPE
V−A(x) shown in Figure 13, we set

nominal values fπ = 130 MeV, mπ = 140 MeV, and the scheme-dependent parameters at

2 GeV in the MS scheme, αs = 0.3, mq = 3.4 MeV, 〈q̄q〉 = −(270 MeV)3. We also set

µ0 = 2 GeV as a typical value. The result of the truncation at dimension-4 already deviates

from the lattice result at 0.3 fm. Including the dimension-6 operators, it still disagrees with

the lattice result in the region |x| > 0.3 fm.

This analysis demonstrates the limitation of the operator expansion quantitatively. The

distance scale where the OPE can be safely used depends on the channel. In the V − A

channel, it can only be safely used at . 0.3 fm.

C. Chiral condensate

Here, we show our analysis to extract the chiral condensate through the PCAC relation.

The basic recipe, which is valid in the continuum theory, is explained in Section IIB.

On the lattice, some modifications to (12) are needed. The violation of the current conser-
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vation induces substantial discretization effects from the derivative term. Such discretization

effects can be largely eliminated by subtracting the vector counterpart, which vanishes in

the continuum theory.

We analyze

ΣV/A
mq

(x) = − π2

2(mq +mres)
x2

∑

µ,ν

xν∇µΠ
∞
V/A,µν(x), (21)

where the derivative ∇µ on the lattice is defined as

∇µf(x) =
f(x+ aµ̂)− f(x− aµ̂)

2a
, (22)

with µ̂ being the unit vector along the µ-direction. The residual mass mres is added to the

quark mass to take account of the violation of the Ginsparg-Wilson relation due to finite Ls.

In (21), we use the correlators Π∞
V/A,µν(x) after subtracting the finite volume effect. Here,

we assume that there is no significant finite volume effect for the vector channel, Π∞
V,µν(x) =

ΠV,µν(x), which is justified because the single pion does not propagate in this channel. The

finite volume effect on the axial-vector channel is estimated as the wrap-around effect of

the pion as in the previous subsection. The asymptotic form of
∑

µ,ν xν∇µΠ
∞
A,µν(x) at long

distances is given by

∑

µ,ν

xν∇µΠ
∞
A,µν(x) →

M2
πz0

2π2

∑

µ

xµ∂µ
K1(Mπ|x|)

|x| , (23)

where z0 and Mπ may be extracted from the zero-momentum correlator,
∫
d3x ΠA,44(~x, t) →

z0e
−Mπt. We can thus subtract the finite volume effect from the lattice data by

∑

µ,ν

xν∇µΠ
∞
A,µν(x) =

∑

µ,ν

xν∇µΠA,µν(x)−
M2

πz0
2π2

∑

µ,x0

xµ∂µ
K1(Mπ|x− x0|)

|x− x0|
, (24)

where the sum over x0 runs over

x0 ∈ {(±L, 0, 0, 0), (0,±L, 0, 0), (0, 0,±L, 0), (0, 0, 0,±T ), (±L,±L, 0, 0), . . .}. (25)

Figure 17 shows the lattice result for Σ
V/A
mq (x) calculated on one of the ensembles. In the

continuum theory, the axial-vector channel ΣA
mq

(x) is equal to the chiral condensate up to the

correction of O(mq), as shown in (12), and the vector channel is identically zero. Figure 17

indicates that the axial-vector channel calculated on the lattice almost coincides with the

vector channel and is non-zero, because of the non-conserving (axial-)vector currents. In

other words, the axial-vector channel is largely contaminated by discretization effects, by
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gray band shows the FLAG average (ΣMS(2 GeV))1/3 = 274(3) MeV.
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FIG. 19. Same as Figure 18 but calculated on ensembles with different lattice cutoffs and pion

masses are Mπ ≃ 300 MeV.

the same amount as in the vector channel. The precise chiral symmetry realized by Möbius

domain-wall fermion is the source of this coincidence.

Therefore, we may cancel the bulk of the discretization effects by analyzing

Σmq(x) = ΣA
mq

(x)− ΣV
mq

(x), (26)

which reduces to ΣA
mq

(x) in the continuum theory. Figure 18 shows the cubic root of Σmq(x)

calculated at three different masses and the same β. The renormalization is done multi-

plicatively to the MS scheme at 2 GeV,

ΣMS
mq

(2 GeV; x) = ZMS
V (a)

2
ZMS

S (2 GeV; a)Σmq(x) (27)

with the renormalization factors ZMS
V (a) and ZMS

S (2 GeV; a) determined in the previous

work [22]. The gray band represents the FLAG average [40] of the chiral condensate

(ΣMS(2 GeV))1/3 = 274±3 MeV at nf = 2 + 1.

In Figure 18, the results at smaller masses are closer to the FLAG average. This

agrees with the theoretical expectation discussed in Section IIB that the chiral condensate

ΣMS(2 GeV) is obtained in the chiral limit of ΣMS
mq

(2 GeV; x). Figure 19 shows the results at

26



TABLE II. Chiral condensate extracted from the global fit using (28) at various fit ranges and bin

widths.

x1 − δx/2 [fm] xN + δx/2 [fm] δx [fm] N ΣMS(2 GeV)
1/3

[MeV]

0.23 0.83 0.02 30 284.3(4.0)

0.23 0.83 0.04 15 285.2(4.0)

0.23 0.83 0.06 10 284.5(4.0)

0.23 0.83 0.10 6 285.7(4.0)

0.23 0.43 0.04 5 293.7(5.4)

0.31 0.51 0.04 5 290.7(5.0)

0.39 0.59 0.04 5 288.9(4.6)

0.47 0.67 0.04 5 285.5(4.4)

0.55 0.75 0.04 5 280.8(4.0)

0.63 0.83 0.04 5 276.2(3.8)

three different lattice spacings with pion masses Mπ ≃ 300 MeV. Like for RV−A(x), there is

no significant dependence on the lattice spacing.

We extrapolate these results to the chiral and the continuum limits as follows. The average

Σ
MS

mq
(2 GeV; a,Mπ, xi) of ΣMS

mq
(2 GeV; x) over lattice points in each bin is defined similarly

to RV±A(a,Mπ, xi) in the previous subsections. Unlike for RV±A(x), the x-dependence of

Σmq(x) is limited to O(M2
π) or O(a2), and the result of the extrapolation of Σmq (x) must be

independent of x. We therefore perform a simultaneous fit for all bins using the fit function

(
Σ

MS

mq
(2 GeV; a,Mπ, xi)

)1/3

=
(
ΣMS(2 GeV)

)1/3

+ ciM
2
π + dia

2, i = 1, 2, . . . , N, (28)

with 2N + 1 parameters c1, c2, . . . , cN , d1, d2, . . . , dN and
(
ΣMS(2 GeV)

)1/3
.

At short distances, the continuum extrapolation may be contaminated because there are

few data points in each bin. At long distances, on the other hand, the extrapolation by

the fit function (28) may not be appropriate since the mass dependence of Σmq(x) may be

complicated, as described in (23). We extrapolate lattice data at middle distances where

the dependences on the pion mass and lattice spacing would be well under control by the

fit function (28).
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Table II summarizes the results at several fit ranges and widths of bins. The dependence

on δx is sufficiently small compared to the statistical error. On the other hand, the depen-

dence on the fit range is larger than the statistical error. Including this uncertainty in the

estimate of the systematic error, we determine the chiral condensate to be

(
ΣMS(2 GeV)

)1/3
= 284.9± 4.0stat ± 8.8sys MeV. (29)

Here, the central value and the statistical error are estimated by an average of the four

results for the fit range 0.23–0.83 fm with various widths δx, while the systematic error is

estimated as the maximum difference between the central value and the results at various

fit ranges. This result agrees well with the result obtained from the Dirac spectrum on the

same set of lattice ensembles, 270.0(4.9) MeV [20].

V. CONCLUSION

We have discussed the vector and axial-vector current correlators in the distances be-

tween the perturbative and non-perturbative regimes. In this intermediate region, neither

the perturbative approaches nor low-energy effective theories are fully applicable. Lattice

calculation can be used to analyze such theoretically difficult physical regions, provided that

the systematic errors are properly estimated. The τ decay experiment by ALEPH played a

crucial role as it provides the data for both the vector and axial-vector channels. The V +A

channel is mainly useful to test the perturbation theory, while the V −A is sensitive to the

non-perturbative aspects of QCD. The lattice calculation of the V +A channel agrees with

experiment in the length scale of |x| ≥ 0.4 fm at the level of 1.3σ or better. The V − A

channel agrees at a level of 1.8σ at |x| = 0.74 fm or even better agreement at other distances.

The chiral condensate, the order parameter of chiral symmetry breaking, is also precisely

extracted from this analysis.

The consistency between the lattice calculation and the experimental data seen in this

work adds further support for the validity of QCD in the distance region where excited

states contribute significantly. The lattice calculation of the current correlators can also

identify the region where the correlators are well explained by the OPE, which is the main

theoretical tool in phenomenological analyses.

The method applied in this work to extract the chiral condensate needs a differential
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of the axial-vector correlator on the lattice. The substantial discretization error from the

differential is dramatically reduced by subtracting the counterpart of the vector channel.

The fact that the obtained chiral condensate agrees with the result based on the Banks-

Casher relation gives additional confidence in our description of the symmetry broken QCD

vacuum.

Lattice calculations of current correlators at finer lattices, which will become available

in the near future, would be very interesting as they may give further information in the

perturbative regime. They will provide us with stringent tests of the perturbative expansion

in QCD, which is now available to O(α4
s) for the vacuum polarization function. At the same

time, they would be a sensitive probe to determine the strong coupling constant.

While this work focused on the vector and axial-vector channels, the scalar and pseu-

doscalar correlators may reflect a different aspect of QCD. The perturbative region for these

correlators is much shorter than that of the vector and axial-vector channels because they

are directly affected by instanton interactions [41]. Lattice calculations of the scalar and

pseudoscalar correlators may give new insights into understanding such effects.
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