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Gravitational dual of the Rényi twist displacement operator

Srivatsan Balakrishnan, Souvik Dutta, Thomas Faulkner!
! Department of Physics, University of Illinois, 1110 W. Green St., Urbana IL 61801-3080, U.S.A

We give a recipe for computing correlation functions of the displacement operator localized on
a spherical or planar higher dimensional twist defect using AdS/CFT. Such twist operators are
typically used to construct the n’th Renyi entropies of spatial entanglement in CFTs and are holo-
graphically dual to black holes with hyperbolic horizons. The displacement operator then tells us
how the Renyi entropies change under small shape deformations of the entangling surface. We
explicitly construct the bulk to boundary propagator for the displacement operator insertion as a
linearized metric fluctuation of the hyperbolic black hole and use this to extract the coefficient of
the displacement operator two point function Cp in any dimension. The n — 1 limit of the twist
displacement operator gives the same bulk response as the insertion of a null energy operator in
vacuum, which is consistent with recent results on the shape dependence of entanglement entropy

and modular energy.

Introduction. The study of entanglement in quantum
field theories (QFT) has led to new perspectives on
strongly correlated phenomena. Some recent applications
include insight into the renormalization group flow in the
space of QFTs [1-3], the dynamics of excited states [4-6],
topological phases [7-9], emergent space-time and grav-
itational dynamics hidden behind holographic dualities
[10-12] and proofs of energy conditions in QFTs [13-15].
Conformal field theories (CFTs) offer hope for studying
entanglement in strongly correlated systems where the
available symmetries fit nicely with entanglement com-
putations [16-18]. CFTs live at quantum critical points
where long range entanglement is a basic characteristic
[19, 20]. Indeed the spatial Renyi entropies, the entangle-
ment measure we plan to study in this paper, can even be
studied in the lab [21] and are often employed in numeri-
cal modeling [22], providing signatures of quantum phase
transitions and topological phases. All of the above mo-
tivates development of theoretical tools for the study of
Renyi entropies in CFTs and in this paper we will add
to already available holographic results [23-28] to meet
this goal.

The Renyi entanglement entropies between a spatial
region A and its complement can be constructed via the
replica trick which computes Trp"; for integer n by con-
sidering a product orbifold CFT"/Z,, and introducing a
co-dimension-2 cyclic twist defect on the boundary 0A
separating the spatial regions. An analytic continuation
away from integer n for correlation functions involving
twist defects is often assumed, although is sometimes
subtle [29, 30]. To exploit the maximal symmetries of
the problem it has been recently suggested [31] that we
should use the full technology of defect CETs (dCFTs).
Indeed the theoretical study of CFTs, including dCFTs
[32-34], in higher than 2 dimensions has recently under-
gone a renaissance [35]. We might hope to exploit as
many of these results as possible in the study of entan-
glement.

In this paper we plan to study the displacement op-
erator localized on the Renyi defect. This operator is
fundamental to any dCFT and has the property of mov-
ing the defect locally. Thus its correlation functions

constrain the shape dependence of the Renyi entropies,
controlling such observables as the universal log diver-
gences from scale anomalies [36, 37] and corner terms
[38—41]. As a basic object in dCFT, it is of interest to
construct its holographic dual [42]. There are many ex-
amples of holographic duals for dCFTs [43-48] of vari-
ous co-dimensions, the Renyi entropies [23] are just one
example. To our knowledge no construction of the holo-
graphic displacement operator has previously appeared,
with the exception of dCFTs described by probe branes
[43] where the displacement operator decouples to lead-
ing order from the bulk CFT. The construction of holo-
graphic defect operators has previously been worked out
in [49]; however the displacement operator was not con-
sidered. In this paper we plan to remedy this, at least
for the Renyi twist defects. We expect our methods gen-
eralize to the many known holographic dCFTs.

Displacement operator. We start by summarizing the
known dCFT constraints on the displacement operator
correlation functions. These were recently elucidated in
[50] using the embedding space formalism [51]. We will
present their results in a way which is convenient and
suggestive for translating into holography.

The displacement operator is defined via a variation of
the location of the twist defect:

Sy = — / 51 Do, (1)
P

where D, is a local operator living on the defect. It
has scaling dimension d — 1 and is a vector under SO(2)
rotations in the transverse plane.

The Ward identity relates D, to the divergence of the
stress tensor in the presence of the twist defect, which
thus encodes the breaking of translation invariance:

0,T", = Dyds. (2)

where Oy, is a 2-dimensional delta function in the trans-
verse plane localized along X..

While these definitions work for arbitrary shaped twist
defects, to make any further statements we need to spe-
cialize to flat space with a planar defect. Such a defect



globally preserves an SO(2)x.SO(d—1, 1) subgroup of the
flat space conformal group. The SO(d — 1, 1) group acts
as standard conformal transformations along the d—2 di-
mensional defect. Note that while the detailed results will
be presented for a planar defect, one can easily translate
these results to spherically shaped defects - the confor-
mal anomaly of even dimensional theories does not play
a role since we will be interested in the non-local (not
contact) part of correlation functions.

The correlation function of two displacement operators
along this planar defect is then fixed by the remaining
conformal symmetries to be:!

Cp

(Dw(y) D (y')) = 3y =y [F@D

3)
where our conventions are such that correlation functions
implicitly include the defect operator 75 (unless other-
wise stated) and are normalized such that (1) = 1. Here
Cp is an unfixed parameter that depends on the partic-
ular CFT under consideration. One of the goals of this
paper is to calculate C'p in a holographic theory.

We now examine the correlation function
(TH(x2)Do(y’)) between an ambient space stress
tensor and the displacement operator. This is similarly
fixed by the remaining conformal symmetries up to
three parameters. Using the Ward identity (2), and
the fact that an integrated displacement operator
against a uniform vector field jw® simply translates the
defect, these three parameters can be related to the two
parameters Cp and the twist operator dimension hy.
The latter being canonically defined via the one point
function of the ambient stress tensor in the presence of
the defect (7%) = —226% /|w|¢ which we quote only for
the parallel components of the stress tensor.

We choose to represent (T#(x2)D,,(y')) in a way which
is convenient for comparison to our holographic analysis
in the next section. Firstly we exploit the symmetries
of this correlator to send the displacement operator to
oo along the defect: Dy, (00) = limy 00|y’ |2 Y Dy (v/),
without loss of generality. We then Weyl rescale the am-
bient metric so that we work in hyperbolic coordinates
H = S! x Hy_, appropriate for the hyperbolic black hole
description of the twist operator. In the orbifold CFT
the radius of the S' factor is 27n and the Z, symme-
try rotates this factor by 2w. The Hy_; factor has unit
curvature radius. The metric is:

dp? + 6;;dytdy? 1
ds3, = dr* + 47+ 0y Yy - LA sty e?=- (4)
P P
where the transverse coordinates are w = pe'™. In these
Weyl related coordinates the twist defect 3 now lives at

1 We use z# to denote ambient space coordinates and y* to denote
coordinates along the defect. The coordinates in the transverse
plane are w® such that z — (w, y) and we will often use complex
coordinates w, @ in this plane. ™ will denote gravitational bulk
coordinates.

the conformal boundary of Hy_1. We should rescale the
ambient operators of dimension A as Oy = e *%Oga ,
but leave alone the operators located on 3.

Without further ado the stress tensor displacement
correlator is:

(T (2) Doy (00)) 5, dxt'd” = (5)
d—2,~ do? — “L_di? =2

P W B PT— a3 | Sahy dw®
o (1= LF St

where Sg = d(4/77)% I'((d+1)/2). A similar result
holds for the w component of the displacement operator
where we switch w <> w.

Holographic description of displacement operator. We
will now try to reproduce this from a gravity calcula-
tion and in so doing fix Cp. The goal will be to find a
linearized metric fluctuation about the hyperbolic black
with the appropriate symmetries and whose holographic
stress tensor [52] agrees with (5). This metric fluctua-
tion will have the interpretation as a bulk to boundary
propagator for the displacement operator. Ultimately we
would like to work in the absence of a CFT metric defor-
mation so we expect that such a bulk metric fluctuation
will look normalizable in the sense that an appropriate
Fefferman-Graham expansion of the fluctuation has zero
deformation to the boundary metric. Note the fluctu-
ation will only be superficially normalizable since there
will be a displacement operator insertion but this is hid-
den at 3y’ — co in our coordinate system.

The metric dual to the undeformed twist operator and
which solves Einstein’s equations is [23, 53]:

dr? dp? + 6;;dytdy?
d82=fd7'2+i—|—7’2—p + 0y ey
f p?

where f = 2 — 1 — Mr?=% The mass M determines
the replica index of the twist operator n by solving the
equations f(rg) = 0 and n = 2/(f'(rg)). Here rgy is
the horizon radius and 27n is the inverse Hawking tem-
perature of the horizon. The zero mass M = 0 case
corresponds to n = 1 and is secretly the AdSyy; metric
written in funny coordinates.

For the CFT living on the hyperbolic coordinates H
the symmetry group SO(2) x SO(d — 1,1) is manifest as
the isometry group of H which extends trivially into the
bulk for the metric (6). Thus it is natural to expect that
the sought after bulk metric fluctuation respect the scal-
ing and rotation symmetry of the displacement operator
insertion on the boundary. This, along with the form of
the stress tensor in (5), suggests the following fluctuation
ansatz in radial gauge:

(6)

B2 o) g M g N = pi=2p ( f {k;d# + ik;drﬂ

2 . .
+% [Kedp® + kZ(Sijdyldyj]) (7)



where the kj}/ are functions only of the radial direction
r. The ansatz in (7) has definite scaling under (p,y") —
A(p, y") and under rotations 7 — 7+c¢ and is independent
of y;.

Indeed it is easy to find a very simple solution to Ein-
tein’s equations for k:

Ko=—(d—2k!=k(r) k,=0 kI=0 (8

where k(r) satisfies the following differential equation:

k(r)=0.
(9)

This equation was first written down for the case d = 4
in [27] where it was used to find certain In divergences
that appear in the shape dependence of Renyi entropies
in even dimensions. The coefficients of these divergences
are in turn related to Cp [31]. While our methods look
naively very different to [27] they yield the same radial
equation and the same prediction for Cp when d = 4. We
will make further contact with [27] soon. For now we note
that our method allows for simple generalization to ar-
bitrary dimensions without relying on the In divergences
in entanglement that only appear in even dimensions.

d—1 f 24 (d—
k//(r) + <T1 + ‘ff> k/(T) - 4 +’I"(2f2 3)f

This equation can be solved numerically and up to nor-
malization is fixed by the requirement of regularity at the
horizon r = ry. From this solution we have the connec-
tion problem:

k() ~ag(r—r)™2 +0x (r—ry) 2. ..
r2—1

k(r) ~« "

+Br ... (10)

between the horizon and the boundary respectively. This
uniquely defines the ratio 8/« that will determine Cp as
we will see shortly. Note there is no reason for o to
be zero so naively the solution we wrote in (8) is not
normalizable.

This is easily remedied. The radial gauge leaves un-
fixed, to first order in the fluctuations, three large dif-
feomorphisms determined in terms of three constant pa-
rameters. On the boundary CFT these act as a diffeo-
morphism in the transverse plane to the defect as well
as a Weyl rescaling of the boundary metric. We leave
their form to Appendix A, where we further elucidate
their meaning from a purely CFT perspective. The three
parameters are sufficient to remove the boundary metric
deformation and at the end of the day we find the fol-

lowing “normalizable” solution to Einstein’s equations:?

ko = k(r) + & (‘{;7 —(d - 1)2Zp> (11)

K- H0) (‘/7 +(d— 1)29)

v d—2

r

K =a (2\//7 +ZT) k) = (d—1)a (ZfZ"—FZT)

where & = «/d/(d — 2) and

" dr’ Toodr!
/T S N LT
« | e | Faopm 2

We claim that this solution (11) to the linearized Ein-
stein’s equations should be thought of as a bulk to bound-
ary propagator for the displacement operator. Note how-
ever we have not specified the overall normalization « of
this solution - we will do this shortly.

Using this result we can now calculate the desired dis-
placement operator to ambient stress tensor two point
function simply by reading of the holographic stress ten-
sor from the near boundary expansion of the solution
(11). 3 We find exactly the desired form (5) allowing us
to fix both « and § in terms of Cp and hy. (See Ap-
pendix A (A7-A8).) Similarly the one point function of
the stress tensor can be calculated from the background
metric [23], hy; = —nM/(8Gy). This allows us to fix the
normalization a = S4(d—2)/(d—1). We will confirm this
particular normalization in the next section by showing
that, [dwx this soution, can be identified with a small
displacement of the gravitational dual of the defect op-
erator. The final expression for

= 6Gn =T <2(d—2)§—M> (13)

is determined in terms of the ratio 8/« which is fixed
by the numerical connection problem specified in (10).
We make some plots of C'p as a function of n in various
dimensions in Figure 1.

2 One might wonder why this is possible at all. On the boundary
there are four components of the metric that need to be tuned to
or kept zero, however we only have 3 parameters in the diffeomor-
phism. So generically this is not possible. However the condition
for a defect operator to appear in the ambient operator to defect
OPE in holographic theories is exactly this normalizability [49]
and since we know the displacement operator of dimension d — 1
must appear in this OPE this had to work out. Had we started
with a different ansatz in (7) with the replacement out front of

p?=2 = pA— 1 we would only find normalizable solutions for spe-
cific discrete values of A. A more systematic study of these other
defect operators will be left to future work.

We must remember to multiply the resulting holographic stress
tensor by a factor of n coming from the sum of stress tensors
on each copy of the original CFT in the tensor product. This
constructs the orbifold stress tensor relevant for the dCFT cor-
relation functions.
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FIG. 1. Plots showing Cp as a function of n in holographic
theories with an Einstein gravitational dual. In the left plot we
have normalized to the coefficient of the stress tensor two point
function C'r and in the right plot we have shown the relative error
of the holographic answer from the conjecture of [31] which used
results from free theories, and other conjectures, to guess that
CH™ = Sahs in the conventions used here.

If the displacement operator is not inserted at co we
can use a simple inversion transformation on hyperbolic
coordinates: (p,y%) — (p,y")/(p®> + |y — ¥'|?), to find the
bulk to boundary propagator for D,,(y"). To simplify the
discussion, we first consider the fluctuation in the form
(8) without applying the bulk diffeomorphism of (11).
This should be sufficient for calculating most correlators
involving displacement operators up to the action of the
appropriate boundary diffeomorphism plus Weyl trans-
formation on the operators in lower point functions. In
this case the full bulk to boundary propagator may be
written as:

th (y/) (14)

cg—1p*! ]
(P +(y—y)?)*!

where k(r) is the radial solution to 5{9) normalized so
that @« — 1 in (10) and c4—1 = d(dil)' The hatted
covariant derivatives and metric are for the factor Hy_;
where we use indices m,n ... for the coordinates (p, ")
on this factor. We recognize the object in square brackets
in (14) as the bulk to boundary propagator for a scalar
field ¢® on Hy_; “dual” to a dimension d — 1 operator
living on the boundary ¥ of Hy_;. So after integrating
the displacement operator against the vector Jw® we can
write the most general solution as:

o = [ @2 R 507 () (15)
& vk vy a
(VnVn =) 0" (16)
where ¢ (p,y) solves (V2 — (d—1))¢™ = 0 subject to the
boundary conditions as p — 0:

o (p,y) = p~ow (y) + . .. (17)

Note that the near H;_1 boundary expansion of the met-
ric looks like

- fc(r)r?% (V¥ = Gn) [

= 2k(r)r?

2k (r)r2 tr i@

hpndz™dz™ — g (wa(Kf‘j g 251J)dy’dyj

2 .
+mwa8itrK°‘dyldp + .. > (18)

where K[ = 0;0;0w” is the extrinsic curvature of the
boundary defect. This corresponds to the gravity so-
lution dual to the so-called deformed hyperbeloid [27]
which was studied in a near H;_; boundary expansion
as above. Here we have extended the results of [27] to
a full solution of linearized Einstein’s equations. The
boundary metric extracted from the r — oo limit corre-
sponds to the deformed defect in a Gaussian normal-like
coordinate system. In particular the action of the bulk
diffeormophism which moves us from the solution in (11)
to that of (8) has the effect of adapting the deformed
defect to this aforementioned coordinate system as dis-
cussed further in Appendix A.

Note the form of the metric plus fluctuations at the
horizon as r — rg is:
R2dr?

n2

+ (vmn + R K" +R"TKY +.. ) da™ dx™

ds* = dR? + +... (19)

where R o< /T —7H, Ymn X Jmn and the K’f,im o
(@m@n — Gmn | % are traceless by virtue of the equa-

tion of motion for ¢®. This is exactly the near horizon
expansion employed by Lewkowycz-Maldacena [54] for
studying the replica trick in holographic theories.

Here we have focused on sourcing the displacement op-
erator and the bulk to boundary propagator. The expec-
tation value of D, in the presence of other sources or in
excited states can be read off from the asymptotic value:

o = e D) (20)

which we must extract by taking the r — oo limit first
on the bulk metric fluctuation:

d—2
lim lim (r) i}{dwéijhij =bp (D) (21)

167G N p—0r—c0 p
where bp = Ei_fg% This is the gravitational

dual of the defect OPE (dOPE!) discussed in [49]. To
arrive at (21) above we used the normalizable form of
solution (18) which for completeness we give in the Ap-
pendix A (A20).

Entanglement entropy limit. As usual the limit n — 1 is
of interest since this is how we extract the entanglement
entropy. Several things simplify in this limit, essentially
because the original hyperbolic black hole, about which
we are perturbing, turns into AdS44+1. Of course ana-
lytically continuing in n for a general twist defect opera-
tor is a tricky business, however in holographic theories
it is known how to proceed [54] and we have implicitly
adopted this procedure by virtue of (19). Firstly lets
focus on the displacement operator two point function.
We can use standard methods to study the ODE in a
perturbative series to extract:

CDNSth <1+2d((dd__21))2(n—1)+> (22)



where Sghy, — (n — 1)272Cr/(d + 1) for Cr the coeffi-
cient of the (non defect) stress tensor two point function.
We have written the answer as a departure from the con-
jectured relation in [31]. It was proven that relation is
true in the limit n — 1 [55] however it was shown to fail
in [27] for holographic theories in d = 4 and we confirm
this in arbitrary dimensions.

Now consider the full gravitational solution for the dis-
placement operator insertion. In the limit n — 1 the
solution for k(r) becomes:

l%(r)zrz_l(l_ (Z:i)/oodr’ (:/2d£rl12);_ 1)+...>
(23)

where we have matched to the regular horizon behavior
n (10). We can now apply a bulk coordinate transforma-
tion (the details of which we leave to Appendix B) which
takes us out of radial gauge, but puts this solution in the
incredibly simple form:

d2(du)

(6d52)Dw(oo) =(n—1)cg—1 (f) +0(n—1)>2
(24)

where ut = V72 —1pet/r.  Actually we recog-
nize these new coordinates along with z = p/r

as those of Ade+1 in the Poincare patch: ds?> =
dutdu~ +5”dy dy? 422

, which is appropriate for the n — 1
limit. In thcse new coordlnatos (24) turns out to be, up
to a factor of (n — 1), the bulk metric response to the
insertion of a null energy operator in real times:

)= [T =0 (25)
0

Examining the bulk to boundary propagator for the null
components of the metric response (see for example [56]),
analytically continuing it to real time and performing the
null integral, we have:

_ y/)Q + 22)2

gy = el
- y,)2+22)d+1

w (utu + (y

(26)

The limit 4/ — oo (after multiplying by |3/|>(?~1)) then
agrees with (24). This is consistent with the recent dis-
cussion of the shape dependence of modular Hamiltoni-
ans [15] and entanglement entropy [55, 57] where these
null energy operators come about from a conformal per-
turbation theory calculation in the boundary CFT [29].

From this result one might be tempted then to simply
identify lim,_, ﬁDw = £.7 But this is not always
correct since the analytic continuation in n depends on
the exact correlator under consideration. For example
this identification would tell us that the entanglement
density naively vanishes as (n — 1). The entanglement
density is defined via the second variation of the entan-
glement entropy 8°Sgp ~ — [ dy10w® [ dy2dwap(yr, ya).
To extract this from either the displacement operator or

the null energy operator we should compute:

(Y1, y2) ~ hm

74 i (Tosis (41, w) Doy (32)) (27)

1’]’L—
tim 2 [ e (1 0)€+ (1))
Jim [ du” (T (g ut (12))
(28)

where V is a divergent volume factor (in Rindler space)
that needs to be removed when one does the integral over
null coordinates. The latter correlation function is eval-
uated in the CFT with no mention of the defect. This
latter relation is derived in depth in a forthcoming pa-

r [57]. The former relation is a consequence of the
Ward identity (2) and the form of the correlator in the
limit n — 1. These are clearly two different computa-
tions however they look remarkably similar - the latter
being the real time version of the former. In particular
the latter does not require any careful n-analytic contin-
uation that is mostly only available for theories with a
gravitational dual.

Extensions. Given the bulk to boundary propagator
studied in this paper, it is possible to compute more com-
plicated correlation functions involving displacement op-
erators. The answers take the form of Witten diagrams
and we give a few examples in Figure (2). We will not
attempt to compute any of these diagrams leaving this
to future work, however we mention a few potential ap-
plications in the caption.

< N A

FIG. 2. Witten diagrams [58] for the displacement operator.
The ball represents the Euclidean hyperbolic black hole and for
clarity we have shown 1 co-dimension to the defect. The loop
diagram on the left would compute the perturbative 1/N correc-
tion to Cp. The four point function of displacement operators is
the next correction to the expansion of the shape dependence of
the Renyi entropies about the spherical or planar cut: S, (%) ~
Sn(Z0) + N (N [ 6w .. [ Sw*N (Da,y ... Day)

The study of displacement operators on defects has
consequences in situations other than for Renyi entropies.
Defects can arise in critical phase of matter and their dy-
namics is controlled via the displacement operator corre-
lation functions [48]. Thus it is of interest to extend this
analysis to such holographic models.
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Appendix A: Unfixed diffeomorphisms

Working with the fluctuation in the form (7) we can
make the following diffeomorphism:

(r,p,7) = (1, p,7) + p 720 (X, (1), pX (1), 1 X 1 (1))

(A1)
These preserve the radial gauge as long as:
or d—1)dr
X, (r) = 5Tf1/2 X;_(T) = W X//J(T) = - ( rgfl/)Q
(A2)

where dr is an integration constant and there are two
more constants associated to the differential equations in
(A2) such that lim,_, X;(r) = §7 and lim, _, X, (1) =
dp. These act on the k fluctuations as:

orf’

k7 — k7 + <2X‘r + f1/2> (A3)
T2
k7 — k] —2 (pr —(d— 1)XT> (A4)
orfi/?
kg—>k§+2<(d—1)Xp+ " ) (A5)
srf/?
iy kg2 (-, ) (A6)

and picking parameters ép = —(d — 1)dr and d7 = —or
with ér = m we can use this diffeomorphism to re-
move the deformation of the boundary metric implied by
the solution (8). Only after we do this removal can we
claim a gravitational solution for the displacement opera-
tor, since that involves no boundary metric deformation.

The resulting holographic stress tensor for this fluctu-
ation takes the form in (5) with the following identifica-
tions:

nd M

Sahs  n(d-1)
3~ Teanid—2)M (A8)

On the boundary theory the three bulk diffeomor-
phisms act as two boundary diffeomorphisms and a Weyl
rescaling. For the parameters identified above we have:

gPw() = —5rp?=2w ((d — 1)pd, +i0-)
5P (50) = g pd=2gg

(A9)
(A10)

where we are working for now with the CFT living on the
hyperbolic space H = S' x Hy_;. We can understand the
meaning of these in various ways. To begin with we note
that the stress tensor displacement operator correlation

function can be written as:

(T Da(00))4, = <([£§Da<°°> + 85000 ()] T)W>H + Quva

Q/Auadm#dm” (All)

d—2
— P Wa (2CD — Syhs,

™

3d — 4\ dp® — 75dif
d—1 P>

where £ is a Lie derivative and §" is an infinitesimal
Weyl rescaling with the appropriate weight (d — 2 in
the case of T),,.) Here the stress tensor one point func-
tion (7},,,),, in the presence of the defect appears and we
should note that we are ignoring possible scale anomalies
in (T},),, by working in general dimensions d.

Further the diffeomorphism plus Weyl transformation
acts on the H metric to give:

([LgDa(oo) + 5}5/}/25,@(00)] g)uudxﬂdxl/ =
454(d—2) 4 dp® — ;o dy?
e Wo——————— A12
a1 "’ 72 (A12)

The conclusion is that if we invert the diffeomorphism
and Weyl transformation we study the twist defect in
the presence of a particular metric deformation - minus
that given in (A12) - and we expect the stress tensor
response to this deformation as @), alone, as given in
(A11). This is the meaning of the AdS/CFT solution
in (8). Since this is clearly a much simpler solution to
study (compared to the “normalizable” solution in (11))
it is useful to understand what its interpretation is in
even more detail. To do this we will now examine the
integrated displacement operator and the resulting dif-
feomorphism plus Weyl transformation:

f=— / 412y €00 500 (1) (A13)

60 =— / d?=2y/ QP> 0 (') (A14)

Still working in the conformal frame of H we find:

€= p w0 G ™" 00" On + p teapd w0,
60 = —p~lwao”

(A15)
(A16)

where ¢® was defined around (17) and ¢ refers to the
metric on Hy_; as in the main text. Moving back to
flat space gives the clearest interpretation of this result.
When we shift back to flat space the diffeomorphism is
un-altered but the Weyl deformation shifts as 6Q)' = §Q—
pflfp. Now we expand close to the entangling surface
p — 0 to find:

E— w0, + 6ijwa8i5w°‘(9j (A17)
+ m (82511111]2611; + 3251011723@) + e
/ _ We 2 a
0 - %t (A18)



Recall that due to the integrated displacement operator
the twist defect is originally located at w® = —dw® (see
(1)). But it is now it is clear from the leading term in
(A17) that € exactly moves the twist defect back to the
origin w® = 0. The result is that we are naturally en-
couraged to work in a coordinate system adapted to the
deformed twist defect, which is something like Gaussian
normal coordinates. In these new coordinates the de-
formed metric close to the twist defect is:

trK @ "y
ds* = dwdw+ <6ij + 2wq <Kfj - ;_25@)) dy'dy’

4 .
+ ——wa Oitr Kdy*dp + . ..

—— (A19)

This is the metric of deformed hyperbeloid that was stud-
ied in [27] using this p — 0 limit. Note that at higher or-
ders the coordinates are not quite Gaussian normal (and
thus differ slightly from [27]), since there are dpdy® cross
terms. There is no particular reason why Gaussian nor-
mal is the most natural. It seems that conformal invari-
ance of the defect naturally picks the above metric. Also
note that, since ¢® is fully determined in the ambient
space by a given deformation Jw® on X, the full diffeo-
morphism, Weyl factor and metric deformation are fixed
even far away from the entangling surface.

For completeness we also give the full form of the dis-
placement bulk to boundary propagator in the absence

of any boundary metric deformation:

r? ((12; — ZP)Vu Vi — (k — ‘/f)gmn> ¢~

2w,
P

wP N
hr = eaﬁT(rzZ” + fZT)V mo®

her = =2 (FVT 42427 ¢ (A20)

Appendix B: Revealing the null energy insertion

We write the solution to k in a perturbative series:

r

k(r) = I (1 - ;fnlul(r) +.. ) (B1)

2
where u}(r) = rl_d% such that lim,_,.cu; = O.

Also we have defined fo = (r? — 1) and 6, = (n — 1).
The diffeomorphism that reveals the desired solution (24)
starting from the original solution (11) is given by the
form as in (A1) but with:

—d

X, = ol (1+25n (Tzcz_ d“_11> +) (B2)
orr 20 1 1

X,=—(1-—2 rd(+>+u>+...)
f3/2< d—1< 2d - fo '

S 1/2 —d
fom T () 1)

This choice does not satisfy the requirement (A2) that we
stay in radial gauge, however this is necessary to move
to the solution in (24).
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