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We use holographic QCD to study Pomeron- and Reggeon-mediated central production in Regge
regime hadronic scattering. We focus specifically on n production in proton-proton collisions. While
previous work studied the Pomeron-mediated process, the mesonic Regge trajectories (“Reggeons”)
we now incorporate contribute significantly at experimentally probed energies. We use the five-point
open string amplitude (in flat space) to construct approximate propagators for the Reggeon states,
and the five-point closed string amplitude for the Pomeron. Using these “holographic” Reggeons
and Pomerons, and low-energy couplings derived in the Sakai-Sugimoto model, we compute the
differential and total cross sections at /s = 29.1GeV. Our calculation of the total cross section is
o = 236 nb, while the experimentally measured value is ¢ = 3859 nb. The discrepancy between
our result and the measured value may indicate that our model systematically underestimates the
values of the relevant coupling constants.
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I. INTRODUCTION

The holographic approach to hadronic physics is built on the conjecture that there exists a duality (or mapping)
between non-supersymmetric gauge theories such as QCD, and string theory on a hyperbolically curved background.
AdS/CFT —or, generically, gauge-string duality— is a weak-strong mapping: perturbative calculations in the curved
space string theory yield first principles predictions for strongly coupled hadronic physics. This idea has been used to
analyze light meson and glueball states with reasonable success [1, 2], and has also been extended to study baryons
[3].

Most work in holographic QCD assumes vanishing string length (o’ — 0). In this approximation, the curved space
string theory reduces to supergravity, a (relatively) tractable classical field theory with a finite number of fields. Since
string theory excitations are either massless or have masses proportional to the inverse string length, the o/ — 0
limit truncates the string spectrum to massless fields of spin 2 or less. This is certainly a reasonable approximation
for very light states and very low energies. However, empirical evidence suggests that there are finite mass hadronic
excitations which are not captured by this approximation [4]. These include higher spin states such as the p3 and
ps5, as well as some of the more esoteric spin 1 mesons like the hy/b; [5]. Even at low energies, then, it is clear that
supergravity cannot be the whole story.

The problem with the supergravity limit is most apparent, however, in the Regge regime of hadronic scattering.
(That is: high center-of-mass energy s and small momentum transfer ¢ processes.) In fact, the first string theories|[6]
were developed as phenomenological models for Regge regime hadronic scattering — because ordinary point particle
theories did not do the job.

The Regge regime’s small momentum transfer (¢ << 0) implies that the incoming states exchange strongly coupled
objects (i.e. mesons or glueballs). At the same time, the amplitude for exchanging a spin J state scales as s/, so
higher spin excitations dominate for large center of mass energy s. Summing up the contributions from all ¢-channel
poles requires an excursion into the complex J plane, and yields an amplitude that is proportional to s*®*), where a(t)
is a linear function [7]. One of the great revelations of this program was the fact that this linear function is precisely
the same as the one that describes the Regge trajectories of the mesonic spectrum. String amplitudes in flat space
exhibit precisely this kind of Regge-regime behavior.

Outside the Regge regime, of course, flat space string amplitudes fail to capture the behavior of hadronic scattering.
This — and the advent of QCD — led to the abandonment of string theory as a viable description of hadrons. While
this is certainly true of flat space string theories, gauge-string duality suggests that a curved space string theory — the
holographic dual of QCD — might do the trick.

The Regge regime is thus essential to understanding (and testing) gauge-string duality. It is a setting in which the
holographic approach produces results that are distinct from phenomenological setups such as the chiral Lagrangian.
It also opens the door to a wealth of experimental data that can shed light on parameters appearing in low-energy
processes.

Regge regime scattering has received less attention in the holographic QCD community because an honest treatment
of the string dual requires prohibitively complicated curved space string calculations. Progress in this area thus requires
some form of approximation. For instance, the nice work of [8] studied 2 — 2 and 2 — 3 string scattering in a simplified
spacetime (AdSs), and using a perturbative expansion in the inverse AdS radius. This helped to elucidate the nature
of the Pomeron trajectory (discussed in more detail below) in a holographic context, and made a connection between
the “hard” (perturbative) Pomeron and the “soft” Pomeron of the Regge regime. It is also possible to analyze the
structures of Reggeon and Pomeron trajectories and how they impact scattering in soft or hard wall holographic QCD
models [9]. Finally, work has been done on using effective string theory in an arbitrary number dimensions to compute
Regge trajectories [10].

Others have used a more phenomenological approach, aiming to apply gauge-string techniques to actual experi-
mental data. The practical approach of [11], which we adopt here, is as follows. (1) We assume that string scattering
amplitudes in weakly curved backgrounds have roughly the same structure as flat space amplitudes, but that the
defining parameters (e.g Regge slopes and intercepts) take on different values than in flat space. (2) Furthermore, the
Regge regime amplitudes are determined in terms of low energy couplings calculable in the supergravity limit. We
make predictions for Regge regime scattering processes by studying the exchange of the lightest mesons or glueballs,
and “Reggeizing” the result: in other words, replacing single particle propagators with the Regge regime propagators
we derive from string scattering.

In sum, this hybrid approach is intended to bridge the gap between low-energy AdS/QCD models where hadronic
couplings can be worked out explicitly, and the high-energy Regge-regime processes.

In this paper we use the famous Sakai-Sugimoto model of holographic QCD [1], which is based on a D-brane
intersection in Type IIB string theory. For a generic point in parameter space, this model in principle displays
the full complement of hadrons — including arbitrarily high spin states. The “correct” approach would then be to
study Regge-regime scattering in this curved space stringy arena. However, even determining the effective slope of



the hadronic Regge trajectories (related — but not equal — to the string length) in this background is prohibitively
difficult.

To make any numerical statements, we are forced to work in a limit where the model is tractable — that is, where
both (1) the string coupling is small (dual to large N.), and (2) the characteristic string length is small (dual to
large A and zero-slope Regge trajectories, so that higher spin particles have effectively infinite masses). This is, as
stated above, a classical field theory for which we have a known action: supergravity plus the Dirac-Born-Infeld
and Chern-Simons actions for D-branes. The action allows us to explicitly write down couplings between effectively
four-dimensional supergravity fields, which are dual to mesons and glueballs of at most spin 2.

The “bridge” between this theory of low-spin, low-energy hadrons and Regge regime scattering originally proposed
in [11] makes use of the fact that these low-spin hadron couplings determine (up to t/s corrections) the way that
the Regge trajectory of higher spin states above each low-spin hadron couples. As we cannot calculate the slopes of
these trajectories in Sakai-Sugimoto, these values must be inferred through comparison with data. The slope and
intercept of the p-meson trajectory may be determined using the known masses of higher spin p-mesons. The slope
and intercept of the glueball trajectory, meanwhile, are determined by fitting to elastic proton-proton scattering, since
we lack direct experimental data about the glueballs.

This approach led to promising results for high center-of-mass energy pp and pp scattering where Pomeron exchange
dominates [11]. In gauge-string duality, this is equivalent to the external protons exchanging a single closed string.
Though distinct from standard Regge phenomenology in a variety of ways, this string-inspired analysis yielded a similar
form for the scattering amplitude. In [12], a 2 — 3 scattering process was studied, in the hopes of illuminating the
distinguishing characteristics of the gauge-string approach. The focus was on the pp — ppn and pp — ppn’ processes,
mediated by double Pomeron exchange. The five-point closed string amplitude has more complex structures than
the four-point amplitudes of [11]. In particular, the relatively small mass of the 7 implied a kinematic regime with
an amplitude clearly distinct from that of naive Regge phenomenology, where central interaction vertices—not just
propagators—are modified in the Regge regime. The pp — ppn process has an additional advantage: it is natural-
parity violating, so that in the dual model the coupling arises from a Chern-Simons action. This means, in practice,
that its interaction with Pomeron or Reggeon trajectories is dictated by a small number of couplings, whose values
are relatively model independent (as described in more detail below). It can thus be used as a means to study gauge-
string duality in general, rather than just one specific low energy model. In [13], a similar approach was applied to
the central production of tensor glueballs, showing that the method can be generalized to various processes.

In this work, we complete the study of the pp — ppn process in the Regge regime. The work of [12] included
only Pomeron exchange. Here, we include Reggeon exchange as well, which gives a significant contribution at the
energy (v/s = 29.1 GeV) where experimental data exists. This process requires us to generalize the techniques of
[12] to include open string processes. New subtleties arise in defining the Reggeziation prescription for open string
amplitudes, and the modification of internal open string vertices.

The outline of this work is as follows: in Section II we briefly review holographic QCD and the Sakai-Sugimoto
model. We then sketch the derivation of and results for the relevant meson, glueball, and baryonic vertices, most
of which have already appeared in the literature. Using these vertices, we compute the differential cross section for
pp — ppn mediated by the lightest (and lowest spin) particles on the Regge trajectories, in section III. In Section IV
we describe our new “Reggeization” procedure for lifting the low energy amplitudes to their Regge limit equivalents,
and compute the differential cross section, including both Pomeron and Reggeon contributions, in the Regge regime.
In Section V we display numerical results for the (differential) cross section and compare to existing data, finding a
significant discrepancy between the two. In Section VI we summarize our results and provide concluding thoughts.
Appendix A includes the details of the calculations for Reggeization.

II. LOW ENERGY COUPLINGS FROM HOLOGRAPHIC QCD

Holographic QCD is based on the assumption that there exists a string theory on a (hyperbolically) curved 5d
space that is dual to QCD. In other words, the physics of the 4d gauge theory (QCD) can be mapped onto objects
and processes in the 5d dual. While the exact form of the 5d dual theory is difficult to write down, approximate
frameworks capturing the symmetry and symmetry-breaking patterns of QCD can help us gain insight into hadronic
physics, and into gauge-string duality itself.

A variety of holographic QCD models have appeared in the literature, but most have the same general structure.
Weak coupling and weak curvature in the string theory map to large N. and strong coupling in QCD. Perturbative
calculations in the string theory thus model strongly coupled large N, QCD behavior. In general, holographic QCD
models make use of string theory in the presence of intersecting stacks of D-branes. When the number of branes in
the “color” stack is taken to infinity, we can treat the color stack entirely in terms of its supergravity background
(in other words, how the stack deforms spacetime). Closed strings living in the background have no color or flavor
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indices' and are thus dual to glueball states. Open strings (coresponding to mesons) can only end on stacks of (probe)
D-branes that reproduce the flavor group. They transform in the (anti)fundamental of the flavor group, and are thus
associated with mesonic states. Baryons arise in a somewhat more complicated manner. In large N, QCD, their
masses are proportional to N.. In holography, this behavior is associated with wrapped D-branes which are point-like
on the flavor branes. They interact with the fields on the flavor brane: one can equivalently think of them, therefore,
as solitons of the flavor brane action.

For concreteness, we use the Sakai-Sugimoto model [1], which we now describe in more detail. This top-down
construction has the advantage (over successful bottom-up models such as [14]) that it contains relatively few free
parameters, and unambiguously prescribes all low-energy couplings via the supergravity action.

The supergravity background is generated by a stack of N, D4-branes (N, — c0). Wrapping the D4-branes around
a spacelike direction of finite radius [15] induces confinement in the gauge theory. The spacetime, as a result, assumes
a cigar-like geometry. In the limit of vanishing string length, the closed strings propagating on the curved background
reduce to the supergravity fields: the metric, the dilaton, etc. The graviton lives in 10d, but one can decompose
it according to the transformation properties of its components under the 4d Lorentz group. In addition to scalar
and spin 1 pieces, the graviton contains a part that transforms as a 2+ state in 4d. This corresponds to the spin 2
glueball, the lightest state on the Pomeron trajectory, which is the only glueball of interest to us here.

Adding stacks of Ny D8-branes and Ny D8-branes to the D4 background models the U(N;)r x U(Ny)gr flavor
symmetry. Open strings ending on these “flavor branes” are dual to mesons. When Ny < N,, we can treat the D8s
as probes. That is, we neglect their backreaction on the D4-brane geometry, and simply find the energy-minimizing
shape they assume in the curved background. For this “cigar” background geometry, the D8 and D8 stacks join
together and form a U-shape. This is a geometric realization of chiral symmetry breaking: near the boundary of the
space (dual to high energies) the flavor configuration looks like two stacks of branes, symmetric under swaps of the
D8s and D8s. In terms of the field theory, this is symmetric under chiral symmetry transformations. Near the bottom
of the space (the tip of the cigar), the branes fuse into a single stack. The U(Ny)r x U(Ny)r flavor symmetry is
broken to U(Ny)y . The fields living on these flavor branes correspond to meson states. The only relevant field for us
is the non-abelian gauge potential Ay;. This has parts that transform as vectors under the 4d Lorentz group, which
correspond to vector mesons like the p and w. The parts of Ap; that transform as scalars, meanwhile, correspond to
towers of pseudoscalars: the 7, the 7s, etc.

As N. — oo, the D4 branes deform the spacetime to a metric of the form

U\ 3/? U 32
ds® = guyda™ de™ = (R> (ﬁuydw“dx” + f(U)dTQ) + (R> ( fFU)HdU? + U%mi) (1)
U\ 2N, U3
e¢:gs<3) ’ Fu=dCs = —7=ea FU)=1- =755

The z* (for p = 0,1,2,3) denote flat “field theory” coordinates parallel to the D4 stack, while 2* = 7 represents
the direction wrapped by the Dd4s, with 7 ~ 7 + 27TMI;}(. The radial direction perpendicular to the D4 stack is U.
To eliminate a possible conical singularity, the radial coordinate U is bounded from below at a finite value U > Uk k.
The remaining directions form an S* transverse to the branes with d2? the associated metric and ¢, its volume form.
The length scale R describes the curvature of the spacetime. We can express the Yang-Mills coupling gy s and the
Kaluza-Klein mass Mk in terms of supergravity parameters Uk g, the string coupling gs, and the string length I,:

3U11</12( 2 3 s _ 9y Nl
Mgk = oR3/2 Gy m = 2 Mk i gsls | R® =mgsNelg = Mer (2)

The low energy field theory will then depend only on these two free parameters, whose values we need to fix in order
to generate a fully predictive framework. We will take the standard approach of using the experimental values of the p
meson mass and the pion decay constant to do this. It is possible that better agreement between this model and QCD
might be obtainable by using a range of experimental values, but since we are interested only in a heuristic estimate
for our final results (and because we know that Sakai-Sugimoto is not an exact QCD dual) it seems reasonable to use
this simpler approach. In the Sakai-Sugimoto model [1], one finds

1
m, = 0.6"TMkx and f2

T = WQQYMNCZM?(K . (3)

1 The number of colors in QCD, N, is related to the radius of curvature of the background, but this does not mean that the closed strings
have color charge.



The observed values are m, = 776 MeV, fr = 93 MeV.
As noted above, the flavor D8s assume a U-shaped solution in the (U, 7) plane, described by

U
r(U) = U/ F(T0) / v (4)
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This solution depends on a constant parameter Uy, which denotes the lowest radial point the flavor branes reach
along the U direction. We set Uy = Uk in what follows. The lowest (radial) point of the flavor brane stack thus
passes through the lowest point in the spacetime. In this case, the endpoints of the D8 stack as U — oo lie at
antipodal points on the 7 circle.

The full system is described by the bulk supergravity and flavor brane actions:

S = Sgrav + SDBI + SRR ) (5)
472
Sy =g [ 0% V=g {e (mraver) - SLERY ©)
2K7, 24!
SpBI :—Tg/d9I€7¢Tr \/—det (§MN+27TO/FMN), (7)
F N
Srr =Ts CANTr [exp {}] A(R) . (8)
D8 27

Here k19 is the 10-dimensional Newton constant, Ty = (27) =817 is the D8-brane tension, gy is the pullback of the
background metric onto the D8-branes, and Farny = O An —OnAnm —i[Anr, An| denotes the field strength of U(Ny)-
valued gauge fields living on the branes. The traces run over U(N;) indices, with normalization Tr(T%T?) = §/2.
The D8-branes wrap the S* transverse to the D4-branes in (1), but we will assume that none of the fields depend on
these coordinates. We can thus trivially integrate out the S* in what follows.

Sppr is the standard DBI D-brane action. When decomposed order by order in fields, it yields kinetic and
interaction terms for the brane gauge fields.

In the Ramond-Ramond (RR) action, meanwhile, C' denotes a sum over background RR forms. In our case, the
only non-zero contribution comes from C3, whose field strength is proportional to the volume form on the S*. Since
the integral is over the D8 worldvolume, we have to fill in the six remaining directions in the wedge product with
factors of the gravitational curvature two-form R, and the gauge field strength two-form F'. These factors will appear
in the expansion of the exponential

1 1 1
Fiem 14 —F4+—— FAF+—— FAFANF+... 9
¢ ot 2y RETOTSE * ©)

and of the A-roof genus A(R), a sum over Pontryajin classes (p;):

1 1
A(R):l—ﬂpl(R)—l—---:l—i—WT‘rRAR—k... (10)
Note that this trace, unlike the one in Sgipg, is over the Lorentz indices of the curvature two-form, related to the
Riemann tensor as RMN = 1R, ,MNdyA A daP. We stress that the central vertices in our 2 — 3 process will come
entirely from these Chern-Simons terms, and are related to the gauge and mixed gauge-gravitational anomalies in
QCD. As a result, the couplings and the low energy amplitude are relatively model-independent.

In principle, the above actions contain all of the possible excitations in the system, including baryons. As noted
above, baryons are solitons of the flavor brane fields, but treating them as classical solitons is not only analytically
difficult, it ignores the fermionic nature of these objects. It will be more convenient and accurate, then, to introduce
an effective action for the protons, that appropriately models their fermionic properties. We describe this effective
action, Sy, in subsection II C.

Let us now consider the relevant parts of the spectrum and couplings in more detail. Each brane and bulk field
can be decomposed in a Kaluza-Klein tower of modes along the U direction. The free equation of motion for the
field amounts to an eigenvalue equation as a function of U, with the eigenvalue being the 4d momentum squared,
k2. Solutions to the equations of motion which vanish rapidly as U — oo are “normalizable modes” and serve as
the KK basis in which to expand the 10d fields. Individual meson and glueball states are dual to normalizable
modes associated with a given eigenvalue — i.e. a given fixed value of the 4d mass squared. The cigar shape of the



geometry (i.e. confinement) gives rise to a discrete spectrum. Each 10d field generates a tower of states, with the
same spin, C, P quantum numbers, but higher and higher masses. The masses are inversely proportional to the radius
of compactification in the 7 direction.? Evaluating the supergravity action on these mode expansions, and integrating
out the U direction, one finds an effective 4d Lagrangian with an infinite number of 4d mesons and glueballs, along
with couplings between them. Here, we are only interested in the lightest of these KK states, equivalent to the lightest
states on the leading meson and glueball Regge trajectories — which dominate in the Regge regime.

A. Glueballs

The 10d graviton hjsn contains pieces that transform as spin 0, spin 1, and spin 2 objects in 4d. These are dual
to spin 0, 1, and 2 glueballs. Only the latter (h,,) is relevant to our analysis. The glueball spectrum was originally
derived in [2]. Here we simply rewrite [2]’s results in terms of our coordinates and parameters.

We expand the action (6) to second order in small perturbations hap around the background metric gap given in

(1):
gap =jap — has - (11)

Choosing a gauge where h is traceless we can write the spin 2 piece as an expansion over eigenfunctions along u, a
dimensionless version of the radial coordinate U:

v
Ukk '

u (12)

so then

B U 3/2
huyu,m:(?) WZT i) (« (13)

where T, n(u) are the wavefunctions in the u direction, and h y are the coefficients in the expansion (which correspond
to 4d states). Note that in terms of u, the function f( ) appearing in the metric is f(u) = 1 —u~3. Since we are only
interested in the lightest of these spin 2 glueball states, we drop the (n) indices and take T'(u) = T} (u).

Varying (6) with respect to ﬁW, one finds an equation of motion that defines the radial wavefunction 7' (u):

) [u‘*fa T] = —m? L il = —2 (M : ul (14)
¢ Sl Uk T 4\ Mgk ’
where m is the eigenvalue (on shell modes have p* = —m?). Imposing the boundary conditions that the wavefunction

be normalizable as u — oo, and well-behaved at v — 1 (which is U — Uk) restricts the possible values of mf] to a

discrete tower. These are the masses of the 27 glueballs. The lightest mass state has mg = 1.57TM% ;. [2]. Evaluating
the action on the equations of motion yields

NIME e [ ! 2
Selueball = {gcgszK/o uT? du} /d4x l(‘)ph”"&,hup — §8ph“”8ph,“, — TQh“”h,“, . (15)
Choosing the normalization condition for T'(u) to be
3p /3 o
g = 2 NebMice [ 72 gy, (16)
3571' 0

we can integrate over u to find the canonically normalized 4d kinetic terms in the action for the massive spin 2 glueball
state:

5@ iz |oemv o, — Lo pwaen. _ Ty 17
glueball — T viup = 5% Ty w| - ( )

2 The are actually two different types of KK towers. The first is the spectrum of normalizable modes, which is discrete due to the
confinement induced by the cigar-shaped geometry. There is also a KK decomposition on the z# circle. The latter is not relevant to the
present treatment, as it generates hadronic excitations suppressed in the Regge regime. We ignore it in what follows. One might also
worry about the fermion states appearing in supergravity action. By imposing anti-periodic boundary conditions along the 7 direction,
however, these also become heavy and do not appear in this analysis.



B. Mesons

The meson spectrum and wavefunctions are determined by expanding the DBI action to quadratic order in the
brane gauge field Aj;. The u-dependent wavefunctions for these states were determined and discussed in [1]. We
review the essential results here.

Ajs contains modes which transform as 4d spin 1 and spin 0 states, dual to (axial) vector mesons and pseudoscalars,
respectively. As we did for the glueballs, we can expand solutions to the spin 1 and spin 0 states’ equations of motion
in the basis of u-dependent wavefunctions on the D8 branes. Again, the boundary conditions produce a discrete
spectrum. The corresponding wavefunctions alternate parity under exchange of D8 branes to D8s, which corresponds
to switching U(Ny)r, <+ U(Ny)g in the dual field theory. The lowest modes (the ones of interest to us) have even
wavefunctions and correspond to vector states such as the p and w, with the next modes up having odd wavefunctions
and corresponding to axial vector states3.

The quark mass is zero in the Sakai-Sugimoto model, so the pseudoscalars, which include 7 and 7, are the Goldstone
bosons of chiral symmetry breaking. Their duals are housed in the longitudinal part of Ajp; — which makes sense
because Ay is dual to the (broken) axial current. Our gauge choice for the Ajs solution essentially determines
whether the pseudoscalars are carried in the Ay or in the longitudinal part of 4,,, 0" A,, (which are related by a gauge
transformation). We will use Ay = 0 gauge in what follows. Note that the Sakai-Sugimoto framework implicitly
assumes that the vector flavor symmetry is preserved, so all mesons of given spin and parity have the same mass (e.g.
the p and the w).

Expanding the DBI action to quadratic order in A, (again, assuming no dependence on the S4), we have

Q%MNE

R T

i 2
/ d*z duTr Ln‘“’np”FM)Fyg + S ME e uf (W FuuFou + ... | . (18)
1 4y/uf(u) 3

Note that u only parameterizes half of the D8-D8 stack, so we impose the even(odd)-ness of the wavefunctions as a
boundary condition at the bottom of the space. In the UV (as u — 00), the solutions must decay quickly enough to
guarantee a canonically normalized kinetic term in the 4d action. Overall, we have

Z A (@)t (1) + D (@)io(u) (19)

where ¢(x) represents the massless Goldstone bosons (n and 7, e.g.), and AE}) corresponds to p and w mesons. The
1,,’s obey the equation of motion and orthogonality relation
2

1 = — My n g
5 VT 90 (V) dutin) =~ st and o [ T

These expressions hold for all of the flavor generators, so that p and w have the same wavefunction.
The mode ¢ is massless, and its wavefunction g is

This mode corresponds to the pseudoscalar mesons. Everywhere we take Ny = 3. We are ultimately interested in an
n final state, which is a linear combination of the 70 and T® components:*

(21)

n = cosbpn® —sinb,n° . (22)

0, = —11.05° is the (experimentally observed) mixing angle. Note that both the n° and n® appear in our analysis:
the former couples to glueballs in the central vertex, while both couple to the vector mesons.
Integrating out the w direction, one finds the quadratic action for the mesonic states of interest,

1 1
Slgr?e)son = / |: f(p)f(p);w - imzpﬂp“ f(w)f(w)uy - §miwuw”

1
— —8,nd"n —

1 2,2
9 §mnn ) (23)

3 For this work we are only interested in the neutral version of the p-meson, which for notational simplicity we will refer to as p.

4 The 7 state also plays a role in the process we are studying, since it is included in solitonic configurations that are dual to protons.
However, we will treat the proton using an effective fermion action, so the only part of the pseudoscalar action we are interested in here
pertains to the n particle.



where we have defined

fl(l,ﬁ) = Oupu — Oupu (24)

and similarly for w.

C. Protons

In AdS/QCD models, baryons are dual to finite volume D-branes. In the Sakai-Sugimoto model specifically, they
are D4-branes embedded in the worldvolume of the D8-branes, wrapping the S*. In terms of the worldvolume fields,
these wrapped branes are 5d, curved space solitons for which no analytic solutions exist. The solutions have been
studied in various limits [3], and a full (numerical) solution was found in [16].

All of these classical treatments are flawed, however, in that they treat baryons as a spinless states. Spin arises
only with the semi-classical quantization of the collective coordinates on the soliton. It is helpful, then, to introduce
an “effective” fermion field B on the D8-brane worldvolume, with a u-depended effective mass [17-21]. This is
somewhat ad-hoc because this field does not appear in the DBI action, but it does more accurately model the Lorentz
transformation properties of the proton states (and hopefully the proton-meson and proton-glueball couplings). Many
of the parameters appearing in the action are derived by assuming that the baryon is a 5d instanton. The effective
fermion technique is therefore an educated guess at the semi-classical quantization of the baryon states.

We use this effective fermion approach in what follows. Our starting point is the 5d action of [19], which encodes
both the effective fermion’s kinetic terms and its coupling to the graviton [18] and gauge fields:

2
S = / d*z dw {—iB'yMDMB — imp(w) BB + gs5(w) ef(’;) ) ByMN Fy N B (25)

Note that our conventions differ slightly from those of [19]. The indices M, N run over the 5 dimensions {0,1,2, 3, w},
where w is a (dimensionful) redefinition of the dimensionless radial coordinate u,

3 / “ du’ (26)
w = ,
2MkK J1 JuBf(u')
chosen so that the radial coordinate has finite range [—wmax, Wmax|, With
[e%S) T 7
3 du 3 VT[] (27)
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The 5d vector field A, transforms in the adjoint of the full Ny = 3 flavor brane gauge group. Since we are interested
in protons alone, however, we can just look at the U(2) corresponding to isospin in the field theory:

1. 1
AM = §AM]IQ + §A?n0'a (28)

where o are the sigma matrices, and Iy is the 2 x 2 identity matrix. A contains the w meson, while A3 contains
the p. The gauge covariant derivative Dy, is given by Djs = Oy — 1Ay as usual, and the field strength Fasn is
Fyn = 8MAN — 8NAM — ’L[AM,AN}

We have written the 5d action in terms of effective w-dependent “couplings” e(w), gs(w) and “mass” my(w). These
are simply names for the various metric factors that appear as coefficients in 5d action. e(w) is the (inverse) coefficient
of the gauge kinetic term,

1 m fx
= u
62(’LU) QMKK

w) . (29)

The baryon’s (w-dependent) “mass” is then given by

AN,
my(w) =m{” ut+m.  with  m = 5
m

where the first term comes from wrapping the D4-brane around the finite volume S*, and the second comes from the
Coulomb energy of the baryon. p, represents the size of the soliton,

1
Mgk and Me & gml(,o)(MKKpb)Q (30)

) 3 N

/= . 1
Py 10 7T3f72|- (3 )




The 5d fermion B is a four-component spinor, and a two-component (fundamental) representation of U(2) isospin.
The first component of the isospin fundamental corresponds to the proton, the second to the neutron.
The quadratic order terms in the fermion action are

S¢ o / dbe dw [fiB'yMaMBfimb(w)BB} (32)

We can split B into two spinors By, g, where v’By, g = B, r. Assuming, separation of variables we can write these
as an expansion in terms of w-direction eigenfunctions,

b o) — Frn(w)BY ()
B(z", w) ;( o) B}%%n) (W)> . (33)

As before, we are only interested in the first state on the KK tower, and drop the (n) index in what follows.
The 5d equation of motion for the fermion,

V" OB+ my(w)B =0, (34)

becomes (after some simplification)
fr(w)a"0,Br(a*) + Oy fr(w)Br(z) + my(w) fr.(w)Br(z*) =0 (35)
fr(w)o"9,Br(z") — 0w fr(w)Br(z") + my(w) fr(w)Br(z") = 0. (36)

If we want to reassemble the 4d Weyl spinors By g into a single 4d Dirac spinor B, we need

Ow fr(w) +my(w) fr(w) = mp fr(w), —O0w fr(w) +mp(w) fr(w) = mp fr.(w) (37)

where mp is a 4d mass.
By analyzing the equations of motion, we can show that fr,(w) = £fr(—w). One can then solve (numerically) for
the fr,(w) eigenfunctions, which must obey the normalization condition

1= / " o) dw = / " frw)[? dw, (38)

Wmax Wmax

in order to guarantee a canonically normalized 4d kinetic term. The 4d action for the proton is then just the usual
action for a massive Dirac fermion,

S?uadratic _ /d41‘{ _ Z‘\IJ,YH(’)H\I/ — ZmB\IJ\I/:| . (39)

Here ¥ stands for the isospin component of the spinor B that corresponds to the proton.

D. Low energy couplings

The couplings involving mesons and glueballs are calculated in the literature [1, 12, 22]. Most of the proton-
proton-meson [19-21] and -glueball couplings [11] are also known. We just sketch the 10d origins of these couplings
here.

1. Meson-meson-meson and glueball-glueball-meson vertices

The central vertices in the pp — ppn process of interest couple two glueballs to the 7, or two vector mesons to
the 1. These natural parity-violating couplings come from the Ramond-Ramond action, Sgr. Expanding in the
gravitational curvature R and gauge field strength F', we find

1 1
= —— Tr(F)AT T(FAFAF)| +...
Skrr /DSC$A|:7687T3 W(F) AT (RAR) + o Tr(F A F A )}Jr

= [ dcsa [1 Tr(A) A Te(R AR) +

Ds 76873 Ws (A):| +.o, (40)

1
4873
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where ws(A) is the Chern-Simons five-form. Again, we assume no fluctuations along the S*. The background RR
four-form Fy = dCs is (crucially) proportional to the volume form on the S%, so integrating out the S* just gives
a factor proportional to the volume of a unit S*. The first term in equation (40) contains the glueball-glueball-n
coupling, and was studied in [12]. The second term consists of gauge fields alone, and produces meson-meson-7n
couplings derived in [1, 22], which generate the Reggeon-Reggeon-n vertex. While naively one might think that there
also glueball-meson-eta couplings, it is straightforward to see that they must vanish: the coupling will involve a factor
of the epsilon tensor, and there is no way to contract this into the Lorentz indices of the glueball and meson states in
a way that yields a non-zero result. This will simplify our calculations significantly in later sections.

The 4d effective couplings are integrals over u of products of wavefunctions. For instance, writing the gauge field
as a sum of even and odd parity parts, V and A, the gauge Chern-Simons piece gives

N,
Skr O / Te[AAdANdA+3ANAV AdV] (41)
247T2 Ms
N, Voo
= gy [ A0 O As + AuDA, DAy + BA OV, 0V, 34D, 0V (12)
5

where in the final equality we use the fact that we are in 4, = V,, = 0 gauge. Inserting wavefunction expansions® for
V = v, (z)yv(u), integrating by parts, and using the cyclicity of the trace, we find

Sar > e / e Tr[T“TbTC}{(%w%)ama a0l vg} . (43)
Ms

472
Integrating over the u direction, we obtain (constant) 4d couplings, with action terms of the form
Srr D — /d4x e“”""n{gppn 0v0p Oupo + Juwn Opwp Guw[,} (44)
The numerical values for all coupling constants are collected in table I, in section V.

The (more complicated) glueball-glueball-n vertices [12] are derived from the mixed gauge-gravitational Chern-
Simons term in a similar way. The first term in the second line of the RR action (40) takes the form

Ne 5. -MNPQR TS
Srr D 153672 /d TE TT(AM)RNPSTRQR . (45)
Because the (gauge index) trace is over A alone, only the U(1) part of the D-brane gauge field couples to the gravitons
(housed in the Riemann tensors). We are interested in 7, which lives in the longitudinal part of A,. Plugging in the
wavefunctions in the radial direction and integrating out we are left with interaction terms of the form

Srr D /d4xeuupg n {thnaﬂhﬁﬁghm + ghhnc’)ua“hfé)p (3/3}10,1 — aahgﬁ) } . (46)

As was noted in [12], the structure of the above expression is dictated by the form of the Chern-Simons action.
This structure is therefore relatively model-independent, though the specific values of the coupling constants depend
on the details of the Sakai-Sugimoto model. The structure of this coupling will play a significant role in the behavior
of the Pomeron-mediated portion of the cross section for central production.

2. Proton-proton-meson and proton-proton-glueball vertices

The proton-proton-meson and proton-proton-glueball couplings come from the fermion-fermion-gauge field and
fermion-fermion-graviton terms in Sy. The former, described in detail in [19, 20], are obtained by plugging the mode
expansions of the fermions and gauge fields into Sy.

There are two types of 5d interaction terms, referred to as the minimal coupling, and the magnetic coupling. After
integrating out the S*, these become:

u(w) N,

2 BYMNFy N B 47
V30M g i K My ")

S —/d% duw [BWMAMBJF

5 In principle these wavefunction expansions should sum over all KK states in the mass spectrum, but as we are only interested in the
lightest states we drop the rest of the sum in what follows.
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Again, Ay refers to the 5d gauge field. As before, we work in A, = A,, = 0 gauge.
Selecting the lightest mass eigenfunction in A, and integrating over w, one finds the effective 4d minimal coupling
of the lightest vector to the fermionic isospin doublet:

Sy > —Av) /d4sc [By*v,B] . (48)

where
A = [ )P () (49)
(50)

The couplings from the second term in (47), [BA/M NFuy NZS’]7 are derived in a similar way [19, 20]. Note that there are
two types of couplings from this term: one that comes from the v F,,,, = v°#9,,A,, and one from v**F),,. Integrating
out the w direction, one finds the effective 4d magnetic couplings to the lightest vector mesons:

Sy o / d'a [V By, B + XV By £ B| (51)

N T 62)

Wmax

A = M%(K\/> [ s e (53)

Wmazx

where

V) —

When we rewrite this in terms of couplings involving the physical proton, p, and w, we find that the magnetic
couplings vanish for the w, because the instanton carries only non-abelian field strength. For the p meson, the effects
of A(V) and AV) simply add together. Thus we have action terms of the form

Sv 2 /d%{)‘pwq”yupuq’ + prp‘I"YWf;%)‘l’ + )\ppw\i/fy”wulll} : (54)
The glueball coupling [18] comes from the metric factor in the fermion kinetic term,
S¢ o / d*x dw iB(§u + by )y OB . (55)

This approximately gives a coupling of the graviton to the energy momentum tensor of the protons T(¥) at the bottom
of the D8 stack. In this case, we have the effectively 4d interaction

S D Apph / d*z T (56)

8. Form Factors

In addition to the couplings, we also include proton form factors at the interaction vertices with the glueballs and
mesons. The form factors associated with the vector mesons are commonly taken to have a standard dipole form,

1
Ayt) = ——
(1)

with an empirically determined dipole mass My, [23]. We follow that convention here.

There are no experimental data on glueball interactions with the proton. However, in the holographic dual theory,
the spin 2 glueball couples to the proton’s energy momentum tensor, so we can simply use the energy momentum
tensor’s form factor(s). The matrix element for the energy momentum tensor between proton states can be written
as

(57)

YaPp +v5Pu
2

i(P, Psoo,)kP koks — nogk?
i(Paogp + Psoap) +Cg(t)( 5 = Nap

/ /Ta , — 5 /7/ At
W Taslp. s) = (0',) | Ay 1) o o

+ By(t) u(p,s)  (58)
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Here, k = p—p' and P = J(p+p). As described in [11], only the first term contributes significantly to scattering
processes in the Regge limit. We approximate this with a dipole form as well,

Ay (1) = (59)

with the dipole mass M 39 calculated from a skyrmion treatment of the protons [24]. Both dipole masses are given in
table I, in section V.

E. Summary of Full Low-Energy Lagrangian

We can now assemble the low energy Lagrangian relevant to our model:

L=LP 4l 4ol clem g glmm ooy plme) (60)

int

where the quadratic proton, meson, and glueball Lagrangians are given (in position space) by

LY = ivPv — m, T (61)
L7 = L) PO g — LI SO it — iy — Sl (62)
Y = % [aphwath, - %@,h*‘”aphw - ”fhwh,w] , (63)
and the interaction terms (in momentum space) are
L0 = [ Xnp 1" 0¥ + iRy Uy FDW = Xy U0, | A, () (64)
Lo = enves {gppnn PvPo(P) 13,0 (') + Guown Duwp (D) Pl wo (p’)} (65)
EEZ?) == igppghuvilrl{gy)\y (66)
LD = {Grhne™ PP e (P)ohps(9) + Gutn€ 7m0 pupshon (D)1, Dhhoa(®') — Pahos@))} . (67)
with
T [AQQ“) (v PP + 'pr”)} , (68)
forb];# = %p/ and t = —(p — p’)2. The values of these couplings, calculated as described above, are summarized in
Table I.

III. THE FEYNMAN AMPLITUDE AND THE CROSS SECTION

Having determined the effective Lagrangian for the low energy pp — ppn process using the Sakai-Sugimoto model,
we can now calculate the low energy cross section for 7 central production mediated by the 2 glueballs, and by the
p and w mesons. In the next sub-section we introduce the kinematics and define variables. After that, we write down
the scattering amplitudes and determine the cross section.

A. Kinematics and Phase Space

Let us first review the kinematics of 2 — 3 scattering and approximations to be made in the Regge limit. We
denote the four-momenta of the incoming protons as p; and po, that of outgoing protons as ps3 and py4, and that of n
as ps. In the “mostly-plus” convention, these satisfy the mass-shell conditions

pi=p3y=ps=pi=-m, and pi=-m,, (69)
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b3 T¥ P4 ps I‘;” P4

FIG. 1. The Feynman diagrams for double Reggeon exchange and double Pomeron exchange.

and energy/momentum conservation

p1+p2 =p3s+ps+Dps. (70)

We will denote the momentum of the mediating mesons and glueballs as k; = p; — p3 and ks = ps — p4.
The Mandelstam variables that define the five-point amplitude can be written as

s=—(p1 +p2)°, t1 = —(p1 — p3)°, ta = —(p2 — pa)?, s1=—(p1 — pa)?, so=—(p2—p3)®. (71
For scattering in the CM frame, we take
p1=(E,0,0,p), p2 = (£,0,0,—p), p3 = (E3,q3,p3z), ps = (E4,94,p42), ps = (E5,95,p52) . (72)

In order to effectively compare with experimental results, we will be parametrizing in terms of four quantities:
{t1,t2,xp,034}. The third of these, xp, is the fraction of longitudinal momentum, defined according to

Iﬁ _ P3z + D4z
p p

TF = — =T — T2 with D3z = T1D, P4z = —T2p. (73)

The fourth quantity, €34, is the angle between the outgoing protons’ transverse momenta:
O34 = 04 — 03, a3 = (g3 cos 03, g3 sin 03), a4 = (qacos by, qasinby). (74)
In what follows, we will consider a Regge limit such that
8>>81752>>t1,t2,m12 (75)

where m; stands for any of the external particle masses, and the quantity
p=— (76)

is held fixed.® As was shown in [12], the cross section is in the Regge limit is dominated by the region of phase space
near zp = 0, allowing the the total cross section to be approximated as

1 S
o~ W/<\A|2> 1n<'u> dfzy dity dts. (77)

We may also use the Regge limit to approximate

[ mE —ty — ta + 2v/Eits cos O34, §1 RS2 R \/S[, g3 ~ v/ —t1, Qs =\ —12 . (78)

6 In much of the literature, the symbol 7 is used for this quantity; our choice is made to avoid confusion with the 7 meson.
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B. Amplitude

The pp — ppn amplitude contains terms corresponding to the exchanges of vector mesons (both p and w) and of
glueballs.”

A=A+ A (79)

psw

The structures of the two vector-mediated terms are the same, only differing the the values of coupling constants and
masses. The Feynman diagrams for each are shown in Figure 1.

To write down this amplitude, we will need the following vertices and propagators. The propagator for the vector
mesons is

D) = g (e + 22 (s0)

=72 2 2
k? 4+ m?2 m2

where k is the momentum of the vector meson, and m,, is the mass of either p or w. Only the first term will contribute
to the Regge limit amplitude. The spin-2 glueball propagator, as given in [25] is

—id
D9 k) = ——H¥P 81
upl/o( ) k2 4 mg ( )
where
1 1
dupl/o(k‘) = 5 (nuun/)o + n;tonpu) - W (kukanpu + kukl/npa + k/)konuu + kpkunua)
g9
1 [/ k2 k2 (k? — 3m32) 2k, k ki ko
+MlQﬁ>3Qﬁ>4mww6m4g@ﬁww+“%Wﬁ+3%4’ (&2
g9 g9 g g

Here, k is the momentum of the glueball. Only the first term of this tensor will end up mattering in the Regge limit,
just as above.
The vector-vector-pseudoscalar vertex is given by

V(i? = 2ige®? " kiy kas (83)

where g is either g,,,; or guwy, and the glueball-glueball-pseudoscalar vertex is

V(t;;ﬁ(ﬁ — 2i6“6p5kluk2p{na¢ (ﬁhhn — Gnhn (k1 - kg)) + §hhnkf/€§‘}. (84)
Finally, we have the proton-proton-vector vertex
Iy = Z( — MM+ A, ﬂku) (85)

where A can be either A\,p, or A,p, and ) is either j\ppp or Appw = 0, and the proton-proton-glueball vertex

INA(L) ,
Iy = S5 (WPP + PP ) (86)
where P = (p+p')/2 with p = p1 2 and p’ = p3 4.
This leads to the amplitude terms
Ay = (agf“pul)szaef/aeﬁd)D‘Zgﬂ¢ (ﬁ4f‘yauz> ) (87)
and
A, = (agrﬂul)pgavaﬁmﬁ (a4FVu2) . (88)

7 We could also include the exchange of axial vector mesons. However, as will be discussed in section IV, these terms are suppressed in
the Reggeization process, because the intercepts for their associated Regge trajectories are lower than those for the vector mesons and
glueballs.
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C. The Differential Cross Section

In order to calculate the differential cross section, we then want to find the square of the magnitude of the amplitude,
average over incoming spin states, and sum over outgoing spin states, which gives:

(JAl?) = i > AP (89)

In the Regge limit, using equations (79), (87), (88), and (89), the differential cross section for the low energy process
becomes

&’o _ bt sin® f4 111<s> LMD, (400ppt1tz — Apyts — A3 t2)
dtl dtz d934 (47T)4 12 (tl - m%)z(tg - m%)Q
- . B 2
)\pphA(h)A(tz)S (ghhn — GhhnV/ t1t2 COS 934) - QAprgppn - 2>‘;21pwgwwn (%0)
(t1 —m2)(ta — m2) (tr —m2)(ta —m2)  (t1 —mZ)(ta — m2)

The overall factor of t1tysin® @54 in this expression comes directly from the natural parity violation: any vertex
structure we could write down that violates natural parity would yield such dependence. Furthermore, the term
associated with Pomeron exchange involves additional dependence on 634, in a structure that derives from the Chern-
Simons action (and is thus independent of the specifics of the Sakai-Sugimoto model).

Note also that the first term in the curly brackets comes from the magnetic coupling between the protons and the
vector mesons; it applies only to the p meson, and does not end up contributing to the cross term .AZ.AU + A5 Ay

IV. REGGEIZING THE PROPAGATORS

In the Regge regime, central production of the 1 meson in pp collisions should involve exchange of meson and
glueball Regge trajectories. In this section we determine how to modify low energy amplitudes using the effective
Lagrangian (60) to include entire Regge trajectories of possible mediators.

The magnitude of the contribution from a given Regge trajectory is primarily determined by the value of the Regge
intercept. If the Regge trajectory of the mediator is described at positive ¢ as J = a(m?) = ag +a’m?, the amplitude
will be proportional to s*(?), which means the cross section scales as s2(*0~1_ At the highest energies, the Pomeron
dominates: its intercept is azo = 1.08 (based on fitting to proton-proton scattering data [11]). The intercept for vector
mesons p and w is a,p = 0.456, from a linear fit to known meson masses [4]. As the energy decreases, the contribution
from these Reggeons increases. At the energies we are most interested in, the Reggeons provide the dominant
contribution. The next largest contribution would come from the axial-vector meson trajectories corresponding to
the a; and f; mesons. However, the known experimental masses suggest® that the intercept for these trajectories is
even lower, a0 ~ —0.4, and that as a result their contribution is negligible at the energies we are working at. We
have therefore omitted them from this work.

The trajectories described above are the effectively 4d trajectories one can (in principle) derive from the string dual
system. We now turn to the properties of these states in the dual model. Mesonic Regge trajectories correspond
to open string excitations, while glueball trajectories correspond to closed string excitations. Though these strings
live in a 10d curved space, the spacetime curvature is weak. We will therefore assume that we can model curvature
effect by simply shifting the 4d Regge trajectory parameters from their flat space values into agreement with physical
mesons and glueballs.

Our goal is to use 5-string amplitudes (of both open and closed strings) to understand how to “Reggeize” propagators
of light meson and glueball states, to take into account contributions from the whole trajectory. We will start
with calculations in flat-space bosonic string theory, and then modify these to account for the physical trajectories.
In previous work, this technique was applied to proton-proton scattering via Pomeron exchange, by analyzing the
Virasoro-Shapiro amplitude [11] and to central eta production via double Pomeron exchange, by studying the 5-closed-
string amplitude [12]. The procedure for proton-proton scattering via Reggeon exchange is based on a comparison of
Veneziano’s original result with the classic flat-space bosonic open string calculation [6]. Our results are also consistent
with what can be obtained by considering the analyticity requirements for multiparticle scattering amplitudes [26].

8 The available data here is much less reliable or comprehensive than for the vector mesons.
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We first briefly review the 4-string calculations in order to establish our procedure for generalizing flat-space bosonic
strings to physical Regge trajectories. We then summarize the previous results using the 5-closed-string amplitude.
Finally, we use our procedure on the 5-open-string amplitude. In appendix A we present the details of all relevant
calculations for this section.

A. Review of Reggeization Procedure for Elastic Proton-Proton Scattering

Suppose we were analyzing elastic proton-proton scattering via the exchange of Reggeons and Pomerons. In order to
Reggeize the propagators we should begin with the 4-open-string and 4-closed-string amplitudes in flat space bosonic
string theory, before modifying these amplitudes to account for the physical Regge trajectories.

For open strings, we want the exchanged states to have odd spin, so we should project out poles associated with
the exchange of even spin particles. (If we wanted to exchange even spin meson trajectories, we would project out
the odd states.) For the closed string this involves shifting the Regge trajectory so that the lowest particle on it is
spin 2. In both cases, we also need the Regge trajectories to have the physically relevant slopes and intercepts, and
require that the incoming and outgoing particles have mass equal to the mass of the proton.

The bosonic open string four-tachyon amplitude® can be written as a sum of three terms,

Al(s, tu) = Ag(s,) + Ao (u, t) + Ao (s, u) . (91)
Each term takes the form

o Ta@ o)
Ao(xay) =iC I‘[_ao(x) — (lo(y)] ’

with ao(z) = 1 + &’z. o' the Regge slope for bosonic, flat space string theory (so o’ is inversely proportional to
the string tension). In order to relate this to vector meson exchange in proton-proton scattering, we will replace the
function a,(z) with the Regge trajectory of vector mesons «,(x). This trajectory should satisfy

(92)

J = a,(m?) = apo + a,m?, (93)

and in particular 1 = a0 +a/m?2 for the vector meson. We also need to assume s+t +u = 4mz277 so that the incoming
and outgoing particles are protons. This implies we should have

ay(8) + a(t) + ay(u) = 3+ af,(4m? — 3m3) = xo (94)

which we can use to rewrite dependence on u in terms of s and ¢. If we then expand these terms around poles
corresponding to t-channel exchange, we notice that only A(s,t) and A(u,t) possess such poles, and thus A(s,u)
should not really be a part of the Reggeization process. In addition, in order to only include particles on the vector
meson Regge trajectory (those with odd spins), we must use the difference between A(s,t) and A(u,t). In doing so,
terms corresponding to the exchanges of even spin particles cancel, while those corresponding to the exchanges of odd
spin particles add (see Appendix A for further details). Thus we write

Do (s) 4+ aw(t) = Xl [—aw ()] _ iCF[—av(s)]F[—av(t)]
Ll (s) = xo) [l—ay(s) — au(t)]
We can then determine the appropriate Reggeization by expanding this expression around the «,(t) = 1 pole (corre-

sponding to exchange of the lightest vector meson) and comparing this with the Regge limit of it. By doing so, we
obtain the prescription

Al =iC (95)

1 _iren® . [Tay(t) o (t)—1
= m% N a; e 2 sin |: B :| (aﬁjs) ® P[*Olu(t)] . (96)

This, notably, does not depend on the constant x.,.
If we want to follow the same procedure for the glueball trajectory, we begin instead with the bosonic closed string
four-tachyon amplitude, which can be written as

[[=ac(D)]M[=ac(s)|T[=ac(u)]
I[—ac(s) = ac(t)T[ac(s) — ac(u)|M[—ac(t) — ac(u)]’

Al(s,t,u) = 27C (97)

9 The external states are not relevant to this analysis; we choose the tachyon amplitude for simplicity.
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where a.(z) = 14+ %%. We again replace the dependence on the function a.(x) with a dependence on the physical
Regge trajectory of glueballs ag(z), which should satisfy

J = ay(m%) = ago + aym? . (98)

Note that we need to do make the replacement in such a way that poles exist only for even Spin particles, and that the
lowest lying particle on the trajectory is a spin-2 glueball with mass m,, with 2 = ayo + a7, m . This means replacing
ac(z) with ay4(x) — 2. Note that if the incoming and outgoing particles are protons, we will have

ag(8) + ay(t) + ag(u )—6—1—04 (4m —3m§)£xg. (99)
We can then achieve the desired result by writing

Ry
AgF[2—‘W—W}r[2—cg“)—w}r[2—w—%(s)] '

(100)
2 2 2 2 2

Again we determine the appropriate Reggeization by comparing the pole expansion to the Regge limit, which gives
us

Xg

t
1 0/9 _imag(t) r [3 - 7] r {1 - %T()} O/gs ag(t)—2
- 2)° i o ) (101)

t —m?2 2 F[Q_XTg+ag2(t)] 2

g9

where the dependence on x, is introduced when we replace dependence on u with dependence on s and t. Note that
in this case, unlike for the open string amplitude, x, does not end up canceling out.

B. Review of the 5-Closed-String Reggeization Process

Having determined a Reggeization procedure for meson and glueball propagators appropriate to elastic proton-
proton scattering, we now turn to the more complicated case of central production, where there is a (possibly
Reggeized) central vertex. We begin with the Reggeization process for the glueball propagators in central 7 pro-
duction, analyzed previously in [12]. Our starting point is the dual 2 — 3 process: the closed bosonic string 5-tachyon
amplitude as analyzed in [27], which can be written as an integral over two copies of the complex plane:

Ai _ C’/dzudzv |u|72ac(t1)72|v|72ac(t2)72|1 . u|72ac(sl)72|1 - ,U‘72a(52)72|1 - u,U|2ac(sl)+2ac(52)72ac(s)72 ) (102)

This amplitude is difficult to compute in closed form, though it can be written in terms of generalized hypergeometric
functions [28, 29]. However, we will examine it instead by taking the Regge limit under two different conditions,

depending on the value of %, where p1 = *2*2 is the kinematic parameter held constant in the Regge limit and o/ is

again the Regge slope for bosonic, flat space string theory. If % is large, then we obtain

2 —iddsy )2 sy 2o T[—ac(t1)]T[—ac(t2)]
At (S5) 0 (SU2) e o)

which we recognize as essentially the product of two 4-closed-string amplitudes in the Regge limit. On the other hand,
if % is small then we obtain

4on —47720{ (i)zac(m) (_mlsz)%c(t?) . [[—ac(t1)|C[ac(t1) — ac(ts)] (104)

4 1+ ac(t)]T[1 + ac(tz) — ac(ty)]

+ (8>2%(t2) <_ia/81>2a6(t1) L[=ac(t2)|Tac(ts) — ac(t1)]
51 4 L1+ ac(t2)]T[1 + ac(ty) — ac(t2)] |
When we modify this to take into account a physical Regge trajectory of glueballs, we will be concerned with the

#. The value of p is primarily determined by the mass of the centrally produced eta meson: p ~ m%,

product
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and we know a; = 0.3 GeV ™2 based on fitting to proton-proton scattering data [11], which gives 9” ~ 0.04. This
is clearly more consmtent with using the second expression. If we were following the same procedure as we did for
the 4-string amplitudes, we would now want to modify this expression to fit the physical Regge trajectory and then
compare it to a pole expansion. The fact that we do not have the amplitude calculated exactly in closed form makes

this difficult. However, we can instead assume that in the larg

(101), and use this to deduce the rule for small g“. This leads to the prescription

ag(ty)tag(ta)
2

1 1 1 imlog (1) +ag(t2)] 2als
_inlag(1)¥ag(y rfs- ] {; (105)

— —-=P,=—=e
(t1 —m2)(ta — m2) 529 52 2

’ _ imal (t1—t
al (tg—t1) . 9(41 2)F [17 ozg(tl)] [ o (ti— tz)}

Ogft 2
N2 o) (i)
r[%%+2—%}r[7+3 }

’ _ iral —
al (t1—t2) MI‘ [1 B aggtz)} r |:Ot;(t;—t1):|

1 2 e 4
5 ) i
9 r |:0¢_qét2) Lo %] r {ag(m—tz) L3 ﬁ:|

2 2

Note that there is some ambiguity here. In proton-proton scattering we introduced the dependence on the factor x4
to account for the fact that the incoming and outgoing particles had to have the masses of protons; it arose from the
mass-shell condition on the Mandelstam variables. Here we have assumed that some of the gamma function terms
must be shifted in a similar way. However, there is no real reason to suppose that exactly the same factor of x, should
be introduced: in fact we would naively expect that it should now also depend on the mass of the centrally produced
7) meson.

It is also worth mentioning that the procedure used here (and for the 5-open-string amplitude) is different than
that used for the 4-string amplitudes. In those cases we were able to start from string amplitudes written in closed
form, in terms of gamma functions. Here, we chose to apply the Regge limit while the amplitude was still in integral
form. There is some evidence that this distinction might matter: applying a similar integral-based technique to the
4-closed-string amplitude generates a result that differs in the value of x4 [30]. This is another reason to consider the
choice of x, in the above expression to be slightly suspect. However, changing the value of x4 should not change the
result significantly, provided it is negative and O(1), so we will use the same value as before.

C. The 5-Open-String Reggeization Process

We turn finally to our new result: the procedure for Reggeizing the vector meson propagators connected to a central
vertex. This time we begin with the open bosonic string 5-tachyon amplitude, which can be written as

"42 _ 210/ / dx dy|x|flfao(t1)|y|717ao(t2)‘1 o l‘|7170’°(81)|1 - y|717a0(52)|1 . Iy|ao(81)+ao(82)*ao(8) ) (106)

In the Regge limit, the integral is dominated by regions near four points, given by z ~ +L1 5o and y ~ £~ L We can
therefore split up the region of integration into four separate pieces, each of which contains one of these pomts These
four terms are analogous to the two expressions A o(s,t) and A,(u,t) that contributed to the Reggeization process for
elastic proton-proton scattering. Just as was required there, we will need to use a particular linear combination of
these terms that allows us to project out poles associated with the exchange of even-spin particles. These integrals,
like the ones we encountered in the 5-closed-string amplitude, are difficult to compute in closed form, so we again
expand in the large o/ and small o’ limits. Following this procedure for the large o/ p limit gives us

iTao imao (t o t . o t
A paa = 8iC e e B [m;l)} sin [m2(2)} (@/51)% ") (0 53) ") T[—ao(t1)|T[~ao(t2)]  (107)

which again is straightforward to identify as being essentially two copies of what we had for the 4-string amplitude.
On the other hand, small o’y gives

Ai odd ~ _S'LCC

_imlattybaotiy) {wa’(tz —t1)] (o's) a0(1) a0 (t2) (108)

2
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imal (t] —t o (tg—t t
x {e T () T E ™ sin [”%2( 1)] T[—ao(ty)] Te (t2 — t1)]

ima(tg—t1) o’ (t1 —t3)

e (/)T sin [”“2(’52)} T[—a,(t2)] D[ (11 —tg)}} .

When we modify this result to take into account the physical Regge trajectories, we will be concerned with the
product o, . We know that o/, = 0.89 GeV 2 from a linear fit to known meson masses [4], which gives o/, ~ 0.27.
This is certainly more consistent with the “small x” limit than with the “large p” limit, though the approximation
this leads to here will not be as good as the one used for the closed string case. The “small p” limit comes from
expanding and keeping the leading term in a hypergeometric function, and if we use this treatment we expect the
next term to constitute a roughly 12% correction.

Following the same basic procedure we used for the 5-closed-string amplitude, we obtain the rule

ay(t])tay(ta)
2

1 al, al, _inlewttasts) {wa;}(mtl)] (o (109)

PR}y FR— — i?PU = Z? e 5 al,s)
v v

imal (t] —ty) ap(ta—ty) o(t
X {64 (apu)~ = “lsin [7m2(1)] D=y (0)] T, (1 — t2)]

imad (tg—t1) a;(tlftz)_l

e i [0 ()] TRl - )]

Recall that when we modified the 4-closed-string amplitude for proton scattering, we found that our Reggeization
procedure depended on a parameter x, that involved the masses of the proton and the spin-2 glueball, and appeared
as a consequence of the mass-shell condition. When we modified the 5-closed-string amplitude, we assumed that a
similar parameter must appear, though we had less direct information as to what exactly it should be. In comparison,
the modification of the 4-open-string amplitude did not end up depending on the analogous factor y,. Consequently,
we have not introduced any such factor here, either.

Our choice is again slightly ambiguous, given that the mass-shell condition on the Mandelstam variables will be
somewhat different for the central production process than for elastic scattering. However, since no modification
involving this fact was required for the elastic proton-proton scattering case, it seems reasonable to assume that none
is required for central production, either. In fact the above result may be somewhat more reliable than that obtained
for the exchange of glueballs, since it does not involve introducing a parameter whose exact value we do not know.
Furthermore, in the end we will find that the contributions from the exchanges of the p and w Regge trajectories are
larger than that for the glueballs at the energies we are interested in.

Of particular interest in the above expression is the dependence on u. We expect the differential cross section to be
maximized for small values of t; — t5, which means the amplitude scales roughly with (a/,x)~t. This is a substantial
dependence on p which does not arise in the Reggeization of the glueballs. Most importantly, it introduces significant
additional dependence on #34 into the result, which as will be discussed in the next section, is not consistent with
experimental results.

V. PREDICTIONS FOR n CENTRAL PRODUCTION

We can now compute the total cross section for n production, and perform a Monte Carlo simulation to estimate
the differential cross section. We can then discuss these results in comparison with experimental data. Our primary
focus will be studying the pp — ppn process at /s = 29.1 GeV, so as to compare the results with data from the
WA102 experiment run at that energy [31, 32]. We are interested in the total cross section at that energy, as well as
the differential cross section as a function of angle 634, and of ¢; and ¢3. We will also make predictions for a range of
s values, where we can examine the competing effects of Pomeron and Reggeon exchange.

Combining the results of sections III and IV, the Reggeized differential cross section is

dSO' tth Sin2 934 S 279 2 <9 9 9
dtl dt2 d934 = (47r)4 &2 In ; 16@; /\pppgppn(4)‘pppt1t2 — /\ppptl — /\ppptg)AU(tl)Av(tQ)

2
Py

(110)
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parameter | value [ source

my 0.548 GeV known experimental value [4

myp 0.938 GeV known experimental value [4

Q0 0.456 value based on linear fit to experimentally known masses [4
o 0.886 GeV 2 value based on linear fit to experimentally known masses [4
Qg0 1.08 value based on linear fit to proton-proton scattering data [11]
ay 0.290 GeV 2 value based on fit to proton-proton scattering data [11]
Mg 1.17 GeV  |the proton as a 4-dimensional skyrmion in the Sakai-Sugimoto model [11]
Mg, 0.843 GeV empirically determined dipole mass [23]

Gopn -1.9 GeV T the Sakai-Sugimoto dual model in [22
Guwwn -1.9 GeV ! the Sakai-Sugimoto dual model in [22

Jnhn 0.0222 GeV ' Sakai-Sugimoto calculation in [12

Ghihn 0.0482 GeV 3 Sakai-Sugimoto calculation in [12

Appp -3.59 Sakai-Sugimoto effective fermion calculation in [19]

Appp 4.0 GeV™* Sakai-Sugimoto effective fermion calculation in section (IID 2)
Appw -12.53 Sakai-Sugimoto effective fermion calculation in [19]

Apph 9.02 GeV~! effective fermion fields in the Sakai-Sugimoto model, in [18]

TABLE I. Parameters appearing in the differential cross section.

+ XiphAg (tl)Ag (t2) (ghhn - ghhn Vv tth COS 934>P9 + 27;0‘;;(/\[2)[)/)9/’[”7 + /\?)pwgwwn)Av (tl)Av(tQ)Pu

|

The values of all parameters appearing here are shown in table I. All of the coupling constants are derived from
low energy calculations in the Sakai-Sugimoto model. The proton and 7 particle masses are taken from experimental
data [4], and the slope and intercept of the vector meson Regge trajectory are derived from a linear fit to known
experimental mass values. The slope and intercept of the Pomeron trajectory are derived from a fit to experimental
proton-proton scattering data. In evaluating the total and differential cross sections, we will restrict the ¢-values to
the range —0.6 GeV? < t1,t5 < 0, because outside of this range we expect significant perturbative QCD effects.

Note that it is not possible to compute both the slopes and intercepts of the Pomeron and Reggeon trajectories
within the context of the Sakai-Sugimoto model: the Regge trajectories are fundamentally not “low energy” constructs.
In order to build these trajectories honestly on the string side of the duality, it would be necessary to understand the
quantization of strings in the curved spacetime background. It would be possible to use the Sakai-Sugimoto model
to find the masses of the lowest lying particles on each trajectory, and use these in place of dependence on the Regge
intercepts. However, this approach would still require data fitting to find the slopes, and would introduce additional
sources of discrepancy between the Sakai-Sugimoto model and QCD into our calculations. We therefore concluded it
would be best to use experimental data to guide us in all trajectory parameter choices.

The total cross section computed using this model at /s = 29.1 GeV is

Otot = 236 nb | (111)
which is roughly an order of magnitude smaller than the experimental value
Otot, exp — 3859 nb 5 (112)

However, it should be remembered that coupling constants and masses computed in the Sakai-Sugimoto model are
generally only accurate to around 15%, and our “small p” approximation in the Reggeization procedure should also
introduce an error of about 12%. There is also evidence based on recent experimental work involving photoproduction
of the f1(1285) meson that the Sakai-Sugimoto model, with the values of m, and f, used to fix free parameters, may
systematically underestimate coupling constants [33]. If all of the values of coupling constants were too small by
roughly 10% — 15%, this could lead to the total cross section being suppressed by a factor of 1/3 or more.

We can also consider a range of different center-of-mass energies, /s, shown in figure 2. As expected, at smaller
values of /s, vector meson exchange dominates; at larger values of /s, glueball exchange dominates. For mid-range
values, these two processes tend to cancel against each other, leading to a smaller total cross section. The growth
of the total cross section with increasing /s once the glueball dominates is slow, which makes sense given that the
dominate scaling behavior is o ~ s2(®0~=1) which implies o ~ (v/5)%32. The value we are using to compare to data
is shown in red: it is clear from its location that in this regime the Reggeon exchange is the dominant effect.
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FIG. 2. The total cross section as a function of 1/s. The red dot indicates the value /s = 29.1 GeV.

It is worth remembering that we chose to fix the Regge trajectory parameters for the Pomeron by using a fit to
experimental high energy elastic proton-proton scattering data. This is not completely consistent with the value of
the glueball mass m, that is found by using the Sakai-Sugimoto model, and if we had used it to help fix the value
of a9, we would have gotten a larger intercept value. This in turn would imply a larger Pomeron contribution at
the energy /s = 29.1 GeV, along with a shift in the energy at which Pomeron exchange begins to play a significant
role. As long as we stick with the regime where Reggeons dominate, however, this affects the results by only a small
amount.

In figure 3 we show the distribution of simulated events over different values of t; and t5. Here we find that the
differential cross section is maximized around tq,ty =~ —0.05 GeV?2. The number of events drops off significantly for
larger values of |t;| and |t3], which supports our restriction to the range —0.6 GeV? < t;,t5 < 0.

Figure 4 shows the dependence of the differential cross section at /s = 29.1 GeV as a function of 834. This differential
cross section has a maximum around #34 = 1.9 radians. Here we see possible disagreement with the experimental
result, which gives a result roughly symmetric around 634 = 5, consistent with an amplitude proportional to sin? f34.
The additional angular dependence in our model arises from two places: the structure of the coupling constants for
glueball exchange, and the dependence of the cross section of p, which is particularly strong for Reggeon exchange.
At /s = 29.1 GeV the dominant contribution is Reggeon exchange, so the 634 behavior of glueball exchange is not
the primary effect here. This implies that the source of our disagreement may lie in the Reggeization procedure.

VI. CONCLUSIONS AND FUTURE DIRECTIONS

In this work, we built a holographic model for the central production of 7 mesons in proton-proton scattering via the
exchange of Reggeons and Pomerons. Our model was constructed in two stages: (1) the calculation of a low-energy
cross section for central n production via the exchange of mesons and glueballs, and (2) the generalization of this
cross section to include the effects of exchanging full Regge trajectories (as opposed to single particles). Given this
Regge regime prediction, we compared our results to experimental data and found that the total cross section was
almost an order of magnitude smaller than the measured value.

Our differential cross section showed dependence on the Mandelstam variables ¢; and t5 consistent with our ex-
pectations: the magnitude of the cross section fell off sharply for larger values of |¢1| and |ta|, with comparatively
insignificant contributions outside the range —0.6 GeV < t1,t; < 0, where our model best applies. More interest-
ing was the dependence showed on f34. The experimental data is clearly consistent with the dominant effect being
the factor of sin” A4 associated with natural parity violation, but does not show strong evidence for any other fea-
tures. In contrast, our model shows a significant asymmetry in its dependence on 634 that can be traced back to our
Reggeization procedure for the vector mesons.
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FIG. 3. A histogram showing the number of events for different values of ¢; and ¢, with 10° total events.
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This suggests that our Reggeization procedure may not be ideal. In fact, our method involved taking the Regge
limit of the string amplitudes while they were still in integral form. An alternate approach would be to write the
5-tachyon amplitude in terms of hypergeometric functions in a form with manifest symmetry under exchanges of the
external particles, and only then take the Regge limit. This is more consistent with what has been done for elastic
proton-proton scattering previously, and it might produce a somewhat different result, perhaps more consistent with
the experimental data.

However, some of the discrepancies could arise in part from model-dependent uncertainties, and do not necessarily
indicate a flaw in the Reggeization procedure (or gauge-string duality). In choosing our Regge trajectory parameters,
we used a linear fit to known meson masses for the Reggeon and a fit to very high energy elastic proton-proton
scattering for the Pomeron. The slope and intercept for the Pomeron trajectory obtained this way are not in close
agreement with the Sakai-Sugimoto model calculation for the mass of the lowest spin-2 glueball state: the trajectory
would give this a value of my = 1.781 GeV, while the Sakai-Sugimoto model gives a value of my, = 1.485 GeV. We
could instead have used the Sakai-Sugimoto glueball mass along with a fit value for the slope of the trajectory to
estimate the intercept; this would have led to a larger intercept, and thus to a larger contribution to the total process
by the glueballs.

In order to compute the low energy cross section via gauge-string duality, furthermore, we used the well-known Sakai-
Sugimoto construction in the supergravity limit. It is important to note also that determination of free parameters
in the Sakai-Sugimoto model (which we fix with the pion decay constant and p meson mass), which could cause
changes to the couplings in the range of 15%. The couplings computed in AdS/QCD models are only accurate to
10%-15%, and the terms in our cross section each carry six factors of coupling constants, all told, making our results
reasonably consistent with experimental values. Interestingly, our results also corroborate the recent suggestion from
experimental measurement of f; photoproduction [33], that the Sakai-Sugimoto model systematically underestimates
the values of low-energy coupling constants involved in these Regge regime processes.

It would be interesting to better understand corrections to Sakai-Sugimoto parameters as one departs from the
strict supergravity limit of Iy — 0 (dual to A — oo and zero-slope Regge trajectories). In this work we used a semi-
phenomenological approach to include some of these 1/X corrections by “Reggeizing” single-particle propagators and
vertices, thus incorporating the propagation and interaction of entire (finite slope) Regge trajectories. By changing
the values of parameters appearing in flat space amplitudes (e.g. the Pomeron slope), and determining them by
fitting to Regge regime scattering data, we were also including the effect of a non-vanishing spacetime curvature.
As we implicitly integrated out the “extra” dimensions to leave a theory of 4d strings, some 1/A corrections to
Sakai-Sugimoto’s supergravity limit are (again, implicitly) included in the values of parameters in the amplitude.

One could thus study the discrepancy between Sakai-Sugimoto’s low energy parameters and Regge regime data
using the technique of [11]. We could take the form of our differential cross section as an ansatz, and actually fit
to the experimental data, allowing the various coupling constants to be parameters in the fit. This would help to
quantify the discrepancy between low-energy AdS/QCD and higher energy processes. (To do this in a meaningful way,
of course, one would need much more data than is available at present! Though since the same coupling constants
arise in different scattering processes, one could gather a bit more data even at present by applying the approach
detailed here to natural-parity-violating production of other mesons.)

Of course, there are other 1/ corrections to the Sakai-Sugimoto model that do not simply add higher mass particles
to a Regge trajectory. In principle, a corollary to our approach could be to study couplings which are next-to-leading
in the Riemann tensor — which is one place other 1/ corrections would explicitly appear as one moves away from strict
ls = 0. Loop corrections to the diagrams used in this work (equivalent to 1/N. corrections) are another possibility.
Recall, however, that the Regge regime is advantageous precisely because such corrections, which involve internal
momenta, tend to be suppressed in t/s. It might be more illuminating, therefore, to work backwards: one could write
down all possible natural parity violating couplings that could appear in the process of interest, and see where and
how their coefficients appear in the differential cross section. We leave this long but interesting program to future
work.

Overall, our model for central n production is in weak agreement with the experimental data, but it may still be
consistent with the quality of agreement between the Sakai-Sugimoto model and experimental results that have been
obtained elsewhere. Discrepancies between the two may add to our understanding of the limitations of AdS/QCD
models, and perhaps to ways in which they might be improved.
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Appendix A: Reggeization Procedures
1. Open 4-String Process
a. In Bosonic String Theory

If we write down the open string 4-tachyon amplitude, this is
Ag(&t“) :AO(Svt) —l—fio(u,t)—i-fio(s,u), (A1)

where each term is in the form

- _ [[—ao(z)]T'[—ao(y)]
Ao(z,y) = iC [[—a,(x) — ao(y)] )

Here, a,(z) = 14+ o’z is the leading Regge trajectory of open string states, so that the mass of the open string tachyon

is m#, = 7%' This means that the mass shell condition guarantees s + t + u = 4m3., = 7% and therefore

ao(8) + ao(t) + ao(u) = —1. (A3)

Suppose we begin with a t-channel propagator associated to the exchange of a single particle (string state), and
we want to replace this with a propagator that takes into account the exchange of a whole Regge trajectory, in the
Regge limit. What we want to do is compare the expansion of the string amplitude around the appropriate pole with
the same amplitude’s Regge limit. We find that of the three terms above, only A,(s,t) and A,(u,t) have the right
behavior in the Regge limit, and only these have poles in the ¢-channel. Thus we can ignore fio(s, u). The other two
each have poles associated with ag(t) = n, where n is any non-negative integer. The pole expansion then gives

i o (ao(s) +1) -+ (ao(s) +n) i s o (Ao(s) + 1) -+ (ao(s) + 1)
Ao(s,1) ~ iC " eSS , Ao(u,t) ~ (—1)" x iC T ——e)
ao(t)=n ao(t)=n
(Ad)
while the Regge limits are
Ao(s,t)|  m iCemmae® (/)% ® g, (1), Ao(u,t)|  ~ iC (o) T[—ao(t)].  (A5)
s>t s>t

Suppose we want to model the exchange of a Reggeon consisting just of the odd spin string states, using the vector
(spin 1) particle propagator. Then it’s clear we must take the difference between A,(s,t) and A,(u,t) as our starting
point: this projects out the even spin particles. Thus we could write

Ag oad = Ao(u,t) — Ao(s,1) (A6)
and comparing the expansion around a,(t) = 1 to the Regge limit gives
1 imag(t ol _
P — —o e~ "% sin [ﬂaz()} (o) O~ T[—a, ()] . (A7)

b. Modifications for Physical Reggeons and Proton-Proton Scattering

If instead we want to use physical Reggeons, which will consist of a trajectory of odd spin particles for which the
lowest spin particle is a vector meson, we need to start with a physical trajectory

ay(T) = ao + alx (AB)
such that the meson trajectory (either p or w) has
J = o + alm? = a,(m?), (A9)
If we are modeling elastic proton-proton scattering we also need to assume s +t 4+ u = 4771127 and therefore

o (8) + a(t) + aw(u) = 3+ o, (4m2 — 3m2) = x, (A10)
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We then should start with a “string inspired” amplitude, which will have poles where a,(t) is an odd integer, the
lowest of which will correspond to the vector meson. Written in terms of just s and ¢, we will say this is

r — xu]T[— INES I'[—
1 — s Tnls) + 00() = Xl =0u (8] Tl=0 ()] [0 (1) "
F[av(s) - Xv] F[fav(s) - av(t)]
A pole expansion of this expression around the «,(t) = 1 pole then gives
4 iC(2ay(s) + 1 — xo)
~ Al2
Al " (A12)
a,(t)=1
and the Regge limit is
Al ~ic (1 - e—mv“)) (e, 8)*"® T[—an(t)]. (A13)
s>t
Putting these pieces together leads to the Reggeization prescription
1 oy (t vt _
e —ol e sin {”0‘2( )] (e,5)* D=1 T[—a (¢)] . (A14)
2. Closed 4-String Process
a. In Bosonic String Theory
Now we want to repeat this process for closed Bosonic strings, where the 4-tachyon amplitude is
[ ef]r])
Al(s,t,u) = 2rC (A15)

ac(s ac(t ac(s ac(u ac(t ac(u ’
r[e e[ e el r[ el ag]

Here, a.(z) = 2 + ”‘Tl“" is the leading Regge trajectory of closed string states, which should only include even spin

particles, and the mass of the closed string tachyon is m?%, = —-Z.. This means we have s+t +u = 4m?%_ = —1% and
ac(t) + ac(s) + ac(u) = —2. (A16)

We can use this to rewrite the amplitude in terms of just s and ¢, giving

PP G Ll il sl

ac(s) ac(t) ac(t) ac(s) ’ (A17)

r[— (5) _ el }F[1+‘T}F[1+ ‘2 }

This has t-channel poles whenever a.(t) is an even integer. If we expand around one of these poles, we obtain
2
ac(s) ac(s) ac(s)
4 (=82 (ett) - (o4 240)]
A, (s,t) ~2rC ) . (A18)
ac(t)=2n (n')2 (’Il - LT)

Notice that the leading s-dependence of the numerator here is s2*. Usually we expect the exchange of a mediator of
spin J to include a factor of s/ in it, so here the natural interpretation would be that 2n = J. This agrees with the
fact that the closed string states correspond only to even spin particles. In the Regge limit, we obtain

| ac®) T [— %(ﬂ
_imac(t) a’s 2
~2mCe 2 <4> W . (Alg)
s>t 2

Az(s, 1)

If we suppose we are attempting to Reggeize a closed-string tachyon propagator, this gives

ac(t)
- ——i = (a S) N (A20)

t—ma, 1 rie 0]
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b. Modifications for Physical Pomerons and Proton-Proton Scattering

Suppose instead we want to use a physical pomeron (a Regge trajectory of even spin glueballs), for which the lowest
spin state is a spin-2 glueball. Then we need to start with

ag(z) = ago + oy (A21)
such that the glueball trajectory has
J = ago + alym3 (A22)

We also want to assume we are analyzing elastic proton-proton scattering, so that we should have s +t 4+ u = 4m%
and therefore

ag(s) + og(t) + ag(u) = 6 + o (4m) — 3m2) = x4 (A23)

If we want to modify the Virasoro-Shapiro amplitude in such a way that it has poles on the physical Regge
trajectory, we should begin with a “string inspired” amplitude, where we replace a.(t) with a,(t) — 2, so that the first
pole corresponds to the spin-2 glueball being exchanged. We can then rewrite this just in terms of s and ¢, which
gives us

&

_ ag(t)} [ _ ag(S)} { _ X ag(s) ag(t)}
Ab(s,t) = F[l o2 Il e 2 o e e S (A24)
g F|:2_a97(t)_0‘97(3):|F|:2_&+(’g(5):|r|:2_x79+O‘g(t):|'
2 2 2 2 2 2
If we expand this around the oy, (t) = 2 pole, we obtain
2nC
4 ~
Ag - T3 Xg 1 ag(t) ’ (A25)
ag(t)=2 [ T2 ] 2
and on the other hand the Regge limit is
_ g (1)
iragy (als\ W72 T {1 — }
Ayl m~—2rCe ™ 2 (;) za o7 (A26)
s>t F[Q_ng"' 9 }
so this leads to the Reggeization procedure
1 0o _imayw [als\ W2 T[3- T {1 - %T(t)}
— N Tge_f <;> ool . (A27)
mg rl2- %+ 2]

3. Closed 5-String Process
a. In Bosonic String Theory

The 5-tachyon scattering amplitude in closed bosonic string theory can be written in terms of a double integral,
where each integral is over the complex plane, as

.Ai _ C/d2u /d2U |u‘—ac(t1)—2 |’U|_a°(t2)_2 |1 o u|_a°(81)_1 |1 o 'U|_a“(82)_2 |1 o uv|ac(51)+ac(52)—au(s)—2 ) (A28)
In the Regge limit, this integral is dominated by the region where

m o v . ( )
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which allows us to rewrite it as

A5

O / 2u / P [0 ()2 || ~oe(12) =2 o TFH D)+ T2 (049) + 27 (w D) (A30)
Regge

!
We can perform this integral in two separate cases: where % =

we follow methods laid out in the appendix to [27].

0/5152
4s

is large, and where it is small. In each case

Supposing that % is large, it is necessary to split it up into four pieces, depending on the signs of the real parts
of u and v, and choose s; and s, to have appropriate signs so that each piece separately converges. We can then
perform a change of variables

a’sq a’'sg

u, R (A31)

for each piece. This leads to

A2

C

c —imac(t1) 1 —imac(t2) O/Sl ac(tr) 0/52 ac(t2) A32
~C [teerme@] 14e }<4> (4) (432)

Regge

» /d2w/d2z|w|*ac(“>*2 |5 (ta)=2 o~ (WA D)= (42 (we02)

. 4 . . . .
We can then expand in oy Asa small parameter. The leading term will simply give us

./45

ac(ti) ac(t2)
~C Qﬂe_iﬂaé(tl) (a/&)%(tl) 8 [_Tl} 2mwe” Fregea) (a/82>a0(t2) d {_TQ}
Regge, %»1 :|

4 T {1 + ac(2t1) 4 T |:1 + ac(ztz)}
(A33)
which is clearly just two copies of the Regge limit of the 4-string amplitude.

On the other hand, if % is small it makes more sense to use a change of variables that will replace either the
integral over u or the integral over v with an integral over uv. In fact, we must do each of these and add the results,
because each captures a different saddle point present in the original integral. That is, we can write

.Ag %I(Sl,tl,SQ,tz)—|—I(82,t2,$1,t1) (A34)

Regge, %(1

with

’

ac(ty)—ac(ta)—2 ea;s (uta)+222 (v+f;)+%(%+%) _ (A35)

I(s1,t1,52,t2) =C /d2u /d2y|u|*ac(t1)f2 v

Then we again have an integral that should be divided into four separate pieces, depending on the signs of the real
parts of u and v. In each piece, we choose the signs of s and s in order to ensure convergence and perform a change
of variables to

w= :I:%u, ,ZZ:I:OZZ2 (A36)
which gives us
) ) / ac(t1) / ac(t2)—ac(tr)
T(s1,t, 50, 12) = C [1+671m<m} [1+em(ac(n>m<tz)>] <0‘43> (O‘:2> (A37)

[ [l o0 a2 e e (248).
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We can then expand this integral in %, our small parameter, and the leading term will just give us

o au(t au(ta)—au(t _ac(tl)i| |:ac(t1) _ ac(t2)}
I(s1,t1,892,t2) ~ Ar2C e~ T2 <a’s) " <o/32) et 1 [ = T ? (A38)
4 4 P14 2|71 2elle)  sel)]
When we also use the fact that s1, s2 =~ /su, we obtain in total
‘ ;N Zelti)tac(tz)
AP o s e (‘”) (A39)
Regge, 44 <1 4

o/ (ta—t1) ac(t1) o (t1—t2)
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—_— &
4 P [1+ 2@ [14 2]

<O[/,Uf) W imal (tg—tq) F |:7 aC(QtQ):| F |:O‘ (t247t1)i|
+ | — e 8 -
4 T [1 + ac(2t2):| T |:1 + « (t14—t2):|

We are more interested in this approximation, because in the physical process we live in the “small p” regime. In
principle to follow the same procedure we did for the 4-string process, we should now compare this Regge limit to a
pole expansion. This is somewhat difficult because we don’t have the exact amplitude in closed form. Instead, we
will assume that the “large p” regime indeed just gives us two copies of the Reggeization procedure for the 4-string
process, and use this to deduce the appropriate procedure for the “small p” regime. This gives

ac(ty)+tac(ta)
2

1 IR 4\? _inleetty)tacti)) (s (440)
2Y) . as
(tr —m7,)(t2 — m7,) o 4

o' (tg—ty) a.(t o (t—t
{(%) D[P0 []
W\t ¢ "

c(t1)  (ta—t1)
Tl

<o/u s P & [— “L‘(J”} r [”‘/“1—“)}
+ | — e 8 -
4 r |:1 + ac(ztz)} r [1 4@ (t147t2)]

b. Modifications for Physical Pomerons and Proton-Proton Scattering

Now we need to establish how to modify the Reggeization procedure to account for the physical Pomeron trajectory
and the masses of the protons. To do this properly we ought to begin by writing the exact amplitude in a way that
is symmetric in all five external particle momenta, and then use the appropriate mass-shell conditions to rewrite this
in terms of {s, s1, $2,t1,%2} and the masses of the particles. Our experience with the 4-string process suggests that
in doing so we would introduce a dependence on factors such as the x, we saw earlier. Since we do not have the
amplitude in closed form, we will instead simply propose the following modification, which ensures the correct pole
structure and is based on what we saw for the 4-string amplitude:

ag(t)fag(ts)
2

1 1 2 im (g (t))+ag(t)) als
. _ZFP_m]61:2<9) (A41)
S

(tr —m2)(ts — m2) 9 5
Y e T[Sl p [t
X g e 4
2 P[2-% + 2] r[s- % 4 b))
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() el
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4. Open 5-String Process
a. In Bosonic String Theory

The 5-tachyon scattering amplitude in open bosonic string theory can be written as the double integral
oo oo
5 . —1—a, —1—a, —1—a, —1—a,(s R o(52)—ao
A =2iC [ [ dwdyla] ey et 1 ] ey g e el ) (ad2)
— 00 —0o0
In the Regge limit, these integrals should be dominated by regions near the four points in the zy-plane given by

1 1
T~ t—, yo~Et—. (A43)
S1 52

We can split up the regions of integration to produce four terms of the form
gt =2iC [ da [ dylaf ey e ] e |1 e (A
Re® Re®*

each of which contains one of these saddle points. These four terms are analogous to the terms A, (s,t) and A, (u, )
we have in the 4-string case, and we will want to take a linear combination of them in order to project out poles
associated with the exchange of even spin particles. Specifically, the combination

Ai,odd = AP AT - AT+ AT (A45)
will work (as will become apparent shortly.) With an appropriate change of variables, we can rewrite them as

A(:)t,:l: _ 220/ dz/ dyxflfao(tl) yflfao(tg) (1 ¥ x)flfao(sl) (1 ¥ y)flfao(SQ) (1 _ (:l:)(:t)ﬂjy)a"(Sl)+a°(52)7a°(s) )
0 0

(A46)

Working in the Regge limit near x ~ % and y ~ :—2 then gives us

e
A,

~ 220/ dx/ dyI_l_ao(tl) y—l—ao(tQ) e:l:a’slr:ta’(egy—&-(j:)(:I:)(x’sry ] (A47)
Regge 0 0

Again, at this point our treatment will be different depending on whether o’y is large, or small. If it is large, then
we should proceed by performing the change of variables

w= Fa'sz, 2z = Fa'say (A48)
and obtain
jlj’Jr ~ 2iC e imao(t1) p—imao(ta) (0/51)“0(“) (0/52)a°(t2) B, (A49)
Regge

At ~ 2iC e m0(t2) (o) 51 )20 (1) (o) 55)%(t2) B (A50)

Regge
Ab- A 2iC e (1) (o 51)20 (1) () 55)%0(t2) B (A51)

Regge
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A~ ~ 2iC (o51)% M) (o 59)%(*2) B, (A52)
Regge
with
B :/ dZ/ dw w1 (tr) y=1ao(tz) gmw=aF 57 (A53)
0 0
If we then expand in the small parameter ﬁ? the leading term will just give us
B ~ T'[—a,(t1)]T[—ao(t2)] - (A54)
a’'p>1
Then we have
5 . _imao(ty) _ imao(ta) | Wao(tl) . 7rao(t2) , ao(t1) , ao(ts)
A oda ~ —8iCe 2 e = sin | ——"| sin 3 (a's1)% ) (@'89) % 2) T[—a,(t1)|T[—ao(t2))
Regge, a/u>1
(A55)

Note that at this stage it is very clear the above linear combination will have no poles for a,(t;) equal to an even
integer, and (just as we did for the closed 5-string amplitude when u was large), we are essentially obtaining two
copies of the 4-string result.

On the other hand, if we have o’u small, we should replace either the integral over x or the integral over y with an
integral over zy, and in fact each of these captures the effect of a different saddle point, so we need to do both and
add them together, giving

/I;t’i %Ii’i(shtl,Sz,tQ) +Ii’i(82,t2,$1,t1), (A56)
Regge,a’ uk1

with
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I+’_(81,t1,82,t2) = 220/ / dx dy x_l_ao(tl)y—l—GO(t2)+ao(t1) e*alsai*a/SzerT ,
0 0

x

o0 oo ’
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0 0

We can then perform a change of variables of the form

w = +a'sz, 2z = +a'syy (A58)
for each case, giving
THH (51,11, 89, 12) = 2iC e~ 2) (o 5)30 (1) (o 5p)20(t2) =00 (1) B, (A59)
I (1,41, 80, t2) = 2i( e~ im0 (t2) gimao(t1) (O/s)ao(tl) (O/Sg)ao(tz)fao(tl) Bis,
I (81,1, 82, 2) = 2iC (o 5) (1) (o 55) 0 (F2) () 3,
T (51,11, S, t2) = 2iC e~ "% (1) (o/ 5)20 (1) (o 55) %o (t2)—ao(t) 3, )
with
oo oo /
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o Jo

We can expand this in the small parameter o u, and the leading term just gives

~ Tl=ao(t1)[Tao(t1) — ao(t2)] (A61)
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so that

5 ~
Ao, odd ~38Ce

Regge, o/ pk1

(A62)
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As with the 5-closed-string case, we can now work out what the appropriate Reggeization procedure must be when
o’ p is small by assuming that the Reggeization for large o’u is just two copies of the 4-string procedure. This gives

1 o2 Tleelt)eolta) [wo/(tg — t1)} (a/s)aom);ao(tz)fl (A63)

4>
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1 1
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imal (tg—t7)

T ) B sinr“"“ﬂ F[—ao(tg)]F[a’(tg—t1)]}.

b. Modifications for Physical Pomerons and Proton-Proton Scattering

Finally, we need to incorporate the modifications to this Reggeization procedure that follow from assuming we are
looking at a physical trajectory of mesons (either the p or the w trajectory) and that the incoming and outgoing
particles are protons and an n meson. However, based on what we saw for the 4-string case, it is reasonable to assume
that the only change should be replacing the open string Regge trajectory a,(z) with the physical Regge trajectory
ay, (), which leads to

cy(t))toy(ta)
2

/ ; ! —
1 Qe renty) {wav(tz t1)] (o (A64)
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