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We examine the flavor evolution of neutrinos emitted from the disk-like remnant (hereafter called
“neutrino disk”) of a binary neutron star (BNS) merger. We specifically follow the neutrinos emitted
from the center of the disk, along the polar axis perpendicular to the equatorial plane. We carried
out two-flavor simulations using a variety of different possible initial neutrino luminosities and
energy spectra, and for comparison, three-flavor simulations in specific cases. In all simulations, the
normal neutrino mass hierarchy was used. The flavor evolution was found to be highly dependent
on the initial neutrino luminosities and energy spectra; in particular, we found two broad classes of
results depending on the sign of the initial net electron neutrino lepton number (i.e., the number of
neutrinos minus the number of antineutrinos). In the antineutrino dominated case, we found that the
Matter-Neutrino Resonance (MNR) effect dominates, consistent with previous results, whereas in
the neutrino dominated case, a bipolar spectral swap develops. The neutrino dominated conditions
required for this latter result have been realized, e.g, in a BNS merger simulation that employs the
“DD2” equation of state for neutron star matter [1]. For this case, in addition to the swap at low
energies, a collective Mikheyev-Smirnov-Wolfenstein (MSW) mechanism generates a high-energy
electron neutrino tail. The enhanced population of high-energy electron neutrinos in this scenario
could have implications for the prospects of r-process nucleosynthesis in the material ejected outside
the plane of the neutrino disk.

PACS numbers: 14.60.Pq, 97.60.Bw, 13.15.+g, 26.30.-k, 26.50.+x

I. INTRODUCTION

In this paper we explore neutrino flavor transformation
in the binary neutron star (BNS) merger environment, for
axially directed neutrinos, and with an emphasis on sce-
narios with a higher number luminosity of neutrinos over
antineutrinos. Depending on the BNS merger rate and
on the amount of ejected material, BNS merger events
could be a potential candidate site for the origin of nu-
clei heavier than 56Fe via the r-process [2–16]. These
cataclysmic events are accompanied by prodigious fluxes
of neutrinos [1, 2, 8, 16, 17]. Flavor-dependent charged
current neutrino capture reactions could influence the
neutron content of these ejecta [18], depending on the
material outflow speed and geometry, and on the neu-
trino luminosities, energy spectra, and emission geome-
try. Though many of these ingredient quantities have not
yet been unambiguously determined by simulations, the
importance and urgency of the r-process origin problem
warrants an exploration of neutrino flavor physics in this
environment.

There are roughly three potential sources of r-process
material in BNS mergers: (1) the “tidal tails” of neutron-
rich nuclear matter tidally stripped from the neutron
stars during the in-spiral event before the stars touch;
(2) the material ejected in the equatorial disk formed
when the stars have merged; and (3) the material driven
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off by either magneto-hydrodynamic (MHD) mechanisms
or intense neutrino radiation, in directions outside the
equatorial plane (e.g., along the polar axis). Of these,
only the material in the first will not be accompanied by
significant neutrino and antineutrino radiation exposure.

In order to evaluate the efficacy of BNS mergers in pro-
ducing the observed r-process abundances, it is essential
to have good estimates of merger rates over cosmic his-
tory, along with the average r-process yield per merger.
Current BNS merger rate estimates are extremely prim-
itive, as they are based on a very small sample size of
observed binary pulsars in the Milky Way [19–26]. How-
ever, recent direct detections of gravitational waves from
binary black-hole merger events by the Laser Interfer-
ometer Gravitational-wave Observatory (LIGO) [27, 28]
have opened up an entirely new channel for exploring the
universe. The current estimated upper limit on the BNS
merger rate from LIGO is 12,600 Gpc−3yr−1 (at 90%
C.L.), based on not having observed the gravitational
wave signal from a BNS merger event yet [29]. This limit
is consistent with the current binary pulsar based esti-
mates. As LIGO begins to reach towards its ultimate
design sensitivity within the next few years, it is hoped
that it will enable us to obtain much better estimates,
or at least more stringent upper bounds, on the rates of
BNS merger events in the present-day universe [30].

While we wait for LIGO to give us a better observa-
tional handle on the merger rate, we can examine the
other aspect of the problem by looking at the r-process
yields of individual BNS merger events. Previous work
has attempted to quantify the amount of r-process yields
in the ejecta of neutron star mergers [2, 4–6, 8, 9, 14–16].
However, the neutrino physics that goes into these sim-

mailto:j2tian@ucsd.edu
mailto:apatward@ucsd.edu
mailto:gfuller@ucsd.edu


2

ulations is primitive at best, and in particular does not
include a treatment of flavor conversion in these environ-
ments. Neutrinos are emitted with very high luminosities
(on the order of 1053 erg s−1) from the disk-like (tempo-
rary) remnant of the neutron star merger. As long as
the weak interactions are not fully decoupled, these neu-
trinos, via charged-current capture on nucleons, can de-
termine the electron fraction (Ye) of the material they
interact with. This, in turn, is a major factor in evaluat-
ing the feasibility of these events as r-process producers.
The neutrinos affect the electron fraction via the follow-
ing neutrino and antineutrino capture reactions:

νe + n
 p+ e−, (1a)

ν̄e + p
 n+ e+. (1b)

Since the neutrino charged-current capture processes
are flavor-asymmetric at typical energies (∼ 10 MeV),
i.e., only (anti-)neutrinos in the electron flavor state can
participate, it is essential that we know the flavor histo-
ries of these neutrinos as they stream out of the merger
site. A large change in the flavor content of neutrinos or
even just in their energy spectra (since the capture rates
are energy dependent) could have a correspondingly large
effect on the electron fraction and therefore on the effi-
cacy of the r-process in these environments. Therefore,
detailed analysis of neutrino flavor evolution is necessary
in order to better understand the potential these envi-
ronments have for being the main sites of the r-process.

Indeed, recent explorations of neutrino flavor evolu-
tion have found collective phenomena in certain regions
of BNS merger outflow [31–36]. Most of these consider
initial conditions that exhibit an overall anti-neutrino
number dominance over neutrinos. The various types of
flavor transformation phenomena found in these calcula-
tions include symmetric and standard Matter-Neutrino-
Resonances (MNR) [31–34, 37–40], fast pairwise neutrino
conversion [36], and the effects of spin (helicity) coher-
ence [35]. Ref. [31] discusses the trajectory-dependence
of flavor transformation in these environments, and
finds a variety of behaviors on different trajectories in
antineutrino-dominated conditions, including MNR, syn-
chronized MSW (Mikheyev-Smirnov-Wolfenstein) flavor
transformation, and bipolar oscillations (for the inverted
mass hierarchy). Here, we do a complementary study in-
volving flavor evolution along a different trajectory (ax-
ial), and with different choices of parameters such as lu-
minosities, spectra, and matter densities. Specifically, we
focus on conditions where the total number luminosity
(integrated number flux) of electron neutrinos is higher
than that of electron antineutrinos, although we present
results for antineutrino-dominated cases as well.

The geometry of a disk-like neutrino source, a “neu-
trino disk”, is mathematically more difficult to imple-
ment than a spherical source, i.e., a “neutrino sphere”.
A disk-like geometry admits fewer symmetries than a
spherical geometry, and thereby increases the degrees of
freedom (by two, see Sec. II B) that one needs to keep

track of in order to fully self-consistently treat neutrino
interactions in these environments. In order to keep the
calculations tractable with the current technology avail-
able to us, we chose to run all simulations using a “single-
angle approximation” (see Sec. II B), and track the flavor
evolution of neutrinos which stream out along the polar
axis of the neutrino disk. Along this trajectory there is an
azimuthal symmetry which we can exploit to make calcu-
lations simpler. Since we are tracking the flavor-histories
of only the polar-axis directed neutrinos, any conclusions
on r-process effects will apply only to the last of the three
aforementioned r-process contributions in BNS mergers,
i.e., the wind-like ejecta outside the equatorial disk plane.

Merger simulations that use different neutron star
equations of state result in different initial conditions in
terms of neutrino number luminosities and energy spec-
tra. These differing initial conditions can then lead to
qualitatively different flavor transformation phenomena,
which can have implications for observables such as the
amount and composition of ejecta, or the properties of
the final remnant. An investigation of flavor transforma-
tion phenomena for these diverse initial conditions asso-
ciated with different equations of state is therefore es-
sential for accurately assessing the various possibilities
across this landscape. Our results can be broadly sep-
arated into two classes, the matter-neutrino resonance
(MNR) results for initial conditions where antineutrinos
have higher number luminosities than neutrinos, and the
bipolar spectral swap results for the neutrino-dominated
number luminosities. We present results for both cases;
however, we focus our discussion of flavor-transformation
physics on the bipolar spectral swap results, since the
MNR phenomenon has already been discussed exten-
sively in this context [31–34]. An example scenario where
the neutrinos outnumber the antineutrinos can be found
in Ref. [1], in a merger simulation that uses the “DD2”
equation of state for neutron star matter [41, 42]. One
aspect in which the DD2 equation of state differs from
the other ones considered in Ref. [1], is a higher degree of
stiffness, and the associated high maximum cold neutron
star mass limit, leading to a stable neutron star remnant
even after spin-down.

In Sec. II we detail the method we used, both the math-
ematical model and the computational methods, to ob-
tain our results. In Sec. III we present our results. Sec. IV
contains a discussion of the underlying physics of the fla-
vor transformations, as well as of the likely implications
of our results for the nucleosynthesis and other physics in
these environments. We state our conclusions in Sec. V.

II. METHODOLOGY

Neutrinos propagating in dense matter can change
their flavors through both scattering-induced decoher-
ence and through coherent, forward-scattering processes.
This behavior is generally described by the quan-
tum kinetic equations, essentially generalizations of the
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Boltzmann equation, but including quantum mechanical
phases [43–51]. However, in the regions where we see
interesting flavor transformation effects, i.e., far above
the BNS merger neutrino disk, treating only coherent
forward scattering will likely be a good approximation.
In fact, the conditions in these regions of interest along
the polar axis resemble those of the supernova late-time
neutrino-driven wind, which has been shown to be safe
from neutrino halo effects [52].

A. Hamiltonian

Here we treat only the coherent evolution of neutrino
flavor. In this limit, neutrinos undergo forward scattering
on background matter and on other neutrinos. The flavor
state of a neutrino of energy Eν , at a location r (for the

axially directed trajectory, r = z) can be described by
a two or three dimensional (depending on the number
of flavors considered) state vector |Ψν〉, which evolves
according to the Schrödinger-like equation [53–57]:

i~
∂

∂r
|Ψν(r, Eν)〉 = H(r, Eν)|Ψν(r, Eν)〉. (2)

The Hamiltonian governing the evolution of these
neutrinos is quite similar to those used in many pre-
vious simulations of collective neutrino flavor evolu-
tion [18, 48, 52, 57–101]. In particular, we used a version
of the Hamiltonian from the “neutrino bulb” model used
in supernova neutrino flavor evolution studies [58, 68],
modified to suit a BNS merger disk geometry. For the
two-flavor case, easily generalizable to three flavors, the
Hamiltonian is [58, 60, 68, 71, 102]:

H(r, Eν) =
δm2

4Eν
U

[
−1 0
0 1

]
U† +

√
2GFne(r)

[
1 0
0 0

]
+
√

2GF
∑
α

∫
ν

dnν,α(p′) |Ψν,α(p′)〉 〈Ψν,α(p′)| (1− p̂ · p̂′)

−
√

2GF
∑
α

∫
ν̄

dnν̄,α(p′) |Ψν̄,α(p′)〉 〈Ψν̄,α(p′)| (1− p̂ · p̂′),
(3)

where U is the 2 × 2 version of the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) mixing matrix:

U =

[
cos θv sin θv
− sin θv cos θv

]
, (4)

with θv = 8.7◦ the mixing angle in vacuum (we have
used the θ13 ' 8.7◦ [103] mixing angle in our 2× 2 simu-
lations). Here δm2 = 2.4× 10−3 eV2 is the mass-squared
splitting (we have used the atmospheric splitting), GF is
the Fermi weak coupling constant, ne is the net electron
number density (ne = ne− − ne+), and p, p′ are the mo-
menta of the test and background neutrinos, respectively
(Eν =

√
p2 +m2

ν). We integrate over all of the back-
ground neutrinos encountered by our test neutrino, so
that dnν,α(p′) is the local number density of neutrinos in
state |Ψν,α(p′)〉. Here, the index “α” refers to the initial
flavor in which the neutrino was emitted at the neutrino
disk.

The three terms of the Hamiltonian in Eq. (3) are
written in the order of the vacuum Hamiltonian (Hvac),
the matter Hamiltonian (Hm), and the neutrino-neutrino
“self coupling” Hamiltonian (Hνν). The vacuum term in
Eq. (3), Hvac arises merely from the fact that neutrinos
have mass, and that the mass eigenstates are not coin-
cident with the neutrino flavor eigenstates. The matter
term, Hm, arises from the neutrino forward scattering
via the charged current interactions on the background
matter (the potential from neutral current interactions
contributes equally to all flavors of neutrinos and there-
fore does not need to be considered here). This matter

Hamiltonian depends on the electron number density ne,
which can be written in terms of the baryon number den-
sity nb and the electron fraction Ye:

ne = Yenb . (5)

We chose the baryon density profile to have an inverse
cubic relation to the radius (distance from the disk):

nb = nb,0

(r0

r

)3

(6)

where nb,0 is the initial baryon density at the initial ra-
dius r0. This relation will hold true if the material is in
hydrostatic equilibrium and the entropy is mostly carried
by relativistic particles (see Ref. [58, 104]). The last term
in the Hamiltonian, Hνν , in Eq. (3) arises from the test
neutrino forward-scattering on other background neutri-
nos. This is the term which depends on the geometry
which we chose, and requires careful consideration.

First, by exploiting the azimuthal symmetry of our
chosen trajectory, we can rewrite the expression (1−p̂·p̂′)
in a convenient form:

1− p̂ · p̂′ = 1− cos θ′, (7)

where the test neutrino trajectory is taken to be along the
z-direction, and therefore, the intersection angle between
the test and background neutrino trajectories is simply
the polar angle θ′ of the latter.

Second, the neutrino states can be enumerated in
terms of energies and the pencil of solid angle (in the
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direction of p′), subtended at our test neutrino’s loca-
tion, in which the neutrinos are streaming. Or in more
concrete mathematical terms:

dnν,α =
Nν,α
2π2

(
dΩν
4π

)
fν,α(Eν)dEν . (8)

Here, Nν,α is a factor that normalizes the number den-
sity to the energy luminosity Lν,α in the respective neu-
trino flavor. fν,α(Eν) is the (non-normalized) energy dis-
tribution of neutrinos initially emitted in state α and dΩν
is a differential solid angle. We assume that neutrinos
are emitted from the surface of the neutrino disk with a
Fermi-Dirac black body-shaped distribution of energies
so that:

fν,α(Eν) =
E2
ν

eEν/Tν,α−ην,α + 1
, (9)

where Tν,α and ην,α are the temperature and degeneracy
parameter, respectively, of the initial να distribution. To
normalize the differential number density dnν,α with re-
spect to the luminosity Lν,α, we first calculate the neu-
trino energy flux Fν,α at the disk surface:

Fν,α =

∫
p

dnν,αEν cos θ

=
Nν,α
2π2

2π∫
0

1∫
0

cos θ
d cos θ dφ

4π

∞∫
0

Eνfν,α(Eν)dEν ,

(10)

where the neutrino speed is taken to be the speed of light
c = 1, and the angle integration is performed over half
the sky, i.e., over all neutrino unit momenta on one side
of the disk. Now, we can introduce the normalized energy
distribution function f̃ν,α(Eν) defined as:

f̃ν,α(Eν) =
1

T 3
ν,αF2(ην,α)

E2
ν

eEν/Tν,α−ην,α + 1
, (11)

so that
∫∞

0
f̃ν,α(Eν)dEν = 1, where F2(ην) is the com-

plete Fermi-Dirac integral of order 2. With this, we can
then evaluate the above integral to obtain

Fν,α =
Nν,α
8π2
〈Eν,α〉T 3

ν,α F2(ην,α), (12)

where 〈Eν,α〉 is the average neutrino energy over the dis-

tribution f̃ν,α. We can now fix Nν,α by relating the flux
to the luminosity using Fν,α = Lν,α/(2πR

2
ν), giving us

dnν,α =
Lν,α

2π2R2
ν〈Eν,α〉

f̃ν,α(Eν,α)dΩνdEν . (13)

Note that this differs by a factor of two from the nor-
malization for a spherical emission geometry. With this
normalization, we can write the neutrino-neutrino Hamil-
tonian as an explicit integral:

Hνν =

√
2GF
πR2

ν

∑
α

∞∫
0

θm∫
0

[
Lν,α
〈Eν,α〉

f̃ν,α(Eν) |Ψν,α〉 〈Ψν,α| −
Lν̄,α
〈Eν̄,α〉

f̃ν̄,α(Eν) |Ψν̄,α〉 〈Ψν̄,α|
]

(1− cos θ′) sin θ′dθ′dEν . (14)

Here θm is the maximum half-angle the neutrino disk
subtends at the test neutrino’s location which with sim-
ple trigonometry we know to be: tan θm = Rν/r. We
have already performed the φ′ integration in Eq. (14) as
that integral is trivially equal to 2π because of azimuthal
symmetry. This is the final version of the Hamiltonian
which we use in our calculations. We can see that the
main difference between this Hamiltonian and the one
used in [58] will be in how θm differs between the spher-
ical geometry case and the disk geometry case. As θm
is different between the two cases, the geometric dilution
of neutrinos as we move farther from the source will be
different.

B. Simulations

Here we chose to model the neutron star merger neu-
trino source as a flat circular disk, with neutrinos stream-

ing from the two faces. We assumed that all neutrinos
of all flavors are emitted from the same surface, i.e., that
there are not multiple neutrino disks for different neu-
trino flavors. Neither of these assumptions are quite true
for an actual neutron star merger; different neutrino fla-
vors and types have different decoupling surface disks,
and these have relative spacings of order tens of km,
at most. Differences in neutrino decoupling surfaces for
different neutrino types has been shown to be impor-
tant [36, 105], and that could be the case here as well,
especially close to the neutrino disk. However, as we shall
see, most of the collective flavor oscillations we find oc-
cur at distances (∼ a few hundred km) which are large
compared to the neutrino disk separations. The effects
of having separate disks are therefore unlikely to be sig-
nificant at these distances.

We chose a disk radius of Rν = 60 km (see, e.g., Fig.
16 in Ref. [1]), and assumed that neutrinos are emitted
isotropically from each point on the surface. Moreover, as
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mentioned earlier, we chose to follow the flavor evolution
of neutrinos emitted from the center of the disk along the
polar axis, perpendicular to the equatorial plane.

Simulations were performed using the neutrino BULB
code, developed by the authors of Refs. [58–68]. The
BULB code was modified to use the new geometry as
discussed in Sec. II A. No major modifications to the un-
derlying architecture of the code were necessary. We note
that Eq. (14) was written in such a way as to leave the
angle dependence of |Ψν,α〉 ambiguous. In a fully self-
consistent study of a merger geometry, this state vector
would of course depend on the trajectory of the back-
ground neutrino we are integrating over. Indeed, even
in a spherical “neutrino bulb” geometry, this state vec-
tor is emission angle (angle with respect to the normal
of the neutrino sphere at which a particular neutrino is
emitted) dependent. So called multi-angle simulations of
the neutrino bulb model account for this fact. However,
with the disk geometry, there are two additional degrees
of freedom, beyond multi-angle bulb simulations, that we
must account for if we want to fully self consistently treat
the neutrino trajectories. As the disk is not spherically
symmetric, we must account for the emission location on
the disk (one degree of freedom due to cylindrical sym-
metry). In addition, multi-angle bulb simulations only
require one polar emission angle whereas a disk geometry
would require two emission angles (polar and azimuthal)
to track all of the neutrinos. Complicating matters fur-

ther, as off-angle trajectories (from the central polar axis)
do not exhibit azimuthal symmetry, the relation in Eq.
(7) no longer holds. Also, for off-axis trajectories, the
integral over the solid angle would depend on the polar
angle θ in addition to r, and the separation into θ′ and
φ′ integrals is nontrivial. As such, the underlying archi-
tecture of the BULB code would have to be modified to
accommodate these extra degrees of freedom.

To avoid these complexities, simulations were run for
this paper in the so-called “single-angle mode”. We as-
sume, for simplicity, that all neutrinos on all other tra-
jectories that encounter our test neutrino evolve in fla-
vor exactly the same way as our test neutrino. It is
known from simulations of supernova neutrino flavor evo-
lution that multi-angle simulations incorporate the cor-
rect phase-averaging over different trajectories, implying
that they can do a better job at predicting the locations of
the onset of collective flavor transformations [106]. Nev-
ertheless, single-angle simulations are known to capture
many of the qualitative features that are present in multi-
angle simulations, especially at locations sufficiently far
from the source. We also note that previous studies of
flavor evolution in BNS merger environments have also
employed this approximation.

Since we are performing single-angle simulations, the
state vectors |Ψν,α〉 are not emission location or angle
dependent. They are, however, still energy dependent.
As such, we can perform the angle integration in Eq.
(14) to obtain:

Hνν =

√
2GF
πR2

ν

· 1

2

[
1− r√

r2 +R2
ν

]2∑
α

∞∫
0

[
Lν,α
〈Eν,α〉

f̃ν,α(Eν) |Ψν,α〉 〈Ψν,α| −
Lν̄,α
〈Eν̄,α〉

f̃ν̄,α(Eν) |Ψν̄,α〉 〈Ψν̄,α|
]
dEν . (15)

III. RESULTS

A. Initial Conditions

As the merger environment itself is extremely com-
plex, the neutrino emission’s initial conditions are, not
surprisingly, equally complex. The major regions of neu-
trino emission differ for the different neutrino flavors, and
among the neutrino and the antineutrino sector. Most
importantly with regards to the flavor transformations,
neutrinos are emitted primarily from the polar regions of
the merger while antineutrinos are mostly emitted from
the hot shocked regions of the disk [1]. This means that
different simulations giving differing temperatures for the
polar regions versus the shocked regions of the disk,
would give similarly different results in neutrino versus
antineutrino emission. Most nuclear matter equations of
state in use in BNS merger simulations result in a higher
luminosity and number flux of antineutrinos over neutri-
nos being emitted from the neutrino disk [1, 8, 16, 17].

However, a particular simulation from Ref. [1], one that
used the “DD2” equation of state for neutron matter, did
produce a total number luminosity abundance of neutri-
nos over antineutrinos (although, due to the high average
energy of the antineutrinos, the energy luminosity was
still dominated by antineutrinos).

We do not include all of the intricacies of neutrino
emission from the neutrino disk. Instead, we chose differ-
ent sets of initial neutrino luminosities and energy spec-
tra in order to try to capture the qualitative differences
in flavor evolution which arise from differences in ini-
tial conditions. As most simulations of neutrino emission
have antineutrino dominance, studies of flavor evolution
in merger environments up to now have focused on the
“matter-neutrino resonance (MNR)” effect [31–34]. This
effect requires a cancellation in the total Hamiltonian be-
tween the matter term and the neutrino-neutrino term.
Such a cancellation can only arise if the neutrino-neutrino
term is negative, i.e., if the neutrinos are dominated by
antineutrinos. To corroborate this, we ran a simulation
with the same neutrino luminosities and spectra as found
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in Ref. [31], with an antineutrino abundance over neutri-
nos, and found that the MNR effect was indeed the dom-
inant feature of collective neutrino oscillations. However,
if neutrinos dominate over antineutrinos in number flux,
the matter-neutrino resonance cannot easily occur1. In
Secs. III C–III E, we highlight a different possible out-
come of collective flavor oscillations in a merger environ-
ment, namely, the occurrence of a bipolar spectral swaps
for neutrino-dominated number luminosities.

The simulations, the results of which are described be-
low, all utilize the normal neutrino mass hierarchy. We
take nb,0 = 108 g/cm

3
(at r0 = 20 km), which is the same

as in Ref. [1], in all our simulations except for the low lu-
minosity/low density simulation of Sec. III E which uses

nb,0 = 2.5× 106 g/cm
3
. In addition, we chose a constant

electron fraction Ye = 0.4 in our calculations. All sim-
ulations reported in this work were performed using the
single angle approximation for calculating neutrino flavor
evolution. Examining previous works, we can see that
this approximation has been found to capture with fair
fidelity the qualitative behavior of this evolution in most
supernova environments, but it is known to fail quantita-
tively in some cases (see section II B for details). Conse-
quently, we caution that our single angle simulations may
give results which differ from a full multi-angle treatment.

B. MNR Results

As outlined above, we will have the requisite condi-
tions for MNR when ((Lν,e/〈Eν,e〉)/(Lν̄,e/〈Eν̄,e〉)) < 1.
In MNR, the neutrino-neutrino part of the Hamiltonian
in Eq. (3) interacts with the matter and vacuum parts of
the Hamiltonian to create an MSW-like resonance [31–
34, 37–40, 99]. A resonance between the two flavors of
neutrinos occurs when the diagonal elements of the total
Hamiltonian equal each other, i.e. when H11 = H22. As
is standard in neutrino flavor evolution analyses, we use a
traceless Hamiltonian in our simulations by removing the
total trace from Eq. (3). For a traceless 2×2 Hamiltonian,
the resonance condition is then simply H11 = −H22 = 0.
A MNR therefore occurs when (Hνν)11 nearly cancels
(Hm)11. Usually, MNR is augmented by nonlinear feed-
back in the neutrino flavor evolution which helps sustain
this cancellation over a longer distance. Generally speak-
ing, if the neutrinos move through this MNR adiabati-
cally, then large scale flavor transformations can occur
from the electron flavor state to the “x”- flavor state and
vice versa. Here, the x-flavor refers to the other flavor
besides νe in 2× 2 calculations and is taken to be a par-

1 To get a MNR in such a scenario, one would need other mecha-
nisms to first convert some of the electron neutrino lepton num-
ber excess, either into other flavors (e.g., via background-assisted
MSW effect), or into anti-neutrinos (e.g., νe → ν̄e via spin-
coherence effects [35, 107, 108]).

ticular linear combination of the nearly maximally mixed
νµ and ντ flavor states [109, 110].

In the normal mass hierarchy, the vacuum Hamilto-
nian matrix element (Hvac)11 is an energy dependent
negative quantity. However, since Hm and Hνν are not
energy dependent, the MNR cannot simultaneously sat-
isfy H11 = 0 for neutrinos of all energies. The diagonal
Hamiltonian can therefore vanish only for one specific en-
ergy, and it can be close to zero only for neutrinos with
energies close to that energy. In other words, not all
neutrinos of all energies may necessarily be affected by
the MNR. This general observation is borne out in our
simulations.

Table I shows the parameters we used in order to simu-
late neutrino flavor evolution using an antineutrino dom-
inated neutrino number luminosity. These parameters
for the neutrino luminosities and average energies are
quite similar to those used in [31]. Notice that here
((Lν,e/〈Eν,e〉)/(Lν̄,e/〈Eν̄,e〉)) ≈ 0.7 which means there
is a preponderance of antineutrinos over neutrinos and
therefore the possibility for a MNR.

Parameter Value
Lν,e 1.5× 1052 erg/s
Lν̄,e 3.0× 1052 erg/s
Lν,ν̄,x 1.6× 1052 erg/s
〈Eν,e〉 10.6 MeV
〈Eν̄,e〉 15.3 MeV
〈Eν,ν̄,x〉 17.3 MeV
δm2

atm 2.4× 10−3 eV2

θV 8.7◦

TABLE I. Parameters used our two flavor simulation that
produced MNR. The luminosities and average energies used
here are taken from [31].

Figure 1 shows the energy spectra for neutrinos and an-
tineutrinos at a final simulation radius of 5000 km, along
with the initial spectra at the point of emission. These
neutrinos moved through an MNR as shown in Fig. 4.
We can see here that only the high energy neutrinos con-
verted from one flavor to the other, while low energy neu-
trinos did not change flavors. This stems from the fact
that the MNR set H11 ≈ 0 only for these high energy
neutrinos.

For a neutrino of energy Eν emitted initially in the α
flavor state, the probability of being in the β flavor state
at a distance r is Pαβ(r, Eν) = |〈νβ |Ψν,α(r, Eν)〉|2. This
can then be integrated over neutrino energies, weighted
by the normalized distribution functions f̃ν,α(Eν), to ob-
tain the energy-averaged survival (α = β) or conversion
(α 6= β) probability as a function of distance:

P avg
αβ (r) =

∫
f̃ν,α(Eν)Pαβ(r, Eν)dEν , (16)

Figure 2 shows the energy-averaged flavor evolution
probabilities for a neutrino and antineutrino which be-
gin initially in the electron flavor state. As is evident,
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FIG. 1. These plots show the initial (magenta and black) and final (blue and green) energy spectra for neutrinos (left) and
antineutrinos (right), for the simulation with parameters as described in Table I. The final spectra were plotted at a distance
r = 5000 km along the polar axis. As is evident, the MNR affected primarily the high-energy neutrinos. Neutrinos with energies
below Eν . 16 MeV and antineutrinos were not significantly affected.

electron neutrinos began to convert into x-flavor neutri-
nos beginning quite close to the neutrino disk, at a dis-
tance of ≈ 200 km. The collective flavor transformation
ended by about ≈ 1200 km. Figure 3 shows the energy-
averaged flavor evolution of neutrinos and antineutrinos
which begin in the x-flavor state. As can be concluded
from Figs. 2 and 3 the antineutrinos did not significantly
change flavors and only the neutrinos were affected by
the MNR.

Figure 4 shows the 1-1 component of the matter and
neutrino-neutrino Hamiltonians and the sum of the two
for the simulation presented here. We can see that
the nonlinear feedback from the MNR forced (Hm)11 +
(Hνν)11 ≈ 0 over roughly a thousand kilometers (r ≈
200–1200 km). The radius at which the MNR is reached
essentially corresponds to the radius at which the neutri-
nos begin to transform their flavor, as seen from Figs. 2
and 3, establishing that the MNR was indeed the mech-
anism driving flavor transformation in this simulation.

For comparison, we also performed a three-flavor cal-
culation for this anti-neutrino dominated case with the
same initial conditions as those in Table I, with the “x”-
flavor luminosity equally split between the µ and τ fla-
vors. Figure 5 shows plots of initial and final neutrino
spectra (left), as well as the energy-averaged flavor evolu-
tion of neutrinos starting out in the electron flavor state.
As can be seen from the figure, the excursions in flavor
space for the three-flavor calculation are bigger compared
to the two-flavor case, and the collective effects do not
die down completely, even by r = 5000 km, an effect that
can be attributed to the influence of oscillations driven
by the solar mass-squared splitting.

C. Two Flavor Bipolar Swap Results

The results of the simulations where the initial num-
ber luminosities are dominated by neutrinos rather than
antineutrinos can be quite different. Our choice of pa-
rameters that correspond to such a neutrino dominance
over antineutrinos is motivated by Foucart et al.’s DD2
equation of state simulation [1].

We performed two- and three-flavor simulations in
which we observed the bipolar spectral swap phe-
nomenon. Table II outlines the parameters used in the
two flavor simulation discussed in this section. The pa-
rameters chosen here represent an example set of neu-
trino luminosities and spectra that one might expect in
these environments, based on physical insight. For in-
stance, in a neutron-rich environment one would expect
a pronounced hierarchy between the average energies of
νe and ν̄e, as well as those of νe and νx. This is because
only the electron neutrinos would experience significant
charged-current interactions, and would therefore be ex-
pected to decouple further out where the temperatures
are cooler. In addition, the parameter set that we have
chosen here also has a prominent hierarchy between ν̄e
and νx average energies.

The rationale behind this choice was to explore a sce-
nario wherein flavor transformations could significantly
affect the nucleosynthesis prospects. This is discussed
in further detail in Sec. IV B. Another justification is
that there do exist simulations where such a hierarchy
between ν̄e and νx average energies has been exhibited.
For instance, neutrino emission from the “SFHo” equa-
tion of state simulation from Ref. [1] has average energies
〈Eν̄,e〉 = 19.1 MeV and 〈Eν,x〉 = 26.4 MeV, although
that particular simulation also had an overall antineu-
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FIG. 2. These figures show the energy-averaged flavor evolution of a neutrino (left) and antineutrino (right), initially in the
electron flavor state, for the simulation with parameters as described in Table I. It is evident that the MNR begins early on at
a distance of about ≈ 200 km and stabilizes at about ≈ 1200 km. In each of these energy-averaged flavor evolution plots, the
lines corresponding to different flavors (e.g., the blue and green lines in the left panel) sum to unity at each radius.

FIG. 3. Same as Fig. 2, but for a neutrino (left) and antineutrino (right) initially in the x flavor state. Mirroring the results of
the initially electron flavor neutrinos, most of the flavor transformation occurs for the neutrinos, while the antineutrinos remain
largely unaffected by the MNR.

trino domination over neutrinos. By comparison, the hi-
erarchy of neutrino energies in the DD2 equation of state
simulation is less pronounced: 〈Eν̄,e〉 = 18.2 MeV and
Eν,x = 21.9 MeV.2

Figure 6 shows the initial and final neutrino energy
spectra for νe and νx flavors, along the chosen trajec-
tory described earlier. The final spectra were taken from

2 The average energies were calculated from the RMS energies
given in Ref. [1], assuming a neutrino degeneracy parameter
ην,α = 3 for all neutrino types.

our results at distance of 5000 km from the neutrino
disk, by which point the collective oscillations have sta-
bilized. The spectra were normalized in the same way
as in [58]. The first feature that is readily apparent is
a stepwise flavor swap which occurred at a critical en-
ergy EC ≈ 8 MeV. Electron and x-neutrinos with ener-
gies below this swap energy mostly converted into each
other. This is consistent with previous studies of super-
nova neutrino flavor evolution in the normal mass hier-
archy [64, 67]. Separately from the flavor swap at low
energies, at energies greater than a threshold energy of
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FIG. 4. Shown here is the 1-1 component of the matter,
neutrino-neutrino, and the sum of the matter and neutrino-
neutrino Hamiltonian experienced by our test neutrinos, for
the simulation with parameters as described in Table I. As we
can see, the MNR develops early on at a radius of ≈ 200 km.
The nonlinear feedback of neutrino flavor transformations
keep the total Hamiltonian near 0 for several hundred kilo-
meters, thus giving rise to the MNR. In order to calculate the
total Hamiltonian, an energy dependent (Hvac)11 would have
to be added. This vacuum term would manifest as an energy
dependent vertical offset (in the negative direction). Thus,
not all neutrinos of all energies will go through the MNR,
explaining the energy dependence of the MNR effect seen in
Fig. 1.

Parameter Value
Lν,e 1.5× 1053 erg/s
Lν̄,e, Lν,ν̄,x 2× 1053 erg/s
〈Eν,e〉 11 MeV
〈Eν̄,e〉 18 MeV
〈Eν,ν̄,x〉 25 MeV
δm2

atm 2.4× 10−3 eV2

θV 8.7◦

TABLE II. Parameters used for one of our two-flavor simula-
tions that exhibited the bipolar spectral swap.

about EH ≈ 20 MeV, a secondary flavor swap occurred
and a significant portion of x-neutrinos were converted
into electron neutrinos and vice versa. Neutrinos of inter-
mediate energies, i.e., in between the critical and thresh-
old energies, EC . Eν . EH , mostly remained in their
initial states. As there are many more high energy x-
neutrinos than electron neutrinos in the initial state, this
secondary swap at energies greater than EH means that
a net excess of high energy electron neutrinos develops
in the tail as compared to the initial distribution.

Figure 7 shows the initial and final energy spectra in
the antineutrino sector. As is evident from this figure,
a spectral swap occurs in the antineutrino sector at en-
ergy EC , though it is not as pronounced as the swap in

the neutrino sector. However, the second swap at high
energies did not occur in the antineutrino sector. As a re-
sult, no high energy electron-antineutrino tail developed
in this case.

The plots in Fig. 8 show the energy-averaged probabil-
ities for a (anti-)neutrino that started out in the electron
flavor state to be in the electron or x flavor states as a
function of distance. It is evident from these figures that,
in both the neutrino and antineutrino sectors, collective
flavor evolution phenomena set in at a radius of approx-
imately 500–600 km. Minimal flavor transformation oc-
curred closer to the neutrino disk; however, significant
large scale flavor conversion does not set in until farther
out. The neutrino flavors oscillate rapidly with distance
for approximately 1500 km and then stabilize around the
final values at a radius of approximately 2000 km.

The plots in Fig. 9 show the energy-averaged prob-
abilities for a (anti-)neutrino that started out in the x
flavor state to be in the electron or x flavor states as
a function of distance. These plots and the two previ-
ous plots demonstrate that although both the neutrino
and antineutrino sectors go through rapid flavor oscilla-
tions, the antineutrino sector did not sustain significant
overall flavor transformation while the neutrino sector
did. As much as 40% of x-neutrinos were converted into
electron neutrinos after the oscillations stabilized, while
only a very small percentage of anti-x-neutrinos were con-
verted into anti-electron-neutrinos. Most interestingly,
as can be seen from the neutrino flavor evolution plots,
while approximately 40% of initial x-neutrinos converted
into electron neutrinos, only approximately 20% of ini-
tial electron neutrinos converted into x-neutrinos. Con-
sidering that the total initial luminosity of x-neutrinos
was higher than that for electron neutrinos, and noting
that preferentially higher energy νx were converted to νe,
while lower energy νe were converted to νx (see Fig. 6),
it can be concluded that there is a net excess of electron
neutrino energy flux resulting from this transformation.
This phenomenon could potentially have a negative effect
on the neutron excess, and thereby, on the prospects for
r-process nucleosynthesis in ejecta moving out along this
direction.

For completeness, we have also included an abbrevi-
ated set of plots (Fig. 10) showing the results of a flavor
evolution calculation using the exact luminosities and
spectra from the DD2 equation of state simulation in
Ref. [1] (Table III from this reference). The left panel
shows the initial and final (r = 5000 km) spectra for
νe and νx, whereas the right panel shows the energy-
averaged flavor evolution probabilities for a neutrino ini-
tially in the electron flavor state. Qualitatively, these
results can be seen to be almost identical to the corre-
sponding plots from Figs. 6 and 8, even though this par-
ticular set of initial conditions does not exhibit as strong
of an energy hierarchy between ν̄e and νx as the param-
eters in Table II, as discussed earlier in this section.
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FIG. 5. These figures show some of the results from a three-flavor MNR calculation with the same parameters as in Table I.
(Left) Initial and final (r = 5000 km) neutrino spectra for a 3-flavor MNR calculation. (Right) Evolution of a neutrino initially
in the electron flavor state.

FIG. 6. Shown here are the initial νe (magenta) and νx (black)
energy spectra, as well as the final νe (blue) and νx (green)
spectra, at a distance of 5000 km from the neutrino disk along
the polar-axis trajectory, for the simulation with parameters
as described in table II. A flavor swap is seen to occur at an
energy of approximately 8 MeV, and a high energy electron
neutrino tail is also seen to develop. This tail of high en-
ergy electron neutrinos could potentially affect the electron
fraction significantly.

D. Three Flavor Bipolar Swap Results

Table III shows the parameters we used in our three-
flavor oscillation simulations. Luminosities in the x-
neutrino sector used in our two-flavor simulations (Table
II) were split evenly among the µ and τ flavors in three-
flavor simulations in order to keep constant the total neu-

FIG. 7. Shown here are the initial ν̄e (magenta) and ν̄x (black)
energy spectra, as well as the final ν̄e (blue) and ν̄x (green)
spectra at a distance of 5000 km from the neutrino disk, along
the polar-axis trajectory, for the same simulation as Fig. 6.
Antineutrinos did not significantly convert from one flavor to
another.

trino luminosity among all flavors. Three-flavor neutrino
mixing will involve both the atmospheric neutrino mass-
squared splitting δm2

atm and the solar neutrino mass-
squared splitting δm2

� as well as three total mixing angles
θ12, θ13, θ23 and an as yet unknown CP -violating phase
δCP . In our calculations, the CP -violating phase was set
to 0.

Figure 11 shows the final energy distribution spectra
for the electron neutrino, muon neutrino, and tau neu-
trino in our three flavor simulation. As in the two-flavor
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FIG. 8. These plots show the energy-averaged neutrino flavor evolution for a neutrino (left) and an antineutrino (right)
initially in the electron flavor state, for the simulation with the parameters listed in table II. We can see that significant
flavor transformations begin to occur at a radius of approximately 600 km and these flavor oscillations stabilize at a radius of
approximately 2000 km

FIG. 9. This is the energy-averaged evolution of neutrino flavors for a neutrino (left) and antineutrino (right) initially in the
x-flavor state.

simulation, a high-energy electron neutrino tail develops
in this case. However, because of the presence of pos-
sible transformations into a third flavor, the high en-
ergy electron neutrino tail is less pronounced than in
the two-flavor cases, particularly in the energy range of
roughly 20–30 MeV. Moreover, at energies of approx-
imately 8–20 MeV, the electron neutrinos significantly
transform into other flavors of neutrinos, which was not
the case in the two-flavor simulations. As a result, three-
flavor simulations indicate fewer total electron neutrinos
present at large distance than do two-flavor simulations.

Figure 12 shows the final energy distribution spectra

for the antineutrino sector in our three-flavor simulations.
Relatively more collective flavor conversion occurred in
the antineutrino sector for three flavor simulations than
for two flavor simulations. However, the flavor transfor-
mation in the antineutrino sector is nevertheless not as
significant as that in the neutrino sector. Specifically, no
high-energy electron antineutrino tail develops.

Figure 13 shows all the plots for the energy-averaged
neutrino probability evolution in a three-flavor simula-
tion. The collective neutrino transformation begins at
a radius of 600 km. This is same as in the two-flavor
case. The mu and tau neutrinos and antineutrinos re-
main nearly maximally mixed throughout the simulation.
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FIG. 10. Results for a calculation run using the luminosities and average energies adopted from the DD2 equation of state
simulation in Ref. [1]. This calculation also demonstrates a bipolar spectral swap, qualitatively very similar to the one shown in
Fig. 6. (Left) Initial and final (r = 5000 km) neutrino energy spectra. (Right) Energy-averaged flavor evolution of a neutrino
initially emitted in the electron flavor state.

Parameter Value
Lν,e 1.5× 1053 erg/s
Lν̄,e 2× 1053 erg/s
Lν,ν̄,µ,τ 1× 1053 erg/s
〈Eν,e〉 11 MeV
〈Eν̄,e〉 18 MeV
〈Eν,ν̄,µ,τ 〉 25 MeV
δm2

atm 2.4× 10−3 eV2

δm2
� 7.6× 10−5 eV2

θ12 34.4◦

θ13 8.7◦

θ23 45◦

δCP 0◦

TABLE III. Parameters used our three flavor simulation. Be-
tween the two flavor and three flavor case, the x-neutrino
luminosity was split equally among the µ and τ flavors.

Since these neutrinos are nearly maximally mixed in vac-
uum, and since they experience nearly identical interac-
tions in medium, they evolve nearly identically in our
simulations.

E. Low Luminosity and Low Density Results

As mentioned before, neutron star merger environ-
ments can manifest a multitude of different initial con-
ditions. Different simulations using different equations
of state, or initial configurations of the neutron stars,
produce different density profiles, neutrino luminosities,
and neutrino spectra. In order to explore alternative
initial conditions, we ran a simulation where the initial
baryon mass density at the neutrino disk was lowered

FIG. 11. This is the final energy distribution spectra of neu-
trinos for a three flavor simulation. Initial µ and τ neutrinos
have the same energy spectra and so overlap on this graph.
The red line represents both flavors.

from nb,0 = 108 g/cm
3

to nb,0 = 2.5 × 106 g/cm
3
. This

density is closer to the initial density found in the simu-
lations in Ref. [31]. The neutrino spectral shape parame-
ters (〈Eν,α〉 and ην,α) were kept the same as those used in
Sec. III C, but the luminosities were lowered by an order
of magnitude across the board: Lν,e = 1.5 × 1052 erg/s,
Lν,ē,x,x̄ = 2× 1052 erg/s, closer to the luminosities found
in Ref. [31].

Figure 14 shows the final spectra for neutrino and
antineutrinos. This result is the clearest example of a
bipolar spectral swap that was found in our simulations.
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FIG. 12. Same as Fig. 11, but for anti-neutrinos.

There is a very sharp swap at low energies EC ≈ 8 MeV.
In addition, the high energy electron neutrino tail is still
present. However, the energy at which the tail manifests
is higher, ≈ 38 MeV. The transition to the high energy
electron neutrino tail also is much more pronounced and
sharp than in the simulations described in Secs. III C and
III D. Likewise, in the antineutrino sector, there are anal-
ogous, although less pronounced, effects of spectral swaps
at low energies . 4 MeV and high energies & 51 MeV. All
spectral features in both the neutrino and antineutrino
sectors are more pronounced and sharper in this simula-
tion compared to the ones in Secs. III C and III D.

Figures 15 and 16 show the energy-averaged neutrino
and antineutrino flavor evolution for an initially electron
flavor and initially x flavor neutrino, respectively. These
reveal that significant neutrino flavor evolution begins
much closer to the neutrino disk, at a radius of ≈ 100 km,
than does the analogous flavor transformation in the sim-
ulations discussed in Secs. III C and III D. As we will dis-
cuss in Sec. IV, this is to be expected. It is also easier
and clearer to see here that the neutrino flavor evolution
begins as synchronized oscillations, before eventually set-
tling down into a bipolar spectral swap.

IV. DISCUSSION

Collective neutrino oscillations driven by the nonlin-
ear aspects of Hνν can occur in both the core-collapse
supernova and BNS merger environments. This is unsur-
prising at some level, because both these astrophysical
venues are characterized by prodigious neutrino fluxes.
A particularly interesting collective neutrino flavor oscil-
lation feature, the bipolar spectral swap, can appear in
both environments as well. Ref. [31] showed that bipolar
collective oscillations can occur in the BNS merger en-
vironment along oblique trajectories between the polar
axis and the neutrino disk, in the inverted neutrino mass

hierarchy and in antineutrino dominated conditions. The
calculations presented here show that bipolar collective
oscillations, along with ensuing spectral swaps, can also
occur in neutrino-dominated conditions in the normal
mass hierarchy. This can have potentially interesting im-
plications, as we will discuss in Sec. IV B.

A. Flavor Evolution

As discussed above, our simulations with the normal
neutrino mass hierarchy show bipolar collective flavor os-
cillations which produce spectral swaps. In fact, we find
a two-tiered stepwise spectral swap which gives rise to
not only the usual swapping of electron and x-neutrinos
at low energies, but also a secondary partial swap of fla-
vors at high energies, resulting in an enhanced high en-
ergy electron neutrino tail. At low radii (r . 100 km
for the low density and low luminosity simulations, and
r . 500 km for the high density and high luminosity
simulations), the large matter and neutrino potentials
keep the neutrinos mostly locked in their initial flavor
states. This is a consequence of the instantaneous in-
medium mass eigenstates being driven apart, thereby
suppressing the corresponding in-medium flavor mixing
parameters. At intermediate radii (r ≈ 100–500 km and
r ≈ 500–800 km for the aforementioned two cases), the
neutrinos undergo synchronized oscillations. Eventually
(at r & 500 km and r > 800 km) bipolar spectral swaps
develop3.

Qualitatively speaking, this is similar to the behavior
exhibited in flavor transformation simulations in core-
collapse supernova environments. For instance, the final
spectrum that we see in our simulations looks qualita-
tively similar to the final spectrum presented for the nor-
mal neutrino mass hierarchy in [58] (see Fig. 7 (a) in
that paper). As such, it is likely that the same phys-
ical phenomenon which guided the flavor evolution in
the simulations presented in that paper guides the fla-
vor evolution here. The neutrino spectra that we used
were quite similar to those in Ref. [58]; however, it bears
noting that the characteristic radii at which collective
neutrino transformations begin and end are quite differ-
ent between our simulations discussed in Secs. III C and
III D, and those in Ref. [58]. This results from the much
higher baryon density (by about two orders of magni-
tude) that we used in these simulations, as compared to
the supernova environment analyzed in Ref. [58], as well
as the high luminosity. If the luminosity and density are

3 For a helpful illustration of these phenomena, please refer to the
movies of neutrino spectra as a function of radius, which we have
uploaded here [111]. The movies titled “Neutrino Spectra Two
Flavor Bipolar Swap” and “Neutrino Spectra Low Luminosity
Low Density” show the flavor evolution along the polar axis in
the high luminosity, high density (Sec. III C), and the low lumi-
nosity/density (Sec. III E) cases, respectively.



14

FIG. 13. Plots of the energy-averaged flavor evolution of neutrinos which start in the various initial states. We can see here
that still interesting neutrino flavor transformations seem to occur at a radius of approximately 600 km. However, here, the
neutrino flavor transformations do not seem to stabilize as much as in the two flavor case. Although the antineutrinos mix
more in the three flavor case than the two-flavor case, it still does not convert as many µ and τ flavor antineutrinos into the
electron flavor as in the neutrino sector.
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FIG. 14. These figures show the final energy spectra of neutrinos and antineutrinos, respectively, run with lowered luminosity
and density conditions from those simulations shown in Secs. III C and III D. In the neutrino sector, we can see a very clear
bipolar swap at an energy of ≈ 8 MeV. This is perhaps the clearest bipolar swap result found in our simulations. In addition,
the high energy electron neutrino tail for neutrinos of energy & 38 MeV is very pronounced.

FIG. 15. These figures show the energy-averaged flavor evolution of a neutrino and antineutrino, respectively, which started
out in the electron flavor state for a simulation with a lowered neutrino luminosity and initial density. We can see that flavor
evolution sets in much closer to the neutrino disk than the simulations shown with a higher luminosity and density in Secs. III C
and III D. Here the flavor evolution begins around a radius of ≈ 100 km.

lowered, significant neutrino flavor conversion does oc-
cur closer to the neutrino disk, as observed in our low
luminosity and low density simulation.

Refs. [58, 82, 112, 113] demonstrate how a geometric
picture of flavor evolution can be developed in the two-
flavor case by mapping the neutrino modes (described
as SU(2) spinors) to their equivalent SO(3) representa-
tions, termed either “Neutrino flavor iso-spins (NFIS)”
or “Polarization vectors”. As shown in these references,
this can be used to explain the bipolar spectral swap
at low energies Eν . EC using an analytic analysis of

neutrino flavor evolution. However, at neutrino energies
above the threshold energy EH , the neutrinos may not
be locked into the collective bipolar modes. These neu-
trinos may be converted via a background-assisted MSW
mechanism to form the high energy electron neutrino tail
that we see in both the high luminosity, high density and
low luminosity, low density simulations.

The major difference between the physical conditions
employed in our simulations and those in supernova sim-
ulations of neutrino flavor evolution is the geometric di-
lution of neutrinos in the two venues, i.e., a spherical
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FIG. 16. This is the evolution of neutrino flavors for a neutrino and antineutrino initially in the x flavor state in a simulation
with a lowered luminosity and initial density.

neutrino source in the supernova case versus a disk-like
source in the BNS merger case. Differences in neu-
trino luminosity and baryon number density mostly serve
to change the relative locations of the onset of collec-
tive neutrino flavor evolution. The mechanisms through
which the neutrino flavors transform, however, are not
sensitive to this difference in geometric dilution. The
bipolar flavor swap requires only that (1) the neutrino
Hamiltonian dominate at some point to bring the neu-
trinos into a synchronized oscillation mode, and (2) the
neutrino Hamiltonian must then gradually decrease with
increasing radius in order for the flavor conversion to re-
main in the adiabatic regime. If these conditions are met,
the bipolar spectral swap phenomenon seen in results of
our simulations is robust to the details of the neutrino
geometric dilution.

B. Electron Fraction Ramifications

A potentially important question is whether the col-
lective oscillation induced modification of the neutrino
and antineutrino energy spectra could affect the mate-
rial composition, i.e., the electron fraction Ye ≡ ne/nb,
defined as the ratio of the net electron number density to
the baryon number density. The electron fraction can be
important in determining r-process yields, being directly
related to the neutron-to-proton ratio, n/p = (1/Ye)− 1.
If we follow a fluid element as it leaves the merger envi-
ronment, the local electron fraction would be determined
by the interplay between the neutron-proton intercon-
version, via the weak capture processes of Eq. (1), and
the matter outflow rate. Here we assume that the mat-
ter consists of free nucleons, a fair assumption given the
likely high entropy in this region of binary neutron star
merger outflow. However, if the matter in the region

of interest has lower entropy, and therefore potentially a
lower free nucleon fraction and higher nuclear mass frac-
tion, then the neutrino spectral changes we discuss may
not have as large an effect on the electron fraction and,
consequently, the requisite conditions for the r-process.
This is because nucleons locked up in heavy nuclei have
generally lower available weak interaction strength than
do free neutrons and protons.

We can label the rates (in units s−1) for the reactions
in Eq. (1) as λνen, λe−p, λν̄ep, and λe+n where the sub-
scripts refer to particles entering each reaction. Two of
these rates destroy neutrons and the other two produce
neutrons. The electron fraction then evolves according to
these rates, as a competition between neutron produc-
tion and destruction (where Yp and Yn are the proton
and neutron fractions respectively):

d

dt
Ye = (λνen + λe+n)Yn − (λν̄ep + λe−p)Yp . (17)

Imposing charge neutrality, and assuming for our pur-
poses that baryons are composed purely of neutrons and
protons, we have Yp = Ye, and Yn = 1−Ye. We can then
turn Eq. (17) into an ordinary differential equation in
Ye:

d

dt
Ye = λ1 − λ2 Ye, (18)

where we have defined λ1 ≡ λνen+λe+n and λ2 ≡ λνen+
λe−p + λν̄ep + λe+n [18].

Knowing the weak interaction rate and outflow veloc-
ity history for a given fluid element will then tell us about
the way it evolves in Ye. Since our interest lies in eval-
uating the effects of neutrino flavor transformations on
the weak processes, the rates we have chosen to focus
on in what follows are the rates of neutron destruction
and production via neutrino capture processes, λνen and
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λν̄ep. These rates depend on the neutrino and antineu-
trino fluxes and distribution functions, and on the in-
teraction cross-sections. Generically, dropping the sub-
scripts so that the quantities may represent either of the
two processes, these rates can be expressed as:

λ(r) =

∫
p

σ(p) dnν(p, r) . (19)

Here σ is the appropriate neutrino interaction cross-
section, and dnν = dnνe or dnν̄e is the differential number
flux of νe or ν̄e at the interaction location. These number
fluxes can be expressed in terms of dnν,α(Eν), i.e., the
number density of neutrinos at energy Eν with initial fla-
vor α (discussed in Sec. II A), and the energy-dependent
flavor conversion/survival probabilities Pαe(r, Eν), as fol-
lows:

dnνe(r, Eν) =
∑
α

dnν,α(Eν)Pαe(r, Eν), (20)

and similarly for ν̄e. Note that, within the single-angle
approximation, we can replace the neutrino momentum
labels p with just the energy Eν , since the neutrino
fluxes/distributions are taken to be independent of emis-
sion trajectory.

In particular, to ascertain the conditions (e.g., outflow
speeds) that may be required in order to preserve the
neutron excess, we shall estimate the neutrino capture
rate λνen for some of our simulated environments. The
rationale behind choosing to focus on λνen is that one
expects the material surrounding the BNS merger disk
to be neutron rich to begin with (i.e., Yn > Yp), making
the rate λνen more important in the rate equation [Eq.
(17)] compared to λν̄ep. Moreover, νe capture on n does
not have a threshold, unlike ν̄e on p, although the effect
of this threshold is small at the typical energies in these
environments. Borrowing the expression for dnν,α from
Eq. (13), and integrating over angles, we can write the
expression for the rate λνen as

λνen(r) =

∞∫
0

∑
α

Lν,α
2π2R2

ν〈Eν,α〉
f̃ν,α(Eν)Pαe(r, Eν) · 2π

(
1− r√

r2 +R2
ν

)
σ(Eν) dEν . (21)

The appropriate neutrino capture cross-section in the
low momentum-transfer limit is given by [114–119]:

σ(Eν) =
2π2(~c)3

c

ln 2

〈ft〉
〈G〉

(mec2)5
(Eν +Q)2

≡ C (Eν +Q)2,

(22)

where 〈G〉 is the average Coulomb correction factor, 〈ft〉
contains the pertinent (scattering) matrix elements, and
Q = (mi −mf )c2 is the Q-value of the reaction, i.e., the
net rest-mass energy differential between the initial and
final constituents. Using 〈ft〉 = 103.035 s and 〈G〉 = 1,
one can calculate the pre-factor C to be approximately
9.3×10−44 cm2/MeV2. Note that we have explicitly writ-
ten all the c and ~ symbols in Eq. (22) to facilitate cal-
culating the cross-section in cm2, rather than in energy
units.

For simplicity, we assume here that the constituents
of the charged-current neutrino capture processes are
the proton, neutron, the electron (or positron), and the
nearly massless neutrino (i.e., no heavier nuclei). There-
fore, Q = +0.782 MeV and −1.804 MeV for processes
(1a) and (1b), respectively. In particular, if an antineu-
trino does not have enough energy to turn a proton into
a neutron plus a positron, then that reaction will not
proceed, and therefore, the ν̄e on p cross-section is zero
for Eν < 1.804 MeV. For νe on n, however, there is no
threshold, and therefore the cross-section is always posi-
tive definite. The important thing to note about Eq. (22)
is the dependence on E2

ν , implying that higher energy
neutrinos would have a stronger effect on the electron

fraction. Consequently, the high energy electron neu-
trino tail which develops in both two- and three-flavor
simulations in the bipolar spectral swap case could have
a non-negligible effect on the electron fraction.

Using Eqs. (21) and (22), and taking the far-field limit
(r � Rν), one can write

λνen(r) ≈ C
2πr2

(
〈E2

νe(r)〉+ 2Q 〈Eνe(r)〉+Q2
)
Nνe(r),

(23)

where the averages 〈Eνe(r)〉 and 〈E2
νe(r)〉 have been cal-

culated with respect to the weighting function

f ′νe(r, Eν) ≡
∑

α

Lν,α
〈Eν,α〉

f̃ν,α(Eν)Pαe(r, Eν), (24)

which can be recognized as the effective electron-flavor
neutrino distribution function (non-normalized) at a ra-
dius r, with

Nνe(r) ≡
∞∫

0

∑
α

Lν,α
〈Eν,α〉

f̃ν,α(Eν)Pαe(r, Eν) dEν (25)

being the effective number luminosity of electron-flavor
neutrinos at a radius r. For instance, the expression for
average electron neutrino energy-squared at a radius r
can be calculated as

〈E2
νe(r)〉 =

1

Nνe(r)

∞∫
0

E2
ν f
′
νe(r, Eν) dEν (26)
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Armed with this, we can calculate the effective elec-
tron neutrino number luminosities and average energies
and thereby get an idea of whether, or under what cir-
cumstances (e.g., outflow speeds), the neutrinos can have
an effect on the electron fraction at different radii within
the envelope. Tables IV and V list the values of quan-
tities 〈Eνe〉, 〈E2

νe〉, and Nνe , along with the calculated
λνen capture rates, for the bipolar spectral swap simula-
tions with high and low luminosities/matter densities, as
discussed in Secs. III C and III E, at radii of r = 2000 km
and r = 1200 km, respectively. In each table, for com-
parison we also present a second set of values calculated
at these radii, but using the unaltered initial neutrino
energy spectra, i.e., assuming that no flavor evolution
occurred in the interim (taking Pαe(r, Eν) = δαe). The
choices of radii were based on the points at which collec-
tive flavor oscillations more-or-less ended in the respec-
tive simulations.

Parameter No oscillations With oscillations

〈Eνe(r)〉 11 MeV 16.6 MeV

〈E2
νe(r)〉 145.6 MeV2 387.6 MeV2

Nνe(r) 8.5× 1057 s−1 8.5× 1057 s−1

λνen(r) 0.51 s−1 1.3 s−1

TABLE IV. Table showing values of average energy, aver-
age energy-squared, and effective number luminosity in the
electron-flavor, along with the calculated charged-current cap-
ture rate λνen, in the two-flavor bipolar spectral swap simu-
lation with high luminosity and matter density (Table II).
The numbers presented above are evaluated at a simulation
radius of r = 2000 km. The numbers in the second column
are calculated assuming no neutrino flavor evolution occurs
in the interim, whereas those in the third column reflect the
changes due to the flavor evolution, corresponding to the re-
sults of that simulation.

Parameter No oscillations With oscillations

〈Eνe(r)〉 11 MeV 15.5 MeV

〈E2
νe(r)〉 145.6 MeV2 354.8 MeV2

Nνe(r) 8.5× 1056 s−1 7.6× 1056 s−1

λνen(r) 0.14 s−1 0.3 s−1

TABLE V. Same as table IV, but for the bipolar spec-
tral swap simulation with low luminosity and matter density
(Sec. III E), at a radius r = 1200 km.

For comparison, the rate calculations for the simula-
tion that used the DD2 equation of state luminosities
and average energies from Ref. [1] are presented in Ta-
ble VI. Even though this simulation exhibited qualita-
tively similar flavor transformation features, including a
bipolar spectral swap at low energies, and a high-energy
electron neutrino tail, the lower initial νx luminosity and
the relatively weaker energy hierarchy between νe and νx
rendered the resulting high-energy electron neutrino tail

less potent, both in terms of energy and number. The
∼ 40% change in λνen, although less drastic than for the
case presented in Table IV, can nevertheless be signifi-
cant for determining Ye and the corresponding effects on
nucleosynthesis.

Parameter No oscillations With oscillations

〈Eνe(r)〉 11.9 MeV 14.4 MeV

〈E2
νe(r)〉 169.3 MeV2 266.3 MeV2

Nνe(r) 8.4× 1057 s−1 7.6× 1057 s−1

λνen(r) 0.59 s−1 0.82 s−1

TABLE VI. Same as table IV, but for the two-flavor bipolar
spectral swap simulation run using the initial luminosities and
spectra adopted from the DD2 equation of state simulation
in Ref. [1]. The numbers presented above are evaluated at a
simulation radius of r = 2000 km.

Table VII shows the corresponding rates for a three-
flavor calculation exhibiting the bipolar spectral swap
(Sec. III D). In this case, the enhancement of the νe cap-
ture rate stemming from flavor transformations is less
drastic as compared to the result in the corresponding
two-flavor case (Table IV). However, the effect of the
high-energy tail still stands out: despite the effective
number luminosity Nνe of electron neutrinos dropping
by almost a factor of two from the initial luminosity, the
total rate is nevertheless enhanced by about 30%. This
can be attributed to the presence of the high-energy tail
and the strong energy dependence of the weak capture
cross sections.

Parameter No oscillations With oscillations

〈Eνe(r)〉 11 MeV 16.5 MeV

〈E2
νe(r)〉 145.6 MeV2 377.3 MeV2

Nνe(r) 8.5× 1057 s−1 4.4× 1057 s−1

λνen(r) 0.51 s−1 0.65 s−1

TABLE VII. Same as table IV, but for the three-flavor bipolar
spectral swap simulation (Sec. III D), at a radius r = 2000 km.

Lastly, the capture rate calculations corresponding to
the MNR simulation in Sec. III B are presented, for the 2-
flavor and 3-flavor cases respectively, in tables VIII and
IX. In the 2-flavor case, neutrino flavor evolution boosts
the rate λνen not only through the high-energy electron
neutrinos in the tail, but also through a net increase in
the total number luminosity of electron neutrinos. Nev-
ertheless, because of the weaker hierarchy in average neu-
trino energies in this case, the effect is still less drastic
compared to that shown in table IV. The 3-flavor MNR
case closely mimics the 2-flavor case in terms of the ef-
fect flavor transformations have on the rate λνen. A net
increase in the average energy of the electron neutrinos
boost the neutrino capture rates substantially. The net
number of electron neutrinos does not decrease signifi-
cantly (as might be inferred from figure 5) due to initial
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Muon and Tau neutrinos transforming resonantly into
the electron flavor state. For the 3-flavor case we chose
to calculate these rates at a radius of r = 1000 km be-
cause, as we can see from figure 5, the collective flavor
evolution appears to stabilize temporarily at this radius,
and then resume again past a radius of approximately
r ≈ 2000 km. The fact that these rates are approxi-
mately a factor of four greater than the rates presented
in table VIII comes merely from the fact that these rates
were calculated closer in towards the merger remnant.

Parameter No oscillations With oscillations

〈Eνe(r)〉 10.6 MeV 13.2 MeV

〈E2
νe(r)〉 135.2 MeV2 232.4 MeV2

Nνe(r) 8.8× 1056 s−1 1× 1057 s−1

λνen(r) 0.05 s−1 0.09 s−1

TABLE VIII. Same as table IV, but for the calculation that
exhibits the matter-neutrino resonance (Table I), at a radius
r = 2000 km.

Parameter No oscillations With oscillations

〈Eνe(r)〉 10.6 MeV 14.0 MeV

〈E2
νe(r)〉 135.2 MeV2 241.0 MeV2

Nνe(r) 8.8× 1056 s−1 8.2× 1056 s−1

λνen(r) 0.20 s−1 0.32 s−1

TABLE IX. Same as table VIII, but for a 3-flavor calculation
at a radius r = 1000 km.

In both the high and low luminosity/matter density
simulations (Tables IV and V), we see that the rates λνen
calculated using our observed flavor transformation are
greater than those with no flavor transformation, by fac-
tors of two to three. This is not surprising, considering
that in both simulations, a strong high-energy electron
neutrino tail develops, which skews the average energy
and energy-squared towards higher values. To determine
whether these neutrinos actually have any purchase on
the electron fraction, one must know the local outflow
rate of the material in the envelope. Conversely, we can
use our neutrino capture rate to estimate what the lo-
cal outflow velocity vout would have to be at any radius
along our trajectory in order to effectively decouple the
neutrinos, so that the neutron excess can be preserved to
facilitate the r-process. Neutrino decoupling necessarily
requires

vout

r
� λνen. (27)

This implies that, to completely decouple the neutron
excess from the neutrinos, the outflow velocities would
have to be much greater than vout ≈ 2600 km/s and
vout ≈ 360 km/s, for the rates presented in the right-
hand columns of tables IV and V, respectively. Therefore,

as long as the outflow velocities are comparable to these
numbers or smaller, the neutrinos would likely be coupled
to the electron fraction in the matter, rendering neutrino
flavor evolution potentially important in determining the
r-process production feasibility for the wind-like ejecta
outside the neutrino disk plane.

We can see from Eq. (18) that an increase in the cross
section for neutrino capture, and therefore and increase
in the rate λνen, would tend to raise the electron fraction
Ye. Even though this rate appears in both the positive
and negative parts of the differential equation, the nega-
tive part is multiplied by Ye itself which must be less than
1. The net effect of increasing this rate, then, would be
to increase Ye towards 1. This makes sense as this rate is
a rate for a reaction which destroys neutrons and creates
protons. If the high energy electron neutrino tail would
cause the Ye to rise above the level that current simula-
tions without neutrino flavor evolution account for, then
this would generally hurt the efficiency of the r-process.
For a robust r-process, there must be a sufficiently large
ratio of neutrons to seed nuclei, usually implying the ne-
cessity of a low electron fraction.

V. CONCLUSIONS

We have investigated flavor transformation phenom-
ena for polar-axis directed neutrinos streaming out from
a BNS merger neutrino disk. In cases where the total
number luminosity of neutrinos is higher than antineu-
trinos, we have seen that neutrino flavor transformations
in a BNS merger neutrino-driven wind may give rise to a
bipolar spectral swap at low energies, along with a high
energy electron neutrino tail, in the normal mass hier-
archy. Such a scenario (neutrino number dominated)
can arise in merger simulations with the DD2 neutron
star equation of state. The bipolar spectral swaps found
in our results are qualitatively similar to those obtained
from flavor transformation simulations in supernova en-
vironments, demonstrating the robustness of the mech-
anism underlying the swap to the geometric differences
between the two cases. In our calculations, this phe-
nomenon was observed in simulations with varying lumi-
nosities and matter densities, as long as the total num-
ber luminosity of electron neutrinos was higher than that
of electron antineutrinos. In fact, bipolar oscillations in
BNS merger environments were also found in Ref. [31]
for anti-neutrino dominated spectra on certain trajecto-
ries. However, those calculations used the inverted mass
hierarchy. For the case with a higher electron antineu-
trino number luminosity, we were able to qualitatively re-
produce the matter-neutrino-resonance (MNR) that was
observed in previous studies of the binary neutron star
merger environment. In both cases, the high energy tail
which develops in the electron neutrino spectrum, with
the absence of an analogous phenomenon in the antineu-
trino sector, serves to enhance the charged-current neu-
trino capture rate on neutrons. In the absence of rapid
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matter outflows, this increase in the capture rate could
lead to reduction in the neutron fraction, and thereby a
less efficient r-process than would be expected if neutrino
flavor evolution were not taken into account.

It is intriguing that aspects of the hot, neutron mat-
ter equation of state which determine the emergent neu-
trino energy spectra and fluxes, also may qualitatively
influence the nature and outcome of collective neutrino
oscillations and consequently, the outflow composition in
some cases.
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