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We analyze commonly used expressions for computing the nucleon electric dipole form factors
(EDFF) F3 and moments (EDM) on a lattice and find that they lead to spurious contributions from
the Pauli form factor F2 due to inadequate definition of these form factors when parity mixing of
lattice nucleon fields is involved. Using chirally symmetric domain wall fermions, we calculate the
proton and the neutron EDFF induced by the CP-violating quark chromo-EDM interaction using
the corrected expression. In addition, we calculate the electric dipole moment of the neutron using
background electric field that respects time translation invariance and boundary conditions, and
find that it decidedly agrees with the new formula but not the old formula for F3. Finally, we
analyze some selected lattice results for the nucleon EDM and observe that after the correction is
applied, they either agree with zero or are substantially reduced in magnitude, thus reconciling their
difference from phenomenological estimates of the nucleon EDM.
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I. INTRODUCTION

The origin of nuclear matter can be traced back to the excess of nucleons over antinucleons in the early Universe
and it is one of the greatest puzzles in Physics known as the baryonic asymmetry of the Universe (BAU). One of the
required conditions for the BAU is violation of the CP symmetry (✟✟CP). In the Standard Model (SM), the CKMmatrix
phases lead to CP violations in weak interactions, but their magnitudes are not sufficient to explain the BAU, and
signs of additional✟✟CP are actively sought in experiments. The most promising ways to look for✟✟CP are measurements
of electric dipole moments (EDM) of atoms, nucleons and nuclei. In particular, the Standard Model prediction for
the neutron EDM is five orders below the current experimental bound, and represents a negligible background. Near-
future EDM experiments plan to improve this bound by 2 orders of magnitude, and are capable of constraining various
beyond-the-standard-model (BSM) extensions of particle physics, purely from low-energy nuclear and atomic high-
precision experiments. Knowledge of nucleon structure and interactions is necessary to interpret these experiments in
terms of quark and gluon effective operators and to put constraints on proposed extensions of the Standard Model,
in particular SUSY and GUT models, as sources of additional✟✟CP . Connecting the quark- and gluon- to hadron-level
effective✟✟CP interactions is an urgent task for lattice QCD (an extensive review of EDM phenomenology can be found
in Ref. [1]).
The proton and the neutron can have electric dipole moments only if the symmetry is broken by P -,T -odd inter-

actions. The only such dimension-4 operator is the QCD θ̄-angle (θ̄ stands for the physically-relevant combination
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of the QCD θ angle and quark mass phases). The θ̄-induced nucleon EDMs (nEDMs) have been calculated on a
lattice from energy shifts in uniform background electric field [2–4] or extracting the P -odd electric dipole form factor
(EDFF) F3(Q

2) from nucleon matrix elements of the quark vector current in ✟
✟CP vacuum [5–11]. Nucleon EDMs

have also been studied using QCD sum rules, quark models, and chiral perturbation theory (see Refs. [12–18] to
name a few). On a lattice, quark EDM-induced nucleon EDMs have been recently computed in partially-quenched
framework [19]. Another important dimension-5(6)1 operator is the CP -odd quark-gluon interaction, also known as
the chromo-electric dipole moment (cEDM)

LcEDM = i
∑

ψ=u,d

δ̃ψ
2
ψ̄(T aGaµν)σ

µνγ5ψ , (1)

and calculations of cEDM-induced nEDMs have recently been started using Wilson fermions [20, 21].
In this paper, we report several important achievements in studying nucleon EDMs on a lattice. First, we argue

that the commonly accepted methodology for computing electric dipole form factors of spin-1/2 particles on a lattice
identifies the electric dipole moment form factor incorrectly. In particular, in the standard analysis of the nucleon-
current correlators [5–11], the electric dipole form factor F3 receives a large and likely dominant contribution from
spurious mixing with the Pauli form factor F2. The energy shift methods [2–4] are not affected by such mixing, but their
precision has not been sufficient to detect the discrepancy. This problem affects all of the previous lattice calculations
of the nucleon EDFFs and EDMs that use nucleon-current correlators, including those studying the θ̄-angle [5–10] as
well as the more recent ones studying the quark chromo-EDM [20, 21]. We demonstrate the problem formally in Sec II
and also derive the correction for the results of Refs. [5–11] to subtract the spurious mixing with F2. In addition, in
Sec. II C we study the energy shift of a neutral particle on a Euclidean lattice in uniform background electric field.
We introduce the uniform electric field preserving translational invariance and periodic boundary conditions on a
lattice [22]. In order to satisfy these conditions, the electric field has to be analytically continued to an imaginary
value upon the Wick rotation from Minkowski to Euclidean spacetime, and we demonstrate that the eigenstates of
a fermion possessing an EDM are shifted by a purely imaginary value. In Sec. III C, we apply this formalism to the
analysis of neutron correlators computed in the presence of the quark chromo-EDM interaction (1).
Calculations of the neutron EDM in background fields are independent from parity mixing ambiguities, and it allows

us to validate our new formula for the EDFF F3 numerically. The difference is evident only if the nucleon “parity-
mixing” angle α5 is large, α5 & 1. Quark chromo-EDM generates very strong parity mixing compared to the θ̄-angle,
which is beneficial for our numerical check. In Section III B we calculate the proton and neutron EDFFs F3p,n(Q

2)
induced by the quark chromo-EDM interaction (1), as well as the regular CP -even Dirac and Pauli form factors
F1,2. In Sec. III D we compare the EDM results from the form factor and the energy-shift calculations, providing
a numerical confirmation of the validity of our new EDFF analysis. Finally, in Section IV we analyze some select
results for the nucleon EDM induced by θ̄-angle available in the literature [5, 6, 8, 10, 11] and attempt to correct
them according to our findings.

II. CP-ODD FORM FACTORS OF SPIN-1/2 PARTICLE

A. Form factors and parity mixing

In this section we argue that the ubiquitously used expression for computing the CP -odd electric dipole form factor
F3 on a lattice does not correspond to the electric dipole moment measured in experiments and leads to a finite and
perhaps dominant contribution from the Pauli form factor F2 to the reported values of EDFF F3 and EDM of the
proton and the neutron. First, we recall the lattice framework for calculation of the CP -violating form factor F3

first introduced in Ref. [5], and later used without substantial changes in the subsequent papers studying the QCD
θ-term [6–11], as well as more recent papers studying the quark chromo-EDM [20, 21].
To compute nucleon form factors on a lattice, one evaluates nucleon two- and three-point functions (see Fig. 1) in

1 These operators are sometimes referred to as “dimension-6” because they contain a factor of the Higgs field in the Standard Model.
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du u

du u

Figure 1: Nucleon connected three-point function (3) and labeling of the source-sink separation tsep and operator insertion time
top.

presence of CP -violating (✟✟CP ) interactions

C✟
✟CP
NN̄

(~p, t) =
∑

~x

e−i~p·~x〈N(~x, t)N̄(0)〉
✟✟CP

, (2)

C✟
✟CP
NJN̄

(~p′, tsep; ~q, top) =
∑

~y,~z

e−i~p
′·~y+i~q·~z〈N(~y, tsep)J

µ(~z, top)N̄(0)〉
✟✟CP

. (3)

The subscript✟✟CP indicates that these correlation functions are evaluated in a✟✟CP vacuum, either with a finite value
of the relevant ✟✟CP coupling or an infinitesimal value, i.e. performing first-order Taylor expansion of the correlation
functions. As argued in Ref. [5], as well as earlier model calculations [14, 15], the ✟

✟CP background leads to a ✟
✟CP

phase in the nucleon mass in the Dirac equation that governs the on-shell nucleon fields N, N̄

(i/∂ −mN ′e−2iα5γ5)N(x) = 0 . (4)

where the real-valuedmN ′ > 0 is the nucleon ground state mass in the new vacuum. The spinor wave functions ũp, ¯̃up
for the new ground states

〈Ω|N |p, σ〉
✟✟CP

= ZN ′ ũp,σ = ZN ′eiα5γ5up,σ , (5)

also satisfy the same Dirac equation

(/p−mN ′e−2iα5γ5)ũp = (/p−mN ′e−2iα5γ5)eiα5γ5up = 0 , (6)

where the chirally-rotated spinors ũp, ¯̃up have the Lorentz-invariant✟✟CP phase similar to the mass term,

ũ = eiα5γ5 u , ¯̃u = ū eiα5γ5 , (7)

while the regular spinors up, ūp satisfy the regular Dirac equation with a real-valued nucleon mass,

(/p−mN ′)up = 0 , ūp(/p−mN ′) = 0 (8)

From the above equation (8) it also follows that the spinors up, ūp transform under spatial reflection (parity P ) as
the regular spinors,

γ4up=(~p,E) = up̃=(−~p,E) . (9)

Below we will discuss correlation functions on a Euclidean lattice, which depend on Wick-rotated 4-momenta and
are more conveniently expressed using the Euclidean matrices [γµ]Euc (A4). Whenever a confusion may arise, we will
explicitly specify the type M2 (Minknowski) or Euc (Euclidean) of γ-matrices and 4-vectors (see Appendix A for
details). The Euclidean versions of the Dirac equation (8) for the nucleon spinors are

(i/pEuc +mN ′)up = 0 , ūp(i/pEuc +mN ′) = 0 , (10)
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where (−i/pEuc) = (−i) pµEuc [γµ]Euc = E [γ4]Euc−i~p·[~γ]Euc, in which the Euclidean on-shell 4-momentum pµEuc = (~p, iE)

is contracted with the Euclidean γ-matrices and E =
√

m2
N ′ + ~p′2 is the real-valued on-shell energy of the nucleon.

Due to the chiral phase (7), the nucleon propagator on a lattice (2) contains chiral phases eiα5γ5 . Keeping only the
ground state and omitting the exponential time dependence for simplicity, we get

CNN̄ (~p, t)
∣
∣
∣
g.s.

∝
∑

σ ũp,σ
¯̃up,σ

2EN ′

=
−i/pEuc +mN ′e2iα5γ5

2EN ′

= eiα5γ5
−i/pEuc +mN ′

2EN ′

eiα5γ5 . (11)

Analogously, the expression for the nucleon-current correlator (3) contains the phases eiα5γ5 :

CNJN̄ (~p′, tsep; ~q, top)
∣
∣
∣
g.s.

∝
∑

σ′,σ

ũp′,σ′〈p′, σ′|Jµ|p, σ〉
✟✟CP

¯̃up,σ = eiα5γ5
(∑

σ′,σ

up′,σ′〈p′, σ′|Jµ|p, σ〉
✟✟CP

ūp,σ
)
eiα5γ5 . (12)

The problem with the commonly used expression for the three-point function is caused by unclear physical inter-
pretation of a parity-mixed fermion state (5) on a lattice. In Refs. [5–11], the nucleon matrix elements of the vector
current in✟

✟CP vacuum are assumed to have the form (in Minkowski space, up to sign conventions for F3 and FA)

〈p′, σ′|Jµ|p, σ〉
✟✟CP

?
= ¯̃up′,σ′

[
F1(Q

2)γµ + F̃2(Q
2)
iσµνqν
2mN ′

− F̃3(Q
2)
γ5σ

µνqν
2mN ′

+ FA(Q
2)
(/qqµ − γµq2)γ5

m2
N ′

]
ũp,σ , (13)

where q = p′ − p, Q2 = −[q2]M2 = −(q4)2 + ~q2, F1 and F̃2 are the Dirac and Pauli form factors, F̃3 is the electric

dipole form factor (EDFF), and FA is the anapole form factor (notations F̃2,3 are introduced to avoid confusion with
the true F2,3 below). The matrix element expression (13), however, disagrees with the literature [23],

〈p′, σ′|Jµ|p, σ〉
✟✟CP

= ūp′,σ′

[
F1(Q

2)γµ + F2(Q
2)
iσµνqν
2mN ′

− F3(Q
2)
γ5σ

µνqν
2mN ′

+ FA(Q
2)
(/qqµ − γµq2)γ5

m2
N ′

]
up,σ , (14)

in which the vertex spin matrix

Γµ(p′, p) = F1γ
µ + (F2 + iF3γ5)

iσµνqν
2mN ′

+ FA
(/qq

µ − γµq2)γ5

m2
N ′

(15)

is contracted with the spinors satisfying the regular parity transformations (9). Only in this case the contribution
of the form factor F3 to the matrix element 〈p′, σ′|Jµ|p, σ〉 transforms as an axial 4-vector so that F3 is indeed the
P -,CP -odd coupling of the nucleon to the electromagnetic potential [23]. Let us show that this is not the case if the
matrix element of the current has the form (13). Upon spatial reflection, the true 4-vectors of momenta and current
transform as

(~p(′), p4(′)) → (−~p(′), p4(′)) , ( ~J, J4) → (− ~J, J4) . (16)

while the axial vector current Aµ transforms with the sign opposite to Jµ:

( ~A, A4) → ( ~A, −A4) . (17)

The chirally-rotated spinors transform as

ũ~p → ũ−~p = e2iα5γ5γ4 ũ~p , (18)

¯̃u~p → ¯̃u−~p = ¯̃u~p γ4e
2iα5γ5 , (19)

up to an irrelevant overall phase factor. Finally, remembering that the spatial momentum ~q is also reflected and using
the identities

γ4σ
iν (−~q, q4)νγ4 = −σiν(~q, q4)ν , (20)

γ4σ
4ν (−~q, q4)νγ4 = σ4ν(~q, q4)ν , (21)

we observe that the combination of the F̃2,3 form factors transforms as

e2iα5(F̃2 + iF̃3) → e−2iα5(F̃2 − iF̃3) . (22)
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Therefore, we conclude that the axial-vector contribution of the matrix element (13) appears because of the parity-odd
form factor combination

Im[e2iα5(F̃2 + iF̃3)] = sin(2α5)F̃2 + cos(2α5)F̃3 . (23)

which is different from F3 if α5 6= πn.
Since the expression (13) is used in lattice calculations so ubiquitously, we present extensive arguments that it is

not correct. The form factor FA is irrelevant for this discussion, and will be omitted2. In Appendix B we directly

show that it is the expression (14) that leads to the correct CP -odd EDM coupling ∝ ~E · ~S, and the forward limits
Q2 → 0 of the form factors F2(Q

2) and F3(Q
2) yield the anomalous magnetic κ and electric ζ dipole moments (in

units e/(2mN)), respectively. In Section II B we calculate the mass shift of a particle governed by the Dirac equation
with a chirally-rotated mass in background electric field.
In this section, we offer several heuristic arguments why expression (13) is not correct. First, revisiting the form

factor expressions (13,14), we note that the only effect of the chiral phases is to mix form factors F2 and F3 into each
other,

¯̃up′
[
F1γ

µ + (F̃2 + iF̃3γ5)
iσµνqν
2mN ′

]
ũp = ūp′

[
F1γ

µ + e2iα5γ5(F̃2 + iF̃3γ5)
iσµνqν
2mN ′

]
up (24)

while the form factor F1, as well as the omitted FA, are independent of α5. Thus, the form factors F̃2,3 computed in
Refs. [5–11] are linear combinations of the true form factors F2,3

(F2 + iF3γ5) = e2iα5γ5(F̃2 + iF̃3γ5) , or

{
F̃2 = cos(2α5)F2 + sin(2α5)F3 ,

F̃3 = − sin(2α5)F2 + cos(2α5)F3 ,
(25)

which is also consistent with Eq. (23).
It is easy to see that the effect of the phase eiα5γ5 can be completely removed by a field redefinition N ′ = e−iα5γ5N .

After this transformation, the on-shell nucleon field N ′ will satisfy the Dirac equation with a real-valued mass mN ′ ,

(i/∂ −mN ′)N ′(x) = 0 . (26)

A similar transformation for the nucleon correlators CN [J]N̄ → C′
N [J]N̄

= e−iα5γ5CN [J]N̄e
−iα5γ5 will remove any

dependence on α5 altogether. Note, however, that this is the case only if Eq. (14) is used for the nucleon matrix
elements of the current. Thus, this phase is purely conventional and similar to the operator normalization ZN ′ , in
that physical quantities cannot depend on it. In lattice calculations, however, this phase is not known in advance and
must be determined numerically to be removed from the two- and three-point correlators (2,3).
To make this point more evident, suppose one calculated nucleon form factors in CP -even QCD but using uncon-

ventional nucleon interpolating fields eiα
′

5
γ5N with some arbitrary phase α′

5. If Eq. (13) was used, the definition of

F̃2,3 would depend on this arbitrarily chosen α′
5. Consequently, because of the spurious mixing (25), the electric dipole

form factor would obtain the non-zero value F̃3 = −F2 sin(2α
′
5) in absence of any✟

✟CP interactions. Analogously, the

apparent nucleon magnetic moment µ̃N ′ = G̃M (0) = F1(0) + F̃2 would have contributions from both F2 and F3. In
a CP -even QCD vacuum, F3 = 0 and the mixing (25) would just reduce the contribution of F2 to µ̃N ′ by a factor
of cos(2α′

5). This would happen because the spin operator Σk = 1
2ǫ
ijkσij was “sandwiched” between chirally-rotated

4-spinors and

(2~S)k = Σk = ¯̃up′
Σk

2mN ′

ũp = ξ′†σkξ cos(2α5) (27)

where the initial and final momenta ~p, ~p′ ≈ 0 and ξ, ξ′ are the corresponding 2-spinors.
The resolution to this apparent paradox is hinted by the modified form of the Gordon identity for the spinors ũp, ¯̃up.

Since these spinors satisfy the Dirac equation with the chirally rotated mass (6), the Gordon identity takes the form

¯̃up′γ
µũp = ¯̃up′

[ (p′ + p)µ + iσµν(p′ − p)ν
2mN ′e2iα5γ5

]
ũp , (28)

2 It is also worth noting that FA is not affected by the parity mixing, unlike F2,3.
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which is obtained from the standard Gordon identity by replacing mN ′ → mN ′e2iα5γ5 . The form of the nucleon-
current vertex must be compatible with the Gordon identity, which relates form factors F1,2 to GM . Therefore, to

make the nucleon-current vertex compatible with the spinors ũp, ¯̃up, the nucleon mass in the F̃2,3 terms in Eq. (13)
has to be adjusted similarly to Eq. (28), which leads back to the correct expression (14).
Finally, we emphasize that Eqs. (13) and (14) result in different prescriptions for analyzing the three-point nucleon-

current correlators:

CNJN̄ (~p, tsep; ~q, top)
∣
∣
∣
g.s.

?
= e−E

′

N′(tsep−top)−EN′topeiα5γ5
−i/p′Euc +mN ′

2E′
N ′

{
eiα5γ5

}?
ΓµEuc

{
eiα5γ5

}?−i/pEuc +mN ′

2EN ′

eiα5γ5

(29)

where phase factors in curly braces
{
eiα5γ5

}?
are present only if one uses the (incorrect) Eq.(13). In the above

equation, we have introduced the Euclidean nucleon-current vertex

ΓµEuc(p
′, p) =

[
F1γ

µ + (F2 + iγ5F3)
σµνqν
2mN ′

]

Euc (30)

B. EDM energy shift from Dirac equation

We argued in the previous section that one has to use the regular ”even” spinors satisfying Eq. (9) to evaluate
the nucleon matrix elements even if the QCD vacuum is CP -broken, contrary to the previous works [5–11]. Most
of the ambiguity must have resulted from the notion that in a CP -broken vacuum, particles are no longer parity
eigenstates, hence, the argument goes, the nucleon must be described by a parity-mixed spinor. This argument is
rather confusing because parity transformations of fermion fields are fixed only up to a phase factor, and only a
fermion-antifermion pair may have definite parity. To clarify this question, in this section we calculate the energy

spectrum of a particle described by the Dirac operator /̃DN with the complex mass me−2iα5γ5 and with magnetic
and electric dipole interactions in the form (13) in the background of uniform magnetic and electric fields. Such an
operator is exactly the nucleon effective operator on a lattice. The zero modes of this operator (i.e., the poles of its
Green’s function) must correspond to particle eigenstates, and their calculation avoids the spinor phase ambiguity
completely. The energy shifts linear in these fields may then be identified with the magnetic κ and electric ζ dipole
moments, respectively.
The effective action for the Euclidean lattice nucleon field in the✟✟CP vacuum and point-like electromagnetic inter-

action introduced via a “long derivative” is

Lint = N̄
(
i/∂ −QγµAµ −me−2iα5γ5

)
N , (31)

where we neglect the momentum transfer dependence of the nucleon form factors for simplicity, setting F1 to a “point-
like” value Q = F1(0) = const. In the absence of electromagnetic potential Aµ, the nucleon propagator 〈NN̄〉 takes
the form (11). We add effective point-like anomalous magnetic κ̃ = F̃2(0) and electric ζ̃ = F̃3(0) dipole interactions
to the interaction vertex

Qγµ → Qγµ + κ̃
iσµνqν
2m

− ζ̃
γ5σ

µνqν
2m

(32)

Using conventions (B11-B13) as well as (B9,B10), the Dirac equation for N becomes

[

/p−QγµAµ − (κ̃+ iζ̃γ5)
1

2
Fµν

σµν

2m
−me−2iα5γ5

]
N = 0 (33)

We are going to find the energy levels of the particle in presence of constant field strength Fµν . To avoid irrelevant

complications, we consider only a neutral particle with Q = 0. Using the identity (A3) to trade γ5 for Fµν → F̃µν , we
obtain the Dirac operator in the block-diagonal form in the chiral basis (A1):

/p−
1

2
(κ̃Fµν − ζ̃F̃µν)

σµν

2m
−me−2iα5γ5 =

(
−M E − ~p · ~σ

E + ~p · ~σ −M †

)

, (34)

where M = me2iα5 − 1
2m (κ̃− iζ̃)( ~H + i ~E) · ~σ. In the rest frame, ~p = (~0, E0), and the operator (34) has solutions if

det

(
−M E0

E0 −M †

)

= 0 ⇔ det(E2
0 −M †M) = det(E2

0 −MM †) = 0 (35)
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Up to terms linear in κ̃, ζ̃, the normal operator M †M is

M †M = m2 − 1

2

[
e2iα5(κ̃+ iζ̃)( ~H − i ~E) + e−2iα5(κ̃− iζ̃)( ~H + i ~E)

]
· ~σ +O(κ̃2, ζ̃2)

= m2 −
[
κ ~H + ζ ~E

]
· ~σ +O(κ2, ζ2)

(36)

where in the last line we redefined e2iα5(κ̃+ iζ̃) = (κ+ iζ), which is the same transformation as Eq. (25). Finally, the
energy of the particle’s interaction with the E&M background is

E0 −m = − κ

2m
~H · Σ̂− ζ

2m
~E · Σ̂ +O(κ2, ζ2) (37)

where Σ̂ is the unit vector of the particle’s spin. From the interaction energy, we conclude that indeed

κ = F2(0) , ζ = F3(0) (38)

are the particle’s magnetic and electric dipole moments. For a neutral particle such as the neutron, the form factor
F2(0) is indeed the full magnetic moment.
Thus, we have shown that if the field of a spin-1/2 particle is governed by the Dirac equation with a complex

mass (33), electric and magnetic dipole moments have to be properly adjusted (κ̃, ζ̃) → (κ, ζ). This adjustment is
equivalent to the redefinition of the field and the operator

N → N ′ = e−iα5γ5N , /̃DN → /DN = eiα5γ5 /̃DNe
iα5γ5 (39)

to remove the complex (chiral) phase from the mass, where /̃DN and /DN contain κ̃, ζ̃ and κ, ζ, respectively.

C. EDM energy shift in Euclidean spacetime

In order to verify our findings, in this paper we calculate the EDM of the neutron on a lattice using two methods:
(1) from the energy shift in the background electric field and (2) using the new formula for the CP -odd form factor
F3. The electric field is introduced following Ref. [22] and preserving the antiperiodic boundary condition in time.
Such electric field [22] is analytically continued to an imaginary value. If the particle’s electric dipole moment is finite
and real-valued, the energy shift is imaginary, which might be problematic for the analysis of corresponding lattice
correlators. However, in our methodology, the CP -odd interaction is always infinitesimal, and so are the electric dipole
moments and the corresponding energy shifts, which are extracted from Taylor expansion of the nucleon correlation
functions to the first-order in the CP -odd interaction. In this paper, we study only neutral particles, because analysis
of charged particle propagators is more complicated [24].
In this section, we repeat the calculation of Sec. II B for a neutral particle on a Euclidean lattice, which has on-shell

Euclidean 4-momentum pEuc = (~p, iE), with energy E =
√

E2
0 + ~p2 up to discretization errors. The energy at rest

E0 is modified from the mass m due to electric and magnetic dipole interactions. To avoid any confusion, we imply

no relation between the Minkowski ~E, ~H and Euclidean ~E , ~H electric and magnetic fields. Instead, we introduce ad

hoc uniform Abelian fields on a lattice (see Fig. 2) preserving boundary conditions in both space and time [22] that
probe the MDM and EDM: the magnetic ǫijkHk = (∂iAj − ∂jAi) = nijΦij (no summation over i, j)

{
Ax,j = nij Φij xi
Ax,i|xi=Li−1 = −nij Φij Lixj (40)

and the electric Ek = (∂kA4 − ∂4Ak) = nk4Φk4
{

Ax,4 = nk4 Φk4 xk
Ax,k|xk=Lk−1 = −nk4 Φk4 Lkx4 , (41)

where Φµν = 6π
LµLν

is the quantum of field flux through a plaquette (µν) and nµν is the corresponding number of

quanta. The fractional quark charges Qu = 2/3, Qd = −1/3 and the periodic boundary conditions require that the
flux through the edge of the lattice LµLν Φµν = 6π. From potentials (40,41), the Euclidean field strength tensor
Fµν = ∂µAν − ∂νAµ

Fµν =








1 2 3 4
1 0 H3 −H2 E1

2 −H3 0 H1 E2

3 H2 −H1 0 E3

4 −E1 −E2 −E3 0








(42)
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with ~H = (n23Φ23, n31Φ31, n12Φ12) and ~E = (n14Φ14, n24Φ24, n34Φ34).

Figure 2: Abelian gauge potential (41) corresponding to uniform background electric field on a periodic lattice [22]. The
horizontal arrows show positive, and the triple vertical arrows show negative abelian potential ∝ Lz on the corresponding
lattice links. The resulting circulation of the abelian potential is the same around each plaquette (shown by the black arrows)
and equal to the flux of the electric field 2π

LzLt
.

We start from the effective EDM and MDM coupling in the nucleon-current vertex. The Dirac operator for the
nucleon on a lattice is /D +m = γµ(∂µ + iQAµ) +m, which we extend to include the point-like effective interactions
from Eq. (30)

[
i/p+m+ iQ/Aq −

(1

2
σµνFµν

) κ+ iζγ5
2m

]

Euc (43)

with κ = F2(0) and ζ = F3(0). We use the Euclidean matrices γµ (A4) and [γ5]Euc = (γ1γ2γ3γ4)Euc (A5) 3 and the
plain-wave fields ψp(x) and Aq,µ(x) depending on the Euclidean 4-momenta p, q as

ψp(x) ∝ eipx , ∂µψp(x) ↔ ipµup ; Aq,µ(x) ∝ ei(p
′−p)x = eiqx , ∂νAq,µ(x) ↔ iqνAµ . (44)

The mass m in the above equation (43) is chosen real and positive, since chiral phase factor may be removed with
a field redefinition (39), which at the same time rotates the dipole couplings (κ, ζ) into the physical magnetic and
electric dipole moments, as has been shown in Sec. II B. After setting the charge Q = 0 and the momentum ~p = 0,
we use

σijEuc = ǫijk
(

−σk
−σk

)

, σi4Euc =

(
σi

−σi
)

, (45)

and transform the operator (43) into the block-diagonal form, and find the condition for on-shell fermion energies

det

(
M− −E0

−E0 M+

)

= 0 ⇔ det(E2
0 −M+M−) = det(E2

0 −M−M+) = 0 (46)

where

M± = m+
1

2m
(κ∓ iζ) ( ~H± ~E) · ~σ . (47)

The on-shell energies are then determined by the eigenvalues of the spin-dependent operator

M∓M± = m2 + κ~σ · ~H− ζ~σ · i~E +O(k2, ζ2) , (48)

E0 −m =
κ

2m
~H · Σ̂− ζ

2m
i~E · Σ̂ +O(k2, ζ2) , (49)

where Σ̂ is the direction of the particle’s spin. Note that the electric field enters Eq. (49) as i~E , with an imaginary
factor emphasizing that its value has been analytically continued to the imaginary axis, and the corresponding energy
shift is purely imaginary. Equation (49) provides a prescription for extracting the EDM and MDM from mass shifts
of a neutral particle on a lattice in uniform background fields.

3 The results are manifestly independent from the basis of γ-matrices used if the relation between γ5 and γµ is kept unchanged.
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III. CEDM-INDUCED EDM AND EDFF ON A LATTICE

In our initial calculation of cEDM-induced nucleon EDMs, we use two lattice ensembles with Iwasaki gauge action
and Nf = 2 + 1 dynamical domain wall fermions: 163 × 32 with mπ ≈ 420 MeV [25] and 243 × 64 with mπ ≈
340 MeV [26, 27]. The ensemble parameters are summarized in Tab. I. We use identical ensembles, statistics, and
spatial sampling per gauge configuration in both calculation methods discussed in further sections.

Table I: Lattice ensembles on which the simulations were performed. Both ensembles use Iwasaki gauge action and Nf = 2+1
domain wall fermions. The statistics are shown for “sloppy” (low-precision) samples. The nucleon masses were extracted using
2-state fits. For the background electric field method, we quote the quantum of the electric field E0 = 6π

a2LtLx
.

L3
x × Lt × L5 a [fm] aml ams mπ [MeV] mN [GeV] E0 [GeV2] conf stat Nev NE=1,2

ev NCG

163 × 32× 16 0.114(2) 0.01 0.032 422(7) 1.250(28) 0.110 500 16000 200 150 100
243 × 64× 16 0.1105(6) 0.005 0.04 340(2) 1.178(10) 0.0388 100 3200 200 200 200

We use the all-mode-averaging framework [28] to optimize sampling, in which we approximate quark propagators
with truncated-CG solutions to a Möbius operator [29]. We use the Möbius operator with a short 5th dimension
L5s and complex s-dependent coefficients bs + cs = ω−1

s (later referred to as “zMobius”) that approximates the same
4-dimensional effective operator as the Shamir operator with the full L5f = 16. The approximation is based on the
domain wall-overlap equivalence

[ /D
DWF

]4d =
1 +mq

2
− 1−mq

2
γ5ǫL5

(HT ) , HT = γ5
/DW

2 + /DW

, (50)

ǫMöbius
L5s

(x) =

∏L5s

s (1 + ω−1
s x)−∏L5s

s (1 − ω−1
s x)

∏L5s

s (1 + ω−1
s x) +

∏L5s

s (1 − ω−1
s x)

≈ ǫShamir
L5f

(x) . (51)

where the coefficients ωs are chosen so that the “sign” function ǫMöbius
L5s

(x) is the minmax approximation to the

ǫShamir
L5f

(x). We find that L5s = 10 is enough for an efficient 4-dimensional operator approximation. Shortened 5th

dimension reduces the CPU and memory requirements: for example, L5f = 16 is reduced to L5s = 10 saving 38% of
the cost. We deflate the low-lying eigenmodes of the internal even-odd preconditioned operator to make the truncated-
CG AMA more efficient. The numbers of deflation eigenvectors Nev and truncated CG iterations NCG are given in
Tab. I. We compute 32 sloppy samples per configuration. To correct any potential bias due to the approximation of
the /D operator and the truncated CG inversion, in addition we compute one exact sample per configuration using the
Shamir operator. The latter is computed iteratively by refining solutions of the “zMobius”, again taking advantage
of the short L5s and deflation.

A. Parity-even and -odd nucleon correlators

The EDFF F3 is a parity-odd quantity induced by✟✟CP interactions. To compute the effect of CP -odd interactions,
we modify the lattice action

S → S + iδCPS = S + i
∑

i,x

ci[OCP
i ]x (52)

where ci are the CP -odd couplings such as the QCD θ-angle, quark (chromo-)EDMs, etc. We Taylor-expandQCD+✟✟CP
vacuum averages in the couplings ci. For example, for the three-point function, we get4

〈N [q̄γµq] N̄〉
✟✟CP

=
1

Z

∫

DU Dψ̄Dψe−S−iδCPS N [q̄γµq] N̄ = CNJN̄ − i
∑

i

ci δ
CP
i CNJN̄ + O(c2ψ) , (53)

where C... and δ
CPC... stand for CP -even and CP -odd correlators. Similarly, we also analyze the effect of✟✟CP inter-

action on the nucleon-only correlators. In total, we calculate the following two- and three-point CP -even correlators

4 In this section, all conventions for correlators, form factors, and momenta are Euclidean.
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as well as three- and four-point CP -odd correlators,

CNN̄ = 〈NN̄〉 , δCPi CNN̄ = 〈NN̄
∑

x

[OCP
i ]x〉 ,

CNJN̄ = 〈N [q̄γµq] N̄〉 , δCPi CNJN̄ = 〈N [q̄γµq] N̄
∑

x

[OCP
i ]x〉 ,

where 〈· · · 〉 stand for vacuum averages computed with CP -even QCD action S. In Sec. III C, we also modify the
action S to include uniform background electric field as a probe of the electric dipole moment. In this work, we study
only the quark chromo-EDM as the source of CP violation,

OCP
ψG =

1

2
ψ̄[Gµν ]

clovσµνγ5ψ =
1

2
ψ̄(gSG

a,cont
µν T a)σµνγ5ψ , (54)

where Ga,cont is the continuum color field strength tensor and [Gµν ]
clov is the “clover” gauge field strength tensor on

a lattice (see Fig. 3)

[
Gµν

]clov
=

1

8i

[
(UPx,+µ̂,+ν̂ + UPx,+ν̂,−µ̂ + UPx,−µ̂,−ν̂ + UPx,−ν̂,+µ̂)− h.c.

]
(55)

Insertions of the quark-bilinear cEDM density (54) can generate both connected and disconnected contractions,
similarly to the quark current. In this work, we calculate only the fully connected contributions to these correlation
functions shown in Fig. 4. The disconnected contributions (see Fig. 5) are typically much more challenging to calculate,
and we will address them in future work. Neglecting the disconnected diagrams will not affect the comparison of the
form factor and the energy shift methods because they are omitted in both calculations.

Figure 3: “Clover” definition of the gauge field strength tensor on a lattice. The arrows correspond to products of gauge links
taken around the plaquettes beginning and ending at point x.

du u

du u

du u

du u

du u

du u

du u

du u

du u

du u

du u

du u

du u

du u

Figure 4: Quark-connected contractions of the nucleon, quark current (dots), and cEDM operators (crosses).

To compute the connected diagrams, we insert the quark-bilinear cEDM density (54) once in every ψ-quark line of
CNJN̄ diagrams, generating the four-point functions shown in Fig.4. We evaluate all the connected three- and four-
point contractions using the forward propagator and the set of sequential propagators shown in Fig. 6. In addition
to the usual forward F and backward (sink-sequential) B propagators, we compute cEDM-sequential C and doubly-
sequential ({cEDM, sink}-sequential) (E + G) propagators. For every additional value of the source-sink separation
tsep and the sink momentum ~p′, additional backward B and doubly-sequential (E+G) propagators must be computed,
i.e.

NF = NC = 1 , NB = NqNsepNmom , NE+G = NqNψNsepNmom
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du u

du u

du u

du u

du u

du u

du u

du u

du u

du u

Figure 5: Quark-disconnected contractions of the nucleon, quark current (dots), and cEDM operators (crosses).

z z

x

y

z

y

z

x

y

z

x

Figure 6: Propagators required for computing quark-connected contractions of the nucleon, quark current, and cEDM operators.

where Nq is the number of separate flavors in the quark current and Nψ is the number of separate flavors in the✟✟CP
operator. The connected CP -even two- and three-point correlators do not require any additional inversions. In this
scheme, we perform only the minimal number of inversions required for computing all the diagrams for the neutron
and proton EDMs induced by a connected flavor-dependent quark-bilinear ✟✟CP interaction with the two degenerate
flavors u and d. Compared to Ref. [20], in which a small finite CP -odd perturbation term ∝ ǫ, ǫ≪ 1 is added to the
quark action resulting in modified quark propagators

/D
−1
m → ( /Dm + iǫσµνG̃µν)

−1 , (56)

our four-point contractions correspond to computing the first derivative (∂Cǫ2,3/∂ǫ)ǫ=0 directly, thus avoiding any
higher-order dependence on ǫ and obviating the ǫ-extrapolation. As a cross-check, we have verified our contraction

code on a small test lattice by replacing propagators /D
−1
m η with

/D
−1
m η → [ /D

−1
m − /D

−1
m (iǫΓ) /D

−1
m ]η (57)

to approximate [ /Dm + iǫΓ]−1η, where Γ = 1
2Gµνσ

µνγ5. Using these “CP -perturbed” propagators, each of which
required two inversions, we have computed the nucleon Cǫ

NN̄
and the nucleon-current Cǫ

NJN̄
correlators, and compared

their finite-difference ǫ-derivatives to δCNN̄ and δCNJN̄ .
We use only one value of the sink momentum ~p′ = 0. We compute nucleon-current three- and four-point correlators

with two source-sink separation values tsep = {8, 10}a = {0.91, 1.15} fm for the 163 × 32 ensemble, and three tsep =
{8, 10, 12}a = {0.88, 1.11, 1.33} fm for the 243 × 64 ensemble. For the 243 × 64 lattice, we use the Gaussian-smeared
sources with APE-smeared gauge links using parameters optimized for overlap with the ground state [30], while for
the 163 × 32 ensemble we used the smearing parameters from Ref. [11]. The effective nucleon mass plots from both

ensembles are shown in Fig. 7. Correlators CNJN̄ and δCPCNJN̄ are computed with the polarization projector

T+
Sz+

=
1 + γ4

2
(1 + Σz) =

1

2
(1 + γ4)(1 − iγ1γ2) , (58)

while correlators CNN̄ and δCPCNN̄ are computed with all 16 polarizations and saved to be used later for disconnected
contractions. We reduce the cost of computing backward propagators with the widely-used “coherent” trick combining
2 backward sources from samples separated by Lt/2 into one inversion. Combining 4 samples resulted in a large
increase in the statistical uncertainty negating its cost-saving advantages.



12

Figure 7: Effective energy plots from the 243 × 64 (left) and 163 × 32 (right) lattices, together with two-state fits.

B. Nucleon form factors

Following the discussion in Sec.II A, we use the form factor decomposition that is different from the previous
works [5–11],

〈Np′ |q̄γµq|Np〉 = ūp′
[
F1(Q

2)γµ + F2(Q
2)
σµνqν
2mN

+ F3(Q
2)
iγ5σ

µνqν
2mN

]
up . (59)

where the spinors up,ūp′ have definite (positive) parity. Details of evaluating kinematic coefficients for form factors
F1,2,3 are given in Appendix C. We use the standard plateau method to evaluate both CP -even and CP -odd matrix
elements of the nucleon,

[δCP ]RNJN̄ (tsep, top) =
[δCP ]CNJN̄ (tsep, top)

c′2(tsep)

√

c′2(tsep)

c2(tsep)

c′2(top)

c2(top)

c2(tsep − top)

c′2(tsep − top)
, (60)

where the two-point functions are projected with the positive-parity polarization matrix T+ = 1
2 (1 + γ4),

c
(′)
2 (t) = Tr

[
T+CNN̄ (~p(′), t)

]
. (61)

The averages of the three central points on the ratio plateaus are used as estimates of ground state matrix elements.
This is a crude estimate and improved analysis of excited states is necessary for better control of systematic uncertain-
ties. However, we find that our results change insignificantly with increasing the source-sink separation (see Figs. 9,
13), therefore we conclude that excited state effects cannot influence the main conclusions of the paper.
We calculate the Dirac and Pauli form factors F1,2 using a correlated χ

2 fit to the matrix elements of the quark vector
current (“overdetermined analysis”). The system of equations for form factors is reduced by combining equivalent
equations to reduce the system dimension and make estimation of the inverse covariance matrix more stable (see,
e.g., Ref. [30] for details). The quark current operator is renormalized using renormalization constants ZV = 0.71408
for 243 × 64 [27] and the chiral-limit value ZV = ZA = 0.7162 for 163 × 32 [31] ensembles. We show the momentum
dependence of the resulting Sachs electric and magnetic form factors

GE(Q
2) = F1(Q

2)− Q2

4m2
N

F2(Q
2) , GM (Q2) = F1(Q

2) + F2(Q
2) , (62)

for the proton and the neutron (connected-only) for both ensembles in Fig. 8. Our data for form factors GE,M show
no significant systematic variation with increasing the source-sink separation tsep.
In order to compute the form factor F3, we first need to calculate the parity mixing angle α5 in order to subtract

the F1,2 mixing terms. Expanding the nucleon two-point function C✟✟CP
NN̄

(t) to the first order in α5 ∝ cψG and assuming
that the ground state dominates for sufficiently large time t, we get

CNN̄ (t)− icψG δ
CPCNN̄ (t) +O(c2ψG)

t→∞
= |ZN |2

[1 + γ4

2
+ iα5γ5 +O(α5

2)
]
e−mN t . (63)
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Figure 8: Nucleon vector current form factors from the 243 × 64 (left) and 163 × 32 (right) lattices. Disconnected contractions
are not included.

We use the projectors T+ = 1+γ4
2 and T+γ5 to calculate the “effective” mixing angle α̂5(t) normalized to cψG = 1,

α̂eff5 (t) = −Tr
[
T+γ5 δ

CPCNN̄ (t)
]

Tr
[
T+CNN̄ (t)

]
t→∞
=

α5

cψG
. (64)

The time dependence of the ratios (64) for both ensembles is shown in Fig. 10. The quark flavors in the cEDM
interaction are shown respective to the proton, and for the neutron u↔ d must be switched according to the isospin
symmetry. The plateau is reached for time t ≥ 8, and we extract the α5 values from a constant fit (weighted average)
to points t = 8 . . . 11. An interesting observation is that the mixing angle depends very strongly on the flavor involved
in the ✟✟CP interaction. Thus, for the proton Pδ = uδ(u

TCγ5d), in which the d-quark is combined with the u-quark
into a scalar diquark, the d-cEDM does not lead to any observable parity mixing.

Finally, the electric dipole form factor F3 is calculated from the CP -odd four-point correlator δCPCNJN̄ . Similarly
to the extraction of α̂5 above, we expand the ✟✟CP three-point function in the CP -odd interaction. We extract the

matrix elements using the ratios (60) of polarization-projected three-point functions Tr
[
T R✟✟CP

NJN̄

]
to CP -even two-
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Figure 9: Plateau plots for the neutron and proton Pauli form factors: the three smallest Q2 > 0 points. Results for the
243 × 64 (left) and 163 × 32 (right) lattices.

Figure 10: Chiral rotation angle α5 of the proton field induced by u- and d-quark cEDM interactions on the 243 × 64 (left)
and 163 × 32 (right) lattices. The angles α5 for the neutron are related by the SU(2)f symmetry u ↔ d. The chromo-EDM
interactions are not renormalized and may contain mixing with other operators.

point functions (61). Expanding the ratio in α5 ∝ cψG, we get

Tr
[
T
(
RNJN̄ − icψG δ

CPRNJN̄ +O(c2ψG)
)] t→∞

=
∑

i=1,2

[
K(T )

R i + iα5K({T,γ5})
R i

]
Fi +K(T )

R 3F3 +O(α5
2) , (65)

where K(T )
R 1,2,3 are the kinematic coefficients (C9-C12) for form factors F1,2,3 computed with the polarization matrix

T and with K → KR (C14). Matching the O(cψG terms in the above expansion and neglecting excited states, we
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obtain

iK(T )
R 3F̂3 = Tr

[
T δCPRNJN̄

]

g.s.
+ α̂5

∑

i=1,2

K({T,γ5})
R i Fi . (66)

The second term in the RHS of the above equation is the mixing subtraction. Its form indicates that the mixing
between form factors F1,2 and F3 happens only because of the polarization mixing of the nucleon interpolating fields on
a lattice. This is substantially different from expressions used in Refs. [5–11], which also include additional subtraction
term (−2α5F3) because of the spurious mixing of F2 and F3 in the vector current vertex (24).
Although both timelike and spacelike components of the current can be used to calculate F3, in practice we find that

the time component J4 yields much better precision than the spacelike component J3. Due to the larger uncertainty
of the J3 signal, combining both components did not result in improved precision of the F3 form factor. If only the
J4 component is used, the overdetermined fit to matrix elements is not required, and for T = T+

Sz+
= 1+γ4

2 (1− iγ1γ2)
from Eqs. (C10,C12)

(1 + τ)F3(Q
2) =

mN

q3KR
Tr[T+

Sz+
δCPRNJ4N̄ ]− α̂5GE(Q

2) , (67)

where τ is the kinematic variable (C6). It is remarkable that for the neutron the subtraction term ∝ α5GE is zero in
the forward limit. In fact, if one uses the traditional formula for extracting the neutron EDM dN = F3(0)/(2mN ), a
large contribution (−2α5F2(0))/(2mN) comes from the spurious mixing if α5 is not zero. In Section IV we will discuss
the currently available lattice results for the neutron and proton EDMs induced by the QCD θ-term.
To compute form factors from data with each source-sink separation tsep, we use the value α̂5 = α̂eff

5 (tsep) in Eq. (67)
to subtract the mixing. The results for the EDFF F3 are shown in Fig. 11. Despite relatively high statistics, the
signal for the cEDM-induced form factor is noisy. There is no significant dependence on the source-sink separation
tsep. Since the cEDM operator is not renormalized, it can include contributions from other operators of dimension
5, as well as operators from lower dimension 3 [32]. One peculiar feature of these results is that, similarly to α5, the
contribution to the proton EDM comes mostly from the u-cEDM, while the contribution to the neutron comes mostly
from the d-cEDM. However, a substantial increase in statistics, as well as a more elaborate analysis of excited states,
are required to confirm these observations.
The electric dipole moment is determined by the value of the form factor F3(Q

2) at zero. This value is not directly
calculable, and one has to extrapolate the Q2 > 0 data points to Q2 = 0. In Figure 12 we show linear extrapolation
of these form factors using the three smallest Q2 > 0 points. Other fit models are not warranted until the statistical
precision is substantially improved. We also show the comparison of three-point function plateaus in Fig. 13 with
different source-sink separations.

C. Neutron electric dipole moments from energy shifts

Calculation of the dipole moment using uniform background field has an advantage that no momentum extrapolation
of form factors is required because energy shifts depend on forward matrix elements of the nucleon. This calculation
is easier for the neutron than for the proton: in the case of a charged particle, the analysis of its correlation function
is more complicated due to its constant acceleration [22]. On the other hand, since the uniform background field is
quantized on a lattice, these fields cannot be made arbitrarily small. In fact, the field quanta are very large and their
magnitudes are comparable to the QCD scale, especially on the smaller 163 × 32 lattice. Because of the fractional
charges of quarks, the minimal value of the electric field contains an additional factor of 3, and it is quantized in
multiples of E0 = 6π

a2LxLt
. The E0 values are shown in Tab. I, and for the smaller 163 × 32 lattice the minimal electric

field is E0 = 0.110GeV2 = 560MV/fm. Such electric field pulls the u quark in the neutron with tension ≈ (270MeV)2,
or approximately 40% of the QCD string tension, and may deform the neutron too far away from the ground state.
We introduce the uniform electric field on a lattice as described in Sec. II C along the z direction. Using modified

QCD+U(1) gauge links, we calculate the regular nucleon correlator CNN̄,E , as well as the correlator with the insertion
of CP -odd interaction, in full analogy with Sec. III A, e.g.

δCPCNN̄,E(~p, t) =
∑

~y

e−i~p(~y−~x)〈N(~y, t)N̄(~x, 0)OCP
ψG 〉E . (68)

The modified gauge links are used both in computing the propagators and in construction of smeared sources and
sinks. In fact, since the individual quarks are charged, smearing their distributions with the original QCD gauge
links breaks gauge covariance and makes the calculation dependent on the choice of the gauge of the electromagnetic
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Figure 11: Nucleon electric dipole form factors F3 induced by u- and d-quark chromo-EDM interactions from the 243 × 64
(left) and 163 × 32 (right) lattices. The chromo-EDM interactions are not renormalized and may include mixing with other
operators. Disconnected contractions are not included for either current or cEDM insertion.

potential. The QCD links used in Gaussian smearing are first APE-smeared, and then the electromagnetic potential
is applied to them.

From Eq. (49), the energy of a particle on a lattice with the spin polarized along the electric field ~E = E ẑ is shifted
by the imaginary value δE = −(ζ/2m)iE . The nucleon correlator at rest (~p = 0) thus must take the form

C✟
✟CP
NN̄,E(~p = 0, t) = |ZN |2eiα5γ5

1 + γ4
2

[1 + Σz
2

e−(m+δE)t +
1− Σz

2
e−(m−δE)t

]
eiα5γ5 . (69)

As with the CP -odd form factor F3, expanding the correlator up to the first order in α5 , δE , ζ ∝ cψG, we get

CNN̄,E − icψG δ
CPCNN̄,E

t→∞
= |ZN |2e−mNt

[1 + γ4
2

+ iα5γ5 − Σz δE t
]
, (70)

and for the electric dipole moment we obtain the following estimator from the effective energy shift:

ζeff(t) = 2mNd
eff
N (t) = −2mN

Ez
[
Rz(t+ 1)−Rz(t)

]
, Rz(t) =

Tr
[
T+Σz δ

CPCNN̄,Ez
(t)

]

Tr
[
T+CNN̄,Ez

(t)
] . (71)
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Figure 12: Linear Q2 fits to the neutron EDFF F3 (same data as in Fig. 11) including only the three smallest Q2 > 0 points
and source-sink separations T = 8a, 10a. Results for the 243 × 64 (left) and 163 × 32 (right) lattices.

Figure 13: Plateau plots for the neutron EDFF form factors: the three lowest Q2 > 0 points. Results for the 243 × 64 (left)
and 163 × 32 (right) lattices.

We have computed the neutron correlation functions with two values of the electric field E = E0 and 2E0. The results
for both ensembles are shown in Fig. 14. We choose t = 6 . . . 9 as the common plateau to estimate the value of ζ on
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both ensembles and both flavors in the cEDM operator. In the case of d-cEDM, we observe non-zero values of the
energy shift. Also the EDM values computed with E = E0 and 2E0 agree well with each other, indicating that the
energy shift is linear in E and our EDM result does not depend on the polarizing effect of the electric field on the
nucleon.

Figure 14: The neutron EDM computed from energy shifts with two values of the electric field. The units are dimensionless
and the scale is the same as for F3. The values used in comparison are computed as averages of the t = 6 . . . 9 conservative
plateaus common for both ensembles and both cEDM flavors. Results for the 243 × 64 (left) and 163 × 32 (right) lattices.

D. Numerical comparison of the form factor and energy shift methods

The normalization and the sign convention of the dimensionless EDM ζ in Sec. III C are identical to those of F3(0)
in Sec. III B, and we plot them for comparison in Fig. 15. We observe satisfactory agreement between the values of ζ
computed in the uniform background method and the values obtained from the Q2 → 0 extrapolation of form factors
F3n(Q

2).
In order to check how the spurious mixing affects the results, in Fig. 15 we also plot the values of form factors

computed with the old formula used in Refs. [5–11]

F̃3 = F3 − 2α5F2 . (72)

This formula obviously gives a value for F̃3 different from F3 only if α5 is large. In the case of u-cEDM, the value α5

for the neutron is small, and there is no observable difference between F3 and F̃3. However, in the case of d-cEDM, the
difference is remarkable. Neither of the three sources of uncertainty: excited state bias in the energy shift calculation,
excited state bias in the form factor calculation, nor the Q2 → 0 extrapolation of the form factors, can plausibly
change the outcome of this comparison, due to the large value of α5. The agreement between the new form factor
extraction formula and the energy shift method is one of the main results of this paper, and serves as a numerical
cross-check of our analytic derivation.
We collect the values of α5, extrapolated F3(0), and ζn from the background field method in Tab. II.

IV. CORRECTIONS TO EXISTING θ-INDUCED NEDM LATTICE RESULTS

In Section II A it has been shown that the commonly used formula for extracting the form factor F3 from ✟
✟CP

nucleon matrix elements on a lattice is incorrect. This formula has been used in all of the papers that compute QCD
θ-induced nucleon EDM [5–11]. Fortunately, the correction has a very simple form (25), in which F̃2,3 refer to the old

results and F2,3 refer to the corrected results. Unfortunately, Refs. [5–11] offer a broad spectrum of conventions for F̃3
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Figure 15: Comparison of the neutron EDFF F3n(Q
2) computed with the conventional (“OLD”) [5–11] and the “NEW”

formula (C12) to the neutron EDM ζ computed from the energy shift (see Fig. 14). The “OLD” F3n(Q
3) data are extrapolated

with the dipole fit, and the “NEW” with the linear fit. Data points are shifted horizontally for legibility. Results for the
243 × 64 (left) and 163 × 32 (right) lattices.

Table II: Comparison of the neutron EDM ζn computed from the energy shift to the neutron forward EDFF F3(0) computed
with the new formula (C12) and the old formula [5]. The parity mixing angle α5 is computed from the plateaus in Fig. 10 (the
flavors have been switched u ↔ d to describe the neutron).

243 × 64

(cEDM)U (cEDM)D
α5 t = 8 . . . 11 −0.16(14) −32.2(2)
ζn from ∆E(E) E/E0 = 1 4.6(2.8) 12.5(4.2)

E/E0 = 2 1.3(1.9) 8.4(2.8)
NEW F3n(0) [(C12)] T = 8a 3.7(1.1) 13.1(1.5)

T = 10a 3.1(2.4) 11.0(3.5)
OLD F3n(0) [5] T = 8a 3.1(1.3) −80.8(3.8)

T = 10a 3.2(2.7) −82.4(8.2)

163 × 32

α5 t = 8 . . . 11 0.23(12) −19.54(15)
ζn from ∆E(E) E/E0 = 1 4.2(2.0) 11.8(3.0)

E/E0 = 2 2.8(1.3) 7.6(1.8)
NEW F3(0) [(C12)] T = 8a 1.9(8) 6.5(1.1)

T = 10a 1.1(1.9) 4.4(2.7)
OLD F3(0) [5] T = 8a 2.5(9) −55.0(5.1)

T = 10a 2.1(2.1) −62.0(12.5)

and α5 differing in sign and scale factors. However, by comparing expressions for polarized CP -odd matrix elements
of the timelike component of the vector current J4 we can deduce the appropriate correction using that reference’s
conventions. For example, using Eq.(55) from Ref. [10],

Π0
3pt,Q

(
Γk =

i

4
(1 + γ0)γ5γk

)
∼ iQk

2mN

[
α1

(
F1 +

EN + 3mN

2mN

F2

)
+
EN +mN

2mN

F̃3

]

=
iQk
2mN

[
α1GE + (1 + τ) (F̃3 + 2α1F2)

︸ ︷︷ ︸

F3

]
,

(73)
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Table III: Corrections to the results reported in earlier calculations of θ̄-induced nucleon EDM for the nucleon (n) and the
proton(p). Some of the used values are at non-zero momentum transfer Q2. Both form factors F2,3 are quoted as dimensionless

(in “magneton” units e/(2mN )). The errors for F3 are taken equal to those of F̃3 except Ref. [8], in which the errors are
extracted from our interpolation of the corrected F̄3(θ̄) values (see Fig. 16). In the first row, the correction follows the original
conventions [10] exactly. In the following rows, the parity-mixing angles α have been transformed to α < 0 to and the EDMs

were corrected with F3 = F̃3 + 2αF2 using the assumptions discussed in the text.

mπ [MeV] mN [GeV] F2 α F̃3 F3

[10] n 373 1.216(4) −1.50(16)a −0.217(18) −0.555(74) 0.094(74)

[5] n 530 1.334(8) −0.560(40) −0.247(17)b −0.325(68) −0.048(68)
p 530 1.334(8) 0.399(37) −0.247(17)b 0.284(81) 0.087(81)

[6] n 690 1.575(9) −1.715(46) −0.070(20) −1.39(1.52) −1.15(1.52)
n 605 1.470(9) −1.698(68) −0.160(20) 0.60(2.98) 1.14(2.98)

[8] n 465 1.246(7) −1.491(22)c −0.079(27)d −0.375(48) −0.130(76)d

n 360 1.138(13) −1.473(37)c −0.092(14)d −0.248(29) 0.020(58)d

aEstimated as (− 1
2
F v
2 (0)) from Ref. [33] assuming F s

2 ≈ 0.
bThe value f1n was reported incorrectly in Ref. [5] with a factor of 1

2
[34].

cFrom Ref. [35] where F2 was computed with θ̄ = 0.
dEstimated from a linear+cubic fit to plotted ᾱ(θ̄) and F θ

3 data [8].

Figure 16: Corrected (filled symbols) and original (open symbols) values for the neutron form factor F3 at nonzero imaginary
θ-angle from Ref. [8]. The linear parts in the limit θ → 0 are shown in Tab. III.

where τ = EN−mN

2mN
introduced in Eq.(C6) and GE = F1 − τF2 is the Sachs electric form factor. Comparing the above

equation to the expected form (C12), for the corrected value of F3 we obtain

F3(Q
2) = F̃3(Q

2) + 2α1F2(Q
2) , (74)

which holds for any value of Q2.
Although it is more suitable that the original authors of Refs. [5–11] re-analyze their data with these new formulas,

it is interesting to examine whether the presently available lattice calculations yield non-zero values for the θ̄-induced
nucleon EDM after corrections similar to Eq. (74) have been applied. The most precise result for F3n(0) that also allows
us to perform the correction unambiguously is Ref.[10], which reports an 8σ non-zero value for F3(0) = −0.56(7) from
calculations with dynamical twisted-mass fermions at mπ = 373 MeV. However, when we apply the corresponding
correction (74), the value becomes 0.09(7) and essentially compatible with zero.
Calculations with finite imaginary θ-angle [7, 8] yield the most precise values of the neutron EDM to date. However,

they do not contain sufficient details to deduce the proper correction for F3. It must also be noted that it is not
clear if the sign of the CP -odd interaction ∼ G̃G is consistent in all of the Refs. [5–11]. On the other hand, all the
reported non-zero results for the proton and neutron EDM agree in sign so that F3n(0) < 0 and F3p(0) > 0, and it
is reasonable to assume that any differences in the conventions are compensated in the final reported EDM values.
Furthermore, because the θ-angle is equivalent to a chiral rotation of quark fields, it is then reasonable to assume that
upon conversion to some common set of conventions, e.g., those of Ref. [10], the sign of the chiral rotation angle α
agrees between different calculations. Based on these plausible assumptions, we deduce that the results in [7, 8] must
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be corrected as F θ3 = F̃ θ3 + 2α(θ)F2
5, where α < 0, in analogy with Ref. [10]. The data for ᾱθ and F̃ θ3 (0) at finite θ̄

values are extracted from figures in Ref. [8]. The original F̃ θ3 (0) and the corrected F θ3 (0) values are shown in Fig. 16.
Following Ref. [8], the corrected F θ3 (0) values are interpolated to θ̄ → 0 using a linear+cubic fit F3(0)θ̄ + Cθ̄3 and
the resulting values F3(0) = dF θ3 /dθ̄

∣
∣
θ̄=0

are given in Tab. III. We observe that the corrected values at both the finite

and zero θ̄ values agree with zero at . 2σ level.
Corrections to other results [5, 6], may be done on the similar basis6. The resulting values are also collected in

Tab. III, and in all cases they are compatible with zero, deviating at most 2σ. We emphasize that, apart from
Ref. [10], these corrections are made using the sign assumptions discussed above. If our assumptions are wrong, the
corrected central values will be approximately twice as large compared to the originally reported values. Although
we find our assumptions plausible, and thus the corrected values in Tab. III most likely valid, a final confirmation
of our findings can only be done if the authors of Refs. [5–9, 11] re-analyze their data with our correction. It is
possible that the difference between the lattice values of the neutron EDM and phenomenological estimates dn ∼
O(10−3 . . . 10−2) θ̄ e fm [12, 14, 18, 36], which has been ascribed to chiral symmetry breaking of lattice fermions and
heavy quark masses used in the simulations, can disappear when the proper corrections are applied.

V. SUMMARY AND CONCLUSIONS

Among our most important findings in this paper is the new formula for analysis of nucleon-current correlators
computed in✟✟CP vacuum and extraction of the electric dipole form factor F3. We have demonstrated, both analytically
and numerically, that the analyses of the θ̄-induced nucleon EDM in previous calculations [5–11] introduced spurious
contributions (−2α5κ) due to mixing with the anomalous magnetic moment κ of the nucleon. Fortunately, the
correction is very simple and requires only the values of the nucleon anomalous magnetic moments from calculations
on the same lattice ensembles. Applying this correction properly is somewhat complicated due to differences in the
conventions used in these works. Under some plausible assumptions we have demonstrated that, after the correction,
even the most precise current lattice results for θ̄-nEDM may be compatible with zero. If this finding is confirmed
in detailed re-analyses of Refs. [5–11], the precision of the current lattice QCD determination of θ̄-nEDM may be
completely inadequate to constrain the QCD θ̄ angle from experimental data. The entire modern program to search
for fundamental symmetry violations as signatures of new physics relies on our understanding of the effects of quark
and gluon✟

✟CP interactions on nucleon structure. The importance and urgency of first-principles calculations of these
effects hardly needs more emphasis, and we conclude that they will likely be even more difficult than thought before.
In this paper, we have also performed calculations of the nucleon electric dipole moments induced by CP -odd

quark-gluon interactions using two different methods. In the first method, we have successfully calculated the nucleon-
current correlators with and without the CP -odd interaction, evaluating up to four-point connected nucleon correlation
functions. We have demonstrated that this novel technique works well and we argue that it is both cheaper and has
fewer uncertainties than the technique used in [20, 21] to compute the same observables with modified Wilson action.
One of the obstacles to applying the technique of Refs. [20, 21] is that low-eigenmode deflation used to accelerate
calculations will be more expensive because new eigenvectors have to be computed for every modification of the
fermion action. This may also be partially true for recently introduced multi-grid methods, in which null-subspace
vectors of a Dirac operator have to be computed in a setup phase, which has considerable cost.
In the second method, we computed the neutron EDM using its energy shift in uniform background electric field and

in the presence of the same CP -odd interaction. The energy-shift method to compute nucleon EDM has been used
before [2–4], but our calculation is the first one that uses the uniform background electric field respecting boundary
conditions [22]. We perform calculations with identical statistics in both methods and can directly compare the central
values and the uncertainties of the results. We find that the EDM results agree if the new formula for extraction of the
EDFF F3 is used. Also, both methods yield comparable uncertainty, and the energy shift method may be preferable
in the future because it does not require forward-limit extrapolation and excited states may be easier to control [37].
Our calculations on a lattice are far from perfect and require improvement of the treatment of excited states and

forward-limit extrapolation of the form factors. However, the associated systematic uncertainties are too small to
cast doubt on the numerical comparison of the energy shift and the form factor methods. Although our calculations
lack evaluation of the disconnected diagrams and renormalization and mixing subtractions of the quark chromo-EDM
operator, these drawbacks apply equally to both methods, therefore do not affect said validation.

5 Strictly speaking, for finite values of θ̄ and ᾱ(θ̄), one has to use the hyperbolic “rotation” formula cosh(2α)F3 = F̃3 + sinh(2α)F2. We
neglect O(α2) terms because |α| . 0.15, while the precision is only ≈ 10%.

6 Correction to the result in Ref. [7] requires the corresponding values for F2, which we could not locate in published works.
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Future calculation of disconnected contributions to the F3 form factors will be an extension to the present work, in
which the quark-disconnected loops with insertions of the quark current, chromo-EDM, and both, will be evaluated
and used together with the existing nucleon correlators. The disconnected contractions do not require four-point
correlators and are simpler to construct, although the stochastic noise will likely be a much bigger problem than for
the connected contractions. We expect that with advances in numerical evaluation of the disconnected diagrams [38],
this problem will be tractable.
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Appendix A: Conventions

In this appendix section, we collect conventions for γ-matrices implicitly or explicitly used throughout the text. In
Table IV, we also provide notes on the transformation between Minkowski (M2) and Euclidean (Euc) notations to
avoid any ambiguities in matching Minkowski and Euclidean form factor expressions for matrix elements and vertices.
In Minkowski space with metric {−1,−1,−1,+1}, we use the chiral γ-matrix basis

[γi]M2 =

(
σi

−σi
)

, [γ4]M2 =

(
1

1

)

, (A1)

and with ǫ4123 = +1 we define the chiral γ5 matrix

[γ5]M2 = − i

4!

[
ǫµνρσγµγνγργσ

]

M2
=

[
γ4γ1γ2γ3

]

M2
=

(
−1

1

)

, (A2)

For the spin matrix σµν = i
2 [γ

µ, γν ] we will also need the relation

[σµνγ5]M2 =
i

2

[
ǫµνρσσρσ

]

M2
(A3)

In accordance with Tab. IV, the γ-matrices in Euclidean spacetime are

[γi]Euc =

(
−iσi

+iσi

)

, [γ4]Euc =

(
1

1

)

, (A4)

in which γ1,3 have the opposite sign compared to the deGrand-Rossi basis used in most of the lattice QCD soft-
ware. This difference is inconsequential because all results are manifestly covariant with respect to unitary basis
transformations. Finally, we use the γ5 definition that agrees with the lattice software,

[γ5]Euc =
[
γ1γ2γ3γ4

]

Euc =

(
1

−1

)

, (A5)

and note that the kinematic coefficients for vector form factors derived in Appendix C depend on a particular γ5
definition in terms of γµ, but the numerical lattice results are invariant as long as the same [γ5]Euc is used in both
Eqs. (54) and (30).
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Table IV: Correspondence between notations used in Minkowski M2 (metric {−,−,−,+}) and Euclidean Euc spacetime. Upon
transition M2 ↔ Euc, the quantities in the corresponding columns transform into each other.

Quantity [∗]M2 [∗]Euc
Coordinate (~x, t) = (xi, x4) (xi,−ix4)
Momentum (~p,E) = (pi, p4) (pi,−ip4)
Scalar product aµbµ (−aµbµ)

Plane wave e−ipx = e−iEt+i~p~x eipx = e−Ex4+i~p~x

γ-matrices (γi, γ4) (iγi, γ4)
“Slashed” vector /p = pµγµ (−i/p) = (−ipµγµ)
Dirac operator (/p−m) (i/p+m)

Spin matrix σµν (σij , σi4) (−σij , iσi4)
Spin matrix σµνqν (σiνqν , σ

4νqν) (σiνqν ,−iσ4νqν)

Appendix B: Electric and Magnetic Dipole Moments and Form Factors

In this Appendix section, we recall the connection between the form factors F2,3 and the magnetic and electric
dipole moments of a spin-1/2 particle. Although this is discussed in many textbooks, we find it useful to perform
a rigorous derivation expanding the matrix element (14) in the momentum transfer q = p′ − p and taking the limit
q → 0. For completeness and to avoid any ambiguities, in addition to the γ-matrices in Appendix A, we collect
all relevant conventions for E&M fields, 4-spinors, and their interaction. The discussion in this Section assumes
Minkowski conventions M2 with gµν = diag{−1,−1,−1,+1}.
The charged fermion-photon interaction is determined by the form of the “long” derivative,

Dµ = ∂µ + ieAµ, L = ψ̄(iDµγ
µ −m)ψ = ψ̄(i/∂ −m)ψ − eAµJ

µ , (B1)

which leads to the interaction Hamiltonian

Hint =

∫

d3x (−Lint) = e

∫

d3xAµJ
µ = e

∫

d3x (ρφ− ~J · ~A) (B2)

where the EM potential Aµ = ( ~A, φ), EM current Jµ = ( ~J, ρ), and the electric coupling (charge) e = |e|.
To evaluate the matrix element (14) in the interaction (B2), we use the chiral γ-matrix representation summarized

in Appendix A. The on-shell spinors satisfying the regular Dirac equation with a real-valued mass m > 0 and energy

E(′) =
√

m2 + ~p(′)2 take the form

up =

( √
E − ~p~σξ√
E + ~p~σξ

)

=
√
m
[
1 +

~p~Σ

2m
γ5 +O(~p2)

]
(
ξ
ξ

)

,

ūp′ =

( √
E′ − ~p′~σξ′√
E′ + ~p′~σξ′

)†
γ4 =

√
m

(
ξ′

ξ′

)†
[
1− ~p′~Σ

2m
γ5 +O(~p2)

]
(B3)

where Σk = 1
2ǫ
ijkσjk =

(
σk

σk

)

. We will use these spinors to evaluate matrix elements of the Hamiltonian (B2),

treating the E&M field as classical background. Note that in order to treat these matrix elements as the interaction
energy, the states must be normalized as non-relativistic,

Eint = 〈~p′, σ′|Hint|~p, σ〉NR = eAµ
1√

2E′ 2E
ūp′Γ

µ(p′, p)up
.
= eAµ〈〈Γµ〉〉 , (B4)

where we introduced the notation 〈〈X〉〉 = 1√
2E′ 2E

ūp′Xup for convenience and Γµ was introduced in Eq. (15). In the

limit of small spatial momenta |~p|, |~p′| → 0, only the spatial components σij give non-vanishing contributions when
contracted with the spinors (B3):

〈〈σij〉〉 = 1√
2E 2E′

ūp′σ
ijup = ǫijk ξ′†σkξ + O(|~p|, |~p′|) , 〈〈σ4k〉〉 = ūp′σ

4kup = O(|~p|, |~p′|) , (B5)
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Recalling the conventions [40] for the EM potential Aµ,

( ~E)i = − ∂

∂xi
A4 − ∂

∂t
( ~A)i , (B6)

( ~H)i =
(
curl ~A

)i
= ǫijk

∂

∂xj
( ~A)k , (B7)

(B8)

which result in the following field strength tensor Fµν and its dual F̃µν = 1
2ǫµνρσF

ρσ, ǫ1234 = +1

Fµν =








1 2 3 4
1 0 −H3 H2 −E1

2 H3 0 −H1 −E2

3 −H2 H1 0 −E3

4 E1 E2 E3 0







, (B9)

F̃µν =








1 2 3 4
1 0 E3 −E2 −H1

2 −E3 0 E1 −H2

3 E2 −E1 0 −H3

4 H1 H2 H3 0







, (B10)

where the rows and the columns are enumerated by µ and ν, respectively. With the following conventions for the
fermion and photon fields with definite momenta p(′) and q, respectively,

ψp(x) ∼ e−ipx , ψ̄p′(x) ∼ eip
′x , Aq,µ(x) ∼ e−i(p

′−p)x = e−iqx , (B11)

the derivatives acting on these fields are translated into factors of momenta,

/∂ψ = γµ∂µψ → γµ(−ipµ)ψ = (−i)/pψ , (B12)

Fµν(x) = ∂µAν − ∂νAµ → (−i)(qµAν − qνAµ) . (B13)

Applying the Gordon identity to Eq. (14) and omitting the FA form factor, we get

〈p′, σ′|Jµ|p, σ〉
✟✟CP

= ūp′
[
F1

(p′ + p)µ

2m
+ (GM + iγ5F3)

iσµνqν
2m

]
up,σ , (B14)

where GM = F1 + F2 is the magnetic Sachs form factor determining the full magnetic moment µ = Q+ κ = GM (0).
The first term is independent of the spin and is equal to the electromagnetic interaction of a scalar particle, which
we omit as irrelevant to the discussion. With the use of (A3) and (B13), the spin-dependent interaction energy takes
the form

Eint,spin = iqνAµ
[
eGM

〈〈σµν 〉〉
2m

− eF3
1

2
ǫµνρσ

〈〈σρσ〉〉
2m

]
=

1

2

(eGM
2m

Fµν −
eF3

2m
F̃µν

)
〈〈σµν 〉〉 . (B15)

Neglecting all but the leading order in O(|~p|, |~p′|), we only have to keep the spatial components 〈〈σij〉〉:

Eint,spin = −eGM
2m

~H · Σ̂− eF3

2m
~E · Σ̂ , (B16)

where the unit spin vector Σ̂ = ξ′†~σξ, |Σ̂| = 1. The coupling coefficients to the magnetic and electric fields in the
above equation have to be identified with the magnetic and electric dipole moments, respectively,

µN = GM (0) , dN = F3(0) . (B17)

both of which are expressed here in the particle magneton units e/(2m).
Note that the above derivation could be repeated for the chirally-rotated spinors and the nucleon-current vertex (13).

It can be easily shown that the only change compared to Eq. (B16) would be that the magnetic and electric fields

would couple to some orthogonal linear combinations of F̃2,3, and that these combinations would reproduce F2 and
F3 exactly in agreement with Eq. (25).
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Finally, we note that if one uses the chirally-rotated spinors to calculate the spatial matrix elements 〈〈σij〉〉, they
are reduced by a factor of cos(2α5) while the timelike matrix elements 〈〈σ4k〉〉 become non-zero:

e2iα5γ5σij = cos(2α5)σ
ij + sin(2α5)ǫ

ijkσ4k ,

e2iα5γ5ǫijkσ4k = − sin(2α5)σ
ij + cos(2α5)σ

4k .
(B18)

As we noted above, ūp′σ
ijup couples to the magnetic field, while ūp′σ

4kup couples to the electric field. This “mixing”
of electric and magnetic fields compensates exactly the mixing in Eq. (25) induced by using the chirally-rotated spinors
¯̃u, ũp instead of the regular spinors ūp′ , up.

Appendix C: Kinematic coefficients

In this section, we present expressions for the kinematic coefficients for form factors F1,2,3 on a Euclidean lattice.
We use two types of the polarization projectors, (1) spin-average T+ and (2) polarized T+

Sz
. Both projectors also

select the upper (positive-parity) part of the nucleon spinors

T+ =
[1 + γ4

2

]

Euc , T+
Sz

=
[1 + γ4

2
(−iγ1γ2)

]

Euc . (C1)

Form factor F3 can be extracted from µ = 3, 4 components of the vector current matrix elements between Sz-
polarized nucleon states. Using handy notations for the positive-parity nucleon spinor matrices,

S = −i/pEuc +m, S ′ = −i/p′Euc +m, (C2)

the form factor expression for the✟✟CP nucleon-current correlation function on a lattice C✟✟CP3pt = C✟✟CP
NJµN̄

can be written
as

Tr
[
TpolC✟

✟CP
NJµN̄

(~p′, t; ~q, top)] =
e−E

′(t−top)−Etop

2E′ 2E
Tr

[
eiα5γ5Teiα5γ5 S ′ ΓµEuc(p

′, p)S
]

=
e−E

′(t−top)−Etop

2E′ 2E
Tr

[(
T + iα5{γ5, T }+O(α5

2)
)
S ′ ΓµEuc(p

′, p)S
]
,

(C3)

where, assuming that the CP -odd interaction is small, we have expanded in the CP -odd mixing angle α5.
Below we quote formulas for contributions to the last line of Eq. (C3) computed for zero sink momentum ~p′ = 0,

source ~p = −~q , E =
√

m2 + ~q2 ,

sink ~p′ = ~p+ ~q = 0 , E′ = m,

with the nucleon spin projectors T+ and T+
Sz
. The α5-independent contribution is

Tr[T+S ′ΓµEucS] = 4m2






iq1/m −iτq1/m 0
iq2/m −iτq2/m 0
iq3/m −iτq3/m 0

2(1 + τ) −2τ(1 + τ) 0




 , (C4)

Tr[T+
Sz
S ′ΓµEucS] = 4m2






−q2/m −q2/m q1q3/(2m
2)

q1/m q1/m q2q3/(2m
2)

0 0 q23/(2m
2)

0 0 −i(1 + τ)q3/m




 , (C5)

where the rows correspond to the Lorentz components µ = 1, 2, 3, 4 and the columns correspond to the form factors
F1,2,3. We have also introduced the frequently used kinematic variable τ

τ
.
=

Q2

4m2

~p′=0≡ E −m

2m
. (C6)



26

The coefficients of the contributions ∝ α5 are

Tr[{γ5, T+}S ′ΓµEucS] = 4m2






0 0 −τq1/m
0 0 −τq2/m
0 0 −τq3/m
0 0 2iτ(1 + τ)




 , (C7)

Tr[{γ5, T+
Sz
}S ′ΓµEucS] = 4m2






0 iq1q3/(2m
2) 0

0 iq2q3/(2m
2) 0

−2iτ −2iτ + iq23/(2m
2) 0

−q3/m τq3/m 0




 . (C8)

Up to order O(α5), the✟✟CP nucleon correlation functions are7

Tr[T+C✟
✟CP
NJ3N̄

] = K
[

i
q3
m
GE +O(α5

2)
]

, (C9)

Tr[T+C✟
✟CP
NJ4N̄

] = K
[

2(1 + τ)GE +O(α5
2)
]

, (C10)

Tr[T+
Sz
C✟

✟CP
NJ3N̄

] = K
[

2τα5GM − α5
q23
2m2

F2 +
q23
2m2

F3 +O(α5
2)
]

, (C11)

Tr[T+
Sz
C✟

✟CP
NJ4N̄

] = K
[

− iα5
q3
m
GE − i(1 + τ)

q3
m
F3 +O(α5

2)
]

, (C12)

where GE = F1 − τF2 is the electric and GM = F1 + F2 is the magnetic Sachs form factor, and

K =
m

E
e−E

′(tsep−top)−Etop (C13)

is the time dependence combined with kinematic factors. In the analysis of the CNJN̄/CNN̄ ratios (60), the exponential
time dependence is canceled, and the kinematic coefficients have to be modified to take into account the traces of the
nucleon two-point functions:

KR =
m

√

2E(m+ E)
. (C14)

In addition, we evaluate the extra contributions to the kinematic coefficients∼ α5{γ5,ΓµEuc} that come from spurious
mixing of F2,3

Tr[T+S ′{γ5,ΓµEuc}S] = 4m2






0 0 2τq1/m
0 0 2τq2/m
0 0 2τq3/m
0 0 −4iτ(1 + τ)




 , (C15)

Tr[T+
Sz
S ′{γ5,ΓµEuc}S] = 4m2






0 −iq1q3/m2 −2iq2/m
0 −iq2q3/m2 2iq1/m
0 −iq23/m2 0
0 −2(1 + τ)q3/m 0




 , (C16)

which in Refs. [5–11] contributes to the polarized nucleon-current correlators as

δTr[T+
Sz
C✟

✟CP
NJ3N̄

]
?
= K

[

α5
q23
m2

F2 +O(α5
2)
]

, (C17)

δTr[T+
Sz
C✟

✟CP
NJ4N̄

]
?
= K

[

− 2iα5(1 + τ)
q3
m
F2 +O(α5

2)
]

, (C18)

If the terms (C17,C18) are erroneously added to the kinematic coefficients (C11,C12), analysis of the same lattice

correlation functions will result in incorrect values of EDFF F̃3 = F3 − 2α5F2, in full agreement with Eq. (25).
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