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Abstract

The measured B — D®|5 decay rates for light leptons (I = e,p) constrain all B — D®)
semileptonic form factors, by including both the leading and O(Aqcp/m. ) subleading Isgur-Wise
functions in the heavy quark effective theory. We perform a novel combined fit to the B — D[
decay distributions to predict the B — D® 7 rates and determine the CKM matrix element |Vep|.
Most theoretical and experimental papers have neglected uncertainties in the predictions for form
factor ratios at order Aqcp/mep, which we include. We also calculate O(Aqcep/mep) and O(o)
contributions to semileptonic B — D™ ¢ decays for all possible b — ¢ currents. This result has not
been available for the tensor current form factors, and for two of those, which are O(Aqcp/mep),
the corrections are of the same order as approximations used in the literature. These results allow
us to determine with improved precision how new physics may affect the B — D)7 rates. Our
predictions can be systematically improved with more data; they need not rely on lattice QCD

results, although these can be incorporated.



I. INTRODUCTION

Heavy quark symmetry [Il, 2] plays an essential role in understanding exclusive semilep-
tonic b — c/v mediated transitions, by providing relations between hadronic form factors.
At leading order in Agcp/mep, the symmetry also determines the absolute normalization
of form factors at the “zero recoil” point, vg = vy, corresponding to maximal invariant
mass, ¢2, of the outgoing lepton pair. Incorporating small corrections to the symmetry limit
permits a (hadronic) model-independent determination of |V| from exclusive decays. Re-
cently, the Babar [3] 4], Belle [5H7], and LHCb [§] measurements of the |V|-independent

ratios _
F(B — D(*)TD)

I'(B — D®Ip)’

renewed interest in these decays. The world average of R(D) and R(D*) is in tension with the

R(D™) = l=p,e, (1)

SM expectation at the 4o level [9]. This is intriguing as it occurs in a tree-level SM process,
while most new physics (NP) explanations require new states at or below one TeV [10].

Besides the search for new physics, understanding b — /v mediated semileptonic decays
as precisely as possible is also important for future improvements of the determinations of
the CKM elements |V,| and |V, both from exclusive and inclusive B decays, which exhibit
some tensions [9]. Depending on the particular measurement, some decay modes contribute
to the signals, some to the backgrounds. Future progress is essential for increasing the scale
of new physics probed by the Belle IT and LHCb experiments [11].

The main uncertainty in predicting R(D™) comes from the fact that the B — D™ 1o
decay rates depend on certain form factors, that only give m?/m?% suppressed contributions
to the differential rates for the precisely measured light lepton channels. Using heavy quark
effective theory (HQET), however, all B — D®) form factors are described by a single
Isgur-Wise function in the m.;, > Aqep limit. At order Agep/mecp, only three additional
functions of ¢? are needed to parametrize all form factors.

We perform the first combined fit to B — D™y differential rates and angular distri-
butions, including O(Aqcp/mep, as) terms in HQET, to constrain both the leading and
three subleading Isgur-Wise functions. This fit constrains all form factors, up to higher
order corrections, with uncertainties suppressed by O(Agcp/mZ, , ashqep/mep, 2). We
extract |Vy| and form factor ratios under various fit scenarios, that include or omit lattice

QCD and/or QCD sum rule inputs, and which provide checks of previously untested theory



assumptions or results. Most prior theoretical and experimental studies neglected HQET
relations for the form factors at order Aqep/mey or the correlations of the uncertainties in
the deviations from the heavy quark limit. Our fits fully incorporate these. These fits also
allow precise predictions of the B — D®) 7w rates and R(D™). Our predictions can be sys-
tematically improved with more B — D®[ data, and need not rely on lattice QCD results.
A similar approach to analyze B — D**l decays was recently carried out in Ref. [12].

We also compute, for all possible b — ¢ currents, the O(Aqcep/mep) and O(ay) contribu-
tions to the form factors. While the O(Aqep/m.p) corrections to the vector and axial-vector
matrix elements have been known for over 25 years [13], [14], the corrections for the tensor
current form factors are not explicitly available in past literature. Two of these form factors
vanish in the heavy quark limit, and receive unsuppressed corrections to the partial results,
also of order Aqcp/mep, used previously in the literature.

Section [lI] contains the HQET calculations of the form factors, including order Aqep/mep
and ay contributions, corresponding expressions for form factor ratios, and some details of
our numerical evaluations in the 1S5 scheme to avoid known bad behaviors in the pertur-
bation expansions. In Section we review analyticity constraints on the form factors,
parametrizations of the Isgur-Wise functions, and develop several fit scenarios consistent
with HQET, which we apply to the data. The results for |V,|, form factor ratios, and
R(D™) are discussed. Section [[V|concludes.

II. ELEMENTS OF HQET

A. Matrix elements to order Aqcp/mMep and o

We are concerned with matrix elements (D®)| Op |B), where a full operator basis is
Os =¢cb, Op =¢~°b, Oy =¢év'b, Ox=cEv"y°0, Or=ca™b, (2)

with o = (i/2)[v*,~"]. (The sign convention is fixed by o#*7° = —(i/2)e"*°,,, which
implies Tr[y#y"7°yP7°] = +4ie#*??.) The construction of the HQET expansion to order
O(Aqep/meyp) and O(ay) was developed in the early '90s [15] [16]; we summarize here the
central elements to establish our conventions.

The HQET allows model independent parametrization of the spectroscopy of heavy

mesons and some hadronic matrix elements between them. The ground state heavy quark



spin symmetry doublet pseudoscalar (P) and vector (V') mesons correspond to the light
degrees of freedom (the “brown muck”) in a spin- state combined with the heavy quark
spin. They form two states with angular momentum Jy p = % + % Their masses can be
expressed as

Ay (2Jpyv + 1)Ao N

m =m A — +
VP Qt 2777,@ QmQ

» (3)
where mg is the heavy quark mass parameter of HQET, A = O(Aqep), A2 = O(AéCD),
etc. To evaluate matrix elements relevant for semileptonic decays, it is simplest to use the
trace formalism [I7H19]. Including Agcp/me.p corrections, the B — D™ matrix elements
can be written as [20]
(DM|eTb|B)

= —¢(w) {Te[AS T B
+e.T[ASYTHO + oy e [AY T H®) } : (4)

where e, = A/(2m.;) and T is an arbitrary Dirac matrix. The pseudoscalar and vector
mesons can be represented by a “superfield”, which has the right transformation properties
under heavy quark and Lorentz symmetry,

1+

H@ —
v 2

(V¢ — P9;). (5)
The Aqep/me, corrections can be parametrized via [20]

1+ ; i [
H@L _ T¢ {VU(Q) [#La(w) + € v/ Ly(w)] — P\Y 55 Ll(w)}

1 _ N ~ ~
+ T¢ {VU(Q) [¢Ls(w) + € v'Lg(w)] — P ~, L4(w)} . (6)
It is convenient to use the dimensionless kinematic variable w instead of ¢* = (pp — ppe )?,

2 2 2
my + mi,, — X
/ B D& — 4 PB v Ppx . (7)

w=v-v = , v , =
2mpmp mp Mp(x)

In Eq. and hereafter, we absorb into the leading order Isgur-Wise function a heavy quark
spin symmetry conserving O(Aqep/mep) subleading term, which does not affect any model
independent predictions of HQET, via &(w) — &(w) + 2(e. + ) x1(w). The function x;
parametrizes the matrix element of the time ordered product of the kinetic operator in the
subleading HQET Lagrangian, Oy, = h, (iD)? h,/(2mg), with the leading order current. It
satisfies x1(1) = 0 [13], and hence £(1) = 1 is maintained. Reparametrization invariance [21]

ensures that this redefinition of {(w) is RGE invariant.
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The w-dependent L;_g functions are [20]
Li=—4(w -1 +12%s,  Lo=—4xs,  Ly=4xs,
Ly=2n—1, Ly=-1, Le=-2(14+n)/(w+1). (8)
Here the X33 terms in ﬁ1,273 originate from the matrix elements of the time ordered product
of the leading order current with the chromomagnetic correction to the Lagrangian, Opae =
(9s/2) Ry, G* by [/(2mg). Luke’s theorem implies x3(1) = 0 [I3]. The Lys6 terms arise
from Aqcp/mep corrections in the matching of the ¢I'b heavy quark current onto HQET,
%
clb— ¢y [T —ipT/(2m,) + FiB/@mb) + .. .}bv

The perturbative corrections to the heavy quark currents may be computed by matching

QCD onto HQET [17, 26l 27]. At O(as), the following operators are generated
cb — ¢y 1+04ng)

&b — Gy (1 4 G C'p)7 b, ,

(
3
b — Ty [(1 + G Cvy )" + di Cy v + G Cyy 0] by
GV — Cor [ (1 4 Gty Cay ) 9" + Gy Clay 0" 4 Gy Clag 0] 0B,
co"b = €y [ (14 a5 Opy ) o™ + &, Oy i (V"9 — v"*) + G Oy 1(0™y” — 0 yH)
+ Cr, (V™0 — v 0") b, 9)

where the Cr, are functions of w and z = m./my, and &5 = ag/m. (We follow the notation
of Ref. [15], while Ref. [16] uses C; = a,Cy; + ;1 and CP = a,Ca, + d;1.) Evaluating these
contributions using the leading order trace in Eq. leads to O(a,) modifications of the
coefficients of the Isgur-Wise function, £(w). In this paper we neglect O(a;e.y) corrections,
which can also be included straightforwardly (and should be, if NP is established).

The «y corrections for all five currents were computed in Ref. [27]. Appendix |A| contains
their explicit expressions, at arbitrary matching scale . The vector and axial-vector currents
are not renormalized in QCD, but the corresponding heavy quark currents have non-zero
anomalous dimensions, leading to p-dependence for Cy, and Cjy, for w # 1. The scalar,
pseudoscalar, and tensor currents are renormalized in QCD, and thus Cg, Cp, and Cp, are
also pi-dependent. In the MS scheme with dimensional regularization, the remaining Cr,

(j > 2) are scale independent.

L Our definitions of the subleading Isgur-Wise functions, X1,2,3, 1, and hence [:1“,6, are dimensionless due
to factoring out A, as done, e.g., in Refs. [16, 22] but not in Refs. [I3] [15]; the correspondence is obvious.

The QCD sum rule calculations [23H25] also compute these functions with the dimensionless definitions.
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B. B — D® form factors

We use the standard definitions of the form factors. For B — D decays,

(D|eb|B) = \/mpmp hs (w+1), (10a)
(D|&y’0|B) = (D|&y"+°b|B) =0, (10b)
(D|&y*b|B) = y/mpmp [hi(v+0' )" + h_(v—0")"], (10c)

(D|e0""b|B) = i/mpmp [hr (V0" — 0" 0")], (10d)

while for the B — D* transitions,

(D*|eb|B) = (11a)
(D*|&Yy°b|B) = —/mpmp- hp (¢ -v), (11b)
(D*| &y"b|B) = ix/mpmp- hy e v vz, (11c)

(11d)

(D*|ev"y°b|B) = /mpmps [ha, (w + 1)e™ — ha, (¢* - v)v" — ha, (" - v)v™],
(D*| " b|B) = —/mpmp- £"*? [hpyet(v +0')g + hryes(v — v')g + hpy (€ - v)vav) .

The ¢, —1, and w + 1 factors are chosen such that in the heavy quark limit each form factor

either vanishes or equals the leading order Isgur-Wise function,

he =hu, = hp, = hp, =0,
hy =hy =ha, = ha, = hs = hp = hp = hy, = €. (12)

Using Eqs. and @, one can compute all form factors to order O(Aqep/mep) and
O(as). It is convenient to factor out {(w), defining

h(w) = h(w)/&(w). (13)

By virtue of Eq. @, the B — DIv form factors only depend on two linear combinations of

subleading Isgur-Wise functions, Ly and Ly,

w41 R
h+—1+as[cv1+T(Cvz+CV3)} (ec +ev) L,
~ Cw+1 ~
h_ = a; 5 (Cvy, — Cvy) + (ec — €p) Ly,
hs = 1+ a, s + (eo+e9) (L1 — Ly 21

(g EcTE )
5= s O
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hr =1+ &,(Cr, — Cr, + Cr,) + (e + &) (L1 — L) . (14)
For the B — D*l form factors we obtain

ilv =1+a,Cy +€c(f/2 — L5) +5b(f/1 — f14) ,

R A ~ w—1 A ~ w—1

hA1:1+@SCA1+€C<L2—L5 )+€b(L1—L4 ),
w—+1 w

ha, = G5 Ca, + (L + Lg) ,

i:LA;g = 1+@S(CA1 +CA3) +€c(i2 — Ly + Le —i/5) +5b(f11 —i4),

ilp = 1+d80p+5c[ﬁ2+ﬁ3(w— 1) +.i/5 —ﬁﬁ(w+ 1)} —f-{-:b(.i/l —fz4)7

~ w—1 ~ ~

th =14+ ds |:CT1 + T (CT2 — CTS)i| + €CL2 + €bL1 ,

N Cw+1 ~ ~

hT2 = Q4 5 (CT2 + CTJ) + €CL5 — €bL4 s

]A1T3 = éés CT2 + €c(f/6 — fzg) . (15)

In Egs. and , the relations for the SM currents — that is, hy, h—, hy, ha,, ha,,
and h,, — agree with the literature, e.g., Refs. [16 20]. Because of Luke’s theorem, the
O(Aqcp/mep) corrections to hy, hg, ha,, and hy, vanish at zero recoil. To the best of our
knowledge, the expressions for hy and hg, ,, cannot be found in the literature. For hyz, and
hr,, which start at order Aqep/me.p, the partial results used in the literature (e.g., Ref. [28])
kept and left out terms, which are both order O(Aqep/mep).

The scalar and vector matrix elements in B — D transitions, and the pseudoscalar and

axial vector ones in B — D*, are related by the equations of motion

[7s(11) — e(p)] (D] €b|B) = (D] c¢b|B),
—[m(n) + ()] (D] &7°b| B) = (D*| e 4y° b|B) | (16)

in which g (u) are the MS quark masses at a common scale i, obeying

4 me
mQ:mQ(,u){l—i-ézs(g—ln,u—QQ)+...}. (17)
One can verify using m, = mp — A+ O(Agcp/my) and me = mpe — A+ O(Agp/me) that
the form factor expansions in Eqs. and satisfy these relations, including all O(e.p)
and O(ay) terms. We emphasize that this only holds using the MS masses at the common

scale pu. Using my(m,) and m,. (M) [29] in Egs. (16]), as done in some papers, is inconsistent.
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We prefer to evaluate the scalar and pseudoscalar matrix elements using Eqs. and
instead of Eq. , because the natural choice for p is below my, (or sometimes well below,
as in the small-velocity limit [30, [31]). In the MS scheme fermions do not decouple for p <
m, introducing artificially large corrections in the running, compensated by corresponding

spurious terms in the g-function computed without integrating out heavy quarks [32].

C. Decay rates and form factor ratios

The B — D[ differential rates have the well-known expressions in the SM,

dT(B = DIv) _ Gh[Val2 e miy

p— IR (2 (L G, (189)
dI'(B — D*lv)  G%|Va|? nEw m}
- TR T (0 — 1)M2 (0 + 1) (1 - 7p)?
dw 1 —2wrp- + 1. 5
1 F 18b
e IR, (18)
where 7 = mpe /mp and new =~ 1.0066 [33] is the electroweak correction. In addition,
1-— D
= h, — _ 1
g('ll)) + 1+TD ) ( 98’)
w—1
Flw)? = h‘jl{z(l —2wrp. +13.) (1 + Ry . 1) +[1=rp)+(w-1)(1- Rz)f}
X [(1—r *)2+4—w(1—2wr “+ 1) B (19Db)
b w+1 b b ’

and the form-factor ratios are defined as

h has + 7D hoa,
Ri(w) = —~ Ro(w) = 22 L D274

"~ ha,’ hoa,
In the heavy quark limit, Ry 2(w) = 1 and F(w) = G(w) = &(w), the leading Isgur-Wise

(20)

function. It is common to fit the measured B — D*[v angular distributions to Ry 2(w). To

O(ecp, ais), the SM predictions are

2 . .
Ry(w) =1+ 6,(Cy, = Cay) = — 3 (eoLa + ecLs) (21)
2

RQ(’LU) =1 +d8(CA3 +TD*CA2) — w+ 1

(Sbj/zl + Sczg)) + Ee [fz@(l + TD*) — [A/3(1 — TD*)} .

To include the lepton mass suppressed terms, one sometimes defines [28], 34] additional
form factor ratios

ha, — Trp<h
Ry(w) = "Aa — D"z Ro(w)

_ ha, (w4 1) —ha,(w—rpe) — ha, (1 —wrp«)
ha, '

(]-+TD*>hA1 (22)




All contributions of Rg3(w) are proportional to m2. (Ref. [34] defines R3 = ha,/ha,.) They
are not linearly independent from R;o(w), as there are only three form factor ratios in
B — D*(v in the SM. In the heavy quark limit, Rs(w) = Ro(w) = 1. At O(ecp, ), the

SM predictions are

Rg(U)) =1+ OACS(CAg — TD*CA2) — (61,[:4 + €CE5) + &c [Lﬁ(]_ — T’D*) — Lg(l + T’D*)] ,

w+1
. Cay(rps —w) — (1 —rpsw)Chy 2(w — rp+)
Ro(w) = 1 + &, =2 :

o(w) =1+4 1+7p- (14rp-)(1+w

) (€b£4 + €ci5)

1—’/“D*

+e. £3(w—1)—ﬁ6(w+1)1+r
D*

(23)

D. The 1S scheme and numerical results

The Cft coefficients defined in Eq. @ are functions of w and z = m./my, and thus depend
on the quark masses. As is well known, the pole mass of a heavy quark contains a leading
renormalon ambiguity of order Aqcp, and so does the HQET parameter A, as they are
ill-defined beyond perturbation theory. The ambiguity is canceled by a corresponding ambi-
guity in the perturbation series, connected to factorial growth of the coefficients of &” [35-39].
The cancellation comes about as a non-analytic term connected to the asymptotic nature of
the perturbation series, e~/ ~ (Agep/M)%0/4™  where 3y = (11 — 2n;/3) is the first
coefficient in the expansion of the § function. For example, Eq. implies at zero recoil,
Ri(1) =~ 1+46as/3 + .+, — 25m(1), where the order 420, terms are also known [22]. The
leading renormalon corresponding to the worst behavior of the &I power series is canceled
by the ambiguity in A within the . + g, term. The —2gn(1) term, however, does not
contribute to this leading renormalon cancellation, as the only participating terms are those
A/ me.p terms not multiplied by any subleading Isgur-Wise functions.

The a perturbation series is known to be poorly convergent for many B decay processes
already at O(a?), when expressed in terms of the pole mass. To ensure the order-by-
order cancellation of the fastest factorially growing terms, it is convenient to reorganize the
perturbation series in terms of a suitable short-distance mass scheme, instead of the pole
mass. We use the 1.5 scheme [40H42], which has been tested in the calculations of numerous
observables. (Using the MS mass yields a poorly behaved perturbation series, for the reasons
mentioned at the end of Sec. [IB] Other possible short-distance mass schemes include the

PS mass [43] or the kinetic mass [44].)



The 1S scheme defines mi® as half of the perturbatively computed Y(1S5) mass. It is
related to the pole mass as m}¥ = my (1 — 2a2/9 + ...) [40H42], so that we may treat the
pole mass as the function my(mi®) = m}%(1+2a2/9 + ...). Neglecting higher order terms,
as done throughout this paper, is a good approximation in all cases where they are known,

including the evaluation of Ry 5 [22]. We adopt the inputs [45],
= (4714£0.05)GeV,  dmpe = my — me = (3.40 £ 0.02) GeV (24)

from fits to inclusive B — Xl spectra and other determinations of m}°. We eliminate m,.

using m. = my(m}®) — dmy,, and extract A via

A= mpg — mb(més) + Al/(Zm;S) . (25)

Here mp = (mp + 3mp+)/4 ~ 5.313GeV is the spin-averaged meson mass, and we use
A1 = —0.3GeV? [45]. Enforcing the cancellation of the leading renormalon is equivalent to
using my(m®) — miS everywhere in Egs. and ([15]), except in the A/m., terms that
are not multiplied by subleading Isgur-Wise functions.

We match the QCD and HQET theories at scale u? = mym,., corresponding to oy ~ 0.26.
The 15 scheme then yields, for example, the following SM predictions for Ry »(1)

Ry(1) ~1.34 — 0.127(1),
Ry(1) ~ 0.98 — 0.427(1) — 0.54 xo(1). (26)

For R ,(1) we obtain

R)(1) ~ —0.15 + 0.06 (1) — 0.127/(1),
R,(1) ~ 0.01 — 0.54 ¥5(1) + 0.21 (1) — 0.427/(1) . (27)

For completeness, the similar relations for Ry 3 are

~1.19 — 0.26 (1) — 1.20 x2(1)

12

)
) = 1.09 + 0.257(1),

) ~ —0.08 — 1.20 5(1) + 0.13 (1) — 0.26 /(1) ,

R)(1) ~ —0.18 + 0.87 L2(1) + 0.06 (1) + 0.25 7 (1) . (28)
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III. COMBINED FIT TO B — D*lv AND B — Dl
A. Parametrization of the w dependence

Unitarity and analyticity provide strong constraints on the shapes of the B — D&/
form factors [46-51]. It is common to employ a parametrization of the B — D/ form factor
G(w), defined in Eq. (19), via the conformal mapping z(w) = (vw + 1—v2)/(vw + 1+/2).
Unitarity constraints yield, e.g., G(w)/G(1) = 1 —8p?z + (51.p> — 10.)z* — (252.p* — 84.) 2%,
in which p?> = —G’(1)/G(1) is a slope parameter [48]. The convergence of this expansion
may be optimized by parametrizing it in a way that minimizes the range of the expansion

parameter, via

z.(w)

_Vutr1-V2a a:<1+m>”{ (29)

CVw+1++v2a’ 2./TD
For B — DIv, |z,| < 0.032. The unitarity constraints suggest a form factor parametrization

of the form
Gw)
G(wo)
Here wy = 2a*> — 1 ~ 1.28 is defined such that z,(wg) = 0, while Vo ~ 57. and Vo ~ 7.5

~1—8a’p2z + (Varpl — Vo) 22 - (30)

are obtained numerically from Ref. [48]. The uncertainty in the coefficient of the z? term in
Eq. may be sizable [48]. However, the impact of this term on the physical fit results is
expected to be small.

The leading order Isgur-Wise function, £(w), may be extracted from the parametrization
in Eq. by using Eqgs. and ([13). Keeping terms to O(e.,(w—1)), we can approximate

the subleading Isgur-Wise functions as

Xo(w) ~ %o(1) + Xo(D(w = 1), Xs(w) = 5()(w—=1),  n(w) ~n(1) +7'(1)(w-1),
(31)
since x3(1) = 0. One finds at O(e.p, ay),
1—
% ~ 1 - 8a’plz + 2 {Vmpi — Voo + (e — &0) [2577’(1) T :ﬂ

+ (ep + &0) {E [12X5(1) — 4X2(1)] — 16[(a® — 1) E — 16a"] x;(1)}

CVg (wo) + 7“DCYV2 (w0> C{/s (U}U) + TDC{/z (wo)

+ as {E (C’{/l(wo) + ) + 2a*(E — 32a?)

1—{—7’[) 1—|—7"D
Ct (wg) + rpC¥ (w
_ a8 G5! 0)1+7~DD AC) —32a40(;1(w0)”, (32)
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where = = 64a'p? — 16a® — Vy;. The slope parameter p? = —¢&'(wy)/&(wy) is related to the
slope ¢ = /(o) /G (up) via

~! ~ ~/ ! I—r
pr—pi = (e o) [12(1) — 4xe(1) — 16(a” = D)xa(D)] +2(e — een' (1)1 TZ
C Cy
+ AS TDCVQ (UJ(]) + CVg(wO) + C(/l (wo) + 2@2 D Vo (U}()) + V3 (wo) (33)

1+7rp 14+7rp
Enforcing £(1) = 1, one may directly extract &(wy) via evaluation of Eq. at the zero recoil
point, z,(w = 1) = (1—a)/(14a), and thereby obtain a properly normalized parametrization
for £(w). Since n(1) does not appear in Eq. (32)), this implies that constraining &(w) in itself
does not constrain 7(1), which is the largest unknown contribution in R; o(1).

This expression for &(w), combined with the HQET expansions in Egs. and ,
allows one to parametrize all B — D™ form factors in terms of six parameters: p2, Y2(1),

X5(1), ¥4(1), (1) and 5’(1). The normalizations of the form factors are also fixed by Eq. (32),

thus |V,,| may be determined from a global fit to overall rates without using lattice results.

B. QCD sum rule inputs

The subleading Isgur-Wise functions have only been calculated using model dependent
methods, and are not yet available from lattice QCD. The two-loop QCD sum rule (QCDSR)
calculations [23H25] imply that the subleading Isgur-Wise function n(w) is approximately
constant. The functions X2 3, which parametrize corrections from the chromomagnetic term
in the subleading HQET Lagrangian, are small, in agreement with quark model intuition.

The QCD sum rule results are obtained at a fixed scale. The scale dependence can be
removed from Yo 3 by defining “renormalization improved” functions, x5% [16]. These are
obtained by multiplying the results of Refs. [23, 24] for Y3 by [as(A)]¥% ~ 1.4, where
A ~ 1GeV and Sy = 9 for three light flavors. For these renormalized subleading Isgur-Wise

functions, we use
X5 (1) = —0.06 £ 0.02, Xo (1) = 0+0.02, X5 (1) = 0.04 +0.02,
n(1) =0.62+0.2, n'(1) =0+0.2. (34)

These central values reproduce L, ¢ in Ref. [48], often used to predict Ry, and R(DW™).
We assign relatively large uncertainties, to permit assessment of possible pulls of the

experimental data from these QCDSR predictions. Replacing o3 with x5, the Wilson
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coefficient of the chromomagnetic operator receives a corresponding o, (14)%/% factor at the
matching scale = /my, m,, partly canceling the above [o (A)]3/P0 enhancement. For ease of
comparison with the literature we ignore this, as it can be viewed as a higher order correction,
and is in any case covered by the large assigned uncertainties. We ignore correlations in the
QCDSR results (arising from the common calculational method), which is conservative.

Using Egs. in Egs. yield expressions for R o(w) as polynomials in (w — 1), with
the coefficients and their uncertainties correlated by HQET. In Ref. [48], the central values
in Eq. were used to write Ry o(w) as quadratic polynomials, without quoting any theory
uncertainties on their slopes and curvatures. It subsequently become standard practice in
experimental |Vep| and R; o measurements to fit for R (1), while fixing R} ,(1) and R{ ,(1) to
their quoted central values [48]. Such an approach is inconsistent with the simultaneous use
of the HQET constraints and the QCDSR results. For example, the present world average
central value, Ry (1) ~ 1.4, cannot simultaneously satisfy the HQET prediction for R;(1) in
Eq. and the QCDSR expectation n(1) > 0, which holds at the 3o level, and is used
elsewhere in the same fit. A consistent treatment of these form factor ratios is absent from
the derivations of the state-of-the-art predictions for R(D®™)) in the SM (except for LQCD
R(D) predictions) and in the presence of new physics [28|, 34].

We now proceed to assess the importance of obeying the HQET relations between different
form factors, and of including the uncertainties in the QCDSR predictions in Eq. . These

effects will be important in the future, to systematically improve the SM predictions.

C. Fit scenarios

A simultaneous fit of the six parameters p?, X2(1), x5(1), X4(1), n(1), and 1’(1) to the
B — D™ rates can be carried out with the present data. Such a fit fixes both the shapes
and normalizations of the B — D™ rates, without any theory input other than the HQET
expansion. However, one expects large uncertainties at present, because of the limited
experimental precision and the number of subleading HQET parameters. One may instead
use QCD sum rule predictions and/or lattice QCD results to constrain the fit, increasing
sensitivity to p2. The fit propagates the uncertainties on the subleading Isgur-Wise functions
into the fit result, and allows the data to further constrain the subleading contributions.

Our fit relies on the HQET predictions and unitarity constraints to determine the ratios
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and shapes of the form factors. The form factors at zero recoil, G(1) and F(1), have been
computed in lattice QCD (LQCD), providing state-of-the-art predictions for the normal-
izations of the B — D™I[p rates. The most precise lattice QCD predictions at zero recoil
are [52] 53]

G(1)Lgep = 1.054(8), F(1)Lgep = 0.906(13) , (35)

where we combined the quoted systematic and statistical uncertainties. Although these
normalizations may be expected to drop out of the predictions for R(D™), they do influence
the fit to the differential decay distributions and hence the resulting form factor ratios.

Making use of these lattice constraints leads to our first fitting scenario:

m Rescale the B — D and B — D* form factors in the fit by G(1)rqcp/G(1) and
F(1)rqep/F(1), respectively, such that the rates at w = 1 agree with the lattice
predictions. We refer to this fit as “L,—1”.

Measurements of the rate normalizations are, however, subject to relatively large system-
atic uncertainties. For example, the calibration of the hadronic tagging efficiency produces
systematic uncertainties of the order of a few percent [54]. To compare the best-fit shapes

without lattice constraints and such systematic effects, we consider a second scenario:

m Allow the normalizations of the B — DI7 and B — D*1¥ rates to float independently.
This approach only uses B — D®)[ shape information to constrain the form factors,
but no theory input for the normalizations at zero-recoil, and is independent of lattice

information. We refer to this fit as “NoL”.

For each fit, we apply (relax) the QCDSR constraints, exploring a “constrained” (“uncon-
strained”) fit. The QCDSR constrained fits are denoted with a suffix “+SR”. Both L,—;
and NoL fits alter the overall normalizations the B — DI and B — D*Iv rates, but leave
the HQET expansions of the form factors unchanged. Thus, they can be considered as
introducing an extra source of heavy quark symmetry breaking in the normalizations (to
effectively account for higher order effects), while still preserving the form factor relations
independently in Egs. and .

Since lattice QCD predictions are also available for w > 1 for the B — DIv form factors
f+(w) and fo(w), it is possible to obtain a prediction for the slope parameter, p?, from them.

This leads to a third fit approach, namely:
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Lattice QCD
Fit QCDSR Belle Data
FQA)  frol)  fro(w>1)
Lyy=1 — v v — v
L,=1+SR v v v — v
NoL — — — — v
NoL+SR v — — — v
Ly>1 — v v v v
Ly>1+SR v v v v v
th:L,>1+SR v v v v —

TABLE I. Summary of theory and data inputs for each fit scenario. All use the HQET predictions

to order O(Aqcp/mep) and O(ay), as well as the unitarity constraints.

m Extract £(w), including the slope parameter p?, by fitting to the w > 1 lattice QCD
data for B — D, and apply it simultaneously with the LQCD normalization of B — D*
at w = 1. We refer to this fit as “L,>;".

In a “theory only” version of this fit, denoted by “th:L,,>;4+SR”, one fully constrains the
B — D®|p differential rates without any experimental input; the only fit is to lattice data
and QCDSR constraints. For the “L,,>;+SR” fit, we combine the w > 1 B — D and w =1
B — D* lattice data with QCDSR constraints and the experimental information, to include
all available information and explore possible tensions. We summarize the inputs of the
various fit scenarios pursued in this paper in Table [

All fits explored in this paper use the unitarity constraints. The consequences of relaxing
the unitarity constraints between the slope and the curvature terms in Eq. will be

explored in detail elsewhere [55].

D. Data and fit details

To determine the leading and subleading Isgur-Wise functions and |V|, we carry out a
simultaneous fit of the available B — D[ spectra. There are only two measurements [54)

56] which provide kinematic distributions fully corrected for detector effects. The measured
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recoil and decay angle distributions are analyzed simultaneously by constructing a standard
x? function. Common uncertainties (tagging efficiency, reconstruction efficiencies, number of
B-meson pairs) should be treated as fully correlated between the two measurements and we
construct a covariance using Table IV in Ref. [56] and Table IV in Ref. [54]. While Ref. [56]
provides a full breakdown of the total uncertainty for each measured w bin, Ref. [54] only
provides a breakdown for the total branching fraction. To construct the desired covariance
between both measurements, we thus assume that there is no shape dependence on the
tagging and reconstruction efficiency uncertainty of Ref. [54]. Comparing this with the mild
dependence on these error sources in Ref. [50], this seems a fair approximation of the actual
covariance. To take into account the uncertainties of mgs and dmy,., we introduce both as
nuisance parameters into the fit, assuming Gaussian constraints with uncertainties given in
Eq. . The x? function is numerically minimized and uncertainties are evaluated using the
usual asymptotic approximations by scanning the Ax? = 2. —x2,, contour to find the +1
crossing point, which provides the 68% confidence level. The constraints from lattice QCD
predictions and/or QCD sum rules are incorporated into the fit assuming (multivariate)
Gaussian errors and are added to the y? function.

The full fit results are shown in Table [T The “L,—;” unconstrained fit, i.e., using only

the lattice normalizations at w = 1, yields
V| = (38.8+1.2) x 1072, (36)

to be compared with the current world average [29] |V,| = (42.2 + 0.8) x 107 and
|Vip| = (39.2 4 0.7) x 1073, from inclusive and exclusive b — ¢l decays, respectively. The
uncertainties of the subleading Isgur-Wise parameters are sizable. There is no sensitivity
to disentangle 7/(1) from p?, so we fix 1/(1) to be zero for all QCDSR unconstrained fits.
Including the QCDSR constraints in the “L,,—;+SR” fit yields

Vap| = (38.5+1.1) x 1072, (37)

resulting in almost the same |V;| value. The normalization of 7(1) is comparable between
these two fits, at about half the value of the QCDSR expectation. Both fits have reasonable
x? values, corresponding to fit probabilities of 64% each.

Neglecting all subleading Aqgcp/me.p contributions in the “L,—,” fit results in a poorer

overall x2. The value of |V,,| decreases slightly, [V.,| = (38.2 4+ 1.1) x 1073, with x* = 62.6
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Lu—1 Lu,—14+SR NoL NoL+SR Lu>1 Lu>14+SR | th:L,>1+SR
X2 40.2 44.0 38.7 43.1 49.0 53.8 7.4
dof 44 48 43 47 48 52 4
[Vip| x 103 | 38.8+1.2 385+ 1.1 — — 391411 39.3+1.0 —
G(1) 1.055 +0.008  1.056 4 0.008 — — 1.060 +0.008  1.061 4 0.007 | 1.052 4 0.008
F(1) | 0.904+0.012 0.90140.011 — — 0.898 £ 0.012  0.895 = 0.011 | 0.906 + 0.013
P 1174012 1194007 | 1.06+£0.15 1194008 | 1.33+£0.11  1.24+006 | 1.24+0.08
Ra2(1) —0.2640.26 —0.07+£0.02 | 036+062 —0.06+£0.02 | 0.13+£022 —0.06=+0.02 | —0.06 =+ 0.02
(1) 0214038 —000+£002 | 0.14+039 —0.00+0.02 | —0.36£0.28 —0.00+0.02 | —0.00 = 0.02
(1) 002+£0.07  005+002 | 0.18+0.19  0.04+0.02 | 0.09+0.07  0.05+0.02 | 0.04+0.02
n(1) 0304004 0304003 | —0.56+0.80 0.35+0.14 | 0.30+0.04  0.30+0.03 | 0.31+0.04
(1) 0 (fixed) ~ —0.12:+0.16 | 0 (fixed)  —0.11+£0.18 | 0 (fixed)  —0.05+0.09 | 0.05+0.10
miS [GeV] | 4704005  470+0.05 | 4714005  470+005 | 4714005 4714005 | 4.71+0.05
Smpe [GeV]| 3404002 3404002 | 3404002  340+0.02 | 3.40+0.02  3.40+0.02 | 3.4040.02

TABLE II. Summary of the results for the fit scenarios considered. The correlations are shown in

Appendix

for 48 dof, corresponding to a fit probability of 8%, which is still an acceptable fit. The
slope parameter becomes p? = 0.93 & 0.05, below those obtained including the Aqcp/mep
corrections. The uncertainty of p? is noticeably smaller due to the smaller number of degrees
of freedom in this fit. The value of V| is only weakly affected by this shift in p2.

In the “NoL” fits, using no LQCD inputs, we use only shape information to disentangle p?
from the subleading contributions, while allowing the B — DIv and B — D*Iv channels to
each have arbitrary normalizations (these fits cannot determine |V,|). This results in large
uncertainties in the QCDSR unconstrained fit. Again, 7/(1) and p? are strongly correlated,
so the former is fixed at zero. Including the QCDSR constraints in the “NoL+SR” fit yields
results close to those in the “L,—;+SR” fit.

In the “th:L,,>;+SR” scenario, which uses no experimental data, fitting the parametrized
&(w) to the six lattice points for fy o(w) in Table[[l] and F(1) in Eq. (35), results in a slope
parameter

P2 =1.2440.08. (38)

The fitted w spectra are shown in Fig. 1| (gray curves), together with the lattice data points.
The x? of the fit is 7.4, corresponding to a fit probability of 11% with 7 — 3 = 4 degrees
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Form factor w=1.0 w = 1.08 w=1.16

f+ 1.1994 £+ 0.0095 1.0941 +0.0104 1.0047 £ 0.0123
fo 0.9026 £ 0.0072  0.8609 £ 0.0077  0.8254 £ 0.0094

TABLE III. The predictions for the form factors f, o at w = 1.0, 1.08, 1.16 using the synthetic
data results of Ref. [53]. The correlations can be found in Table VII in Ref. [53].
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FIG. 1. The “th:L,>1+SR” fit of the form factors fi o to the lattice points listed in Table [[T]]
is shown (gray solid line). The dashed gray lines correspond to the 68% errors. The dark blue
line shows the fi o best fit for “L,>1+SR”, using lattice points, experimental information, and

QCDSR constraints. The blue band displays the corresponding 68% CL of this fit.

of freedom. The value for the slope is in good agreement with the slope obtained from the
QCDSR constrained and unconstrained “L,,—;” and “NoL” fits.

In the “L,>;” fit, all six lattice points for fi o(w) in Table and F(1) in Eq.
are fitted together with the available experimental information. Once again, 7/(1) is fixed
to zero, as it is strongly correlated with p2. The fit has x? = 49, corresponding to a fit
probability of 43%. For |V,|, this fit yields

V| = (39.1+£1.1) x 1072, (39)

which is slightly higher than the “L,—;” result. The value of p? is also higher.

In the “L,>1+SR” fit, the QCDSR constraints are included, so that all theory and ex-
perimental information is incorporated. The resulting differential B — D™ distributions
are shown in Fig. 2 overlaid with the experimental data, as well as the predictions for the

B — DWrp differential rates. The fit has x> = 53.8, corresponding to a fit probability of
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FIG. 2. The measured B — D™ decay distributions [54, 56] compared to the best fit contours
(dark blue curves) for the “L,,>1+SR” fit, using LQCD at all w and QCDSR constraints. The blue
bands show the 68% CL regions. The orange curves and bands show the central values and the

68% CL regions of the fit predictions for dI'(B — D™ 75) /dw.

44%. For |V,| the fit gives
V| = (39.3 £1.0) x 1072 (40)

This is higher than the “L,—;+SR” result, because the value of p? is also higher.

The correlation matrices for all fits are shown in Appendix In the “Ly,=;" and “Ly,>;"
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type fits, moderate correlations are seen between |Vy|, G(1), and F(1), as expected. The
correlations are sizable in these fits between p? and the subleading Isgur-Wise functions.

A more detailed study of these effects, in particular the extraction of |V|, will be pre-
sented elsewhere [55]. A first comparison with the CLN parametrization [48], as implemented
by previous experimental studies, can be done by considering the results for the form factor
ratios Ry and Ry, defined in Eq. (20)). Figure [3|shows the extracted values of Ry (1) for all
fit scenarios. The results agree with each other and with the world average of R;(1) and
R5(1) [9] shown by black ellipses, up to a mild 1o tension. Firm conclusions are difficult
to reach, as it is impossible to assess how the experimental results would change, had the
uncertainties in the quadratic polynomials used to fit R; »(w) been properly included. When
the QCDSR constraints are used, the central values satisfy R;(1) < 1.34, as required by the
HQET prediction in Eq. and the constraint n(1) > 0.

E. R(D®™) and new physics

Using the fitted values for p2, X2(1), X5(1), X4(1), (1), and 7/(1), one can predict R(D®))
in the SM and for any new physics four-fermion interaction. Figure [4] and Table [V]summa-
rize the predicted values of R(D™) in the SM for the seven fit scenarios considered. Our fit
results for R(D) are in good agreement with other predictions in the literature [57, [58]. All
our fits using lattice QCD inputs yield R(D*) above those in Ref. [34]. This slightly eases the
disagreement with the world average measurement [9]. The significance is calculated from
x? statistics, taking into account the full covariance of the theory prediction and the world
average measurement. The tension between our most precise “L,,>;+SR” fit and the data
is 3.90, with a p-value of 11.5 x 1075, to be compared with 8.3 x 107 quoted by HFAG [9].
The precision of this prediction is limited by that of the input measurements and LQCD
inputs, and can be systematically improved with new data from Belle II or LHCb.

To derive a SM prediction for R(D*), Ref. [34] used the measured Rs(1) form factor
ratio [9] and the QCDSR predictions to obtain Ry(1) = 1.14 + 0.11. In comparison, our
“Ly>1+SR” fit results yield

Ro(1) =1.17+£0.02,  Ry(1) =1.1940.03. (41)
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Scenario R(D) R(D*) Correlation
Ly=1 0.292 + 0.005 0.255 + 0.005 41%
Ly=1+SR 0.291 £ 0.005 0.255 £ 0.003 57%
NoL 0.273 £ 0.016 0.250 £ 0.006 49%
NoL+SR 0.295+0.007  0.255 £ 0.004 43%
Ly>1 0.298 £ 0.003 0.261 + 0.004 19%
L,>1+SR 0.299 4+ 0.003 0.257 £+ 0.003 44%
th:L,>1+SR 0.306 £ 0.005  0.256 £ 0.004 33%
Data [9] 0.403 £+ 0.047 0.310 £ 0.017 —23%
Refs. [53, 57,59 | 0.300 £ 0.008 — —
Ref. [58] 0.299 + 0.003 — —
Ref. [34] — 0.252 + 0.003 —

TABLE IV. The R(D) and R(D*) predictions for our fit scenarios, the world average of the data,
and other theory predictions. The fit scenarios are described in the text and in Table [ The bold

numbers are our most precise predictions.

The precision on Ry(1) improves five-fold compared to Ref. [34] and is in good agreement.

In Fig. |p| we illustrate the impacts NP might have on the allowed R(D) — R(D*) regions,
assuming the dominance of one new physics operator in a standard four-Fermi basis. NP
couplings are permitted to have an arbitrary phase, generating allowed regions rather than
single contours. We display the allowed regions generated for the “NoLL+SR” best fit values;
the “L,>1+SR” best fit values; and for leading order contributions only, i.e., as, €., — 0,
with p?2 = 1.24. The small variation between the “NoL+SR” and “L,>;+SR’ regions
illustrates the good consistency of the predictions obtained with and without LQCD. On
each plot, we also include for comparison the corresponding contours (dashed lines) produced
by a NP Oy — O4 coupling. The latter rescales R(D) and R(D*) keeping their ratio fixed.
Solid dots indicate the SM point for each case. For scalar currents, if NP only contributes
to Og (Op) then only R(D) (R(D*)) is affected in accordance with Eq. (Eq. (11a)),
respectively. We plot the allowed regions for the Og 4+ Op linear combinations, which are

also motivated by specific NP models.
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FIG. 5. The allowed ranges of R(D) — R(D*), due to one of the new physics operators in addition
to the SM: Ogs — Op (top left), Og + Op (top right), Oy + O (bottom left), Or (bottom right).

IV. SUMMARY AND OUTLOOK

We performed a novel combined fit of the B — DIv and B — D*Iv differential rates
and angular distributions, consistently including the HQET relations to O(Aqcp/Mep, @s).
Under various fit scenarios, that use or omit lattice QCD and QQCD sum rule predictions, we
constrain the leading and subleading Isgur-Wise functions. We thus obtain strong constraints
on all form factors, and predictions for the form factor ratios R, » as well as R(D(*)), both in
the SM and in arbitrary NP scenarios, valid at O(a;) and O(Aqep/mecyp). Our most precise
prediction for R(D™), in the “L,>;+SR” fit, using the experimental data and all lattice
QCD and QCDSR inputs is

R(D) =0.2994+0.003,  R(D*) = 0.257 & 0.003, (42)
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with a correlation of 44%. The same fit also yields |V.,| = (39.3+1.0) x 1073, which is in good
agreement with existing exclusive determinations. All possible b — ¢ current form factors
are derived at O(Aqcep/mep) and O(as), including those for a tensor current, previously
unavailable in the literature at this order. A lattice QCD calculation of the subleading
Isgur-Wise functions, or even just those which arise from the chromomagnetic term in the
subleading HQET Lagrangian (x2,3), would be important to reduce hadronic uncertainties in
both SM and NP predictions, complementary to a long-awaited lattice calculation of R(D*).
At the current level of experimental precision, our predictions agree up to mild ten-
sions with previous results, which neglected the HQET relations for the uncertainties of the
O(Aqep/meyp) terms. Our fit results are consistent with one another, and at the current
level of precision we find no inconsistencies between the data, lattice QCD results, and QCD
sum rule predictions. Our fit using all available lattice QCD and QCD sum rule inputs and
HQET to order O(a, Aqep/meyp) yields the most precise combined prediction for R(D) and
R(D*) to date. However, in principle, our fit need not require either lattice or sum rule
input, and its precision can be improved simply as the statistics of future data increases.
The (moderate) tension between the measurements of |Vg| from inclusive and exclusive
semileptonic decays probably cannot be resolved with current data. Understanding how the
inclusive rate is made up from a sum of exclusive channels has been unclear from the data for
a long time [60], and puzzles remain even in light of BaBar and Belle measurements [61}, [62].
A more detailed examination of the effects of the unitarity constraints and the precision
extraction of |V| is the subject of ongoing work [55]. We are also implementing the full
angular distributions of the measurable particles [63, 64] into a software package, hammer [65],

66], based on the state-of-the-art HQET predictions for all six B — D, D*, D** decay modes.
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Appendix A: The O(a;) corrections

In this appendix we summarize the explicit expressions for the Cr(w) functions defined

in Eq. @D, calculated in Ref. [27]. The following results use the MS scheme and correspond
to matching from QCD onto HQET at pu = /m.m,

Cs =

Cp =

Cy, =

Cy, =

- 62(w — w,)

- 6z(w — w,)?

1
z(w — w,)
1
222 (w — w,)?

[2z(w —w)Qw) — ((w—1)(z + 1)?r(w) — (*— 1) In z)} , (Ala)
[(z — D [(w(z* = B+2w)z* + 2 — 1) + (2 + 3)2)r(w) + (2* — 1) Inz]

—2z(w, —w)(z — 1+ (2 + 1)zlnz) + 42*(w — wz)zﬁ(w)} . (Alb)

[Q(w +1)(Bw —1)z — 2> = 1)r(w)
+ (125(w, — w) — (2 — 1) Inz) + 42(w — wz)Q(w)], (Alc)
—1 2 2 2 3
m [((4w +2w)z" — 2w +5w—1)z — (w+1)2° + 2)7“(w)

+2(2(z = D(w, —w) + (2* — (4w — 2)z 4+ (3 — 2w)) In z)], (A1d)

m [((2w2 45w — 1)2% — (4w? + 2w)z — 22° + w + 1)r(w)
+ (22(2 = V(w, — w) + (3 — 2w)2> + (2 — 4w)z + 1) In z)], (Ale)
_ 6Z(w1_ o 23w = 1) (3w + 1)z = 22 — 1)r(w)
+ (125(w, — w) — (2 — 1) Inz) + 42(w — wz)Q(w)] , (A1f)
-1

[((411}2 —2w)2* + (2w — 5w — 1)z + (1 — w)z" + 2)r(w)
+2(2(z + D) (w; —w) + (2* = (4w +2)z + 2w+ 3)) In z)], (Alg)
! [(223 + (2w® — 5w — 1)2% + (4w® — 2w)z —w + 1)r(w)

+(22(2 + 1w, — w) — (2w +3)2% — (4w + 2)z+ 1) In z)} . (A1h)

_ 32(w1— o [(w = 1)((4w+2)z = 2* = )r(w)

+ (62(w, —w) — (22 — 1) Inz) + 22(w — wz)Q(w)} , (Ali)
- m [(1 — w2)r(w) + zIn z] , (A1)
_ ﬁ [(w—2)r(w) +1n 2], (AlK)

25



and C7, = 0. Here z = m./m;, and the functions

O(w) = 2\/% [2Lip(1 — w_z) — 2Lis(1 — w, 2) + Lip(1 — w?) — Liz(1 — w*)]

—wr(w)lnz+1, (A2)

where Lig(x) = ff In(1 — t)/tdt is the dilogarithm, and

r(w)E%, we =w+ Vw2 —1, sz%(z—Fl/z). (A3)
At the zero recoil point, w =1,
Cs(y=-2,  Cpl)=1,
Cri (1) = —g e Gu) = _2(13-(12;2);112) (1) = 22%(1;12“) ,
OA1(1):—§—ij ln2z, 2
Cu(l) = 2[3-2 —3(2’1 i—i)53— 2)z1n 2] | Co(l) = 221422 —3(312_—1;)(52 —1)Inz] |
O (1) = —2 - ;‘8 il 2 mz,  Cp(l)=2Cu(1),  On(l)=—2Cu(1). (A4)

Finally, for arbitrary matching scale p, one should add to Egs. (Al]) the terms

2 ey L
Oy = O™ — 5 Rwr(w) + Yn(mem/i?) (ABa)
2 mpMe 2
ou) = o) — 5 [wr(w) = In(memy/ i) (A5h)
2 1
) = O = S [2wr(w) = 3 In(mem /1) (A5c)

(#2) _ (mbmc) .
and all other Cy 7 = Cp "7, for j > 2.

Appendix B: Dull Correlations

The correlation matrices for the fit scenarios are given in Tables
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Vol 61 F(1) 52 X)) %01 B0 a@)  omi® o Sme
[V | 1.00 —016 —0.18 030 —013 028 011 004 —0.01 0.0
G(1) | —0.16 1.00 0.06 —0.11 003 —0.04 —0.09 —0.23 0.0 —0.00
F(1) | —0.18 006 1.00 0.8 —0.00 008 021 —0.02 001 —0.00
2 | 030 —011 018 1.00 067 -047 082 013 —0.16 0.1
%2(1) | =013 0.03 —000 067 100 —087 082 —011 007 —0.01
w1 | 028 —004 008 —047 —087 1.00 —047 001 001 —0.00
%@ | 011 —0.09 021 082 082 —047 100 -012 012 —0.02
n(1) | 004 —023 —002 013 -011 001 —012 1.00 —052 0.05
miS | —0.01 000 001 —0.16 007 001 012 —0.52 1.00 0.00
Smpe | 000 —0.00 —0.00 001 -001 —0.00 —-002 005 000 1.00
TABLE V. The correlations of the “L,,—1” fit scenario.
Vol 6(1)  FO) 752 x(l) %O X0 9@ 21 mS dmy
Vs | 1.00 —012 —0.32 048 —0.02 002 014 005 002 —0.02 0.00
G(1) | —0.12 100 014 —0.05 004 00l -014 —023 009 —0.00 —0.00
F(1) | —0.32 014 1.00 004 —0.07 -00l 024 —0.02 -011 —0.03 0.1
p2 | 048 —0.05 004 1.00 —009 -004 057 032 008 —045 0.04
%2(1) | =002 004 —007 —0.09 1.00 —0.03 0.7 —0.06 —020 004 —0.00
%1 | 002 001 —001 —0.04 —003 1.00 006 —0.02 —0.09 001 —0.00
%) | 014 —014 024 057 017 006 1.00 008 038 —0.03 0.00
n(1) | 005 —023 -002 032 -006 —0.02 008 100 —0.14 —048 0.05
7(1) | 002 009 -011 008 -020 —0.09 038 —014 100 008 —0.01
mbS | —0.02 —0.00 —0.03 —0.45 0.04 001 —0.03 —048 0.08 1.00 0.01
Smpe | 000 —0.00 001 004 —000 —0.00 000 005 —001 001 1.00

TABLE VI. The correlations of the “L,,—1+SR”

fit scenario.

2ol B0 BO 1) m om
ﬁz 1.00 —-0.22 —-0.18 —-0.03 046 —-0.22 0.01
x2(1) | —0.22  1.00 —-0.41 094 —-0.92 0.33 —0.03
X5(1) | —0.18 —0.41 1.00 -0.19 0.08 —-0.02 -0.00
f(g(l) —-0.03 0.94 —0.19 1.00 —0.88  0.32 —0.03
n(1) 0.46 —0.92 0.08 —-0.88 1.00 -0.35 0.02
més -0.22 033 -0.02 032 -0.35 1.00 0.00
SMipe 0.01 —-0.03 -0.00 -0.03 0.02 0.00 1.00

TABLE VII. The correlations of the “NoL” fit scenario.
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A R X1 %0 a) ') mpT dme
2 | 100 015 —0.07 057 044 —0.11 —031 0.03

x2(1) | =0.15 1.00 -0.02 0.07 -0.15 -0.09 0.02 —0.00
X5(1) | =0.07 —0.02  1.00 0.03 -0.07 -0.05 0.00 —0.00
X3(1) | 0.57 0.07 0.03 1.00 0.17 0.16 0.00  —0.00
n(1) 044 -0.15 -0.07 0.17 1.00 -040 0.09 —0.01
7'(1) | =0.11 —-0.09 —0.05 0.16 —0.40 1.00 0.02 —0.00
m,l,S -0.31  0.02 0.00 0.00 0.09 0.02 1.00 0.01

ompe | 0.03  —0.00 —0.00 —0.00 -0.01 -0.00 0.01 1.00

TABLE VIII. The correlations of the “NoL+SR” fit scenario.

Vol x 105 G(1)  F(1) 52 xo()  xo x5 (1) mpS  Smpe

V| x10% | 1.0 —0.30 -016 018 —013 028 007 001 000  0.00
g(1) —030 100 008 —028 —004 —004 —016 —0.23 001 —0.00
FQ) ~016 008 100 038 018 —010 032 000 0.0l —0.00
72 018  —028 038 100 064 -044 080 018 —022 0.01
%2(1) ~013  -004 018 064 100 -079 089 —017 021 —0.03
%) 028 004 —010 —044 —0.79 1.00 —048 005 013 0.02
(1) 007 —016 032 080 089 -048 100 —0.12 018 —0.03
(1) 000 —023 000 018 -017 005 -012 100 054 0.05
mjs 000 001 001 -022 021 -013 018 -054 100 0.01
e 000 000 —0.00 001 -0.03 002 -003 005 001 1.00

TABLE IX. The correlations of the “L,,>1” fit scenario.

Vol 600 FO) 22 X)) %0) x50 »20) 70) m® o

[Ves| 1.00 -0.27 -0.28 033 —0.05 0.00 0.21 0.03 0.13 —0.01 0.00
G(1) | —=0.27  1.00 024 —-0.26 0.07 0.02 -0.22 -0.22 -0.27 -0.02 0.00
F(1) | —0.28 0.24 1.00 0.15 —-0.06 -0.02 0.25 -0.03 -0.19 -0.01 0.00

P2 033 —0.26 0.15 1.00 -0.13 —-0.08 0.72 0.35 0.13 —0.49 0.05
Xx2(1) | =0.05 0.07 -0.06 -0.13 1.00 -0.04 0.25 -0.10 -0.11 0.06 —0.01
X5(1) | 0.00 0.02 —-0.02 -0.08 -0.04 1.00 0.07  —0.05 -0.06 0.04 —0.00
x3(1) | 021 —-0.22 0.25 0.72 0.25 0.07 1.00 0.16 0.19 —0.06 0.01
n(1) 0.03 -0.22 -0.03 035 —0.10 -0.05 0.16 1.00 0.05 —0.48 0.05
7'(1) | 013 -027 -0.19 0.13 -0.11 -0.06 0.19 0.05 1.00 0.04 0.00
m},s —-0.01 -0.02 —-0.01 -0.49 0.06 0.04 —0.06 —-0.48 0.04 1.00 0.01

ompe | 0.00 0.00 0.00 0.05 —0.01 -0.00 0.01 0.05 0.00 0.01 1.00

TABLE X. The correlations of the “L,,>1+SR” fit scenario.
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61 FO) i xe() X0 X0 a1) g0 m® G
G(1) | 1.00 000 -015 00l —0.00 —0.02 -025 —-040 001 —0.00

F(1) | 0.00 1.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00

P2 -0.15 -0.00 1.00 -0.27 -0.13 0.81 0.08 —0.07 -0.24 0.02
x2(1) | 0.01 —0.00 —0.27 1.00 0.00 0.01 0.01 0.03 —0.01 0.00
X5(1) | =0.00 —0.00 —0.13 0.00 1.00 -0.01 -0.01 0.01 0.01  —0.00
x5(1) | =0.02 —0.00 0.81 0.01 -0.01 100 -0.02 -0.09 0.04 —0.00
n(1) | —0.25 —0.00 0.08 0.01 —-0.01 -0.02 1.00 0.11 -0.48 0.04
7'(1) | —0.40 —0.00 —0.07 0.03 0.01 —0.09 0.11 1.00 0.07  —0.01
mys 0.01 —-0.00 -0.24 —-0.01 0.01 0.04 —0.48 0.07 1.00 0.00

ompe | —0.00 —0.00  0.02 0.00 —0.00 -0.00 0.04 —0.01 0.00 1.00

TABLE XI. The correlations of the “th:L,,>14+SR” fit scenario.
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