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The lattice Dirac equation is formulated on a simplicial complex which approximates a smooth
Riemann manifold by introducing a lattice vierbein on each site and a lattice spin connection on each
link. Care is taken so the construction applies to any smooth D-dimensional Riemannian manifold
that permits a spin connection. It is tested numerically in 2D for the projective sphere S? in the limit
of an increasingly refined sequence of triangles. The eigenspectrum and eigenvectors are shown to
converge rapidly to the exact result in the continuum limit. In addition comparison is made with the
continuum TIsing conformal field theory on S?. Convergence is tested for the two point, (e(x1)e(z2)),
and the four point, (o (x1)e(xa)e(z3)o(z4)), correlators for the energy, e(x) = ith(z)w(x), and twist

operators, o(x), respectively.

I. INTRODUCTION

Lattice gauge theory on hypercubic lattices [1] pro-
vides a powerful ab initio approach to strongly coupled
field theories in flat Euclidean space, RP”. However there
is important non-perturbative physics that would benefit
from the extension of lattice field theory methods to more
general curved Riemann manifolds. One example is a re-
cent proposal to implement radial quantization for con-
formal field theories [2—4]. This requires replacing the flat
Euclidean manifold, R?, by the cylinder, RxSP~!, which
represents the boundary of Anti-de Sitter space AdSP+!
in global coordinates. Other examples include ab initio
calculations of the ¢ and a terms, tests of AdS/CFT dual-
ity, quantum criticality in condensed matter and perhaps
quantum physics near blackholes.

The conventional lattice regulator in flat space is a se-
quence of hypercubic lattices on a torus, TP, with a uni-
form lattice spacing a, representing an increasingly larger
subgroup of translations as the cut-off, Ayy = 7/a, is
removed. Curved manifolds lack such uniform sequences
of lattices. For example, on a sphere, the finest uniform
discretization of S? and S® are the 20-cell icosahedron
and the 600-cell tetraplex respectively. The lack of an
infinite sequence of regular lattices approaching the con-
tinuum compounds the problem of renormalization and
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symmetry restorations as the cut-off is removed. This pa-
per is part of research to develop a general strategy [5],
referred to as Quantum Finite Elements (QFE), to for-
mulate a lattice field theory path integral for any renor-
malizable quantum field theory on a smooth Riemann
manifold (M, g) given the target metric tensor, g, (z).
Here we focus on the construction of the free lattice Dirac
fermion. The fermion is an especially challenging and
interesting example. The spinor probes the underlying
geometry of the manifold through its vierbein and spin
connection. From the perspective of Regge Calculus [6],
the vierbein and spin connection are sufficient to define
a simplicial manifold in the Einstein-Cartan formulation
of lattice gravity [7]. Consequently the fermion lattice
field may also provide an alternative approach to recon-
structing the intrinsic geometry for the Regge Calculus
approximation to the base Riemann manifold.

The organization of the paper is as follows. In Sec. II,
to establish our notation and basic formalism, we review
the Finite Element approximation to scalar field theory
on a Riemann manifold. While we borrow heavily from
the conventional piecewise linear form for Regge Calcu-
lus (RC) and Finite Element Method (FEM), it is impor-
tant to note that these approximations do not by them-
selves adequately address our problem. (Readers familiar
with finite elements may prefer to first skip this intro-
duction and return for notation.) In Sec. III, we begin
the construction for the Dirac field, emphasizing the new
problem of defining the lattice vierbein and spin connec-
tion and removing doublers on the simplicial complex.
In Sec. IV we formulate an algorithm for fixing the lat-
tice vierbein and spin connection designed to converge to
any target smooth Riemann manifold (M, g). In Sec. V



we test the method for the Dirac fermion and its rate
of convergence for the S? sphere compared to the exact
continuum theory. In Sec. VI the simplicial Majorana
fermion on S? is shown to converge to the analytical re-
sult for 2-point and 4-point correlation functions for the ¢
= 1/2 minimal model conformal field theory. In Sec. VII
we discuss extensions and future directions in the study
of quantum field theories with gauge and scalar fields.
Several technical details are relegated to the appendices.

II. REVIEW OF SCALAR FIELDS ON A
SIMPLICIAL LATTICE

Lattice field theory on a Riemann manifold (M, g) re-
quires a discrete definition for the metric field, g,. (),
and the quantum fields, scalars ¢(z), fermions ¢ (), and
gauge fields A, (z). Aspects of this problem have been
considered extensively in a number of related fields. One
example is Regge Calculus (RC), which introduces an
ensemble of piecewise flat simplicial lattices as a basis
for non-perturbative quantum gravity [6]. A second ex-
ample is FEM, designed to discretize partial differential
equations and to solve them numerically [8]. The third
example involves a formal geometrical framework [9] for
a Discrete Exterior Calculus (DEC) on the Delaunay lat-
tice S and its circumcenter Voronoi dual S*. We should
also emphasize the classic study of field theory on ran-
dom lattices by Christ, Friedberg and Lee (CFL) [10-12]
that in fact anticipated much of the relevant FEM and
DEC formalism for the simplicial lattice field theory in
flat space.

Each method provides some useful and closely related
tools, but they do not fully address the problems of a
rigorous simplicial lattice representation guaranteed to
converge to the continuum for renormalizable quantum
field theories—the ultimate goal of this research. Both
the RC and the CFL approaches introduce a random en-
semble of simplicial lattices in order to hopefully restore
continuum symmetries (diffeomorphisms, chiral symme-
try, etc.) of the target quantum field theory. Here we
do not advocate this approach. Instead we impose
regularity on a single sequence of increasingly re-
fined simplicial lattices designed to approach the
continuum limit on a fixed target Riemann man-
ifold.  Our approach depends on combining two ele-
ments. First the classical FEM method provides the
theoretical framework of convergence [8] in the IR for
all solutions to the equation of motion (EOM or PDEs)
smooth enough to be insensitive to the UV cutoff. Sec-
ond, counter terms are added to the FEM Lagrangian to
deal with the UV divergences so that the lattice quantum
path integral will converge to the target renormalizable
quantum field theory on the Riemannian manifold. We
refer to the combination of these two steps as the Quan-
tum Finite Element (QFE) method. While the prob-
lem of UV divergences is not addressed here, the reader
is referred to a companion article [13], where the one loop

QFE counter term is successfully applied to the 2D ¢*
theory on S? at the Wilson-Fisher conformal fixed point.

A. Piecewise Linear Finite Elements

Consider the action for a free scalar field in the con-
tinuum on (M, g) given by

5= [ a"ra e 00wt
+m®* +ER)P*(2) ], (1)

with proper distances defined by the metric,
ds® = g (v)datdz” (2)

and its determinant, g = det(g,,). Assume also that
the Riemann manifold is torsion free (qu = Ff,‘#) and
metric compatible (V,g,, = 0) so the Levi-Civita con-

nection is determined uniquely in terms of the metric,

1
Fiu = igkp(augup + 81/9;“) - apg;w) . (3)
The classical action (1) is diffeomorphism invariant. The
coupling £ = (D —2)/(4(D — 1)) to the Ricci scalar cur-
vature is required for conformal invariance at zero mass
but henceforth we will set the Recci scalar term (1) to
zero since it is inessential for this FEM review.

The conventional FEM/Regge Calculus approach to
a simplicial approximation can be broadly broken into
three steps.

e Topology: The D-dimensional target manifold M
is replaced by a simplicial complex M, composed
of elementary D-simplices, which is homeomorphic
to the target manifold.

e Geometry: The metric on the target manifold
(M, g) is approximated on the simplicial complex
to form a “lattice Riemann manifold” (M,, g,) by
assigning lengths [;; on links and extending the
metric into the interior of each simplex with piece-
wise flat volumes.

e Hilbert Space: The Hilbert space of contin-
uum fields, ¢(z), is truncated by expanding in
a finite element basis on each simplex, ¢,(z) =~

Silo EBi(x)di.

In principle one can construct a one-to-one map be-
tween points on the target smooth Riemann manifold
(M, g(z)) and points on the piecewise flat simplicial man-
ifold (Mo, g,(y)) introduced in Regge Calculus [6] that
preserves distance to order O(a?), where the lattice spac-
ing, a, is a bound on the simplicial diameters. There
are two approaches to this map, employed in detail in
Sec IV: The first approach uses the intrinsic geometry
of the D-dimensional manifold, and the second a higher



dimensional embedding in flat Euclidean space RY for
N > D.

The first approach is more fundamental. One chooses
a collection of points x; in M and constructs a simpli-
cial complex for this set. A discrete metric in the spirit
of Regge Calculus is computed by an approximation ;;
to the geodesic distances on each link (4,5). Then each
D-simplex is interpolated by piecewise flat co-ordinates
y. In general, there are subtleties involved in achieving
a good approximation. The geodesics are only unique
if neighboring points are sufficiently close. An optimal
triangulation should use the Voronoi construction which
requires a reasonable approximation to the distances.
(Note that Regge Calculus avoids this problem by revers-
ing the logic. The simplicial manifold is assumed to be
given a priori with the target manifold as a consequence
defined in the continuum limit, {;; = O(a) — 0.)

The second and much easier approach, when it is avail-
able, is to start with an isometric embedding of the D-
dimensional Riemann manifold (M, g) into a higher di-
mensional flat Euclidean space RY. An important ex-
ample is the SP sphere discussed in Sec. IVC . This is
easily embedded as 7 € RP*! such that 7- 7 = R with
Ry fixed. Then one uses a Voronoi construction of sim-
plices on a set of discrete sites at * = r; assigning the
Euclidean distances, l;; = |r; — r;|, to the edges. This
construction turns out to be invariant under the projec-
tive transformation of the sphere SP to the plane RP.
In general, if we can find a smooth isometric embedding,
this will guarantee convergence of the simplicial manifold
(M, gos) to the target manifold (M, g) as a — 0.

To approximate the Hilbert space, we can expand
the field ¢, in a local FEM basis [8]. Properly
constructed this convergences to the continuum field,
|po(x) — d(z)| — 0, as the diameters a of all simplicial
elements vanish. But more importantly, FEM theorems
also impose precise shape regular condition [8] on the sim-
plicial geometry to guarantee that all solutions of discrete
equations of motion (EOM) converge to the classical so-
lutions of the continuum EOM. This is a subtle theoret-
ical problem, which involves the order of the differential
equation, the non-linearities of the PDEs, boundary con-
ditions, the choice of FEM basis, etc. For free fermions,
even in flat space, there are additional well known diffi-
culties, not addressed in the FEM literature to our knowl-
edge, due to the notorious spectrum doubling problem
and the need to restore chiral symmetry.

Simplicial Geometry and Notation: It is helpful
to understand a bit of the formal aspects of each step
listed above in order to establish notation. One builds
up the lattice field theory representation in layers: start
with the simplicial complex S, then add a metric to get
the Regge Calculus, and lastly add matter fields to con-
struct the simplicial action for the quantum field theory.
The shared topological and algebraic properties mapped
between each abstract layer is the province of Category
theory [14].

A pure simplicial complex S consists of a set of D-

FIG. 1. A 2D simplicial complex with points (o¢), edges (o1)
and triangles (02). At each vertex og there is a dual polytope
in og (illustrated in red), and at each link, o1, there is a dual
link o7 and its associated hybrid cell o1 A of (illustrated in
blue). The arrows at each site represent a random basis for
the local tangent plane.

dimensional simplices (designated by op) “glued” to-
gether at shared faces (boundaries) consisting of D — 1
dimensional simplices (op_1). The D-dimensional sim-
plex is built iteratively from lower dimensional simplices,

09— 01— 03—+ —0p, (4)

beginning with D + 1 sites o¢(i) with ¢ =0,1,--- , D on
each simplex, connected together by (D+1)D/2 directed
links o (i142) = (i1, 42) forming D(D + 1)(D + 2)/3! ori-
ented triangles oy (i1i2i3) = Nijisis, etc. This hierarchy
is specified by the boundary operator,

0oy (igiy -+ in) = > _(=1)Fo_1(igir -+ ik in) . (5)
k=0

where 7, means to exclude this site. Each simplex
on(ioly -+ ip) is an anti-symmetric function of its argu-
ments. The signs in Eq. (5) keep track of the orientation
of each simplex. It is trivial to check that the boundary
operator is closed: 8%¢,, = 0. On a finite simplicial lattice
0 is a matrix and its transpose, 87, is the co-boundary
operator. This is a first modest step into discrete homol-
ogy and De Rham cohomology on a simplicial complex.

In the next layer, Regge Calculus introduces a met-
ric by assigning lengths to the edges l;; = |o1(ij)],
which provides the discrete metric, ¢ — ¢,, assum-
ing the interior of each D-plex is a flat Euclidean space
(e.g., piecewise linear coordinates). This lifts the sim-
plex into a metric space. For example, oriented links,
(i,7) = 01(ij), are now associated with vectors, l_;j and
triangles, A;jr = o02(ijk), with areas A;;, and so on.
Since the cells are flat, the curvature tensor required for
Einstein gravity in Regge Calculus has singularities on
the boundary, i.e., at vertices in 2D and hinges for D > 2.
Matter fields (or forms) are nth-rank tensors, naturally
assigned to o,.

Next, it is important to add to our simplicial Delau-
nay lattice, S, the circumcenter dual Voronoi lattice, $*,



composed of polytopes, oj - o] + --- < o}, where
o has dimension D — n as illustrated in Fig. 1. A cru-
cial property of this circumcenter duality is orthogo-
nality. Each simplicial element o, € S is orthogonal
to its dual polytope o) € S*. This orthogonality lies
at the heart of defining the Hodge star * (or alternating
symbol €%?1i0) The circumcenters for the dual lattice
can be found iteratively. The circumcenter of an edge
(4,7) = o01(ij) is its midpoint, the circumcenter of a tri-
angle A\, ;;, = 02(ijk) lies at intersection of the perpendic-
ulars from the midpoints of the aforementioned boundary
edges 01 € Oos(ijk), the circumcenter of a tetrahedron
o3 lies at the intersection of the normals from the cir-
cumcenters of its boundary triangles, etc., as we move
into higher dimensions.

Hybrid cells, o, A 0}, constructed from simplices o,
in § and their orthogonal dual ¢} in &* give a proper
tiling of the discrete manifold. As a consequence of this
orthogonality, the volume Vj,,,. = |on A0):| of the hybrid
on L o) is a simple product,

(D —n)!
Vow = (oot = [ ounas =" Liolioi) . @

For future reference, we introduce a simplified notation
in lower dimensions: the point, length of links, and area
of triangles will be given by

L=loo(@)| » lj=low(if)l » Ak =lo2(ijk)] (7)

respectively and the D-dimensional hybrid volumes asso-
ciated with sites, links and triangles will be designated
by

Vi =log()], Vij = lo1(ij) A o1 (ij))]
Viji = |o2(ijk) A o3 (igk)|,  (8)

respectively. Finally, when we add matter fields w for
scalar (¢;), Dirac (¢,;) and gauge fields (U;;), we can
define a discrete exterior derivative d (or finite difference
for grad, div and curl) through a discrete Stokes’ theorem
on the simplex,

/ duo(y) = /8 w(y) or (onldw) = {doalw) . (9)

The Hodge star takes you to the dual simplex o} to define
the dual operator, § = xd*. The operators J, d automati-
cally inherit from 0, 97, respectively the closure property,
d? = 5% = 0. While we do not rely heavily on this formal-
ism, it is useful intuitively to guide our discussion. This
formal layered structure, we believe, is also important
for organizing software to implement lattice field theory
simulations on general simplicial lattices.

FIG. 2. The D-simplex, illustrated for D = 3, can be defined
by D edge vectors lip = 7 — 70, picking arbitrarily the 0-th
vertex. The remaining D(D — 1)/2 edges are l:-j = fig — fjo.
One dual vector 7 > normal to 02(013) is depicted.

B. Simplicial Laplacian for Scalar Fields

The flat interior of each D-simplex in RC and FEM is
conveniently parameterized as

D
G=Ern+ M+ -+ = Zfilio +70, (10
i=1

using barycentric coordinates, 0 < & < 1, with the con-
straint €0 + &1 4 ... + ¢P = 1. The vectors on the edges
are fio = 7; — 7p. To pick a unique coordinate system
on M., we can arbitrarily eliminate £°, introducing the
differentials,

9y
o

dj = —2det = l;pdé" (11)

where Z_;-O are the components of this one form in the basis
d¢* with i =1,--- , D and dual tangent vectors,

V =VEd =iy, (12)

with components, 7 * = V& in the basis 0;. The flat
metric on each simplex is

ds? = df - df = giyd€'de,
Lo 1
gij = lio - ljo = 5(11*20 + 02— 13) . (13)

The standard relations for raising and lowering indices
by the metric tensor (g;;) and its inverse,

gl =nt-qil or il -ly=4i, (14)

applies within each simplex. Note since the interior of
the simplex is flat we choose the notation ;o and 7 ¢,
7 oy” =g i 3

lio — l;-lo = 852 and 7°— N, aya y

(15)



for both upper and lower indices. It is tempting to use
the notation, l};i —»é&,and At —» &t = gijé'j, but we
reserve this identification with lattice vierbeins for the
simplicial Dirac equation in Secs. III and IV.

The new action on the simplicial manifold (M, g,) is
again determined by Eq. (1) using the simplicial metric
(13). Tt is given by a sum over all the D-simplices,

So

32 [ @PulF6et) - Foulw) + mPew)]  (16)

32 [ APV 650:00(€)0,60(6) + mPEE(E)]

where /g,/D! = |op| is the volume in each D-simplex,
or in 2D the area A;ji of the triangle A;j,. Finally, we
expand ¢, (y) in a finite element basis on each simplex,

bs(y) ~ E°(y) o + E' (y)pr + -+ EP (y)op . (17)

where E'(r;) = &} so that ¢; = ¢(y = r;). We also im-
pose the sum rule, >, E(y) = 1, so that the constant
field is preserved. For simplicity, our subscript on
¢s5 Sy, €tc, implies a restriction to a single sim-
plex, op(ipiy -+ -ip). The expansion of the field over the
entire piecewise flat manifold, (M, ¢, ), is given by a sum
over all sites, ¢(z) ~ >, W(y)¢;, where the Wi(y)’s ,
referred to as tent functions , are sums over all adjacent
elements, F'(y)’s, that have non-zero (unit) support at
the site i. Once these elements E‘(y) are chosen, ex-
plicit integration for the simplicial action, Eq. (17), can
be carried out, leading to a quadratic form for the free
field action on the values ¢;. This construction also car-
ries over for interaction terms, ¢"(x), giving higher order
polynomials in ¢; within each simplex.
The simplest choice is the linear FEM,

E'(¢) =¢,

Since all the derivatives are constants, the massless action
on each simplex,

1 . .
o=y | d"yFot) - Fow)

i=0,---D. (18)

3 | dPevaas@oee, (9

is trivially evaluated, giving

Io= 550 3 Va g6~ 60)(65— ). (20)

ij=1

While this result (20) is correct, one inconvenience is that
our arbitrary choice of eliminating £° appears to break
the symmetry between the D + 1 sites. To fix this we
may average over the D + 1 vertices to yield the correct
symmetrized expression, which will be referred to as the
Vertex Form (illustrated for D = 2 in Fig. 3) of the
simplicial action.

FIG. 3. The geometric contribution of linear finite elements
to a scalar field in the Vertex form in the top figure and
in the Link form in the bottom figure. For both forms,
the triangle A123 is subdivided into regions meeting at the
circumcenter 0, with areas A; = |07 (4) N A123] and Agi; =
lo1(ij) A o1 (ij) N Ai23], respectively.

However, a more appealing geometric form can be
found. A convenient way to derive this is to relax the
constraint &y + --- + &p = 1 and introduce an over com-
plete set of D + 1 dual vectors, 7% = V&F, that are
perpendicular to the face opposite the vertex k and nor-
malized relative to the edge vectors by

ikl =of — k. (21)
In this over-complete basis , the gradient is ﬁd)(y) =

7t % +7 o1+ --+7 Pop. Evaluating the action gives
two equivalent symmetric forms,

Iy

1 & o
B Y lopliit-iiigid;
i,j=0
1 o
§Z|UD| (=" -7 ) (di = ¢5),  (22)

(i.3)

due to the constraint,

V(E+ 4+ 4P =i+t ++7P=0. (23)



Recall that |op| = /gs|/D! is the volume of D-simplex.
We refer to this as the Link Form (illustrated for D =
2 in Fig. 3). In two dimensions summing over all the
triangles, the contribution to the lattice action takes an
appealing geometric form

1 i — 0i)?
Se =5 Z Aiji((b __%) ; (24)
(4,) t

where in 2D we use the notation A;; =

instead of Vj;,
link (4, 7).

Discrete Exterior Calculus: An alternative formal-

ism for constructing the simplicial Laplacian relies on an

elegant Discrete Exterior Calculus (DEC) [9]. For any

dimension, the DEC action for the kinetic term is given
by

o1 (i) A o1 (i7)],
for the dual area Eq. (6) adjacent to the

ZVw

where, as illustrated in Fig. 4 in 2D, V;; = |o1(ij) A
o1 (ij)| = 1;;5:;/D is the product of the length of the link
(I;;) times the volume of the surface, S;; = |07 (ij)|, of
the dual polytope normal to the link (4, j). A local mass
term has been added for future reference even though it
does not contribute to the Laplacian. Only in 2D is the
linear FEM form (22) equivalent to the DEC form
(25). In 2D the equivalence follows from the identity,
Aio37ly - Tig = Aij/l%Q, often referred to as the co-tangent
rule. But for D > 2, it is easy show how this fails by
constructing a a counter example: Pick a simplex for
D > 2 with 711 - 7 = 0 and V;; > 0 that vanish for the
linear FEM construction but in non-zero for the DEC
construction.

The DEC construction for the discrete Beltrami-
Laplace operator,

Vi 0¢; Vz‘je“’ﬂ lij lij

+ m Vig? (25)

follows the same basic steps leading to the continuum op-
erator —%8,”/59‘“’@(1)(95). First, we apply the simpli-
cial Stokes’ theorem, Eq. (9), to get the discrete gradient
(exterior derivative),

|am|/ dolz

where the scalar (or zero form) ¢; and the finite difference
(or one form), d¢; = (¢; — ¢;)/lij, are assigned to sites
o0(i) and links o1 (ij) respectively. Next, apply Stokes’
theorem again on the dual lattice polytope o§ to compute
the divergence, d(xd¢;), illustrated in yellow in Fig. 4 for
2D and return to the simplicial lattice,

Tt @l ()l - dlx(¢i — ¢7)/li]
R
li

p(x) _ di—¢;

901 Lij lij

: o (28)
RE Y

Sy/2

FIG. 4. The discrete Laplacian at a site ¢ is given by the
sum on all links (,7) (in red) weighed by gradients (¢; —
¢;)/l;; multiplied by the surface S;; = 2V;;/l;; (in black) and
normalized by the dual volume |o ()] = V; (in yellow).

in agreement with Eq. (26), expressed as the sum of

fluxes through the boundaries dog(i) with surface area,

SU/(D - ].)' = V;J/l” = |0’1(’L]) A JT(Z])VZ” For the

local mass term one would add m [ . ¢;/|og| = m?¢; to
0

the operator (28).

III. DIRAC FIELDS ON A RIEMANN
MANIFOLD

The action of the free Dirac fermion on a Riemann
manifold,

o= / P /g (@)[e" (2)(O — iwu(x)) + mly (@) , (29)

introduces two new structures involving spin: (i) The
orientation of the spinor in the tangent plane, e*(x) =
et (x)y®, where e is the inverse (or dual) of the vierbein,
ef;, entering into the metric. (ii) The spin connection
wu(z) = wl‘jb(x)aab/él, where 04p/2 = i[Va,7]/4 are the
Lorentz generators for the Dirac spinor. The reason for
this is because there are no finite-dimensional spinor rep-
resentations of the general covariance group, so spinor in-
dices are introduced in the tangent space. At each point
z#, the flat tangent space can be spanned by a set of

orthonormal coordinates, i = (y!(z),y?(x),--- ,yP(x)),
by expanding the cotangent differential,
oy°
a _ e mo_ 1
dy® = e, (z)da" = Dl dxt . (30)

The positive definite metric,

ds* = dij - dij = € ()

w(@)ep(z)datdz” = g datdz” , (31)



can be Cholesky factorized in terms of ef(x). Now in
addition to invariance under diffeomorphism, there is a
local “gauge” invariance allowing an arbitrary rotation
(or Euclidean Lorentz transformation), SO(D), in the
tangent plane: y* — Ogyb. This then acts on the spinors
as a gauge invariance in the Spin(D) covering group.

The spin connection and the vierbeins are not indepen-
dent. For torsion-free and metric compatible Riemann
manifolds, they are related through the tetrad hypothe-
sis,

oue”(x) + F;Ae)‘ =ifwy,e’], (32)

or [D,,e’]+T%,e* =0, where D,, = 8, —iw,, is the “co-
variant spinor derivative” operator. Expanding in com-
ponents we have
W = e%d,ep + eAF

14

feg[aue -0, e +epeqdyep] — (a < b). (33)
A crucial consequence of the tetrad hypothesis (32) is the
anti-Hermitian property of Dirac operator,

(\/éeHDM)T =—D,./ge"

= VA Dy + D] (0,

=—\/ge"D,, . (34)

Consequently the Dirac spectrum on a general manifold
is pure imaginary plus the real mass shift: i\ + m with
—00 < A < oo. It is essential when placing the Dirac
equation on a simplicial manifold to provide a lattice re-
alization for this identity.

A. The Dirac Finite Element

The application of classical FEM methods to fermions
leads to a series of difficulties. First, even in 2D, linear
finite elements in flat space do not give a natural gener-
alization of the scalar FEM expression. Second, the well-
known problem of species doubling and chiral symmetry
breaking is not solved by a straight forward application of
FEM. Third, and most troubling, in the Regge Calculus
representation of a linear simplicial manifold, the cur-
vature has singularities concentrated at the vertices and
hinges. It is difficult, if not impossible, to place Dirac
fields at such singular vertices as there is no well-defined
tangent plane. We proceed to address the solution to
these difficulties one by one.

A reasonable ansatz for a simplicial fermion in flat
space is a generalization of the DEC scalar form in
Eq. (25),

1V - - - = 1 —
Shaive ™ 3 lgj [wilij"ﬂ[]j_wjlij"7¢i]+§mviwiwi , (35)
also recommend by Friedberg, T.D. Lee, and Ren in
Ref. [15]. We shall refer to this as the canonical Dirac

FIG. 5. A new Dirac finite element on the simplex splits the
each triangle, A123, with edge vectors (flg, I3, l_él) into three
isosceles sub-triangles that meet at the dual vertex 0. An
interior angle at 0 opposite a link l_;jj is designated as 6;;.

form. However, this form is not given by the application
of linear FEM to the Dirac field.

Following closely the scalar example (22), the linear
FEM evaluation of the Dirac action on each simplex is

[ Pt Vo) = 5 DS (36)

For anti-Hermiticity to be enforced, one must explicitly
sum over the oriented and anti-oriented simplex, result-
ing in

(Vo(y)) - 7 (y)] (37)

D - D) O i =) Ay (38)

(4,3)

I, = % / Pylwy)7 - Foly) -

However, even for D = 2, the linear FEM formula,

A123 Z wz

fails to give the canonical Dirac form. Most pecu-
liarly, the spin projections l:J o are not aligned with
the propagation on the links. Namely the condition
i k. (i?—i7) =0, required by alignment, llj ~Ri—itd,
fails except for an equilateral triangle where the dual
vectors are normal to the opposite sides. However, we
have found a new Dirac Finite Element prescription
that does lead to the canonical lattice form in 2D by
summing over the piecewise linear elements for each of
3 sub-triangles meeting at the circumcenter of a general
triangle as illustrated in Fig. 5.

The new construction begins by expanding Ai23 in a
new finite element basis,

Vo(y) = B (y)vn + B (y)v2 + B (y)vs
Vo(y) = E' (y)U1 + E* ()2 + E*(y)hs . (40)

)G, (39)



imposing basic properties for field interpolates,
E'(rj)=6; , E'(y+E*y)+E(y)=1, (41)

so that ¥(r;) = 1; and a constant field is preserved. We
then make the ansatz that the element can be decom-
posed into three elements meeting at the circumcenter.
We introduce ghost fields, 1 and g, at the circumcen-
ter of each triangle and expand the fields v (z),(x) as
the sum of 3 piecewise linear elements, one on each sub-
triangle. The ghost fields are expressed as a linear com-
bination of the original lattice values,

Yo = c11 + catha + catds
Yo = 11 + cathe + c3ibs . (42)

The constraint >, ¢; = 1 is required so that the con-
stant field is preserved. This implicitly defines the new
Dirac elements (40) E‘(y) on the full triangle Aj23. By
a judicious choice of the coefficients,

4A0i5 4Aoik
T TR TR
i lik

= cot(0;/2) cot(8,1/2) , (43)

this new Dirac FEM construct leads to the canonical
Dirac form (35), with all couplings along the edges
properly aligned. (See Appendix A for a detailed proof.)

One benefit of this construction is that this should al-
low standard FEM convergence theorems to be applied
to our Dirac FEM. However, we have not yet sought a
generalization of this FEM construction to D > 2. More-
over, in spite of the intuitive appeal of our ansatz, there
is no known generalization of the formalism of exterior
calculus to a single Dirac fermion, analogous to the use
of the Hodge star operator for the Laplace-Beltrami op-
erator. The closest example is the application to Kahler-
Dirac fermion [16]. This is an interesting area for future
investigation [17].

B. The Simplicial Spin Connection

In preparation for curved space, we will first consider
the simplicial complex for a flat manifold after, applying
at each site ¢, an arbitrary rotation by a Lorentz trans-
formation, O(D), on the tangent vectors. The result is to
transform each spinor: 1; — A;1;, with A; € Spin(D).
The action in this general gauge becomes,

U~ Vg -0~ T =@ -
Snaive =5 ) T DT 755 — 450558 DT - ]
(ig) ¥

+ %mvﬂﬁﬂbi ) (44)

where Q;; = AlA; = QL serves as the lattice spin con-

nection and &7 serves as the lattice vierbein. The link
variable,

Qij = edzw#(x) 5 (45)

is entirely analogous to the compact Wilson gauge vari-
ables, U,(r) = exp[id,(x)], for color spinors in lat-
tice gauge theories: A%’(x) = APAS(x) and w,(z) =
wiP(x)oap/4 are in the Lie algebra of the color SU(N)
and Spin(D) groups respectively. The lattice vierbein is

i — e,(li)j’ya =g @i A= A;[Zij YA, (46)

where iij is the out-going unit vector from 4 to j. With
m = 0, the naive Dirac action is anti-Hermitian by the
virtue of the identity, Q;;e()7 = —e()iQ;;. Note that
moving the vierbein to the opposite end of the link gives

e((lj)i'ya = —jSefj)j'y“Qij 5 (47)

which is the lattice realization of the tetrad hypothesis.
In Sec. IV, we demonstrate that Eq. (47) is equivalent to
the continuum tetrad hypothesis Eq. (32) as [;; — 0. Al-
though in flat space, this spin connection is gauge equiva-
lent to Q;; = 1, we will show shortly that the parametric
form of the action given by Eq. (44) now applies to any
manifold with a spin connection by requiring the product
of the link matrices, 2, around a closed path to be a mea-
sure of the curvature on the triangle. Before describing
the algorithm for determining a non-trivial lattice spin
connection in Sec. IV, we will address the problem of
species doubling.

C. The Wilson Term

At this point we have replaced the first derivative con-
tinuum operator, V = e*D,, = e*(0,, — iw,), with the
naive or central difference form on the simplex, gauged by
the compact spin connections in Eq. (44). This simplicial
discretization preserves the anti-Hermiticity condition of
the continuum, VT\/g = —/gV, and therefore it pre-
serves the spectral property, (V + m)¥y = (iA + m)y,
with —oco < A < oo as well. However, this spectrum in-
cludes spurious, or so called doubler, states familiar to
the naive fermion on the hypercubic lattice. The FEM
methods do not solve this problem.

To remove these doublers, we introduce a spinor
gauged Wilson term in close analogy with conventional
non-Abelian flat space lattice gauge field theory. The 4D
lattice field theory doublers are removed by adding an ir-
relevant dimension 5 Wilson term to the fermions action.
This discrete approximation to the continuum operator is
contained in the square of the covariant Dirac operator,

[0 — iAM)P = (Ou — iAu)2 + o M (48)

When placed on a regular lattice, the first term is re-
ferred to as the Wilson (or gauge Laplacian) term, while
the second is referred to as the clover term. On a flat
manifold, the doublers can be removed by adding the
Wilson term. The free spectrum in momentum space of
the Wilson term is proportional to }_ (1 — cos(ap,))/a



which is irrelevant at p — 0 but divergent as a — 0 for
doublers on the edge of the Brillouin zone.

A similar approach can be applied to curved space.
Consider adding to the action a second order derivative
term,

/de\/§|V¢\2 = /de\/E(@gT)(W)
= —/dDa:\/@/;Vzd) , (49)

using VT\/g = —/gV. The square of the spinorial Dirac
operator, V = etD, = et~*D,, is give by the Lich-
nerowicz formula,

1
-V? = —¢"(D,D, -T%,D,) + 5aabegegRW
1 1
= _%Du\/gng)u + 5aabegeﬂ;{,w. (50)
The first term on the second line is nothing but the co-
variant spinor Laplacian, while the second term is related
to the curvature,

R, =i[D,,D,| =i[0, —iw,,0, —iw,] . (51)
We introduce a lattice version of the covariant spinor
Laplacian as a Wilson term to remove doublers on
the simplicial lattice. This is just our lattice Laplace-
Beltrami operator for the scalar in Eq. (26) in a general

gauge,
T ‘/;] — —
5 Z lT(M*i/’jQﬂ)(%*Qz‘j%) . (52)

(i) ¥

SWilsonTerm =

Again, this canonical form generalizes to simplicial Dirac
fermions on a general Riemann manifold. Further gener-
alizations to include color gauge fields and to construct
Domain Wall actions are straightforward as briefly men-
tioned in the conclusion.

IV. LATTICE SPIN STRUCTURE

We now present a procedure for fixing the vierbein
¢ 7 and connection matrix, Q;;, on each link (i,j) of
the simplicial lattice. Once this has been accomplished,
the parametric form for a general Riemann manifold,

Vij 17 () n i)
S=3 Z ﬁ[¢¢e( Q505 — ;e ]
(i.g)
m —
+ 5%% ; (53)

is unchanged from the flat space formula (44). The spin

connection matrices, {1;; = QL-, are no longer equivalent
to a pure gauge transformation. A successful construc-
tion must respect the exact lattice tetrad hypothesis (47),

e®iQ; + Qe =0, (54)

30J W/

( J

FIG. 6. The tangent vectors & )7 and & )¢ on opposite sides
of the geodesics on the link (,7) are related by a parallel
transport, e V' =& W .y = —Q ¢ V7.5,

in order to ensure that the naive lattice Dirac opera-
tor, Eq. (53) is anti-Hermitian in the massless limit, or
equivalently the full operator including the mass term in
Eq. (53) and the Wilson term in Eq. (52) is ys-Hermitian.
This gauge covariant identity in Eq. (54), arising from
parallel transports of the vierbein along the link, is cru-
cial to the construction. If we expand in the lattice spac-
ing, a, we can immediately see how it is a discrete ver-
sion of the continuum Eq. (32). In Fig. 6 let ¢ and j be
located at o = z#(0) and z#(1) = 2#(0) + al”, respec-
tively, on the geodesic, z#(s), between them. Introduce
a smooth bi-spinor field, e(z) = ¢,(z)e”(z). Expanding
e’ + Ol eDiQ;; term by term, we get

0=1t,(z + al)e”(z + al)
_ Jaltw,(x) i, (2)e” (z) o—taltwy, ()
~ at,I" 9, (z) + afl,lA“FZ)\(x)eA(a:)
— dat, M w,(z), e (z)] + O(a?) (55)

which is equivalent to the continuum expression, (9, +
FZ/\(x))e/\(x) — tjwyu(x),e”(x)] = 0, to leading order. In
expanding Eq. (55), we have made use of the approxima-
tion &, (x + al) — &, (z) ~ atA,,lA“I‘Z/\ (z) which follows from
the geodesic equation (59).

In computing the spin connection for our target man-
ifold, there are two crucial issues we need to address: i.)
First defining the tangent plane for the Dirac field at each
site. ii.) Second resolving the sign ambiguity in the map
from the Lorentz group, O(D), to the spinor covering
group, Spin(D).

The first issue is the difficulty of defining tangent plane
at the sites in the conventional piecewise flat Regge Cal-
culus manifold. The RC defines the interior of each sim-
plex to be flat so that all curvature is given by singu-
larities on D — 2 simplices at the boundary of the cells
referred to as hinges, or vertices in 2D [18]. Since it is im-
possible to define tangent planes at the lattice sites of a
piecewise linear manifold, previous attempts to introduce
fermions in RC have generally placed the Dirac fields at
the circumcenters of the dual lattice [7, 19-24]. However,
this is troublesome for lattice gauge theory. With gauge
fields on links, matter fields (scalar and Dirac) should be
on sites to maintain local gauge covariance as described
briefly in Sec. VII.



Our solution is to re-interpret the RC manifold as
smooth, with well-defined tangent planes at the vertices.
For example, on the sphere, we can remove the singu-
lar curvature at the sites by replacing each link (i, j)
by geodesics (great circles in 2D). This allows us to de-
fine tangent planes at the vertices. More generally, as
pointed out by Brewin [25], it is possible to provide a re-
interpretation of the RC geometry. Given the RC data of
a simplicial complex and the set of edges lengths [;;, it is
possible to construct a smooth interpolation of the curva-
ture field, e.g., accurate to O(a?) in the continuum limit,
in much the same spirit of higher splines in 1D or higher
order FEM for matter fields in a general dimension. This
redefinition of the Regge manifold will be implemented
to fix the lattice vierbein and spin connection, however,
to O(a?) we can still use the piecewise linear manifold to
compute the pre-factors.

The second issue is determining the spin connection
between the tangent planes on opposite ends of a link.
Under parallel transport, one can compute the rotation
0;;, an element in the Euclidean Lorentz group O(D).
However we must also resolve the sign ambiguity to lift
this to the spinor matrix connection, €2;;, in the Spin(D)
group, which is the double covering of O(D). The map-

ping,
Oij — iQij, (56)

has a sign ambiguity—rotating a Dirac field by 2w
changes its sign. The parallel transport of the tangent
planes on a link (4, j) fixes the O(D) rotation matrix O
but not the sign in the map as can be illustrated for the
tetrad hypothesis, Eq. (47),

e((li)j,ya = —Qijegj)i’yani — g(i)j = —Oijg(j)i . (57)

The sign of the mapping in Eq. (56) onto Spin(D) must
be fixed so that as the simplices are refined the integrated
curvature on every triangle Ajo3 vanishes in the contin-
uum limit,

912923931 ~1— O(Algg) — 1 s (58)

and we approach the continuum Dirac equation on the
Riemann manifold. This global constraint can be satis-
fied on a simplicial complex only if the topology of the
target manifold admits a spin structure. We present here
two approaches to constructing the lattice spin connec-
tion.

A. Construction by Parallel Transport

The first approach assumes that, given the continuum
metric g, (), we have computed the geodesics between
sites connected by links. The construction follows 3 steps:

1. Choose a random tangent frame at i and determine
the tangent vectors € ()7 on geodesics to all the
neighbors at j.
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2. Parallel transport the tangent frame at ¢ to j and
compute the Lorentz Off rotation in O(D) to the
frame of j.

3. Map each Lorentz rotation in O(D) to a pair in
Spin(D), O;; — sijQ£;)7 and choose s;; = =+1,
leading to the minimal curvature on each funda-

mental triangle.

Let us next expand on each of these steps. Consider a
given link (4, j) illustrated in Fig. 6. Each site has its own
tangent plane. We choose an orthonormal set of tangent
vectors ¢ @(i) in the tangent plane given by 7 = yat °(i).
We assume that the simplicial lattice is refined to the
point that there is a unique geodesic connecting i with
j. At each site i, determine the outgoing unit tangent
vector € M7 = {7f @ aligned with the geodesic from i to
j. Constructing the geodesic and the tangent vector to
the geodesic requires in general numerical integration of
the geodesic equation,

d?a? dz* dz”
I, (z)———— =0.
ds? + ‘W(I) ds ds 0 (59)
This gives the geodesic curve z(s) from z(0) = z; to

z(s;) = x; with tangent vectors & ()7 = d#(0)/ds and
€ = —di(s;)/ds at each end.

The next step is to perform a parallel transport from
the frame i to the frame j and determine the rotation be-
tween these two tangent frames: ¢ %(i) = O;‘jb t°(4). The
rotation for the gauge link is given by ordered product
on the geodesics from i to 7,

0;j =Ple Jo' dsi’(s)Tu(z(s))] (60)

where [T'),(z(s))]** = I'¢"(z) is the matrix in the Lie al-
gebra for O(D) as given in Eq (3) of [19]. This guaran-
tees the discrete tetrad constraint (57). For simple man-
ifolds, such as those of particular interest of conformal
field theory, the exact solution to all geodesics can be de-
termined by symmetries, avoiding numerical integration
altogether. For example, on a sphere S™, all geodesics
are defined by great circles.

Finally, for each link (ij), given O;; = ¢’/ —71 <
0, < m, the last step involves fixing the sign ambiguity
of the corresponding element €2;; in the spinor group,

where s;; = £1 and QE;_) = ¢"0w™/2 ¢ Spin(D). To
provide an algorithm to fix the signs on each link, we
start by considering a 2D manifold. We begin by picking
a random triangle and fix all s;; to minimize the curva-
ture. Then select an adjacent triangle that shares a site
o0(i) and one edge (i, j) with the first triangle. There are
now two new links whose signs we again fix to minimize
its curvature. We continue with all the triangles sharing
this site ¢. This completes all triangles whose circumcen-
ters make up the dual cell o*(i). Now pick a new site



on the boundary of this cluster and continue. This algo-
rithm gradually expands the closed contour around the
polytopes of the dual 2D complex S*. As we will show
explicitly for S? in Sec. IV C, this continues until the last
triangle which has no signs undetermined.

A failure at the last step means that the man-
ifold does not admit a spin connection, for exam-
ple, non-orientable surfaces in 2D without boundaries.
The existence of a spin-structure only depends on the
topology of the manifold. For example, a sphere
has a trivial first homotopy group, 71(S?) = 0, and
it admits a unique spin connection. The torus has
m1(T?) = Z2, with 4 possible spin connections, famil-
iar to string theorists, as Neveu-Schwarz/Neveu-Schwarz,
Neveu-Schwarz/Ramond, Ramond/Neveu-Schwarz and
Ramond/Ramond sectors respectively. Assume that one
of the allowed multiple spin connections on the manifold
is achieved. For each non-contractible loop in the dual
lattice, one can introduce appropriate signs on links to
exchange periodic and anti-periodic boundary conditions.
This then allows one to introduce other inequivalent spin
connections. More generally, a compact 2D Riemann sur-
face of genus g admits 229 inequivalent spin structures.

This procedure can be generalized to higher dimen-
sions along similar lines. For example, in 3D, we have
an expanding closed surface. Start with a single tetra-
hedron and fix the signs for all edges. Then proceed to
pick an edge o1(ij) and visit cyclically all the tetrahe-
drons with circumcenters for o} (ij) that share this edge.
Now there is surface o7; dual to this edge 01 (ij). Again
proceed to select a new edge on a tetrahedron on the
boundary and continue as before. The 3D classification
concerns the second homotopy group and 4D the third
homotopy group, etc. Non-trivial homotopy groups give
non-contractable surfaces with co-dimensions D—1 allow-
ing one to introduce anti-periodic boundaries for multiple
spin connections.

Determining the Z; phases, s;;, only depends on the
topology. For an orientable manifold in the continuum
the topological condition for the existence of a spin struc-
ture is equivalent to the a vanishing of second Stiefel-
Whitney class index [26]. On our lattice it is equivalent
to finding the ground state in a frustrated Z5 gauge the-
ory. The map for O(D) curvature on each triangle to
Spin(D) results in discrete Z; gauge theory. We must
find a solution to

Kijk SijSjkSki = 1 5 (62)

where K, = Sign[Tr(QZ(;)Q;Z)Qg))] = +1. This is
equivalent to the existence of an E = 0 ground state for

Els] = Z (1 — Kijk 5ijSjkski) 5 (63)
DNijk

on the simplicial complex. The number of distinct ground
states, mod a Zs local gauge invariance, enumerate in-
equivalent spinor representations.
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B. Construction by Relaxation

Although the algorithm above is straight forward, it is
computationally difficult, requiring the determination of
the geodesic between neighboring lattice points and per-
forming parallel transports of the frames to compute the
rotations O;;. What is needed in general is an alterna-
tive algorithm that converges to O(a?). One approach is
to compare the lattice and continuum spin connections
at each site of the simplicial lattice and minimize a func-
tional to make them match up to O(a?).

The idea is to consider the lattice spin connections,

i
2
as independent variables, choosing them to approximate
as well as possible the curvature on the target manifold
defined by the metric g, (z). As is well known in lattice
gauge theory, the product of gauge links around a “pla-
quette” (a triangle in this case) is an approximation to
the integrated curvature over the surface. On the sim-

plicial Regge manifold, we match the discrete curvature
and the continuum curvature,

szjk(i) = 4 Qx Qi) *°
o §o8(0) = [ B OB (65)

respectively for each triangle with a vertex at a site 1.
The lattice estimate is just the open Wilson product on
Ak (%) beginning and ending at a site ¢ and the contin-
uum estimate is the exponentiation of the local spinor
curvature tensor, R, (i) in Eq. (51), projected onto the
triangle. To do this, we need an estimate for the ori-
ented area of the adjacent triangle which in the case of
an isometric embedding in higher dimensions is given by

v 1 v v v 14
A= Sl =) =) — (=) =) (66)

Q?jﬁ = [eéw"'bgab]aﬂ Wlth O'O'b = h/a’ ,}/b] , (64)

to O(a?). Consequently we can in principle determine the
lattice spin connection by a typical relaxation algorithm,
minimizing a quadratic form such as

G(Qij) = Y Tr(Sali) =24 (D) (Sa (@) —Qal@))], (67)
JAN)

with respect to the unitary matrices, £2;;, in Spin(D) on
each link (4, j). The sum is over all triangles incident on
each vertex ¢. While this prescription is not unique, any
choice that is gauge invariant and converges to O(a?) in
the continuum limit is acceptable. Again multiple spin
connections can be generated by studying the homotopy
of the simplicial complex.

Lastly, given the gauge matrices, €;;, we also need
to construct the tangent vectors € (7 from site i to j,
consistent with the discrete tetrad hypothesis constraint,
Eq. (57). Tt is important to focus on the fact that & (7
and € )% are now evaluated in two different frames,

eIy = =Py (68)



or € (Wi = —Oijé'(j)i. Let us first consider tangent vec-
tors & (W7 at 4 on the geodesics, x(s), from i to all neigh-
boring sites j, i.e., z(0) = z; and z; = z(s;) at ends of
the (4,7) link with s; the geodesic length. The geodesic
equation, Eq. (59), in the same local coordinate sys-
tem used to compute the curvature R, (i) at site
i, determines the geodesic to z;(s) from 7 to each of the
neighbors, j. The velocities at ¢ are proportional to the
vierbein: i;(0) = dx;/ds|s—o ~ e (7.

To approximate these velocities, &;(0), we consider a
Taylor expansion [27] about s = 0,

zj(s) = x;(0) + sz, (0

+ZS Yo, (69)

n! dsm™

for the geodesic. Then using the geodesic equation (59),
the nth derivative in the sum may be re-expressed as
an nth order polynomial in s&(0). After substituting the
rescaled velocity v* = sj:'v?(O), the series expansion takes
the form,

v NA$W+Z Fm,uz, o [T(O)]0 02 b (T0)

n= 2

where have brought the linear term, v, and the differ-
ence, Az;; = x;(s;) — x;(0), to the left and right hand
side of Eq. (70), respectively. The nth tensor coefficients

Ff‘tl’w, un12(0)] are defined [27] recursively in terms of
derivatives of Ff‘w and products of lower rank tensors

starting with 1:;\“/[:5(0)] =T, [z(0)].

This simple maneuver allows us to approximate the
tangent vector as a series in Az;; = O(a) in the con-
tinuum limit. In leading order, we see that v(0) ~ Ax;;,
corresponding to the fact that, on a smooth manifold, the
straight line is the first approximation. The next step is
to use this linear approximation in the second order equa-
tion to get a quadratic approximation. In general the nth
approximation takes the form of an nth order polynomial
in Az;; as described in Ref. [27], leading to

A

v = 5@ 20) ~ Aaz + F’\ [z(0 )]AxZA:cl”j

2 K
+ CA)L\1#2#3A:L.Z1 AI#JZA:EQLJB o (71)
The quadratic approximation in Ax;; gives O(a?) errors
for the normalized tangent vector, which is sufficient for
our construction.

After normalizing the velocities, we have an approxi-
mation to the lattice vierbein E()7 ~ #(0)/i(0)| ~ eV,
If we repeat this construction at all sites, adopting coor-
dinate systems at ¢ and j sites, related by );;, we have
an approximate solution to the lattice tetrad hypothe-
sis: E (07 4 OijE )i = O(a?) on each link. Remarkably
from, this approximation we can construct an exact so-
lution to the tetrad hypothesis simply by averaging the
estimate for E (V7 at i with the pullback (—Oijﬁ )7

12

from 7,
2 _ ]52 (0 — @qu (@i
|E Wi — Oy E (j)i|
S E G _ (1)g
g = 0; 22 (72)

|E ()i —OjiE( 7| ’
normalized to unit length. The denominators in Eq. (72)
are equal, so dropping them we can verify the tetrad
hypothesis identity on each link (i, j) by

eWi o, .g(j)i (73)
~ E W= 05 E 04 05(E D~ 0,E D7) =0

With this construction, we may also replace the area es-
timate by

v . li'lik )i (i
AR (i) = JTHL ek _

eet,  (14)
to order O(a?). The entire approximation procedure de-
pends only on a consistent choice of a coordinate system
at each site i. However, the accuracy of this approxima-
tion can depend on this choice. An attractive convention
which is worth investigating further is to introduce Rie-
mann normal coordinates (RNC) [25] at each site 7, with
the metric, g, () = g (2;) — (1/3)A2 Az R0 +
O(a?) to help in approximating the tangent vectors.

C. Spin Structure on the Simplicial S?

In preparation of our numerical tests and as a simple
example, we present the construction of our 2D simplicial
Dirac action on S?. The above procedures can be tested
and used on a sphere, but a far simpler approach is to
realize that all geodesics are just given by great circles.
Given two pointb on the D—dimension sphere denoted
by unit vectors 7; and 7}, the geodesic is parameterized
simply by Z(t) = (¢t7 + (1 —t)7;)/ |t + (1 — t)r;| with
tangent vectors e(Y7 = 3(0)/|2(0)|. The entire construc-
tion is reduced to simple vector algebra in the embedded
space. Other symmetric manifolds have similar embed-
ding methods.

For the S? manifold, our triangulation [3, 4] starts with
an icosahedron in Fig. 7, which provides the largest sub-
group of the spherical symmetry. Each one of the 20 faces
is then subdivided into L? equilateral triangles resulting
in a total of F = 20L? triangles. Next, we project each
triangle onto the unit sphere and take as edge lengths
the secant distances between vertices on the sphere, as
illustrated in Fig. 7 for L = 3. This projection intro-
duces a small deformation of the equilateral triangles,
so to accurately approximate the Lagrangian, we need
to compute the finite element weights. The topology of
the manifold is determined by the Euler characteristic,
x=V —-—FE+F=2—-2H =2 and the geometry by the
table of lengths [;;.
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FIG. 7.

The L = 3 refinement of the icosahedron with
V = 24 10L? = 92 vertices or sites. The icosahedron on
the top-left is refined in the top-right with L? = 9 equilat-
eral triangles on each face, and then on the bottom the new

vertices are projected onto the unit sphere. The resulting
simplicial complex preserves the icosahedral symmetries.

The lattice Dirac action on S? is

1 V; 7 )j a 7, )j a
5152 ﬁ[@/’ieé”ff Qijib; — 3 Qyie P a4)
(i)

1 _
+ §m‘/;wz¢z + SWilsonTerm ) (75)

where the vierbein e\ g@ = e(li)jalJreéi)jaz are 2-vectors
in the tangent plane at site i. For each link (4, j), there is
a lattice spin connection, €;;(0;;) = sijew”‘73/2, associ-
ated with an Abelian O(2) rotation O(0;;), —m < 0;; < .
Because we know the exact geodesics on the sphere are
great circles, the geometry for the triangle oo(ijk) is
fixed by the set of three angles, 6;, as shown in Fig. 8.
Once O(0;;) is specified, this lattice spin connection,
;;(6;;), can then be constructed following the method
in Sec. IVA.

After parameterizing the tangent plane y = y%m, at
each site relative to two randomly chosen orthonormal
tangent vectors 7,, we can determine 6;; by a procedure
illustrated Fig. 8. For each triangle we rotate the 1 axis
at site 7 into a tangent vector on the arc from 4 to j by
«;, parallel transport this tangent vector on the geodesic
to site j and rotate it back to the 1 axis at j by §;. This
gives 0;; = a; — (. It follows trivially that 612 + 023 +
031 = (01 + 02 + 03) mod 2w, where the deficit angle
is defined by

0123 = A1z =21 — (61 + 02 + 63)
=27 — (912 + Oa3 + 931) mod 27 . (76)

Now the problem is to determine s;; for all links self-
consistently for the entire sphere following the procedure

FIG. 8. On the top, vectors in the tangent planes, and on
the bottom, the lattice spin connection, €212 and the outgoing
and reflected vierbeins, e/ = e{74% and 8 = —e(7,
respectively.

described in Sec. IV A. As before, choose an arbitrary
triangle and fix the signs, s;j, to satisfy constraint to
minimize the integrated curvature (58, then move to ad-
jacent triangles fixing the signs s;; on new edges until you
encounter the last triangle. Now all the edges have fixed
signs so there could be an obstruction. However, since
the deficit angle is additive (or, for the sphere, the areas
are additive), for any closed loop we know that this last
triangle on a unit sphere, when viewed from the outside,
has a deficit angle § ~ 41 — A in steradians. But since
edmio®/2 — 1, the 47 factor can be dropped and there is
no obstruction.

It is a simple algebraic exercise to show this exact con-
sistency condition on the sphere holds generally for any
triangulation of a surface with the topology of a sphere.
The more general argument is as follows. Assume the
interior angle for the ith vertex in triangle A;; is given
by 6; = m — 6; and that all the interior angles on the
tangent plane at each vertex add up exactly to 2. Then
the deficit angle is 0(ijk) = 0; + 6, + 0, — ™ and the sum



over all angles must give

> 10: + 05 + 0] = 27V (77)
F

Any 2D simplicial triangulation of a closed surface im-
plies 3F = 2F, so we have the sum rule,

> 4(ijk) =2aV —nF =2x(V — E+F)
=4n(l1-H), (78)

which for the sphere by Euler’s identity gives 4. In fact,
this argument applies to any closed orientable 2D trian-
gulation, or any surface with an even number of bound-
aries B, such as the cylinder. Even with an approximate
determination of the angles, as for example in our re-
laxation algorithm in Sec. IV B, the constraint remains
exact.

Finally, we should note a simple interpretation for a
2D complex Riemann manifold. In the complex plane, all
Riemann manifolds can be represented by adding pairs
of square root branch points. For example, a square root
branch point at the origin with a cut out to infinity rep-
resents a cylinder with two open boundaries. When you
add an even number of pairs, these create handles—4
twists for the torus, etc. As we discuss in Sec. VI for
the simplicial Dirac equation, a pair of branch points is
equivalent to allowing a pair of —1 “frustrated” triangles.
In the context of Ising CFT, this corresponds to the in-
sertion of twist operators. Just as square root branches
come in pairs when you flip edges (s;; — —s;;), on the
simplicial complex it creates a pair of “frustrated” tri-
angles. This is a nice illustration of the fact that the
existence of a spin structure on a Riemann manifold is a
purely topological property that is naturally encoded in
the simplicial complex without the need to introduce a
metric.

V. NUMERICAL TESTS FOR 2D DIRAC
FERMIONS

For simplicity, we restrict our tests to the Dirac fermion
(29) on S?, which can be easily solved analytically [28].
For future tests, higher dimensional spherical solutions
are also available, for example the 4D sphere in Ref. [28].
On S?, the metric is

ds%, = d6? + sin® 0 dg? . (79)

With & = (1,0), €, = (0,sinf) and /g = sind, the
only non-zero components of the spin connection, (33),

are w;f = fwil = —cosf. The action on S? is
_ t 0
Ssphere = /d¢d9 sin 9'(/1 [01(89 + C02 )
2 8¢
+o"——+ml. (80)

sin 6
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FIG. 9. On the top, the Brillouin zone for the naive Dirac
operator on a regular flat triangular lattice. The zero modes
are labeled A-F. On the bottom, the infinite triangular lattice
spectrum with the Wilson term (solid blue) compared to small
lattices with 16 (red), 36 (gold), 100 (green) and 256 (purple)
sites.

The massless Dirac operator, D = \/gV = sinf[o!(9y +
cot 0/2) + 02(dy/ sin )], is anti-Hermitian and therefore
has pure imaginary eigenvalues iA. It also follows from
the os-Hermiticity property, o3 Do3 = D' = —D, that
eigenvalues come in complex conjugate pairs,

A=£(+1/2), (81)

where j =1/2,3/2,-- - are the allowed angular momenta.
Furthermore, for each j, the spectrum is (25 + 1)-fold
degenerate [28], with the degeneracy labeled by —j <
m < j. The explicit eigenfunctions in terms of spherical
harmonics are given in Appendix B. The action is also
invariant under o; conjugation, o1 D*o; = D, or equiv-
alently, together with o3 conjugation, ooD*oy = DT,
These discrete symmetries are exactly preserved on our
simplicial complex.
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FIG. 10. The Wilson-Dirac spectra on the discrete sphere for
various refinement values of the refinement L.

For comparison, on the simplicial lattice, our action is

tlson 1 Vij 7 )] ~a 7 )] ~a
Shirac" = B > lﬂ (%6,(1 Yoy — i Qiel Vo 77/%)
(ig)

+vaﬂzi¢i
N

+%Z 7 (0= 95Q) (s = Qugy) - (82)
(ig) ¥

with the Wilson term to remove doublers. We have set
the coefficient, r, of the Wilson term to the mean lattice
spacing on the sphere: r = a. The Wilson term acts like
a mass operator, so now the eigenvalues have both real
and imaginary parts. Defining the lattice matrix D;; by
SWilson— Dirac = zﬁiDijwj, o3 Hermiticity is still valid.
Therefore, eigenvalues still come in complex conjugate
pairs,

E=Ag+i). (83)

With rotational invariance broken, A; no longer takes on
exactly integral values and the (25 4 1)-fold degeneracy
is broken. In the limit of zero lattice spacing, a — 0,
one nevertheless anticipates the spectrum approaching
Ar — (j+1/2) and Ag — 0, with doublers becoming
increasingly massive and decoupling from the spectrum.

Before introducing the Wilson term, it is interesting
to see its effect on a flat L x L regular triangular lattice
with ©;; = 1. In the absence of the Wilson term, as de-
picted by the top figure in Fig. 9, the hexagonal Brillouin
zone actually has 6 copies of the 2-component spinor zero
modes [29]. These zero modes are labeled as A, B, --- | F.
The doublers spoil the continuum limit and even fail to
restore Lorentz invariance [30]. When the Wilson term is
added, the doublers are removed and the spectrum comes
close to the circular complex spectrum of a lattice over-
lap operator [31], converging rapidly to the continuum.
This is depicted in the bottom figure in Fig. 9, with the
L — oo spectrum in solid blue compared to small lattices
for L =4,6,10,16.

On S2, a global view of the Wilson-Dirac spectrum is
illustrated in Fig. 10. Not surprisingly, the qualitative
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FIG. 11. As we increase the refinement level L, we expect the
low-lying eigenvalues to converge to their continuum imagi-
nary integer values. We see that as L increases the real part
(due to the Wilson term) approaches zero and the imaginary
part approaches an integer.

effects of the Wilson term on S? are very similar to that
for the flat lattice shown in Fig. 9. The apparent differ-
ence between the two figures as a function of the refine-
ment L is due to our convention. On the flat plane, we
treat the eigenvalues as discrete dimensionless momenta
( ap*), which scale to a continuum dispersion relation as
a ~ 1/L — 0, whereas on the sphere we have fixed the
radius of S? to one, so the eigenvalues remain discrete
approaching fixed values in the continuum limit. Fig. 10
plots the real vs imaginary parts of eigen-spectrum for
increasing refinement of L = 2,8,16,24,48. In the limit
L — oo, the imaginary parts of the low-lying eigenvalues,
Az, approach £(j 4+ 1/2), while their corresponding real
parts, Ag, vanish as O(1/L).

A. Spectrum of the Lattice Dirac Operator

There are two approaches to determining the spectrum
of the Wilson-Dirac operator. The first is to directly eval-
uate the eigenvalues of the discrete Wilson-Dirac opera-
tor D;;, which is limited by the efliciency of eigenvalue
routines for sparse matrices. The second approach is to
assume the eigenvectors are well approximated by their
continuum wave functions evaluated on the lattice sites,

wfn), and to compute the matrix elements of the lattice
Wilson-Dirac operator, (1™ |D[(™) ~ g, +i\r . Tt
is important to be precise in defining the spectral prob-
lem on the simplicial manifold. In the continuum the
spectral problem is the stationary value of the quadratic

form,

I= [ dPa\/g@)d(@)(V +m—Eyple),  (84)

leading either to the conventional eigenvalue problem,
(V +m)y(xz) = EY(x), where V = e'D,, or to the
generalized eigenvalue problem Di(z) = E+/g(z)y(x)
where D = ,/g(e#D, + m). On the simplicial lat-
tice, based on the discrete simplicial quadratic form,
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FIG. 12. On the top, we show the imaginary part of the low-
lying eigenvalues, with degenerate states repeated, for various
refinements. On the bottom, we show how the imaginary part
of the eigenvalues for L = 24, in green, and L = 48, in grey,
approach the continuum as a function of j.

I = 9;(D;; — EV;6;;)1;, is more conveniently given as
the generalized eigenvalue problem,

D™ = B V™ S Vi e = G (85)
Here the continuum measure, /g(x), is replaced by the
Vorioni dual volume V; = |o7(¢)|. Alternatively one may
rescale by the square root of the measure, redefining the

matrix as D;; = V_1/2D”V /2 and eigenvectors as

1/)1(") 1/ 27,/1(") to convert it to a conventional eigen-
value problem Either way, properly treating the mea-
sure V; is critical to a faithful correspondence with the
continuum.

Lattice Eigenvalues: The low-lying eigenvalues are
plotted in Fig. 11 for a range of refinements L. The black
stars on the left side of the plot correspond to the contin-
uum results for the low-lying eigenvalues of the contin-
uum Dirac operator, which have integer spacing along the
imaginary axis. The nth level has 2n degenerate eigen-
values corresponding to the 25+ 1 values for the magnetic
quantum number, m. On the right side of the plot, we
show the numerically computed spectrum for a range of
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FIG. 13. On the top, we show the real part of the eigenvalues
for j < 20, averaged over m, at L = 48. On the bottom,
we show a similar plot for the imaginary part of the eigen-
values. The overlaid curves reflect the asymptotic continuum
behavior given in Eq. (86).

refinements, L = 2,8,16, 24,48, with Agp < 10. The de-
generacy in m is (partially) broken, but too small to be
seen.

In Fig. 12, we provide a more detailed picture of the
breaking of degeneracy in m. The top figure shows
the imaginary part of all low-lying eigenvalues, with
1 < A\;f <6, and Ag < 10, as L increases. As the lat-
tice is refined, these levels quickly fall into clusters which
can be associated with our continuum pattern, labeled
by j-values, with an approximate degeneracy of 2j5 + 1.
The first three levels are exactly degenerate due to the
symmetry of the icosahedron under the subgroup of ro-
tations. In the bottom figure, we see that the imaginary
part of the spectrum is linear for small j and degenerate.
However, for larger j, the degeneracy in m breaks down,
as indicated by a spread in the eigenvalues for fixed j,
and various levels overlap.

The dispersion relation including contributions from
both the Dirac and the Wilson term, which should con-
verge to

Ar—=j+1/2,  Ar—((i+1/2)°—1/2)/L, (86)

as we approach the continuum. Here the eigenvalues are
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FIG. 14. A comparison of the spectrum computed via a nu-
merical eigensolver with the spectrum computed via matrix
elements for L = 4,8, and 16.
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FIG. 15. The splitting of the eigenvalues for A = 4 as a

function of L. We note that with increased refinement, the
eigenvalues become more degenerate.

averaged over the 2j 4 1 values for the azimuthal angular
momentum, m. In Fig. 13, for L = 48, we plot the real
and imaginary parts of the eigen-spectrum as a function
of j for 0 < j < 20. For 5 < 15/2, we performed un-
weighted least-squares regression to the imaginary and
real parts of the eigenvalues. For the imaginary and real
parts, we find A;(j) = 1.011(j + 0.480) — 0.0019752 and
Ar(5) = (0.98365(j + 1) — 0.27 + 0.0009753)/L respec-
tively. Both are consistent with the theoretical expecta-
tion given in Eq. (86) derived in Appendix B.

Lattice Eigenvectors: Given the continuum eigen-
functions restricted to the lattice (") lattice, we can
in principle approximate the eigenvalue from matrix ele-
ments (1) |D[y)(™) ~ A, +iA; . This also checks the
accuracy of matching lattice eigenvectors to the contin-
uum (B7). However, before proceeding, one must trans-
form them from the continuum coordinate gauge into the
gauge defined by our lattice action.

To fix the gauge, we can take advantage of the ex-
act degeneracy in the magnetic quantum number for
the first three levels. For simplicity, we choose the two
lowest continuum wave functions, that is, m = +1/2
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FIG. 16. On the top, we show the approach of the imaginary
part of the A\ = 4 eigenvalues, averaged over m, to the con-
tinuum as a function of the refinement L. On the bottom, we
show the analogous plot for the real part of the eigenvalues.

for 7 = 1/2, discretized on to the lattice sites, ¥; =
(WM (r;), @ (r;))T compared to the corresponding lat-
tice eigenvectors of U, = (\Ill(l), \PEZ))T for D;;. The de-
sired gauge transformation at each site can be specified
by a local spinor rotation, €*%:?3/2 and a global 2 by
2 unitary matrix, U, which mixes the degenerate pair.
These are determined by minimizing the functional

GO, 0) =" ‘wi _ %oy, (87)

~Y G U, - 3T UTe sy,

with respect to U and e?3/2 on each site i. This en-

ables us to take the matrix element (¢ |D|y(™) using
the discretize continuum eigenvector rotated to our lat-
tice frame to estimate the eigenvalues. In Fig. 14 we
compare the lattice operator eigenvalues to the matrix
elements. The two results are in remarkable agreement,
suggesting that the discrete Wilson term has eigenvec-
tors consistent with the Dirac term. We found that the
minimum of the function G given in Eq. (87) approaches
zero as 1/L2. This suggests that the lattice eigenvectors
become an increasingly good approximation of the con-
tinuum eigenvectors as L increases. This is also consis-
tent with our previous observation that the Wilson term,
while crucial to removing spurious doublers, has a negli-
gible effect on the physical states as L — oc.



B. Rate of Convergence to the Continuum

There are two ways to test the convergence of the
spectrum to the continuum limit. i.) The restoration
of degeneracy in the magnetic quantum number, m, as
L increases. ii.) The behavior of the spectrum, averaged
over m, as L increases. The eract o1 symmetry results
in a pairing of degenerate eigenvalues for each j. Since
our discretization exactly preserves icosahedral symme-
try, the first level which exhibits breaking of the degen-
eracy in m is the fourth level. For A = 4, there are two
irreducible representations of the icosahedral group, re-
sulting in a splitting into two groups with two and six
members as illustrated on the top in Fig. 12. At higher
levels, the eigenvalues can split into a larger set of irre-
ducible representations.

Restricting our attention to A = 4, we define the split-
ting in the eigenvalues, independently for the real and
imaginary parts, as the difference between the maxi-
mum and minimum eigenvalues. In Fig. 15, we con-
sider this splitting as L increases. We perform an un-
weighted linear regression to the splitting as a function
of L. For the imaginary and real parts, we find the split-
ting behaves as —6 x 107° + 0.0034/L + 0.230/L? and
0.0009 — 0.035/L +0.44/ L, respectively, consistent with
restoration of full spherical symmetry in the continuum.

Next we consider how the eigenvalues, averaged over
m, approach the continuum for A\ = 4. In Fig. 16, on
top, we fit the eigenvalue to A; 4 = 3.99932 + 0.034/L —
11.67/L? consistent with the continuum value, A\; 4 = 4.
On the bottom, we see the real part also approaches the
correct continuum value, Ag 4 = 0. The convergence of
this term is governed by the Wilson term, which scales
with an extra factor of lattice spacing compared to the
naive Dirac term. We therefore expect it to converge
more slowly, as O(1/L). Our fit gives Ag4 = 0.0025 +
9.19/L, again consistent with our expectations.

VI. THE ISING CONFORMAL FIELD THEORY
ON §2

The exact solution to the 2D Ising model provides a
rigorous test of our simplicial construction of the free
fermions on S?. To begin let us review this continuum
¢ = 1/2 minimal model. There are only three Virasoro
primaries 1, 0, ¢, with an OPE expansion,

ocxo=1+4+¢, exo=¢, exe=1. (88)
It is equivalent to a free Majorana holomorphic, ¥(z),
and anti-holomorphic, (), field on all 2D Riemann sur-
faces [32]. In the complex plane, the Riemann surface can
be represented by inserting pairs of square root branch
points whose locations corresponds to the o(z) operators.
When projected onto our simplicial lattice on S2, these
represent pairs of branch points given by simplicies with
curvature defects of —1. Clearly, these defects must be
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inserted in pairs by flipping bonds on an invisible string
between these flipped plaquettes. Here we compute the
2-point and 4-point functions,

(e(z1)e(x2)), and (o(z4)e(zs)e(z2)o(z1)), (89)
where e(x) = itp(z)i(x) and o(z) is the twist operator
that introduces the square root branch points. Of course,
correlators with only fermion operators, such as
(e(x1)e(z2)e(xs)e(xy)), are trivially given by the
Wick contractions as products of 2-point functions
(e(x1)e(xz2)). The (o(x4)o(xs)o(xz)o(x1)) correlation
function is the partition function on the torus. This is
computed in Ref. [5] as a test of QFE methods for the
¢* CFT theory on S2.

A. Dirac vs Majorana Propagators
In the continuum, the 2D Dirac fermion,
S = /dgx@[a”au +m|¥
=2 / dzdzV[o_0; + 0.0, +m|¥ (90)

at zero mass can be decomposed into two single compo-
nent Majorana fermions,

S =2 / dzdz[10z1 + Y. 1]
—9 / dzdz [y + O] (91)

where U = (¥, U,)7 = (¢,%) and ¥ = ¥To! =
(Uy, ¥)T = (3,9) are split into a holomorphic and
anti-holomorphic parts, 1(z) and (), respectively. The
holomorphic propagator is

((21)¥(22)) = (21, 21|07 |22, 22) (92)
= 021, 51/(00) V2, 5) = —— —

QM2 — 29

and the anti-holomorphic propagator is (¥(z1)¢(22)) =
(¥(21)¥(22))*. Note that these solutions are regular at
0 and oo, and periodic in § — 6 + 27 for z = |z]e’’. By
inserting twist operators at 0 and oo, the propagators,

<a<oo>¢<zl>w<@>a<o>>—fhf L ®)

21— 2

and (0(00)b(21)B(22)0(0)) = (o(00)4(1)th(z2)r(0))*
are now anti-periodic in §. To make contact with our sim-
plicial Dirac fermion requires two steps: first projecting
the flat space correlators to the Riemann S? sphere and
second identifying a single Majorana component within
our 2 component simplicial Dirac fermion.



B. Stereographic Projection for Conformal Fields

Under a Weyl rescaling of the flat metric,

0E*> 0~
Go(a) = S P, (0)

the conformal correlation functions for primaries O; of
dimension A; obey the general identity [33],

(O1(21)02(x2) -+ *)g,, (95)

- [Q(x11)A1 Q(xlz)Az - J(01(61)Oa(82) - +) prar -

In particular the map, R? — S?, to the projective sphere,

dss = Sdzdz = cos?(0/2)ds3s . (96)

(1+2%2)

introduces the Weyl factor, 22(6) = cos?(/2), and leads
to the identity for the 2 point function
1
[Q(z1)|21 — 22[*Q(x2)]2
1

- (2 —2cosf2)2"’ (97)

(O1(21)O2(22))s2 =

where 9(91)|Z1 — Z2|QQ(92) = |F1 — ’FQ|2 = 2(1 — COS 912)
with radial vectors, r = (r, + iry,r,) = (sinfe’?, cos )
restricted to the unit sphere embedded in R3. Just as
Poincare invariance on the plane implies that correlators
are a function of the length (or Euclidean distance on the
plane, |21 — 22|), rotational invariance on the sphere fixes
the correlator to be a function of the geodesic distance,
012. In addition scale invariance fixes the full functional
form.

It is often useful to make use of conformal cross ratios
u and v, which are also invariant under Weyl transfor-
mations,

2,2 2 .2 2 2 2 ,.2
_ T1a%3q _ Ti2T34 _ T14%32 _ T14732

u=—r =5, v=— =53, (%)
Ti3Tay  T13T24 Ti3xay  T13T24
2 . — — 2 . .

where 77; = (75 — 7)° = 2(1 — cos6;;). In moving from

R? to S?, all conformal factors cancel. In 2D one also
can combine the two cross ratios into a single complex
number,

(21 — 22)(23 — 2a)
(21— 23)(22 — 1)

(=

(99)

where z; = cot(6;/2)e!® and u = [¢|?,v = |1 — ¢|?.

For future reference, we point out that this con-
struction can be generalized to SP by the replacement
7 = (ry,71L) = (cosf,sin@7,), or if you prefer use ro-
tational symmetry to bring r, and |#| to the z — y
plane. One may see this in two steps. First, one maps
RP — R x SP~! via radial quantization with coordi-
nates (logr, ), then one maps to the projective sphere
R x SP~1 — SP with coordinates (cos 6, sin 67 ).
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C. Numerical Tests for 2-and 4-Point Correlators

To numerically compute conformal correlators, we
need to identify the Majorana components in our sim-
plicial Wilson Dirac fermions. This is accomplished by
including a Majorana mass, and comparing the contin-
uum with the lattice form of the Dirac operators,

m 0 w Vv
My an = [a m} - {—VT W] '
21,22 Z1,22

On the right, V is the naive central difference operator for
a massless lattice fermion and W is the Wilson term in-
cluding the mass. This identification recognizes that the
Wilson term W plays the role of the mass term in the
continuum limit, in addition to removing the unphysical
doublers. We compute the inverse for both representa-
tions using the Schur decomposition. In the continuum,
on R?, we have the expression,

(100)

G(z1,z2;m) (101)
_Im7Y 1+ 0(m? — 90)71d) —0(m? — 99)~!
o [ —(m? —99)~t0 m(m? — 99)~1 ] ’

for G(z1,29;m) = M;}ZQ, which can be compared with

the Wilson Dirac lattice propagator,
G(Zl, Zg)

_[wrta+vastviw )

- AV

(102)
—W—1VA;1]
A;l )

where Ay, = W + VIW~1V is the Schur complement.
Taking the zero mass limit of Eq. (102), we can iden-
tify the Majorana propagator as the off-diagonal terms
in Eq. (103), so it follows that on the lattice, we should
also identify these off-diagonal term for the lattice confor-
mal propagators. Consequently, in the zero mass limit,
the correspondence,

G12(21, 22)Gai1 (21, 22) = |G12(21, 22) 2

= (P(21)Y(Z1)Y(22)1(22))

is established.

Lattice ee Correlator: We will now show numeri-
cally that not only is Eq. (103) correct, but the simplicial
correlator converges rapidly to the continuum on S?,

_ v
472 2(1 — cosbya)

(103)

(e(m1)e(72)) (104)

A comparison of the numerical result versus the analytic
result is given in Fig. 17. At very small distances, cut-
off effects give a visible disagreement with the continuum
result, but otherwise the fit is remarkably good even at
relatively small L = 16 . It is important to note that
this is a zero parameter fit, including the normalization.
Fitting the data to the expected functional form, we find
(a/872%) x (1 —cosf) ™" ~ (1.0035/872) x (1 — cosf)) -9,
At L = 16 the finite lattice errors are less than 1 per
cent.
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FIG. 17. Log-Log plot of the two point correlator for L = 16.
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FIG. 18. Functional dependence in r of the four point corre-
lator for L = 4, 8,12, isolated by subtracting the 6 term. The
dotted red line is the expected continuum behavior.

Lattice oeco Correlator: To examine the four-point
correlator, we need to introduce twist operators on the
lattice. It is convenient to introduce the branch points at
the north and south poles of our decorated icosahedron
and to maintain a discrete 5-fold axial symmetry in 6. To
accomplish this, first, the pole points are removed. This

FIG. 19. Functional dependence in 6 of the four point corre-
lator for L = 4, 8,12 isolated by subtracting the r terms. The
dotted red line is the expected continuum behavior.
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takes our lattice from the topology of a sphere to the
cylinder. Next, the spin connection on one link around
the poles is flipped in sign. This introduces a topological
defect at the north and south poles which corresponds
to the insertion of our lattice twist operators. Finally, a
path is constructed between the flipped links at the north
and south poles, flipping the sign of the spin connection
along the path, so that the only defects are at the north
and south poles.

For a numerical comparison we normalize the lattice
four point function by the simplicial lattice two point
function and compare with the analytical form on the
sphere,

(o(o0)e(z2)e(23)0(0)) _ 1

(ee2)e()) = 4(7"—&—1/7”—&—2(:059;;) , (105)
as a function of the conformally invariant co-ordinate:
29/23 = re'?. Unlike the 2-point function, this depends
on both the angular separation #>3 and the magnitude
|za/23]. When either one of the e operators is near the
poles, the ratio function in Eq. (105) diverges and the
lattice results have strong cut-off effects, which we sup-
press by restricting the € fields to the range between polar
angles [r/4,3n/4]. The results can be seen in Figs. 18
and 19. First, in Fig. 18, we see the r dependence of
the ratio function by subtracting off the cos(#)/2 data,
and next in Fig. 19 we see the 6 dependence by sub-
tracting off the (r + 1/r)/4 data. In both cases, the nu-
merical results converge to the continuum result shown
in red. The total data set can be fit to the functional
form a(r+1/r)/4+ b cos(#)/2 with 1/L corrections giv-
ing a = 1.0008 + 0.264/L and b = 1.00033 — 0.00566/ L.
In view of the neglecting O(1/L?) terms in the fit, this is
consistent with the exact continuum limit (a = b = 1).

VII. DISCUSSION AND FUTURE DIRECTIONS

We have presented a solution to lattice Dirac fermions
on a simplicial complex approximating a general smooth
Riemann manifold. To achieve this we borrowed methods
from Finite Elements (FEM), Regge Calculus (RC) and
the language of the Discrete Exterior Calculus (DEC).
However, our solution required substantial new features
to accommodate the curved manifold going beyond the
linear piecewise implementations prevalent in the litera-
ture. To remove the doublers, we have used the construc-
tion of Wilson fermions. As in flat space, the operator
for this simplicial Wilson fermion can be used as a kernel
for Shamir [34] and Mébius [35] Domain Wall fermions
by introducing a flat extra dimension of length L. Just
as in flat space, this should converge as Ly — oo to an
exact simplicial lattice chiral overlap fermion representa-
tion [31].

This appears to us to be the first general solution
for simplicial lattice Dirac fermions on any smooth Eu-
clidean Riemann manifold that is capable of convergence
to the exact continuum limit. To support this conjecture,



tests were made for the simplicial lattice on a 2D Rie-
mann sphere compared with the exact continuum solu-
tions. While this is obviously far from a proof, additional
tests on higher dimension manifolds will be performed.
The proof of convergence theorems have not yet been
attempted. Convergence proofs for classical FEM and
Regge Calculus are far from trivial or complete [8], let
alone their extension to the simplicial fermions presented
here. However, we feel that the geometrical underpinning
of our approach makes our convergence conjecture plau-
sible.

To address the central problem of Quantum Finite Ele-
ments (QFE), interacting quantum field theory on curved
manifolds, we need to introduce interactions with scalar
and gauge fields. Yukawa terms interacting with scalars
are not difficult to formulate using linear FEM truncated
to local terms to represent a minimal set of relevant op-
erators. The inclusion of gauge fields interacting with
our simplicial lattice fermions is also straightforward for
vector like theories by replacing the spin connection €2;;
on each link by the product Q;;U;; in the action for the
Dirac field,

a V:L 7. 57(1) A a
35 Z ZTJ( i€ QUi b

(i,4) ¥
— 3 QUi ) + -

where U;; is the Wilson compact gauge link matrix,

SWilson = (106)

TR AR
Uy = e ity | (107)
and A;; = A" A}, is the non-Abelian gauge potential. The
kinetic term in the action has been considered in Ref. [10]
in flat space, but can be easily introduced on our simpli-

cial manifold as well. The continuum action

1 D ])/ /’/
s=1 / AP /G g™ gV ES, (2) % (1)

> (108)

is replaced by a finite element action as sum over all
triangles,

1 Viik ;
So = sgany 2o g Tr2—Un,, ~UL,) - (109)
AN

ijk ijk
where where A;j; = |o2(ijk)| is the area of the triangle
for the plaquette, Vi;x = |o2(ijk) A 05 (ijk)| is the dual
volume element, and the gauge matrix on each plaquette
is the product Un,;, = U;jU;Uy;. The reader is referred
to Ref. [10] for the demonstration that this has the correct
continuum limit.

The quantum field path integral on a simplicial lat-
tice requires confronting UV divergences with additional
counter terms as we will report in Ref. [13]. Progress has
been made for the Wilson-Fisher conformal fixed point
in ¢* theory by explicitly computing a finite number of
UV divergent diagrams on the simplicial lattice. The ex-
tension of this approach to other super-renormalizable
theories appears promising, opening up a new approach
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to lattice field theory with a view towards implementing
3D lattice radial quantization. There are also many other
interesting CFTs to explore by developing code and al-
gorithms similar to those in common use. Our plan is to
identify the geometrical properties of counter terms and,
if possible, develop the full QFE path integral in 4D, but
we recognize that this is a difficult problem. We are opti-
mistic that we will be able to achieve this within our cur-
rent QFE methodology via a single sequence of refined
simplicial lattices approaching the continuum Riemann
manifold for UV complete field theories. The guiding
principle is to formulate non-perturbative renormaliza-
tion schemes similar to methods develop for lattice field
theory in flat space with the geometrical classification of
the counter terms required in perturbative renormaliza-
tion on Riemann manifold [36, 37]. Other approaches
such as a quenched ensemble of simplicial lattices con-
strained to the target manifold as advocated in the ran-
dom lattice program [38] for flat space may warrant fur-
ther investigation in spite of their increased computa-
tional complexity.
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Appendix A: Dirac Finite Element

The construction of our new piecewise flat Dirac finite
element described in Sec. III A proceeds in the following
steps. We seek a new finite expansion on each triangle
Aq23

P(x) = B (@) + E*(x)2 + E>(2)¢3,

P(x) = BN @)y + B> (2)hy + E*(z)hs.
in terms of the new Elements, E*(x), which satisfy 3 con-
ditions: (i) The faithful interpolation of the Dirac field
requires £'(r = r;) = 0}, at each vertex x = r;, (ii) the
preservation of constant fields E'(z)+E?(z)+E?(z) = 1,
and (iii) the lattice Dirac equation propagates on each
link (4,7) with the spin matrix ;; - ¢. Surprisingly, all
three constraints have a simple solution in terms of three

(A1)



FIG. 20. Each triangle on the simplicial lattice given by the
N123 with vertices 71, 72,73 is divided into 3 isosceles sub-
triangles meeting at the circumcenter at 0.

sub-triangles with linear elements meeting at the circum-
center with a ghost field

Yo = c1yr + caa + c3th3

o = c1p1 + catha + 313 (A2)
given as a linear function of the values at the vertices.
The calculation requires computing the action and ap-
plying these constraints to determine the values of the
coefficients ¢;.

The basic algebra relies on the geometry illustrated in
Fig. 20 by vectors/dual-vectors, (fij,ﬁ *). The simplex
for Aj23 has normal vectors (7 1,7 2,7 3). In addition,
Vg, NI,
where the normal on the exterior links, ]\78, are just

each of the sub-triangle have the normals (]\7jr,

rescaled from 77 * by NO = (Ai23/Avii+1) 7", As a con-
sequence we have the sum rules
NL + Nj+ N+t =0,
Ag23NG + Aozi NG + Ap1aNg = 0. (A3)

In addition, normals to a shared link for two adjacent
sub-triangles are related by Ao’i,lyil\ﬂfi +A0,i,i+1]\74ir =0.
All of these relations hold for an arbitrary location for the
center vertex 0.

Restricting vertex 0 to the circumcenter leads to three
isosceles sub-triangles and there are now additional geo-
metrical constraints. Within each sub-triangle, the sum
and difference of ]\73r and N1 are perpendicular and

parallel to the opposite link vector, fi7i+1, respectively,
ie.,

- . P 2 ;
L (NN =0, NN = 0L (Ag)

iyit1

Applying the linear FEM interpolation formula, Eq. (39),
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to each sub-triangle Ag ; ;41 we have,

Agiittl S_ . L
Soiit1 = %WH(NHF = Nii1)  0Yin
+ i1 (N N} - a0
+ 7/;0( -*H_l 1+2) i ]
— c.c. (A5)

and the sum Si23 = Sp,12 + So,23 + So,31, with the
help of the identity, (AO,i,i-&-lN;r + AO,i+1,i+2NZ+2) =
Ag,iiaN? i1, gives

1 Aviira[Pi(NF = N - Gy
— i (N = NI -Ge] (A6)
+ %ZZ Ao i-1it1[tid - Néwo — 1 - Néwi] .
Introducing the expansion for the ghost field vy and

zEO, the linkj/_qc_fwz receives contributions from both the
110 and Yoy terms. We now require that each edge

is properly aligned,
Aoz1 o A2z

Ap12 >
h 2031 N2,
312 12 — 3 0C1+

S123 =

(A7)

NO Co 112

plus permutations for the 19513 and 1351, links. The
first term in each equation is already in the form we
are seeking. Now we have what appears to be an over
constrained system for three coefficients ¢; satisfying the
normalization constraint ¢; + ¢o +¢c3 = 1.

An efficient approach to solving for these coefficients
is to project these equations in the perpendicular di-
rection by taking the scalar product with 1\73,]\7(},]\73,
respectively. After some algebra, using the identity
l_;k ) l_;w' = 4A%y0 "
matrix equation,

-1 7, this reduces to a homogeneous

I31 - 11 :lgg jlz B 0 . c1
0 lig-lag  —l31-la3| [c2| =0. (AB)
—li2 - I31 0 laz - I31 €3

As the determinant is zero, a non-trivial null vector ex-
ists, given by

(A9)

for ikj = (123) and cyclic, where we have expressed the
solution up to a undetermined dimensionless constant cg,
which can be chosen to satisfy the normalization ¢; +
co + c3 = 1. After considerable algebraic manipulation
the final solution becomes,

_ 4Agik 4Aojk
12
Jk

= cot(0;x/2) cot(0;1/2) ,  (A10)

2
lik

where the vertex angle for each isosceles triangle is given
by COt(eij/2) = 2h”/l” = 4A0”/lz2]



The consistency between Eq. (A9) and Eq. (A10) prior
to this normalization requires only that the ratios ¢;/c;
are unchanged which may be verified using the follow-
ing set of identities. Let R be the circum-radius such
that one has [;; = 2Rsin(6;;/2). The total area can
be expressed symmetrically as Aja3 = li2loglz1 /AR =
2R?%sin(612/2) sin(6a3/2) sin(fs1/2). The equation for the
scalar product leads to:

l_;k . l_];j = 4R? COS(Qik/Q + 9@'/2) Sin(@ik/Q) Sin(ekj/Q))
= 2A123 COt(eij/2). (A].l)

The normalization condition, ¢; + ¢ + ¢3 = 1, follows
from the elegant identity,

tan(912/2) + tan(923/2) + tan(031/2) (A12)
= tan(912/2) tan(923/2) tan(031/2) y

for 015 + 623 + 031 = 2m. Geometrically, this identity re-
flects the fact that the area of the triangle equals the sum
of areas of three sub-triangles, A123 = Ag12+ Agaz+ Aos1-
Remarkably, with c¢; appropriately chosen, the additional
two terms in Eq. (A7) are not only aligned with the first
one but the sum of all three provides precisely the FEM
weight for our conjectured Dirac ansatz above. It is ap-
pealing that the use of the dual vertex is necessary to
the construction analogous to our Discrete Exterior Cal-
culus formulation of the scalar. Generalizations of this
construction for D > 2 using the dual lattice are being
sought.

Let us end with two additional comments. First, if we
choose ¢; = & = Agjr/A123, we get back to the naive
linear FEM result for the entire triangle Ajs3, which, as
stated earlier, does not lead to Eq. (35). Second, if one
chooses an arbitrary point 0 inside the triangle, instead
of the circumcenter, it is still possible to adjust the coeffi-
cient ¢; so that propagator on the links is aligned with l_;]
However, the magnitude does not agree with our ansatz
in (35), and it does not admit a simple geometrical inter-
pretation.

Appendix B: Spectrum of the Dirac Fermion on S?

Here we rederive the Dirac operator on S? by start-
ing from the Dirac fermion in 4D projected to the 2
sphere. In 4D, consider the change of variables from
Cartesian to spherical coordinates, z# = (¢,7), where
7 = (rsinfcos¢,rsinfsin¢g,rcosd). The fermion ac-
tion, @7“8“1&, can be re-expressed as

1 1
1Y, = ~(y 0 ——® Bl
VO =100 + ~ (7 Oogr) +7°00 + ——57705) , (B1)

where 4" = é,.-7 = sin §(cos ¢y +sin ¢y?) +cos 073, v =
ég -7 = cosB(cos py! + sin ¢y?) — sin 3 and v¢ = ¢, -
~ = —sin ¢y! + cos ¢y2. The freedom to rotate tangent
vectors allows one to rotate é, to é3. This can be done
by first rotating €4 to é2 and then rotating éy to é'.
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Equivalently, one rotates the fermion spinors, 1 — A

and ¢ — ¥ AT which then rotates v* — ATy#A = OH~Y,
iggl? 1gy13

where A = A12(¢)A15(0) = e2 e2 . The gauge

transformation picks up an additional term, ¥y*0,v¢ —

POLYY 9,1 + P(ATy*A)(ATD,A)e, or spin connection so

the Dirac operator in this frame is

C 1 a 1
ely (0, + wafﬂ ) =700, + ;[73310g(r) + 7' 09
2

~!cot O
2

+ O+ + ] (B2)

sin 6
The static approximation removes the 7 reducing it to
3D. The radial quantization on R x S? rescales the fields
(¢ — =Y, 9 — r~14) | placing the 2D Dirac action on
the unit S? given by

cot 0
2

)+ <0l - (B3)

S = / sin 0dOde [y (e +
in 6

This is two copies of 2 component fermions with action,

S = /Sin 0d0dgi)(a* D,, + m)yp (B4)
. 0. 1
_ / sin 0d6d D[o" (9 + C°2t )+ = —020l0,

in agreement with Eq. (80), as promised. The term
%Cote corresponds to a spin connection on S?. Defin-
ing

1
V =o' (g +cot/2) + mdz% ; (B5)

we turn next to the spectrum, Vi) = i A1), of the massless
Dirac operator [28, 39, 40] on S%.

For the positive spectrum, Ay > 0, the eigen-functions
are designated by £;(0,¢). The analysis can be done
by the usual procedure, by seperation of variables and
Fourier expansion of the spinor £, (6, ¢) in ¢, £4(6,¢) =
>, e ™? f1(6), leading to a first order ordinary differ-
ential equation in @ for a two-component spinor f (6). It
can be shown that spinors in this gauge are anti-periodic
in ¢ and m = n+ 1/2 takes on half-integral values. This
leads to a coupled first order ODE between its upper and
lower components, which after one iteration gives an or-
dinary second order ODE separately for the upper and
the lower component.

By imposing a normalizability condition on f (6), the
discrete spectrum can be found, with eigenvalues,

Ap=j+1/2, (B6)

where j = 1/2,3/2,--- and —j < m < j. That is, for
each Ay, there is a (25 + 1)-fold degeneracy due to rota-
tional invariance. The corresponding wave functions can
be expressed in terms of Jacobi polynomials, P,(La’ﬁ )7

v (m)(0,0) = Cf, e™™? (B7)

1

sin™(0/2) cos™ 1 (9/2)P}j;é’m+§) (cos )
i sin™*1(6/2) cos™ (9/2)P(m+%’m_%) (cos @)

J—m



The eigenfunctions corresponding to the negative eigen-
values, A_, can be obtained via &_ ;,m)(0,0) =
10304 (j,m)- For the record, we note that these wave
functions are normalized so that

[ SO0 ey = BBy (B)

with ij given in Ref. [28].

By performing a local rotation, it is also possible to
express these wave functions in terms of the usual spher-
ical harmonics, Yi,,, [28]. Introducing ®*(j,m) = VI¢,,
where V1 = ¢1092/2¢=1403/2 one finds that

2= (j.m) = 120 (B9)

(l‘Z’l”?)}/}7777F (67¢) $i %Y—jtm— (6‘,(;5)
0

(jz;")yj_er (0,0) £ %Yjﬂm( )

N[ =

whereji:ji%andmi:mi
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Finally let’s give a direct evaluation of the Lichnerow-
icz formula,

1
V2 =__—
v

in Eq. (50).
On S? the operator,

1
D,\/9¢"" D, + faabegeZRm, ,

. (B10)

1 cos
V2 =—[0? +cot08) + ——8? — iog——r
[0 + cot 60 + sin2@ ¢ 173 sin’ 0

1 1

_4mm0_1]’ (B11)

o2

has spectrum (j + 1/2)2, which is naturally the absolute
value square of the Dirac operator spectrum +i(j+1/2).
It follows that in 2D the covariant spinor Laplacian alone,
which is the first term in the Lichnerowicz formula (B10),
has eigenvalues, (j+1/2)?—1/2 = j(j+1)—1/4 in accord
with our numerical evaluation of the Wilson term (86) in
Sec. VA.
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