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Abstract

We consider entanglement through permeable junctions of N (1 + 1)-dimensional
free boson and free fermion conformal field theories. In the folded picture we constrain
the form of the general boundary state. We calculate replicated partition functions with
interface operators inserted in the partially-folded picture, from which the entanglement
entropy is calculated. The functional form of the universal and constant terms are the
same as the N = 2 case, depending only of the total transmission of the junction and
the unit volume of the zero mode lattice. For N > 2 we see a sub-leading divergent
term which does not depend on the parameters of the junction. For N = 3 we consider

some specific geometries and discuss various limits.
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1 Introduction

The entanglement entropy of a region A is given by the von Neumann entropy of the reduced
density matrix produced by tracing over all degrees of freedom in the complement A. This
quantity provides a measure of the entanglement of the two regions and has been utilized in
a wide variety of areas ranging from quantum information theory to black hole physics.

In the present paper we are interested in entanglement entropy in two dimensional con-
formal field theories, studied first in [1, 2]. For a spatial region given by a finite interval
of length L and an UV cutoff €, the entanglement entropy of this interval has the following
form

L

C

The logarithmically divergent term is universal and only depends on the central charge ¢
of the CFT. On the other hand the constant C' is in general regulator dependent and not
universal.

For a CFT with a boundary, defect or interface it was argued in [2, 3] that the constant
term C' becomes physically meaningful and is closely related to the boundary entropy first
introduced in [4]. In this paper we will only consider conformal interfaces and there are two
cases which one can distinguish.

First, we consider an interval placed symmetrically across an interface Z between two

CFTs of the same central charge, whose entanglement entropy is

L
Sopm = glog ~+C'(2) (1.2)

where now the constant term C’ is a function of the parameters of the interface Z. The
universal term has the same form between (1.1) and (1.2) as the endpoints of the interval
where entanglement is strongest are symmetrically positioned away from the location of the
interface.

Second, we can locate the interface at the boundary of the region A and enlarge it to
cover the whole of one of the two CFTs in the limit as L becomes very large, so that the
end-point of the interval is fixed to the location of the interface. It was shown in [5] that
the central charge ¢ for universal term gets replaced by a function of the parameters of the

interface

Susym = § £(2) 1og§ + () (1.3)

The function f(Z) varies depending on the CFT and is known only for a few cases, two of
which are reviewed in section 3. However, in general f(Z) must obey some limits. For an
interface that completely decouples the two CFTs it must be the case that f(Z) = 0, while



for an interface that completely transmits energy (so-called topological interfaces) it must
be the case that f(Z) = 1/2%.

A natural generalization of an interface Z connecting two CFTs is a junction J connecting
N CFTs along a common line. If we consider an entangling region containing one of the

CFTs, say CFT;, then the entanglement entropy has the same generic form as (1.3); that is,

L -
8= 5 fna(J)log = + Cna(T) (1.4)

For junctions between non-relativistic theories, it was shown in [6] that the universal term

of (1.4) is related to the universal term of (1.3) via

InilT) = F(VT) (1.5)

where 7; is the total transmission coefficient from i-th theory to the other theories in the
junction, however this has not been shown to hold in the conformal setting. In this work
we will show that this relationship holds for arbitrary junctions between CFTs which are
constructed from free conformal bosons and fermions.

The paper is organized as follows. In section 2 we review the folding trick which turns
the problem of constructing conformal interfaces into one of constructing boundary states.
We review the construction of bosonic as well as fermionic boundary states and determine
the normalization using the Cardy condition. In section 3 we review the calculation of
entanglement entropy in the presence of a bosonic and fermionic interface which is located
at the boundary of the entangling space. In section 4 we calculate the entanglement entropy
of bosonic and fermionic N-junctions, generalizing the method introduced in the previous
section. In section 5 we construct all boundary states corresponding to 3-junctions and
discuss various features and limits. In section 6 we summarize the main results of our work
and discuss possible avenues for future work involving CFT junctions. Our conventions for
the free boson and fermion CFT's, special functions as well as calculational details involving

Gaussian integrals and circular determinants are relegated to appendices.

2 CFT construction of interfaces and junctions

A conformally invariant interface between general CFT; and CFTj is described by an oper-

ator located at the interface that satisfies

(L), —L',) Lo =Ly (L2 — L%)) (2.1)

!The reason that f(Z) = 1/2 instead of 1 has to do with the fact that we are now considering an
semi-infinite entangling interval with only one end-point, and thus should have half the entropy of the two
end-point case in (1.1).



for n > 0, where L¢ and L! with i = 1,2 are the Virasoro generators of each CFT. Finding

operators that satisfy (2.1) can be mapped to finding conformal boundary states satisfying
(L — L) BY) = 0 (22)

by use of a parity transformation. This is the content of the folding trick [7], which is
illustrated in figure 1. For general CFTs, the boundary states satisfying (2.2) are often
difficult to find. When c¢io1a < 1 the CFT are rational an for a finite number of primary
fields all solutions to (2.2) have been found [8] and organized into modular invariant boundary
states [9]. However, since we are considering an N-times tensor product CFT in the folded
picture (N = 2 for interfaces, N > 2 for junctions), the resulting folded CFT always has
¢ > 1 and hence not rational. If one imposes additional conditions such as preservation of
a current algebra or permutation symmetry, more general constructions of boundary states
and interfaces are possible [10, 11, 12]. Another possibility is given by strengthening the
conditions (2.2) to boundary states satisfying

(L, —L",)|B)) =0 (2.3)

for each i = 1, 2 separately. This leads to so called topological defects or interfaces [13, 14, 15].
In this case solutions are known for wider classes of CF'Ts; e.g. for topological interfaces in
rational CFTs the corresponding interface operators were found in [16] and [17] by building
off of the modular invariant projection operators constructed in [18]. When considering free
fields, as in this work, the conditions can be written in terms of the creation and annihilation
operators and can be solved by a coherent state anzatz. We will now show how this works

for free bosonic interfaces and junctions.

2.1 Bosonic interfaces

Under the replacement a, — S;; a , for a 2 x 2 matrix S, the operator combinations in the

generators L!, are altered as

valal o —— Sy Sy al,_adt, (2.4)

n—m m—n-—m

Considering summation over the index i in the above and form of the generators (A.8), it is
seen that Ltotal — [l if § i5 an orthogonal matrix. Thus, the conformal condition (2.2)
simplifies to

(a, = Syya,) [B)) =0 (2.5)

for S an element of O(2). This condition can also be constructed explicitly for free fields

by requiring continuity of the stress tensor at the location of the interface [7]. These new

4



CFT,

CFT, CFT, o CFT, | 1B)

~_

Figure 1: Illustration of the parity transformation relating the interface between CFT; and
CFT, to the tensor product CFT; ® CFT, with boundary. The folded picture is useful for
characterizing classes of interfaces and some simple calculations (see [7]). For calculations
such as ours the boundary states need to be unfolded once they are found.

conditions (2.5) can be solved by a coherent state anzatz
15)) = gﬁexp Lo o @ Vo) (2.6)
o n J —n n

The form of (2.5) describes a D-brane in the boundary state formalism (see [19, 20] for
review), and this correspondence is used to find and classify all the possible boundary states
for the two scalar model. The D-brane interpretation also gives us physical meaning for the
normalization, the so called g-factor, and the ground state |2) in (2.6).

The one-dimensional special case of (2.5) emits the unit scalar choices S = +1, which

correspond to the two possible D-brane states for a single compact scalar

R 1 1 = .
D0)) = exp | —a_,a_, e N/ BN () 2.7
00 =1 Lo (fowin) 35 i) 27
1 o' 7 1 -
D) =/ 5\ 5 [Texp (——aman) > ™ j0.M) (2.8)
n=1 M=—o00

respectively, where the DO-brane enforces a Dirichlet condition at the boundary and the D1-
brane enforces a Neumann condition at the boundary. The constants ¢g and ¢, are position

and dual Wilson line moduli of the D-brane. For an interface between two ¢ = 1 CFTs the
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Figure 2: On the right: A D1-brane wrapping the bosonic 2-torus continued into the com-
pactification lattice so as to show the lattice intercept at (ki Ry, koR2). On the left: A DI1-
brane wrapping the bosonic 2-torus (corresponding to the parameters k; = 2 and ko = 3)
shown in the unit cell of the compactification lattice.

D-brane states of the two scalar model are needed. These were constructed in [13] using
rotations and T-duality transformations on the tensor products of (2.7) and (2.8). The first

class of states are the rotations of
|D1,0)) = [D1)) @ |D0)) (2.9)

by an arbitrary angle in the compactification lattice parametrized by two integers k; and ko

kaRo
tanf = 2.10
an o ( )
as shown in figure 2. The explicit boundary state is given by
KR} + k3RS 1 :
D1,0(ky, kq))) = a' Q 2.11
D100 k) =[R2 TTew (L@l )l 2

where
cosf) sin@) (=1 0\ [cosf —sinfd —cos20 —sin26
S(0) = (— sin 6 cos&) ( 0 1> (Sin@ cosf ) a (—sin20 cos 20 ) (2.12)

and
o0

€2 = Z eNOTMP BN ky M) @ | — kN, ko M) (2.13)
N,M=—0c0

The other class of states, corresponding to bound states between ky D2-branes and k; DO-
branes, is obtained from (2.11) through a T-duality transformation (A.12) of ¢;. Explicitly,
the state is given by

o0

Ko 4 KRR L




where

vy aran (—1 0\ fcos26" —sin2¢’
S0 = 5(0) ( 0 1) N (sin 20" cos26 (2.15)
with “angle”
k’gRlRQ
tand = =2 (2.16)

obtained from the replacement R; — o//R; in (2.10), and

)= Y eNTMI M ks N) ® | — kN, kM) (2.17)

N,M=—0c0
obtained from the replacement n; <> w; in (2.13). The normalization factors in the previous
boundary states are determined by Cardy’s condition, which we will explain for a general

bosonic D-brane state in the next section.

2.2 Bosonic junctions

For junctions connecting N > 2 free boson CF'T's, we proceed with the same folding methods
shown in figure 1 applied repeatedly, as illustrated in figure 3. Specifically, the bosonic N-
junction is folded into the N-times tensor product CFT with boundary states |B)) determined
by the boundary condition

(a, — Siyal,) [B)) =0 (2.18)

where now S is an element of O(N)?. As before, (2.18) is solved by a coherent state of the
form
|S)) =g ﬁ exp (l S a’ aj_n) Z €%20.30 é |n;, w;) (2.19)
n=1 n ! (ag,a0)€EA i=1
where A is an N-dimensional sublattice of the full 2N-dimensional lattice of unconstrained
eigenvalues of the a}) and aj. Not every element of O(N) will be compatible with the zero
mode structure, i.e. satisfy the n = 0 case of (2.18) for the quantized eigenvalues (A.10),
and thus the bosonic boundary states correspond to a countable subset of O(NV). For N = 2
the restrictions (2.10) and (2.16) specify the allowed subset of O(2), and in section 5 we find
the allowed subset of O(3) for N = 3. Lastly, the phases da, 3, are related to the position
and dual Wilson line moduli of the D-brane, but as they will vanish from all our calculations
we will not characterize them further.
We now fix the normalization through Cardy’s condition for this general bosonic D-brane.

Cardy’s condition enforces the consistency between the open and closed string channels; that

2This is seen either by the easily generalized replacement in (2.4) or by requiring continuity of the stress
tensor at the location of the junction [21].
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Figure 3: Illustrating the unfolded, folded, and partially folded pictures for a 3-junction.
As before, the folded picture is used to characterize the boundary states. However, for the
entanglement entropy calculations we will only unfold one CFT and work with interface
operators in this partially folded picture.

is, it requires the annulus amplitude to have a modular interpretation as a partition function
on the cylinder. We will use this condition to fix the value of the normalization factor in

(2.19). Let ¢ = e for some ¢ > 0. The annulus amplitude is then
((S]qg ZEa Eo+Lo-1/12)| ) (2.20)

The quadratic operator exponentials in the boundary state complicate attempts at direct

calculation; instead we linearize the exponential by means of Gaussian integrals of the form

ANz dVNz _ ~
€A~B :/ 7ZTN Z €—z~z—z-A—z-B (221)

where A and B are N-dimensional vectors whose entries are all mutually commuting oper-

ators. Linearizing each of the exponentials in (2.20) with (2.21) in a complementary fashion

8



we obtain the expression

N 1 Fi_ N (riTi
<<S|qu:1(LO+L0 1/12)|S>> — 92 <Q|qzz:1(L0+LO)

Q)
s ANz, d" z, dN W, dN W, ] ]
> q—N/12 H / Z z w w e % En =W Wi (222)

2N
n,m=1

1 o 1 = =
O|€_qmwm‘STam_Equm'am _Ezn'afn_zn‘safn |0>

X ( e
where |Q2) is the lattice-summed zero mode in (2.19) and we have used the identities

etngho = ghoet"en  and  ePngho = gloe? (2.23)

The form of (2.22) is such that the zero mode contribution, the first line of (2.22), is isolated
from the remaining oscillator contribution. The zero mode contribution is a lattice theta

function (see appendix B.1)
g (Qlg == V) = ¢ O, (2it) (2.24)

where the dependence on the phases in |2) have vanished. For the oscillator integrals, we

commute the two linear operator exponentials in the third line of (2.22) to obtain

_ = dNanNzndNWndNWn —Zin Ty — W W " Zn - SW "Zp -SW
q N/12H/ 71_2N e n'Zn nWn+q"Zn SWn+q" 2n SWp (225)
n=1
_ ad dNWndNWn —(1—a2™) W, W - n N
_ gV H/ = o~ (1=a*") WnWm _ [q1/12 H (1-¢ )} (2.26)
n=1 n=1

where the dependence on S is removed after the z,, z, integration due to the fact that
STS = 1y as S is an element of O(N). Comparing this result to (B.21) we find that the

annulus amplitude can be written in closed form as
((Slq == Pt o=t /12)5)) — g2 O, (2it) [i(2it)] (227)

Performing S-transformations on the above we have the equivalent expression

2

((Slq=F HED]5)) = o O (i/20) [n(i/20) (2:28)

In order for (2.28) to correspond to a cylinder partition function with a properly normalized

vacuum we must have that the constant term as t — 0 in (2.28) is unity. Thus, Cardy’s

g = \/vol(A) (2.29)

condition fixes



2.3 Fermionic interfaces and junctions

Owing to their much less complicated zero mode structure, the boundary states correspond-
ing to interfaces and junctions between free fermion CFTs have a simpler construction and
can be expressed entirely in terms of an arbitrary element of O(N). The fermionic analog
to (2.5) is

(v +iSy,) [B)) = 0 (2.30)

In contrast to (2.7) and (2.8) the single fermion has the four possible boundary states

xs = [ exp (iev,42,) [0) (2.31)
€)= 24ll H exp (iep’ 1 07,) |€) (2.32)

corresponding to € = £1 and the different modings in the Neveu-Schwarz and Ramond
sectors. Each of these boundary states are normalized via Cardy’s condition as in the
bosonic case. In [10] the various fermionic boundary states for N = 2 were found; here we

give their straightforward generalization to arbitrary N for the Neveu-Schwarz sector

N

1Sxs = J[ exp (iSyv,47,) KR)10) (2.33)

nENf% =1

which will be the focus of the fermionic calculations in this work, and for the Ramond sector

/ 2 - : N 1 i -
|5>>R = m }_[1 €xp (ZSijw—nwfn> exp (5 }—iﬂ_eﬂej) § |€z> (2-34)

where .
L= — (Y £ i} 2.35
T+ V2 (¢o Q/’0) ( )
and F is an anti-symmetric matrix given by

S =(n+F)'(Ay—F) < F=>Ux-5)"Un+59) (2.36)

The state in (2.34) is only well defined as long as S’ is in the connected component of
O(N). Thus we take the matrix S’ to be the pure rotation part of S, i.e. we write S as
an elementary reflection composed with a continuous rotation S’. The reflection content of
S is then represented in the ground state through the choice of signs in the ¢;. If S is a

pure rotation then ¢; = +1 for all ¢, whereas if S includes a reflection then ¢, = —1 for all

10



1 excepting the two indices corresponding to the plane of reflection. These considerations

ensure that (2.34) satisfies the zero mode boundary condition
(¥ +iSu) 1S =0 = (7, + Fyrl, ) 1)n =0 (237)

while maintaining a finite normalization.

2.4 Reflection and transmission

In [5] and [22] it was shown that the physical quantity determining the universal term in
the entanglement entropy for both the bosonic and fermionic interfaces is the transmission
coefficient of the interface. This continues to be the case for N > 2, so therefore we briefly
review these coefficients for interfaces and junctions of free boson and free fermion CFTs.
The reflection and transmission coefficients for CF'T' N-junctions are related to the N x N

matrix o
o OILLLB))
’ (0[B))

where |B)) is the boundary state corresponding to the junction. This matrix was first

(2.38)

considered for interfaces in [23] where average reflection and transmission coefficients were

found 5 )
(Rn + Rgg) and 7% =

C1+ Co C1+ Co

Ran - (ng -+ Rgl) (239)

which are enough to characterize transport processes for N = 2 since in this case R is a

symmetric matrix. These coefficients were generalized in [24] to the case N > 2

2 2

where R; is the reflection coefficient for CFT; and 7;; is the transmission coefficient for
transport from CFT; to CFT;. It should be noted for N = 2 that (2.40) is related to (2.39)
by

C1 + Co
201

Tz = %751 = Tve (2.41)

so that for ¢; = ¢o = ¢ the three different transmissions all agree. For N > 2 we’ll also want

to consider the total transmission from CF'T;, given by the sum

T, = Z Toi (2.42)
J#i

In both the free boson and free fermion cases (2.19) and (2.33), the reflection and transmission

coefficients of these boundary states are given by
Ri=5, and T;=5, = T,=1-5; (2.43)

11



and thus the coefficients can be lifted from the matrix S, e.g. the angled D1-brane with

matrix (2.12) has a transmission coefficient
T = sin”® 20 (2.44)

It is interesting to note that a completely transmissive junction, which necessarily has

R;=0forall i =1,..., N, has its transmission coefficients constrained to be
Tij = Ojk, (2.45)

where k;11 = k; + 1, the index N + 1 is identified with 1, and k; # ¢. These correspond to

twisted permutation junctions whose boundary states satisfy

at|S)) = +a" |S)) (2.46)

for (2.19) and
UL18)) = £iv",|S)) (2.47)
for (2.33) with independent sign choices for each i, of which there are 2V(N — 1) distinct

matrices S.

3 Entanglement entropy at conformal interfaces

Here we review the entanglement entropy calculations of [5] and [22] for interfaces between
free boson and free fermion CFTs. We choose to first highlight the bosonic calculation as it
will be the one most readily generalizable to arbitrary N. In section 2 the starting point for
characterizing an interface was to consider the corresponding boundary state in the folded
picture. Once the boundary state is obtained the folded CFT must then be unfolded to
produce the interface operator satisfying (2.1) that is needed for the calculation.

The bosonic boundary states in (2.11) and (2.14) are unfolded into operators via what is

essentially a parity transformation on the quantities of one of the CFTs [13]
In,w) — (—n,w|, a_p, — —a,, a_p,— —ay, (3.1)
Choosing to unfold ¢, for the state (2.11) produces the interface operator
Iio=Gia H exp { [S11(0) a'al,, — S12(0) alal — Sai(0) azal, + Sx(0) ara;, }} (3.2)
n=1
where the ground state operator given by

R 3RE O y
G12 Z zNa M18|]{;2N7 k1M><]€1N, k2M| (33)

27\ T 2RR,

12



The expression for the interface operator in (3.2) is a formal one, as the negatively-moded
oscillators must be placed on the left side of the ground state operator after the full expansion
of the exponential. An explicit expression for the interface operator can be obtained by a

linearization of the exponential as in (2.21), one such choice being

D _
d?’z,, d*z - 1 i} N
11’2 _ | |/ ”2 n efzn-znefgznlal_n*(suznl*Szlznz)al_n
T
n=1

oo
1, =2 - - 5
% G1,2 H e—gzn2an—(5222n2—5122’n1)an (34)
n=1
With expressions for the interface operator like the above the entanglement entropy can
be calculated through a geometric replica trick first formulated in [1], which is illustrated in
figure 4. The entanglement entropy is calculated as a limit of Renyi entropies of the reduced

density matrix

9 K
S = _a_K Trlpl Kl (35)

The trace of the K-th power of the reduced density matrix is re-written as a partition
function on a K-sheeted Riemann surface Rx whose branch cut runs along a time-slice of

CFT;. From the path integral form

Z(K) = /Dgpngpg exp [—/ dw dw L(p1, p2) (3.6)

Rk
the entanglement entropy in (3.5) can be written in terms of this replicated partition function
S=(1-0k)log Z(K)|,_, (3.7)

Cutting off the w-plane outside the annulus € < |w| < L, the mapping z = logw maps this
K-sheeted region into a rectangular region in the z-plane with Imz = 0 and Im z = 27K
identified. For ease of calculation we further identify Re z = loge and Re z = log L so that
the replicated partition function becomes the torus partition function with 2K interfaces
inserted

Z(K) =T, [(11,2 g1, qu)K] (3.8)

for ¢ = e with t = m/log(L/e€) after a rescaling of the z-plane (see [5] for details).

Combined with explicit interface operator expressions like (3.4), the operator expression in

(3.8) can be used to calculate the exact form of the replicated partition function.
Calculating the commutation of the various operators between the ground state operators

of successive interfaces, the partition function (3.8) is written as a 2/K-(complex) dimensional

13
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Figure 4: The logarithmic map z = logw maps the K-sheeted Riemann surface, a single
branch of which is shown on the left, to the geometry on the right. The circles on the left part
of the figure correspond to an UV cutoff located |w| = € and an IR cutoff located at |w| = L
with their image under the mapping forming the negative and positive real boundaries of
the geometry on the right. This figure was adapted from [22].

Gaussian integral. Thus the final evaluation of Z(K) is performed through calculation of a
determinant and re-expressed in terms of modular functions

> 2tK3H0 (vp]2it)  (3.9)

: 2 1 2 D2
Z(K) = ¢* K| sin 20|/K~10, <—“€Kk2o‘ ) <Zth il

R?sin? 0 o cos?
— vol(A) K K TE-D209, (2iK1) [n (2it)]* H 07 (1,]2it) (3.10)
where L "
sin 7y, = | sin 26| sin% VT sin% (3.11)

The form of the partition function in (3.9) is the one given in [5], whereas the form in (3.10)
uses conventions more readily comparable to the N > 2 cases. The remaining product in
the partition function is analytically continued in K, which is reviewed in appendix B.3, so

that from (3.7) the entanglement entropy is
S—-—o(\sinQQ[)log——logUﬂk | (3.12)
2 1 2 .

with the function o(s) in (B.41). The function o(s) increases monotonically from ¢(0) = 0
to o(1) = 1/3, matching the behavior of the universal term expected of the entanglement

entropy of a semi-infinite interval in a ¢ = 1 CFT as discussed in section 1.

14



The entanglement entropy of the fermionic interface follows the same general procedure
as the bosonic interface calculation, i.e. inserting the unfolded interface operators into (3.8)
in order to calculate (3.7). The N = 2 fermionic boundary states of (2.33) and (2.34) are

unfolded into operators via the transformation [13]
0) — (O], l&) — (e, 0 — =i p, Yo — W, (3.13)

For the fermionic interfaces the explicit expansion of the quadratic operator exponential
is considerably simpler than in the bosonic interfaces due to the fact that for each fixed
mode n the Hilbert space H,, of the corresponding fermionic oscillator is 4-dimensional (as
opposed to the infinite-dimensional situation for the bosonic oscillators). As such, the matrix
representation on the ordered basis {¢/_,|0),¥_,|0), ¥_,¥_,[0), |0)} is

Iy = {H f{iz} 1y, (3.14)

n>0
where
Sia 0 0 0
0 Sy 0 0

no__
]1,2 =

0 0 —detS —iSy (3.15)

0 0 —uSxp 1

The partition function is then calculated in terms of the four eigenvalues A;,, of the block

matrix
I, Py (17,)' Py (3.16)
where matrix representations of the propagators are
" 0 0 O
pr = 8 qon q‘;n 8 (3.17)
0 0 0 1

Explicitly for the NS interface, the partition function in terms of the eigenvalues can be

re-expressed in terms of modular functions

932Zt) il
Z(K) = Al + A%+ AL, + AL, = O3(vp|2it) 3.18
)= I ( ) = e LL o420 619

nEN—% 1

by utilizing the algebraic identity®

K-1
2k
H {332 — 22y coS (9 + %) + yQ] = 22K — 225y K cos (K0) + X (3.19)
k=1

3From the form of (3.19) it appears that the final equality in (3.18) is only valid for odd values of K. In
[22] it was shown that this suffices for calculating the entanglement entropy. Interestingly enough, we will
later show that the expression is valid for even K as well.

15



The analytic continuation in K is similar to the bosonic case, and the entanglement entropy

11 L
S= 3 [5\/1 -S4 —o(y/1 —5121)} logz (3.20)

with the universal term satisfying the same limiting behavior as (3.12) for a ¢ = 1/2 CFT.

is

4 Entanglement entropy at N-junctions

The starting point for the junction entanglement calculations is the same as in the interface
case: with the corresponding boundary state |B)) in the folded picture (see figures 1 and 3).
For the interfaces the tensor product CFT is then unfolded to obtain the interface operator
I 5 to be used in calculating the replicated partition function (3.8). This same basic strategy
can be applied to the junction case as well by noting that it is equivalent to replacing in
CF'T; with ®#i CFT; and CFT; with CFT; in figure 1. This is the partially folded picture
(shown in figure 3 for N = 3) where, for the purposes of calculating the entanglement entropy
of CFT;, we only need an interface operator I; y; taking states from CFT; to the rest of
the CFTs in the junction as a tensor product. Thus, the replicated partition function has

essentially the same from as (3.8); that is

Z(K) ="Tr n |:(Il...N,z' qu(Il.A.N,iqulmN)K] (4.1)

where H;  n is the Hamiltonian of ()., CFT;.

j#i
4.1 Bosonic junction

We'll begin our calculations with the bosonic boundary state (2.19). Unfolding the i-th
boson according to (3.1), we linearize via (2.21) in order to obtain explicit expressions for

the interface and anti-interface operators

oo —
dNZ dNZ 5 1 j 5 =
]1 Ni= | | /# e ninTy zj;&iznjain_zj;&iZl SijZmal,,
cen 3 7_‘_]\7
n=1
oo
1, &i .z i
X G | [ et E e (4.2)
n=1

o0 Nw dVw _ _
(Ina)f = AW "W 5, Suwat + Lival,
1...N,’L 71_]\[
n=1

o0
X (Gr..va)' H e~ L Lt Sitwnin = i Bnjiin (4.3)
n=1
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with the ground state operator given by
Gl...N,i = v/ VOI(A) Z eiéao’éo <® |7lj, UJJ>> X <—TLZ', U}Z| (44)
(ao0,a0)€A J#

which are needed to compute the partition function (4.1). From (4.2) and (4.3) we then
calculate the commutation between the various exponentials of the oscillators of the i-th

boson in the relevant partition function block

J=q¢ " N QL°+L (Il...N,z’>TqZ#i(L6+E%) (4.5)

sz ANz, dNw,, dNw _ o om o P
_ H/ n n n N o= ZnZn—Wn Wntq" 32 (Si12niWni+S1iZn1 i) OLG'OR (4.6)

2N

where the remaining oscillators are contained in

OL = H Xp [ — %Z anaj_n — Z Z Sljznldj_n} (47)
n=1 i j#i 1
OR = H [ —( (ZZSjlwnla + — an] )] (48)
=1 J#Fe 1 ];éz

and the zero mode information is encoded in the operator

G =vol(A) g Y q'a°'2+‘5°|2(® |nj,wj>> ® (®<nj,wj|> (4.9)
(a0,80)€A J#i J#i
Notice that in the above that the phases da, a, Originally present in (4.4) have vanished from
the calculation. Also, the additional factors of ¢™ in (4.8) and the weighting of the lattice
sum in (4.9) result from the identity (2.23) and the application of the propagators on the
vacuum states in (4.4).
Using the expression (4.6) for the block (4.5), we can now write the K-sheeted partition
function (4.1) in terms of this block

Z(K) = Try. n (J5) (4.10)
B H/H ANz gN 7k) (if\jwn )dNw ) e—zg“)i%k) Wil ol qn 35, (S w4528 )
x Ty v (G’OR 0PG 0P ... O(LK>G’O§{(>O<L”) (4.11)
= vol(A)Kq VK120, (2iKt) ﬁ P, (4.12)
n=1

where, denoting (K + 1) = (1), the Gaussian integrals remaining after the commutations of

all the oscillators in the products (’)(k (’) (+1) between ground state operators in (4.11) are
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given by

K N, (k) gN=(k) gN (k) N (K
/d 2P aVzP N w'P aVw P efz%k)-i,(f)fwﬁf)-v‘vﬁfhrq" Zz( SiuzBw®) 4 5,20 (k))

Pn:H N nl

k=1

T2

q Zg;&zZl(S lz(k+1) (k)+S —(k+1) ( ) (4 13)

The lattice theta function and the other factors multiplying the Gaussian integrals in (4.12)
result from the product of the K operators G’ inside the trace in (4.11). At this point
we could perform the Gaussian integrals in (4.13) altogether by way of a determinant, but
for the sake of simplifying the calculation we first perform each of the K one-dimensional
complex Gaussian integrals in the variables z,;, Z,; and w,;, w,;. After performing these

integrals (see appendix C.1) we have a reduced expression for the Gaussian integrals

K -1, (k) yN—1z(k) yjN—1 (k) sN—1 = (k)
dN 1z dN 1z AN T w AN I s ) o)~ 4
p=oi1 [ o AT A (414)

where

AY = q" (Sp + q2nDnSiiSjiSil) (z(k»“) ® 4 z(k“)w(k)>

nj Wy nj nl
nl

+ ¢ Dy (SjiSuzll VAR + Sy S} (4.15)

and D,, = (1 — q2”522i)71. Now we switch to the evaluation of the Gaussian integrals through

a determinant, which we do by writing (4.14) as a 4(N — 1) K-dimensional real Gaussian

integral
JAN-1 K,
_ K —v-Mpv
Ordering the real variables according to
(Re 2 Im 2y , Re 2 Tm 2 Rew!, Imw!Y , Re 2P Im2? )
nl>o nloy: - nN7 nN7 nl? nloy: - n17 nloy -
we find the matrix exponent has the block circulant form
14N74 CT 0 cee 0 C
C  ILng CT ... 0 0
0 C  lyn—g --- 0 0
Me=| . U T (4.17)
0 0 0 e yyoy  CT
CT 0 0 tee C 14N74
with off-diagonal blocks themselves in 2 x 2 block form
1 (X ® (1y+ 0?) 2Y ® o3
== 4.1
¢ 2( 0 Z® (15 + 0?) (4.18)
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and the constituent (N — 1) x (N — 1) matrices defined in terms of ¢ and S as
Xj=-¢"DyS;iSu, Yiu=—q"(Sj+¢"DnSuSiiSa), Zy=—¢"DpS;Sx  (4.19)
The Gaussian integral (4.16) is then evaluated to give
P, = DX (det Mg)™'/?

=T (=) [1—2(S2+ (1 - S2) cos(2nk/K)) ¢*" + "] (4.20)

where the determinant is calculated in appendix D. Comparing the above to (B.19) and

employing the identity

(4.21)
k=1
we can immediately write down the K-sheeted partition function in terms of modular func-

tions
K-1
Z(K) = vol(A) K T,V 0, (2ikct) [ (2it)) ™7 T 07 (vel2it) (4.22)
k=1
with .
sinmy, = 4/ 7T; sin % (4.23)

This partition function matches the N = 2 case (3.10), and the oscillator part remains the

same for all N. Performing an S-transformation on (4.22) yields
Z(K) = K-WN-2)/2 (ﬁvol(A)Z)(K_l)/Z (2t>(K—1)(N—2)/2 e IK(N=3)+3/24t o (K)/t | . (4.24)

where
Ll 1\ 2
o) =53 (m-3) (1.25)
k=1
and the dots indicate terms that go to zero as t — 0, corresponding to the removal of the
cutoffs. Performing the analytic continuation (reviewed in appendix B.3) and calculating

the derivatives in (3.7), the entanglement entropy is

Si=-0(\Ti) logé + % (N —2)[1 —log(2t)] — %log (T; vol(A)?) (4.26)

DO | —

The universal term in the above has the same functional form regardless of the value of N,
following exactly the behavior described in (1.5). Also independent of N, the constant term
retains the same dependence on the physical quantities of the junction. The only explicit

dependence on the number of theories in the junction comes in the form of a new term that
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vanishes when N = 2, which contains a subleading log(log(L/¢€)) term, the appearance of
such a term in related contexts has been remarked previously in the literature [1, 25, 26]. Its
presence precisely corresponds to the cases where the central charge differs between the inside
and outside of the entangling region in the partially folded picture, and thus not covered
in the scope of (1.1). However, as this term does not depend on any of the parameters of
the junction it will vanish from all differences in entanglement entropy between different

junctions, and thus can be considered unphysical.

4.2 Fermionic NS junction

If we try to extend to the general N-junction the direct methods used to obtain the fermionic
interface entanglement entropy outlined in section 3, we’ll need to expand the exponential
in the boundary state (2.33), unfold the i-th fermion, and organize the non-vanishing terms
into a 4(N — 1) x 4 matrix representation of (Iy..n;),. If we then consider the reciprocal
entanglement entropy for simplicity, we’ll need to calculate the 4 x 4 matrix representation
of the partition function block and find its eigenvalues. It is not clear how these matrix
computations can be done for arbitrary N. Therefore we will employ the fermionic version
of the linearization methods utilized in the bosonic calculation.

We begin with the fermionic analog of (2.21), the complex Grassmann Gaussian integral
eAB = /dNn dVp enntamtnB (4.27)

where A and B are now N-dimensional vectors of anti-commuting operators, which are taken

to be Grassmann-valued, and the measure is defined to be
dNnd"p =dny - dndiy - - - diy = (=1)Ndny diy - - - dny dijy (4.28)

Note that the ordering of the pairs dn; dij; in the above can be changed without the introduc-
tion of additional minus signs. Using (4.27) we can linearize the Neveu-Schwarz boundary

state (2.33) and unfold the i-th fermion via (3.13) to obtain explicit interface and anti-
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interface operators

Il...N,i = H /dNT]n dNn enn nn+23¢z n"]nJ‘HZﬂéz Zl Sljnnlw <® |0 >

nENf

®<0| H e—i@iﬂni—zlsuﬁnzdf%

nEN—l

([1...N7i)]L = H /dNXn dNX e Xn Xnt2; Sadt  xni+ixXnitt, |O>

neNf
®(®<0|> H eizj#Zzsjz%xnﬂrzj#)-(nj@

el nEN—%

JF#i

(4.29)

(4.30)

With these expressions we can calculate the commutations between the various products

of Grassmann variables and Grassmann-valued operators appearing in (4.1)

in terms of the

operator anti-commutators, e.g. for {a, 8} = {3,0} = {a, ¢} = 0 it follows that

[049, ﬁ(b] = —aﬁ{@, (b}
All that remains in order to calculate the NS partition function block
J=q N2 g (I )t g B Bt ED)

is for a fermionic version of the identities in (2.23) to hold. Expanding

o0

¢t =N % (nlogq)™ (Y-nthn)"
m=0 ’
— Z —' (nlogq)" Y _ptbp =1+ (¢" — 1) Y_pt,

we can explicitly expand and recombine the product

eﬂwnqnw_wn — (1 + ﬁdm) (1 + (qn B 1) winwn)
— 14+ qnﬁwn + <qn - 1) ¢—nwn — qmﬁfnwneq”ﬂwn
which shows that indeed

eﬂwn qLO — qLOeqnﬁwn and eﬁ&anO — qLO eqnﬁ'&n

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

exactly as in the bosonic case. Performing the commutator calculations between the expo-

nentials of the oscillators of the i-th fermion, in a similar manner to those behind (4.6), we

obtain

J = H /dNnn dNnn dNXn dNX e Mo Mt Xn X ¢ 10" 225 (Sigmixns+ 8567 Xni) (), G Or  (4.36)

nEN—2
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where the remaining oscillators are contained in

Op =TI e | thum+i3 D Syl (4.37)

neN-1 j#i L j#i
TT exp [ (D2 R+ 20D Sinhov)| (4.38)
neN,é i Lj#i

with ground state operator

e *N/M(@\o) ((X) y) (4.39)

J#i

We can now write the K-sheeted partition function (4.1) in terms of the block (4.36) as

206) = T () (440
H / H AV 8GN ) N () gV ) ¢ - +x % iqn 2 (Siaml xS + 55 18
nENf
* Ty (GOR 0P G0 - of ol o) (4.41)
=¢ VT P (4.42)
neN-3

where, denoting (K + 1) = (1), the Gaussian integrals remaining after all the commutations
of all the oscillators in the products (’)(k (’) (1) hetween vacuum states in (4.41) are given
by

K
P — H/de(Lk)dNﬁgk)dNX%k)dNng) il %l i 2 (SN 0l %)

(k+1) (k) =(k+1) _(k)
o 00" TS (Sunlh OB sl IR (4.43)

At this point we could perform the integrals in (4.43) altogether by way of a determinant,
but for the sake of simplifying the calculation we first perform each of the K one-dimensional
complex Grassmann Gaussian integrals in the variables 1,,;, 7,; and X, Xni. After performing

these integrals (see appendix C.2) we have a reduced expression for the Gaussian integrals

(k

P, =D, KH / AN NI N RGN L () i AT X A (4.44)
where
k Cn (k+1 k+1
Agl) =g (S]l - q "D SzzS]zSzl) (77m+ )XEAL[) + 77( - )XSLZ)>

+¢*'D, (SﬂSm(k+1 7%+ SySaxIR )> (4.45)

nl
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and D,, = (1+¢*"S%)~!. Now we switch to the evaluation of the Gaussian integrals through
a determinant, which we do by writing (4.44) as a 4(IN — 1) K-dimensional real Grassmann

Gaussian integral

P, = D;K (_1)(N—1)K/d4(NI)Kee%B-MkH (446)
Ordering the real Grassmann variables according to

0= (Renfff, mmny, ..., Renly, Imn{, Rex\y, Imy'y, ..., Renty, Imn, )

we find the matrix exponent has the block circulant form

12]\{72@02 —CT 0 0 C
C 12N72 ®O’2 —CT 0 0
0 C oy o ®0? .- 0 0
My = | | e ) : : (4.47)
0 0 0 s long ® 07 —CT
—CT 0 0 C 12N—2®02

with off-diagonal blocks themselves in 2 x 2 block form

1 (X ®(1y+0?) 2Y @ o3
¢=3 ( 0 Z® (1y + 0?) (4.48)

where the matrices X, Y, and Z are the same as the bosonic case (4.19) only with the

replacement ¢" — —iq". The Gaussian integral (4.46) is then evaluated to give
P, = DX (=1)V DK (qet My ) ?

K
=TI+ 7 [+ 2(S2 + (1 - 82) cos(2nk/K)) ¢*" + ¢*"] (4.49)
k=1

where the determinant is calculated in appendix D. With this final expression for the inte-
grals, we are able to write the replicated NS partition function in terms of modular functions

and make an S-transformation

K1
Z(K) = [n(2it)] V2 [05(2it) VDT 05 (wi)2it) (4.50)
k=1
— eTrNK/48te—’t9(K)/t R (451)
where vy is given by (4.23), the exponent J(K) is
Ll
I(K) = B Vi (4.52)
k=1



and the dots indicate terms which vanish as ¢ — 0. The entanglement entropy is then

Sizl lﬁ—a(ﬁ) logé (4.53)

2 (2

after analytically continuing (4.52), see the review in appendix B.3 for details, and taking
the derivatives in (3.7). As in the bosonic case, the entanglement entropy (4.53) shows the

same N-independent behavior described in (1.5).

4.3 BPS junction

Until this point we have been considering interfaces and junctions that preserve conformal
symmetry, i.e. satisfy (2.1) in the unfolded or partially folded picture. Since we have been
working with free conformal bosons and fermions we could further consider interfaces and
junctions that also preserve supersymmetry.

Whereas the conformal condition (2.1) enforces continuity of the stress tensor across the

interface, if we further require continuity of the supercurrent the interface operator must

satisfy
(G,}L — Z?]lél_n) ILQ = 11’2 (G?L — Z772G2_n) (454)
with supercurrent modes

The constants n' = £1 and n? = £1 determine the type of supersymmetry in CFT; and
CF'T,, respectively, and do not need to be equal. The generalization to a partially folded
N-junction is
> (G —ifGP,) Ly = Ly (Gl — in'GE) (4.56)
J#i
If 7 =1 forall j =1,..., N then the operator produced by unfolding the supersymmetric

boundary state
|S))super = [5) )bos ® |S))ns (4.57)
will satisfy (4.56). Furthermore, if we redefine ¢/ — 7797 then the 1)’ are absorbed into the

interface operator through S;; — S, = 77 S;;. Introducing these factors does not change
the entropy calculations, as S’ is still an element of O(N) and S/, = S2 regardless of the
values of the 7. Thus for the purposes of calculating the entanglement entropy we proceed
as though the supersymmetric boundary state (4.57) unfolds simply into a supersymmetry-
preserving interface operator no matter the types of supersymmetry present in the individual

CFTs. The replicated partition function is then the product
Zsuper(K) - Zbos(K>ZNS(K) (458)
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and through the logarithm the entanglement entropy is the sum
1 L 1 1 5
Ssuper = Sbos + Sns = Z\/7_; log T3 (N —2)[1 —log(2t)] — 3 log (7; vol(A)?)  (4.59)

This simplification of the oscillator contribution to the universal term of the entanglement

entropy is precisely the same as in [22] for N = 2.

5 Specific 3-junction geometries

We now focus on constructing the explicit boundary states describing bosonic 3-junctions
using similar methods to those used to construct (2.11) and (2.14). We will also relate
the quantities relevant to the entanglement entropy, the total transmission 7; and unit cell
volume vol(A), to the geometry of the corresponding D-branes describing the junctions in
the folded picture.

5.1 Boundary state construction

Following the procedure outlined in [13], we begin with the boundary state

corresponding to ke D2-branes in the pl¢?-plane bound to k; D0O-branes, which we rotate to
an arbitrary orientation in the compactification lattice. Through translation we can specify
an arbitrary orientation by the axis intercepts q; Ry 01, g2 Rs 02, and ¢3R3 3. Such a plane

will have an area vector equal to
A = @@ RoR3p1 + 1g3R1R3 92 + q1qa R Ra $3 (5.2)

and thus the rotation transformation needed will be R(6, ¢) = R3(¢)R2(0) where
Q1g2 R Ry . tang — Q1§1
\/(%%RzRS)Q + (pgsRiRs)” 2

in order to obtain the rotated D-brane state |k2D2/k1D0, 0(q1, g2, q3), #(q1,G2))). To do this

we will transform the boundary conditions

tanf = (5.3)

gi (a, + @) + by (af, — @) + isbs; () — a@’,)] |k2D2/k:D0,0,0)) = 0 (5.4)
where n > 0 and
100 poy [0 10
g=1|010]|, :kéR 1 0 0 (5.5)
0 0O 222 0\0 0 0
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Figure 5: A D2-brane wrapping the bosonic 3-torus continued into the compactification
lattice so as to show the axis intercepts ¢; R; ;; see figure 6 for the unit cell wrapping for
a specific case. The polar and azimuthal angles that specify the rotation that takes the

D2-brane in the ¢'p?-plane into this pictured D2-brane are also shown.

The metric g and (E33);; = d;303; will simply transform by similarity; however, the magnetic

field will undergo an angle-dependent scaling in addition to the rotation in order for the

boundary state to correspond to a bound state between ko D2-branes and k; DO-branes at

all angles. Explicitly, the transformation of the magnetic field is determined through two

conditions: (1) the magnetic field is oriented along the —A direction; that is, perpendicular

to the D2-branes
bij (9, (%5) = 5(97 ¢) 5iijk3(9» Gb)

and (2) the Dirac quantization condition is met at all angles
/ : 1 7 j
ko F=—-kao with F=_-0b;dy" Ady’
D2 2

Enforcing these conditions gives

_klalgiijk?)(ea Cb)

bii(0,0) = g .
i(0,9) k2(q1gaR1 Ry cos 0 4 g3 R3sin 0 (g1 Ry sin ¢ + qa Ra cos ¢))

The exponent of the rotated state is then found from the boundary conditions
(Mjal, + Mya’,)|S)) =0 = S=M"'M
so that after transforming (5.4) we have from (5.9) that
S(0,6) = (15 +0(0,0)) " [b(0.) + R(0,6) (Ezs — 9) RT(6, )]
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Ry R

Figure 6: A D2-brane wrapping the bosonic 3-torus shown in the unit cell of the compacti-
fication lattice. The above corresponds to the parameters ¢; = 3, g2 = 2, and g3 = 6.

where b is given by (5.8). It is important to note that S in (5.10) is a (special) orthogonal
matrix.
The next step in our construction will be to find all zero modes that are consistent with

(5.10). These admissible zero modes

3
®\ni,wi> (5.11)

are determined by the n = 0 rotated version of (5.4), which upon acting on (5.11) reduce to

R
Z:A; (a3 R3 (kyws + kags (un1 — qanz)) — 2R3 (kiws + kaga (gsns — qina))]
V2
+ gﬁga, (2q3w1 + Qr@zws + qrgews) = 0 (5.12)

and the other two cyclic permutations of the indices, where V is the volume of the 3-torus.
The first line of (5.12) is the contribution to the boundary conditions of the D2-branes with
magnetic flux, and the second line is the contribution due to zero winding in the direction
perpendicular to the D2-branes. Isolating the dependence on the radii we arrive at the
winding constraint

2q3w1 + q1g3wa + q1gows = 0 (5.13)

and the three constraint equations given by
krwy + kaqi [qene — gzns] = 0 (5.14)

and the other two cyclic permutations of the indices. Aslong as k1 # 0 and ko # 0 then (5.13)

is satisfied by any set of winding numbers that satisfy (5.14). The most general solution to
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(5.14) is given by
n1(m> 7) = kimy + q2q37, w1<m) = ko (Q3m3 - (I2m2) (5-15)

and the other two cyclic permutations of the indices. Since there are four undetermined
integers (my, mso, ms, and ) appearing in (5.15), this general solution does not specify a

basis for A but rather a generating set. Noticing that
wi(mi, ma, m3) = wi(mi + q2q30, M2 + q1g30, M3 + q1G20) (5.16)
ni(ma, ma, ms, ) = ni(my + gagsd, ma + q1qs0, M3 + q1q20,7 — k1) (5.17)

for some integer &, we see that choices of v modulo k; correspond to distinct translations of
the sublattice generated by summation over m € Zs. Thus, the lattice-sum zero mode in

(2.19) is parametrized as

ki1—1 3
> emr (X Ini(m, 7)), wi(m)) (5.18)
’}’:0 mEZg, =1

Applying the result (B.15), we find
k3A? + k3o
a?Vi/(2/a)3

It is known [27] that the boundary entropy g = (0|S)) for a pure Dp-brane in the bosonic

vol(A) = (5.19)

N-torus is of the form
z i (5.20)
Io0 = VSRV '

which gives the suggestive form
vol(A) = ]{7591%2 + k’%g%o (5.21)

If any of q1, go, g3, k1, or kg are zero then the constraints of (5.14) are relaxed and (5.13)
needs to be considered as well, so that (5.15) no longer represents all admissible zero modes.
However, vol(A) remains of the same form as (5.19) in each case. For example, if ¢ = 0

(g2 = g3 = 1) then
3
® \ni, 'le> = |m1, O) &® |k1m2, —k2m3> X ‘k’lmg, k2m2> (522)
=1

which corresponds precisely to the factorizable state |D0)) ® |koD2/k;DO0)) describing ks
D2-branes bound to k; DO-branes in the p?@3-plane. The special case k; = 0 and ky = 1

corresponds to a rotated pure D2-brane, with the associated boundary conditions solved by

3
® i, wi) = |gagsmi, —qima) @ [q1gzma, —q2ms) @ [q1g2ma, g3(ma + m3)) (5.23)
i=1
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Lastly, the case ks = 0 and k1 = 1 corresponds to a pure DO-brane where the boundary state
is |D0)) ® |D0)) & |D0)).

The other class of boundary states, the D1/D3 system, are T-dual to those of the D2/D0
system. Performing a T-duality transformation on all of the three bosons maps the boundary
state of ko D2-branes with area vector A given in (5.2) bound to k; DO-branes onto the
boundary state of ks D1-branes with length vector

L = q2q3R1 1 + quqzRo 2 + 12 R 93 (5.24)

bound to k; D3-branes. Applying the T-duality transformation rules (A.12), the matrix

exponent of this second class of boundary states is found from (5.10) to be
S(0,¢) == (s +0(¢.¢") " (0. ¢) + R(0', &) (Ess — 9) R (¢, &)] (5.25)

for magnetic field

—k1V€iijk3(6”, ¢/)

b/ 9/ / — 5.26
’L]( 7¢) k2a/(q1q2R3cosel+q3Sin8/ (q1R2 Sin¢,+q2R1 COS(b/)) ( )
and angles
o f) — Q192 R3  tand = 312”2 (5.27)
2y

\/(Q2QSR1)2 + (g3 R2)?
The admissible zero modes for all cases considered before for the D2/D0 system are given

by (5.15), (5.22), and (5.23) with momenta and windings exchanged for each of the bosons.
Taking R; — o/ /R; for all i = 1,2,3 in (5.19), the volume of the unit cell of A’ is

k.2v2 k2£2 12
vol(A) = S FR Y pas g (5.28)

a3V /(2] -

Lastly, there are some boundary states of the D2/D0 system that are not covered by

the construction above; namely those where the D2-branes coincide with exactly one of the
p'-axes. For these we rotate the boundary state corresponding to ky D2-branes in the plp?-
plane bound to k; DO-branes about the p'-axis, and all other D2/D0 bound states can be

found by suitable permutations of the boson indices. For a rotation angle

p3lis

tané = 5.29
¢ P2y ( )

the D2-branes will have a corresponding area vector
A = —p3R1R3 P2 + paR1 Ry P3 (5.30)

29



with a matrix exponent

(&) = (15 +b(9) ™" [b(&) + Ra(€) (Ess — 9) RT(€)] (5.31)
where the magnetic field is given by

B —k‘lal&ijlfg(f)
koRi(p2Ro cos € + psRysin§)

bi; (§) (5.32)

The admissible zero modes for this boundary state are
3
® ’niawi> = Vﬁmh kg(png +p3m3)> & \ — kima, k2p2m1> ® ‘ — kyma, k2p3m1> (533)
i=1

producing a normalization factor of the same form as (5.19) for the area vector (5.30).
Following again the transformation rules in (A.12), the dual D1/D3 bound state has a length

vector

£ = —p3Ry Py + palis P3 (5.34)

for the D1-branes, which is a rotation about the (p!-axis of the bound state with D1-branes

along the ¢3-axis by an angle

tan g’ = i zgz (5.35)
The matrix exponent is then determined from (5.31) to be
(€)= = (s + ()  [P'(€) + Ra(€) (Baa — 9) R (€))] (5.36)
where the magnetic field is given by
b (&) Ve Ry (€) (5.37)

- I{JQO/(sz;g COS 5’ + p3R2 sin 5/)

The admissible zero modes are (5.33) with the momenta and windings exchanged for each
of the bosons, producing a normalization factor of the same form as (5.28) for the length
vector (5.34).

5.2 Transmission and entanglement entropy

With the normalization factors (5.19) and (5.28) the only other physical quantity remaining
in the entanglement entropy (4.26) is the total transmission 7; of the i-th boson. From the
matrix exponents (5.10) and (5.36), the transmission coefficients of the D2/D0 system are

expressed in terms of the area vector of the D2-branes as

AR (A — AD) (KA + kfa”)

T (222 + 17”2

(5.38)
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where A; = A - §; is the area of each of the D2-branes projected onto the plane with normal
;. For the D1/D3 system the transmission coefficients obtained from (5.38) by T-duality

are expressed in terms of the length vector of the D1-branes as

AR3a/? (2 = 2) (K3V? + k3020%)

T =
(k2V2 4 k220?)”

(5.39)

where ¢; = € - ¢; is the projected length of each of the D1-branes along ¢;. At this point
we have found all the boundary states describing 3-junctions and their physical quantities
relevant to the entanglement entropy.

From the form of (5.38) and (5.39) the i-th boson is seen to decouple either in the case of a
pure DO or D3-brane, or when the area or length vector aligns with the ¢’-axis. Furthermore,

we see that perfectly transmissive junctions (with respect to CFT;) are those where

A2 11 (ka2 2 1 1KV
i 2z G- _ 2 4
A2 27 2 (l-ch) o rT T (kgﬁoc’) (5.40)

These conditions cannot necessarily be met for general real radii R; and coupling o, solutions
are only possible when ratios of these real numbers are rational. The conditions simplify
in the purely geometric cases (k; = 0), which are met by D1-branes and D2-branes whose
length and area vectors lie on any of the right angle cones about each of the ¢'-axes. From
the form of (5.40) we see that a completely transmissive junction, 7; = 1 for i = 1,2, 3, can

only occur when k; # 0, ko # 0, and the quantities

klO/ ]ﬁRZ‘Rj
e 5.41
sziRj o ]{720/ ( )
are all integers. The volume of the unit cell reduces to
k% 13 / 2 2
vol(A) = v 2 or  vol(A") =k7V — (5.42)

in these cases. This result is interesting, as the only the number of D-branes present in the
bound state enter into the entanglement entropy of the completely transmissive junctions.
Finally when any of the boundary states align entirely with a single plane, the entangle-
ment entropy reduces to the N = 2 results with an additional constant term corresponding
to the perpendicular factor of the decoupled boson. For example, for (5.34) with k; = 0 and
ko = 1 we have /
Tz =sin?2¢  and  Tzvol(A)? = pap; 2%% (5.43)
which differs from (3.12) only in the additional constant boundary entropy of the Dirichlet

boundary condition along the ¢; direction.

31



6 Discussion

The main new results are the generalization of the N = 2 interface entanglement entropy of
[5] and [22] to the the case of N > 2 junctions, both for free boson (4.26) and fermion (4.53)
CFTs. An interesting property of the result is that the both the logarithmically divergent
term as well as the constant term only depend on the total transmission coefficient 7; into
the i-th CFT (over which we trace in the entanglement entropy) and the zero mode lattice
constant vol(A), and thus constitutes the simplest possible generalization of the N = 2
results. There is an additional term which is regulator dependent and is absent in the N = 2
case which is independent of the details of the junction.

The most natural extension of these results would be the calculation of the entanglement
entropy of CFTs A C {1,..., N} due to CFTs B = A. We would expect the entanglement
entropy result to change only by

T — Ta=)> T (6.1)
icA jeB
Most of the calculations of section 4 would generalize straightforwardly up to (4.13) and
(4.43), however we would not be able to perform the intermediate Gaussian integrals. In-
stead, we would need to immediately pass the calculation to the determinant of a block
circulant matrix whose larger blocks would have more complicated structure.

It would also be interesting to verify that the Ramond junctions produce the same en-
tanglement entropy as the Neveu-Schwarz junctions, as [22] showed explicitly for N = 2.
In addition to the modification of the moding, the form of (4.42) would include an addi-
tional factor containing Grassmann Gaussian integrals relating to the linearization of the
additional quadratic exponent in (2.34). Owing to the somewhat different anticommutation
relations between the operators in this additional exponent, these Gaussian integrals have
a more complicated structure than those handled in this work. Due to modular invariance,
the K-sheeted partition function is expected to be

Z(K) ~ [n(2it)]7NVE/2[9,(20t)| KN -2/2+1 1:[ 0 (| 2it) (6.2)
k=1

which would indeed produce the same entanglement entropy as (4.53). One could also con-
sider interfaces carrying Ramond charge after performing fermion parity projections under
the total Z," symmetry, as was done in [22] for N = 2, although it is not clear how easily
this could be done for arbitrary N.

It may be possible to define a fusion product of junctions, e.g. an N-junction and an
N’-junction fusing in M common CFTs into (N + N’ — 2M)-junctions connecting the re-
maining CFTs. It might also be interesting to consider if the left /right entanglement entropy
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calculations of [28, 29, 30, 31] can be extended to D-brane boundary states corresponding
to N-junctions.

In section 2 we have characterized the completely transmissive /N-junctions as those en-
forcing twisted permutation gluing conditions. In rational CFTs we could generalize the
twisted partition functions of [18] to study “topological” junction operators and their entan-
glement entropy as in [16] and [17].

One could also proceed with the type IIB supergravity solutions in [21] and calculate
the asymmetric 3-junction entanglement entropy holographically as in [32]. It would be
interesting to see if the remarkable holographic agreement in the BPS case between the
supergravity calculation and the toy model CFT (i.e. interfaces and junctions of single
¢ = 3/2 CFTs without reference to the symmetric orbifold) continues to hold for N = 3.
Exploring the case N = 4 would be more difficult, as there exist D-brane states there
that cannot be constructed using successive rotations and T-duality transformations of the
elevated N = 3 D-brane states. Also, the explicit supergravity solutions for N > 4 have not

been found.
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A CFT conventions

In this appendix we review the explicit CF'T conventions that we use throughout the paper,
specifically the free boson and free fermion theories on the cylinder and torus.

For a cylinder of circumference 27 the action

Sle] = d*x 9,0 O (A1)

Aoy

describes the compact free boson field ¢(z,t) = p(x + 27, t) — 2rwR, where w is the integer
winding number of the boson around the cylinder and R is the compactification radius. The

equation of motion is satisfied by

gp(z,z):goo—z’(ZR >lnz+l\/>2—akz

k40
- 1 —apz " A2
<2R 2 )n'z“\/ Z a2 (A-2)
k#0
with holomorphic and anti-holomorphic coordinates given by
z=etT =l (A.3)

If we define

\F \/— “OZ%\@‘ e (A.4)

then the mode expansion (A.2) is brought into the simpler holomorphic and anti-holomorphic

i0p(z 1/ Z arz "t i0p(2) = \/% Z apz " (A.5)
k=—o00

Radial quantization on the complex plane imposes the commutation relations between the

expresswns

bosonic operators (formerly expansion coefficients)
[ana am] = [dna dm] =n 5n+m,0 5 [an7 dm] =0 (AG)

The Hamiltonian of this boson (on the torus) is now

1
H=1Ly+Ly— — AT
o+ Lo D (A7)
with Virasoro generators given by
L=y Y L=y Y (A9
n=— 5 P Qp—mm *y n— 5 P Ap—mQm - .
2 m=—0oo 2 m=—00



for n # 0 and

- 1 L 1
LO = Z a_pQy + 5 CL(Z) s LO = Z a_pQy + 5 EL% (Ag)
n=1 n=1

The ground state quantum numbers, the momentum and winding number n and w, are

related to the eigenvalues of the zero mode operators by

1 _ n 1 B mR
\/ S (ap + agp) |n,w) = = In,w), S (ag — @p) In, w) = o |n, w) (A.10)

The action of the Hamiltonian on these vacuum states is

2.7 2 P2 1
H |n,w) = (” o L wh ——) In, w) (A.11)

2R? 2a/ 12

With these conventions, the effects of a T-duality transformation are
/

n<— w, RH%, (p < Ay, Gy < —Qy (A.12)

The free Majorana fermion on the cylinder is described by the action

1.9 = gy [ 2 (900 +6.00) (A13)

2mao!

where 1) and 1) are the component spinors of the Majorana fermion. The equations of

motion simply require ¥(z) a holomorphic function and (%) an anti-holomorphic function.

These spinors be chosen to be either periodic ¥ (ze*™) = 1)(z) or anti-periodic ¢ (ze*™) =

—1(z). The anti-periodic spinors are said to be in the Neveu-Schwarz sector and have mode

expansions

i(z) = Z Y 2 V2 and  in(z) = Z P 22 (A.14)

nezfé nGZfé
The periodic spinors are said to be in the Ramond sector and have mode expansions
(z) = Y 2"V and iwp(z)= Y hz " (A.15)

In either case, radial quantization on the complex plane imposes anti-commutation relations

between the fermionic operators (formerly expansion coefficients)

{1/%7 q/Jm} = {@Em&m} = 5n+m,0; {wnyd;m} =0 (A16)

The Hamiltonian of this fermion (on the torus) is now

_ 1
H=1L Ly — — A7
o+ Lo 21 ( )
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with Virasoro generators given by

1

Ln:§Z(m+%)wn—mwm7 En:

N | —

Z (m + %)  Up WU (A.18)

m

for n # 0, where m is summed over the half-integers or integers for the Neveu-Schwarz or

Ramond sectors. For the Neveau-Schwarz sector the n = 0 generators are

L(): Z nw_nzbn, EOZ Z niz_nl/_}n (A].g)

1 1
neN— B neN— B

and for the Ramond sector the n = 0 generators are
LO = i nqu)—ner + i ) EO = i nzz—nd_}n + i (AZO)
— 16 ! 16
The action of the Neveu-Schwarz Hamiltonian on the vacuum state is
H0) = —o- [0) (A21)
24 '
and the action of the Ramond Hamiltonian on the vacuum states is
1
H|+)=— |+ A.22
) = 514 (A22)
The zero mode operators of the Ramond sector have the action on these vacuum states

o) = <5 = IE), ul) = = e (A23)

furnishing a representation of (A.16) for n = m = 0.
As a final note, specific values of the coupling o’ are often chosen in the literature. In [5]
and [22] the authors use o/ = 1/2. In other works, e.g. [21], &/ = 2 is used.

B Special functions

B.1 Theta functions and S-transformations

The fundamental theta function we use, sometimes called a lattice theta function, is

Op(r) =Y emmA (B.1)

AeA

Poisson resummation yields the S-transformation
Op-(—1/7) = (—iT)¥2 vol(A) ©4(7) (B.2)
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where A* is the dual lattice to A, vol(A) is the volume of the unit cell, and d is the dimension

of the lattice. When a basis of A is known; that is, when we have a set of d linearly

independent vectors {ei, ..., €4}, €, € RV, such that
d
i=1

then vol(A) and the basis of A* can be computed directly. Let B be the N x d matrix whose

columns are the basis vectors €;. In terms of this matrix, the volume of the unit cell is

vol(A) = /det (BTB) (B.4)

and the dual basis is taken from the columns of

1

B*=B(B'B)" (B.5)

As in section 5, sometimes only a set of generators of A is known; that is, when we have a
set of D > d real vectors {€, - ,€4,01, -+ ,0p_q} such that

D—d

d
A= {E:m%Z + Zvjéj
i—1 j=1

where the €; are linearly independent and I is a finite subset of Zp_4 (containing the origin).

meZwveF} (B.6)

Additionally we require that I" is chosen such that each point in A has a unique representation
in terms of linear combinations of the above form. This amounts to describing the lattice
in terms of a superposition of a finite number of distinct translations of a d-dimensional
sublattice with a known basis.

In either case the lattice theta function can be expressed in terms of more conventional
theta functions. The multi-dimensional theta functions with characteristics (see [33] for a

wide range of properties) are given by

1
64 [‘;ﬂ @) = 3 erlbearmar o o) (B.7)

neZy

where €2 is a d x d matrix. Using Poisson resummation, the action of an S-transformation

is given by

«

0l D)@l - 0t = VA e resimen g, (Sl alo) (B

For zero characteristics

Ou(z|0) = O, [g] (2]9)
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the S-transformation is reduced to

Oa(Q 'z — Q1) = /det(—iQ) ™% O4(2|Q) (B.9)

The zero characteristic theta functions are related to those with nonzero characteristics
through

@d |Jg:| (Z|Q) _ 67ri(a~Qa+2a~(Z+ﬁ)) @d(z + N + ﬂ|Q) (B]_O)

When a basis is known, the lattice theta function can be simply written
OA(7) = ©4(TB'B) (B.11)

where by standard convention we omit the first argument when z = 0. For the case of a

given generating set we instead have

ni/3 (RT -1 pT ‘
ox(r) =Y 6, {e (B B%) Bo B (re=i3 BT By |r BY B) (B.12)
~yel

where By is the basis matrix for the lattice Ay generated by the set {€;} alone and By is the
matrix whose columns are the excess generating vectors d;. Setting 7 = ie for ¢ < 1 we

perform S-transformations to obtain

c—d/2

€) = D e B Bey B.1
O, (i€) vol(Ag) 2 e s (B.13)
X 04| . 0, i3 (B By) " BBy | - (BT By) ™
™3 (ByBy) By Bsy 0 0 e !
LN — -
=— 1 1 ufe B.14
ol ¢ ( +(’)[g]>( +0le ]) (B.14)

where p is a positive number independent of . Comparing this to the leading order behavior

of (B.2) for 7 = ie we obtain
VOl(Ao)

L]

From this relationship we can determine the volume of the unit cell of A from a set of

vol(A) = (B.15)

generators.
Lastly, some special consideration is warranted for one-dimensional theta functions. For
the case d = 1 we use a lowercase theta, replace the matrix argument 2 with a complex

variable 7, and define ¢ = €?™" for notational simplicity

(07

O, Bl(z|T) = ©4 {5} (z|7) (B.16)
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The one-dimensional theta functions can be written in the form of an infinite product

. 5 o 1. 1 .
Q[a,ﬁ](Z‘T) _ 62mo<(z+ﬂ)qa /2 H (1 i qn) <1 + qn+a—2 (z—l—ﬁ)) (1 + qn—a—2€—2m(z+ﬂ))
n=1
(B.17)
such that the usual Jacobi theta functions
O1(z|7) = 0[5, 51(2|7), ba(z|T) = 0[3,0](z|7),
O5(z|T) = 0[0,0](2|7), 6Ou(z|7) = 0]0, %](zh) (B.18)

have sum and product forms

=

=—i Z 1) 2¢" 2™ = 25in(z) ¢/ H (1—¢") (1 — 2" cos(27m2) + ¢*")
n=1

n€Z+ 2

Z qn /2 2minz __ 2COS 7TZ 1/8 H 1 — q 1 + 2qn COS(27TZ) + q2n)

n€Z+2
T) = Z q”2/262“"2 = H (1—4q") H (1 + 2¢" cos(2mz) + qzn) (B.19)
n=—oo n=1 nENf%
04(2|7T) = Z (—1)”q"2/262”m = H (1—4¢") H (1 — 2¢" cos(27mz) + an)
n=— n=1 nENf%

and S-transformations given by

01(2] — 1) = iv/—ir ™=/ 0, (2| 7)
b2(2| — 1) = V=ir e/ Gy (2|7)
O3(2] — 1) = V—ir €™/ 05(2|7) (B-20)
04(2| = 1) = V=it "/ 02| 7)

B.2 Dedekind eta and related functions

The Dedekind eta function is

i o0 o0 B
51 H 1-q") Z (_1>nq(6n 1)2/24 (B.21)
and has the modular transformations
n(r+1) = et2 n(r) B.22
n(—1) = V—irn(7) (B.23)



Two related functions

oo

H(1+q”) and H (1+4¢")

n=1 nENf%

can be written in terms of the Dedekind eta and other Jacobi theta functions as

¥ ny __ —i 02(7—)
ny __ ﬁ 6)3(7—)

B.3 Bernoulli polynomials

The Bernoulli polynomials are explicitly given by

hale) = 3 g 0 () ek

These polynomials are generated by the function

tevt B > tm .
e me(:lr)% or |t| <2m

m=0

and satisfy the derivative property

by () = My, 1 ()

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

for m > 1, and thus the Bernoulli polynomials form an Appell sequence. The values of these

polynomials at zero are called the Bernoulli numbers b, = b,(0). The first two Bernoulli

numbers are

bo =bo(1) =1
b1 - —bl(l> - —%

For n > 1 we have the following relations

2l dt

0 1— 627rt
b2n+1 = b2n+1(1) =0

40
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Combined with these expressions for the Bernoulli polynomials and numbers, the sum iden-
tity

ka— “mll H (B.34)

can be used to analytically continue functions of the form

= z f (%) (B.35)

where f(z) is analytic at * = 0 and whose series expansion converges everywhere on the

interval [0, 1]. If f(z) has these properties we can write

F(K) = Z ml K Z
> (m)
- Z (mf+ 15?;@% 41 (K) = by (B.36)

so that in the last line of the above F'(K) is now explicitly an analytic function of K. More
so than F'(K) we are interested in

oo m) OO (m)

z:1 m+ 'K””1 1 () = b mZ:m'Km m(K) (B.37)
and
: — /™(0)
Py = 32 R )
_ L T A() Y
f(0)+§f(0)+2mzﬂm(—1) /0 [ oot
L [ — if (it
= f(0) + 5 f(0) + /0 ot (B.38)
In [5] and [22] (B.38) was calculated for
foos(z) = gy arccos’(ssinwz)  and  from(z) = Py arcsin®(s sin ) (B.39)
to obtain
(1) = ga(s) — % and V(1) = %s — ga(s) (B.40)

where o(s) is a complicated function containing dilogarithms

V)

)
o(s) = é 5 + % [(s+1)log(s+1)logs+ (s — 1) Liz(1 — s) + (s + 1) Liz(—s)] (B.41)
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C Intermediate gaussian integrals

C.1 Bosonic integrals

In the following we repeatedly use the one-dimensional complex Gaussian integral

/ dz dz eaz2+bz+02 _ _1 e—bc/a (C].)
a

in order to integrate out all of the dependence on the i-th integration variables in (4.13).
This will involve isolating linear factors of these variables in the exponents of (4.13) in order

to combine them via (C.1). We show some of the details of this process below.

(k) (k)

ni ’II’L

of (4.13) are rewritten as

q Z( zlz —I—Slzz w ):( st’f)> ("S“wk)> 50 4 g Zsﬂzm k:)

JF#i

Focusing on the z integral for an arbitrary fixed &, the linear terms in the exponents

(C.2)

qnzz<5]lz7(£) (k— 1)+S (13 1)) ZZSJZ k D ( ZSU (k- 1> ,m

J#Fr 1 J#e 1 J#1
k) —(k-1)
+qm Y Sz al Y (C.3)
Jil#i

(k)

in order to isolate the z ") and z ) factors. Applying (C.1) to all the zm , integrals then

yields the new exponentlal terms

(qnzsingj')> < "S“wm +q" ZSUw(k U)
J

JF#i
znsiwgi)w(k) + (ansu‘ Z Sijwi?) @fﬁ)
J#i
( 285> Syl Y ) wi + ¢ Sy Sl @l Y (C.4)
J#i YRE)

where we have now isolated the w (*) and w factors for the next round of integration.

TS’Z), u_}g? integral for an arbitrary fixed k, the quadratic term of

SZ)/Dn after the z,;, Z,; integration, where D,, = (1 — ¢*"S2)~ 1.

Focusing now on the w

the exponent is now w(k)
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The remaining linear terms in the exponent are the above linear terms above in addition to

those that spectated the z,;, Z,; integration

( ZSﬂzm ) wm + ( ZSNZ (k+1) > wm +q" Z Sji ( D szH) ’S?) (C.5)

J#i J#i Jil#i

—()

so that applying (C.1) to all the w® w,, integrals then yields the new terms

nz’

( Z Sﬂz (k+1) + q2”SM- Z SUU_JSZD> <qn Z szzr(z];) + q2nS¢i Z Szjwfz];)> (C6>

J#i J#i J#i J#i
At this point there are no linear terms remaining that mix variables with the same value of

k. Once the above terms are simplified and all indices shifted so that & and k + 1 are the
only indices that appear, we recover (4.14) and (4.15).

C.2 Fermionic integrals

In the following we repeatedly use the one-dimensional complex Grassmann Gaussian integral
_ /dn dij eI — g ¢ Bv/a (C.7)

for constant @ and Grassmann-valued  and 7, in order to integrate out all of the dependence
on the i-th integration variables in (4.43). This will involve isolating linear factors of these
variables in the exponents of (4.43) in order to combine them via (C.7). We show some of
the details of this process below.

Focusing on the T]SZ), ﬁgj) integrals for an arbitrary fixed k, the linear terms in the

exponents of (4.43) are rewritten as

k
lq Z < ZJT/nz Xn] + Sjlnnj X1(u)>

k n — _(k) —(k
= <_Zq Z Sl]Xn]> nnz + 77( ) (Zq ngn ) + Z(] Z 531777(1] Xm) (08)

J#i
and
- n (k) . (k=1) k)(kl k)(kl —(k=1)
S (S ) < S sl (S s
L j#i L j#i J#i
k k—1)
+ig" > > Sy K (C.9)
l#1 j#i
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in order to isolate the 777(1’? and ﬁgz) factors. Applying (C.7) to all the 777(5), ﬁ(k) integrals then

ni

yields the new terms

. n k n (k—1
(_Zq Z%xi}) (lq iXos iy Sl )>
J

JFi
n k) —(k n n (k-1
2 Sngn an) + Xm ( Sy ZS'UXTL]> ( 2" Sii Z SZJXnJ )> Xm
J#i J#
n k) _(k—1
+q° Z Z SijSile(zj)Xfu : (C.10)
I£i g

where we have now isolated the Xfﬁ) and )Zg? factors for the next round of integration.
Focusing now on the XSZ), XSZ) integral for a arbitrary fixed k, the quadratic term of the

exponent is now xy¥ /D, after the 1, f,; integration, where D, = (1 + ¢**S2)~1. The

remaining linear terms in the exponent are the linear terms above in addition to those that

spectated the n,;, 7,; integration

_(k i _(k (k+1) (k+1 k1

Xoi (‘“1 ZSJ‘M&J’)> (lq > St >><m +ig" > > Sp (nnf NG+ alt )xw
J#i J#i I#i j#i

(C.11)

(k)

ni

D (zq Z 832777(£+1 2nS“ Z Sngn] ) ( iq Z SJan B QQnS” Z SZJXnJ ) (C.12)

J#i J#i J#i J#i

so that applying (C.7) to all the Xm , X,,; integrals then yields the new terms

At this point there are no linear terms remaining that mix variables with the same value of
k. Once the above terms are simplified and all indices shifted so that k and k + 1 are the
only indices that appear, we recover (4.44) and (4.45).

D Calculation of determinants

In the determinant calculations there are two special forms of (equal-sized and square) block

matrices that we encounter, those of the block circulant form

MO Mnfl Mnf2 e M2 Ml
M1 M() Mn—l M3 M2
P 0.1
Mn—Z Mn—3 Mn—4 MO Mn—l
Mn—l Mn—2 Mn—d Ml MO



and 2 x 2 block matrices. The determinant of the block circulant matrix was shown in [34]
to be . -
det M,, = Hdet (Zerkm/"Mj> (D.2)
k=1 =0
This result is remarkable as (D.2) is of the same form regardless of the size of the matrices
M;, including when they reduce to scalars. In general, determinants of block matrices only
exhibit similar behavior either when all block entries commute [35], or when certain blocks

are invertible and commute. Consider the 2 x 2 block matrix

(é g) (D.3)

with A, B, C', and D all square matrices of the same dimensions. If A is invertible, then the

(é g) B <é (1)> ((1) chf13> (D.4)

leads to the determinant equation

decomposition

A B _
det (C D) = det Adet (D — CA™'B) (D.5)

If we also have that [A, C] = 0 then the determinant reduces to

det (é g) = det (AD — CB) (D.6)

while if [A, B] = 0 the determinant becomes
A B
det (C’ D) = det (DA — CB) (D.7)

Similar results holds if D is invertible and [C, D] = 0 or [B, D] = 0.

D.1 Bosonic determinant

Beginning with the matrix defined in (4.17), (4.18), and (4.19) we apply (D.2) to obtain

K
det My = H det (Luy_g + €X7H/KC 4 ¢ 2mk/KOT)

= ﬁ dot (L2y-2 t X ©U, - &™EY @07 (D.8)
- - e—27rik/KyT ® o3 loy_o + A Uk :
where
U = cos(2mk/K) 15 + isin(27k/K) 0* = exp (2wiko® / K) (D.9)

45



In order to analyze the structure of the 2 x 2 block matrices above, we calculate a few
properties of the blocks (4.19)

Tr[X]=Tr[Z] = —¢*"D, (1 - 5}) (D.10)
X*=—-¢"D,(1-S})X, Z°=-¢"D,(1-5%)Z (D.11)
(XY)ju=(YZ); = —q?meLSii (1 - q2n) SjiSi (D.12)
YY' = ¢y + D, (1—¢"S;) X (D.13)

Y'Y = ¢y + D, (1 —q¢"S;) Z (D.14)

From (D.11) we see that det X = det Z = 0, and hence X and Z are not invertible. However,

employing the matrix logarithm, the Mercator series, and the geometric series we find

det (loy—o + X ® Uy) = exp (‘ i (_;L)m Tr[X™] Tr[U,Z”])

= exp (- Z % (QQnDn(l N SZQZ))m (ezm'mk/K + e—2m’mk/K)>

m=1

=1-2¢""D,(1 — S3) cos(2mk/K) + ¢""D2(1 — S2)? (D.15)
= det (12]\772 + Z X Uk)

Thus 1loy_9 + X ® Uy and 1on_o + Z ® Uy, are both invertible. A very similar determinant
calculation using (D.13) and (D.14) shows that det Y # 0 and hence Y is invertible. At this

point we make the decomposition

e TREYT @ 0% lon_o+ Z @ Uy

(e2m‘k/KBk 2T/ Ky & b ) ( 2mKY @ g3 AL 0
Lyoe  lovoe+Z0U;) \Ino1® (1o — ¢™ALY) lon—s

(12N—2 + X ® Uk e27rik/KY ® 0.3 )

)_1 (D.16)

with matrices

Ay =q"1,— D, (1—¢"S;) U (D.17)

and
By =Y ®dc" (LL+(1—¢"A") + XY @ Uy 4, (D.18)
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Now using (D.16) and (D.7), the determinant can be reduced to

K
det My = [ [ det [By (Y™ ® Axo®) + Be (Z @ Uy) (Y ' @ Ao®) — 1y-1 ® 0 Ago®]
k=1
s 2N—2 2cos(2mk/K) — ¢ — 1
_ H (1 . an) “det (12]\/_2 + 1 an X® 12)
k=1

K
= DK H (1 — q2”)2N74 [1 -2 (SZQZ + (1 — SZ) cos(27rk’/K)) >+ q4”}2 (D.19)

k=1
D.2 Fermionic determinant

In this case the block entries (4.19) and their properties in (D.10) through (D.14) are modified
by ¢" — —iq™. We proceed in a similar manner to the previous section, where now

K
det My = H det (Ioy o ® 02 + >/ — e—Qm'k:/KCT)
k=1
[aet (1 87 XUt Y w0
= 11 _ e~ 2mik/Ky'T ® g3 In_1 ® o2 +7® Uk0'2

K . omi
o 2N-DK lava+ X Q@ U, —ie*™ /Ky @ ol
= () e (b e o (D.20)
with Uy as in (D.9). Making the decomposition
12N_2 —f- X ® Uk —i627rik/KY ® 0'1 .
ie"REY T @ ol lagn o+ Z2@U; )
(_2'627Tik/KBk —ie2ﬂik/KY ® 0.1) ( _Z'eQﬂik/KY ® 0-1"4];1 0 )1 (D 21)
Lay—2 Loyoo+ Z@ U ) \Ino1 ® (1o 4 ¢*"ALY) 1oy '
with matrices
Ay =—¢"1,— D, (1-¢"S;) U (D.22)
and
Bi=Y®o" (L+ (1+¢@MA") + XY @ Uy 4, (D.23)
we use (D.21) and (D.7) to reduce the determinants to
K
. - 2 2rk/ K n 1
det My — (_1)2(1\/ DK (1 n qzn)QN 2 dot (12N2 n cos( 771/Jr )2+ q X ® 12)
q n
k=1

K
= DK (—1)2NV-DK H (1+¢>)" 7 [1+2(52 + (1 - S2) cos(2mk/K)) ¢ + ¢*"]°
k=1

(D.24)
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