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We investigate the phase structure of QCD with 3 degenerate quark flavors as function of
the degenerate quark masses at vanishing baryon number density. We use the Highly Improved
Staggered Quarks on lattices with temporal extent N; = 6 and perform calculations for six
values of quark masses, which in the continuum limit correspond to pion masses in the range
80 MeV < m, < 230 MeV. By analyzing the volume and temperature dependence of the chiral
condensate and chiral susceptibility we find no direct evidence for a first order phase transition in
this range of pion mass values. Relying on the universal scaling behaviors of the chiral observables
near an anticipated chiral critical point, we estimate an upper bound for the critical pion mass,
my < 50 MeV, below which a region of first order chiral phase transition is favored.

PACS numbers: 11.15.Ha, 12.38.Gc, 25.75.Nq

I. INTRODUCTION

Mapping out the QCD phase diagram is one of the basic goals of lattice QCD calculations at non-zero temperature.
It was noted by Pisarski and Wilczek that the order of the chiral phase transition in QCD may depend on the number
of light quark degrees of freedom and qualitative features of the transition may also change with the quark mass [1].
In QCD with 3 massless quark flavors the chiral phase transition is expected to be first order. If this is the case, the
phase transition remains first order even for non-zero values of the quark masses and terminates at a critical quark
mass mg, or equivalently at a critical pion mass, mz, where the transition becomes second order belonging to the 3-d
Z(2) Ising universality class. For quark mass m, > myg chiral restoration takes place through a smooth crossover.

Knowledge about the phase structure in the light-strange quark mass plane at vanishing chemical potential also
impacts our understanding regarding its extension to non-zero chemical potential. For zero chemical potential, the
values of critical quark masses characterize a line of chiral phase transitions in the light-strange quark mass plane.
This line extends toward the non-zero chemical potential direction and forms a surface of phase transitions in the 3-d,
Z(2) universality class. The chemical potential where this surface intersects the physical values of light and strange
quark masses may correspond to the QCD critical point |2]. However, determining the curvature of this surface turns
out to be complicated [3, 4] and, in fact, is likely to suffer from similar lattice cut-off effects as those contributing to
the value of the critical pion mass itself!.

The first order chiral phase transition in 3—flavor QCD has been investigated on coarse lattices using unimproved |6
9] as well as improved actions |2, [10-15]. However, on these coarse lattices the critical pion mass value turns out to
be strongly cut-off and regularization scheme dependent. As of now no continuum extrapolated results exist. Current
results for the critical pion mass obtained in calculations with staggered (standard and p4fat3) fermions on N, = 4
and 6 lattices vary from about 300 MeV down to about 70 MeV [2,16-13]. While studies using the clover improved
Wilson fermion action on Ny = 4, 6, 8 and 10 lattices suggest that mS can change from about 750 MeV to about 100
MeV [14, [15]. In general it is found that the critical pion mass decreases when using either improved actions or when
reducing the lattice spacing?.

In addition to studies concerning N;=3, lattice QCD calculations searching for first order chiral phase transitions in
other cases have also been carried out. Studies on Ny=2 QCD using standard staggered fermions [17] and unimproved
Wilson fermions [18] on N; = 4 lattices suggest that m¢ is nonzero and could be around 560 MeV. Investigations on
N; = 6 lattices have also been performed using an improved staggered fermion action (2stout action), in which the

L Other possibilities for generating a second order transition at the physical values of quark masses have been discussed in Ref. [5].
2 A study of 4-flavor QCD using HYP action [16] also suggests that the first order chiral phase transition becomes weaker in the continuum
limit.



three quark flavors are not taken to be degenerate. Instead the ratio of light to strange quark masses has been kept
fixed to about 1/27 when approaching the massless limit [19]. The analysis of Ref. |[19] suggests that m¢ is around 50
MeV. While a recent study on QCD with two degenerate light quarks approaching to chiral limit and a fixed physical
strange quark mass using the Highly Improved Staggered Quark (HISQ) action on N, = 6 lattices suggests that m¢
is compatible with zero [20)].

To advance the understanding of the chiral phase transition in 3-flavor QCD we study the chiral phase structure at
vanishing baryon density using the HISQ action on lattices with temporal extent N, = 6. Preliminary results have
been reported in conference proceedings [20-22]. The paper is organized as follows. In section [[Il we give details on
the parameters used in our calculations. In section [[IIl we describe the universal properties in the vicinity of the chiral
phase transition and chiral observables. In section [[V] we present our results on the phase structure of 3-flavor QCD
and finally we summarize in section [Vl

II. LATTICE FORMULATION AND SETUP

It has been noted previously that the estimate of the critical pion mass m¢ from lattice QCD calculations strongly
depends on lattice cutoff effects. In order to reach a better understanding of the first order chiral phase transition region
we use here the HISQ action [23]. At a given value of the lattice spacing the HISQ action achieves better taste symmetry
than the asqtad, p4 and 2stout actions, which previously have been used for the analysis of the phase structure of
3-flavor QCD [24]. Furthermore, we use a tree-level improved Symanzik gauge action and perform calculations on
lattices with temporal extent N;=6. The calculations have been performed for 3 degenerate quark flavors at six
different values of quark masses m, (in units of the lattice spacing) in the range 0.0009375 < m, < 0.0075. Gauge
configurations have been generated with a rational hybrid Monte Carlo (RHMC) algorithm. The chiral observables
(introduced below) were measured after every 10th trajectory of unit length using 40 Gaussian-distributed stochastic
sources.

To convert our simulation parameters to physical units we use results on the determination of the lattice spacings in
(241)-flavor QCD obtained by the HotQCD collaboration [25, 26]. The lattice spacing is fixed using the ry scale [25]
and hadron masses calculated on lines of constant physics. To be specific, for a fixed ratio of the light to strange quark
masses, m;/ms = 1/20, the hadron masses have been determined by demanding that the strange quark mass attains
its physical value. In order to use this for our 3-flavor analysis we take into account that the lattice spacing at a given
value of the gauge coupling depends on the quark masses, i.e. as we vary the quark masses the value of ry in lattice
units, ro/a, will change. Using results for ro/a obtained in calculations for (2+1)-flavor QCD with two different values
of the light to strange quark mass ratio, m; = my/5 [25] and m; = m,/20 [25, 126], we can estimate the dependence
of ro/a at fixed values of the gauge coupling 3 = 10/g?, on the quark mass combination m, + 2m;. Assuming that
ro/a only depends on this combination of the quark masses we can estimate its value for the case of three degenerate
flavors for different values of the quark mass, m,. We find that for the lightest quark mass m, = m,/80 = 0.0009375
the change in 79/a in the relevant range of gauge couplings 5.8 < 8 < 6.1 amounts to ~ 4%. For example, for Ny = 3
with mq = 0.0009375 and close to the critical coupling 8 = 5.85 the estimated value is r9/a = 1.82. In comparison,
the corresponding value for Ny = 2 + 1 with physical m, and m; = m;/20 is ro/a = 1.75.

Since the dependence of the lattice scale on quark masses seems to be moderate down to the smallest quark mass
value used in our study, we estimate the value of pseudo-scalar meson masses relevant for our choice of parameters
by simply rescaling the pion mass obtained in the (2+1)-flavor studies by the corresponding ratio of the light quark
masses, i.e. by /mg/m;. From this we find that the range of quark mass values explored by us corresponds to masses
for the lightest pseudo-scalar meson in the range 80 MeV < m, < 230 MeV. In the continuum limit this corresponds
to the value of the pion mass. For the spatial size of the lattice we generally use Ny = 24. This ensures that the
product of pion mass and spatial extent I = Nga stays large also for the lightest quark masses, i.e. m;L 2 3. At the
second largest and smallest value of the quark masses used by us, my = 0.00375 and m, = 0.0009375, respectively,
we also performed simulations for different spatial lattice sizes. We used four different lattice sizes for the second
heaviest quark mass, Ny, = 10, 12, 16 and 24, and two lattice sizes for the lightest quark mass, Ny = 16 and 24. The
simulation parameters and corresponding pion masses in the continuum limit are listed in Table[Il

The basic observables used in our analysis are the chiral condensate

(Y1) g 1 1 dlnZ N?

T3 ~ 3VT? dm, 4N3

S

<Tr D_l(mq)> , (1)
and the disconnected part of the chiral susceptibility

X(;ﬂdzisc = 1(]5\;653 (<(Tr Dil(mq))2> - <Tr Dil(mq)>2) ) (2)




N2 x N Mg my [MeV]|# B values|average # of conf. for each 3
163x 6 | 0.0075 230 9 1000
243 6 | 0.00375 160 11 2000
163x 6 | 0.00375 160 8 2000
123% 6 | 0.00375 160 9 2000
103x 6 | 0.00375 160 11 1500
243x 6 | 0.0025 130 7 1300
243% 6 | 0.001875 110 8 1000
243 6 | 0.00125 90 7 1000
243 6 [0.0009375 80 8 1500
16%x 6 |0.0009375 80 8 1500

TABLE I: Parameters used in simulations of 3-flavor QCD using the HISQ action and the tree-level improved Symanzik gauge
action.

where Z denotes the QCD partition function and D is the staggered fermion matrix. The chiral condensate and the
chiral susceptibility are normalized to one flavor degree of freedom.

III. UNIVERSAL PROPERTIES NEAR A CRITICAL POINT

In the vicinity of a critical point the free energy of a system can be expressed as a sum of a singular and a regular
part,

f= _g InZ = fsing(Tv mq) + freg(T’ m‘J)' (3)

The singular contribution is given in terms of a scaling function and critical exponents characteristic for the universality
class of the critical point,

Foing(Tymy) = hoh' Y0 fo(2) | 2 =t/hM/P° (4)

Here 8 and § are universal critical exponents, hg is a non-universal normalization factor, ¢ and h are reduced tem-
perature and symmetry breaking parameters, respectively. They vanish at the critical point, (¢,h) = (0,0), and are
functions of the couplings, T and m. For the 3-dimensional Z(2) universality class the critical exponents 5 = 0.3207,
d=4.7898 and v = (6 — 1) = 1.2371 [217].

The singular part of the free energy density, fsng(T,m), dominates over the regular part when the system is close
to the critical region. The order parameter M of the transition and its susceptibility y s are then governed by scaling
functions that arise from the scaling form of the singular part of the free energy |28, 129]

M(t,h) = —0fsing(t,h)/OH = h'/° fg(2), ()
_OM 1 s
where fg(z) = —(1 + %)fs(z) + ﬁa'fgiz) and f,(z) = %(fg(z) - %%‘fz)) are universal scaling functions. The

variables ¢t and h are related to the temperature T and the symmetry breaking (magnetic) field H = hoh. The
order parameter susceptibility may be used to introduce a variable ¢, as the pseudo-critical temperature, which is
defined as the location of the maximum of x,; obtained as a function of ¢ for fixed h. This is reached for some value
2z, = t,/h*/P%. One thus finds the standard scaling behavior of xlj\;’lk as a function of the external field h

Xt~ RMOTNE () (7)

The generic discussion of the scaling behavior of the order parameter and its susceptibility given above becomes
more complicated in cases where the scaling variables t and h cannot directly be mapped onto corresponding couplings



of the theory under study, e.g. 3-flavor QCD. If 3-flavor QCD has a first order transition in the chiral limit, a second
order transition at non-vanishing values of the quark mass exists, which terminates the line of first order transitions.
This critical endpoint is expected to be in the Z(2) universality class [30]. The relevant fields in the vicinity of this
critical point can be expressed as linear combinations of mq —mg and T'—T [31]. Here T, is the transition temperature
at vanishing external field h, which in 3-flavor QCD calculations is related to a critical coupling 5. and a critical quark
mass mg. Rather than using the temperature T'— Tt it is convenient for our discussion to use the difference of gauge
couplings 3 = 10/g? (not to be confused with the critical exponent 3)3. The variables t and h may then be related
to the bare couplings of 3-flavor QCD,

t = (B—Bc+A(mg—mg))/to, (8)
h = (mg—mg+ B (8—5c))/ho - 9)

Although it is not necessarily the case one may assume that the temperature-like (¢) and external-field-like (k) direction
are orthogonal to each other. In that case B = —A.

Let us first discuss the scaling behavior of the order parameter susceptibility in terms of the bare QCD parameters
Am =m, —mg and A = 3 — f.. In the (AB)-(Am) coordinate frame the constant value of the scaling variable z is
given by

B AB — BAm 10
Zp = 20 55 (10)
(Am + BAp)

Here zp = h(lJ/ g J/to. The above equation fixes the relation between AS and Am required to keep z, constant.
Obviously for B = 0 one just recovers the scaling relation Am = (A zo/zp)55. For B # 0 we obtain for Ag — 0,

Z ps
Am = —BAB + (Z—Ou + B2)A5> + O((AB)?P1Y (11)

P

As B6 > 1 for the universality classes of interest to us the first term in this relation will always dominate in the limit
ApB — 0 and one finds from Eqs. ([@)-{),

—(1-1/6) =
X%])\;ak ~ hl/(;fl ~ (Am)i ) B 07 (12)
(Am)= . B£0.

For any B # 0 the susceptibility of the order parameter thus will diverge with the critical exponent ~ rather than
1 —1/6 < v when approaching the critical point at fixed z = z,. Similarly one finds for the order parameter at the
critical gauge coupling 3.,

M, ~ b5 ~ {(Am)W » B=0, (13)
(Am)? | B#0.

In an actual lattice QCD calculation we do not directly deal with the order parameter M and its susceptibility
X - The proper order parameter M, which detects the breaking of the Z(2) symmetry and vanishes in the symmetry
restored phase, can be constructed from two independent thermodynamic observables, e.g. a linear combination of the
chiral condensate (1/¢)) and the pure gauge action S¢ (or second order quark number susceptibility x3) [10]. Similarly
the susceptibility of the order parameter receives contributions from several terms, among these is the disconnected
part of the chiral susceptibility. Thus it may be expected that the singular behavior of chiral condensates (¢1)) and
its disconnected chiral susceptibilities x, obey the relations given in Eqgs. (I3)) and (I2), respectively. In Appendix A
we give some more details on this and the corrections to scaling that arise from the fact that the chiral condensate

and its susceptibility are not the correct order parameter and order parameter susceptibility for the Z(2) symmetry
breaking in 3-flavor QCD.

3 In the continuum limit the gauge coupling B and the temperature T = 1/(aN¢) are related through the asymptotic scaling relation,
T/A = exp(B/(20bg)), with by denoting the coefficient of the leading term in the QCD S-function. For small temperature differences,
i.e. in the vicinity of a critical point one thus finds (T' — T¢)/Te = 8 — Be.



IV. RESULTS
A. Chiral condensates and chiral susceptibilities

In Fig. [l (left) we show the chiral condensates as function of the gauge coupling S for various values of the quark
masses corresponding to the pion masses ranging from 230 MeV down to 80 MeV. All data shown in this figure
have been obtained on 243 x 6 lattices except those for the largest quark mass, m, = 0.0075, corresponding to
myx ~ 230 MeV, which are obtained on 162 x 6 lattices. Obviously, the chiral condensate decreases with increasing
value of 3, i.e. increasing temperature, as well as with decreasing quark mass. However, the slope of (1)) seems to
vary only little with 8 which differs from the behavior expected from an order parameter close to a critical temperature.
This may reflect the fact that (1)9)) is not the true order parameter for the transition we are trying to probe.
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FIG. 1: The chiral condensates (left) and the disconnected part of the chiral susceptibilities (right) versus the gauge coupling
B for various values of the bare quark masses mgq. Shaded curves show spline fits to the chiral observables (for more details see
subsection [[V.C]). Crosses shown in the left plot indicate values for the chiral condensate at the pseudo-critical values of the
gauge coupling B.(mg) determined from the location of the peaks of the disconnected chiral susceptibility. Here the results for
mg < 0.0075 are obtained on 24 x 6 lattices while those for m, = 0.0075 are obtained on 16% x 6 lattices.
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FIG. 2: Volume dependences of the chiral condensate (left) and the disconnected chiral susceptibility (right) with quark mass
mgq = 0.00375 corresponding to m. ~ 160 MeV in the continuum limit. Bands in both plots denote interpolations via spline fits
and the ’crosses’ in the left plot label the critical gauge coupling extracted from the spline fits to disconnected susceptibilities.

In Fig. [ (right) we show the temperature and quark mass dependence of the disconnected part of the chiral
susceptibilities. They rise with decreasing values of the quark mass and has well defined peaks that shift to smaller
values of the coupling £ as the quark mass decreases, i.e. the pseudo-critical temperature of 3-flavor QCD decreases
with decreasing values of the quark mass. The value of the chiral condensate at the pseudo-critical couplings, S.(my),



is also indicated by crosses in Fig. [l (left). The decrease of the transition temperature with decreasing value of the
quark masses is well established in QCD thermodynamics and can qualitatively be understood in terms of the quark
mass dependence of hadronic degrees of freedom. With decreasing quark mass they become lighter and are thus more
easily excited in a thermal heat bath. They then contribute to the energy density of the system already at lower
temperatures and can trigger the onset of a phase transition at a lower temperature.

The volume dependences of the chiral condensates and chiral susceptibilities at m, = 0.00375 are shown in Fig.
Results obtained for four different volumes, i.e. Ny=10, 12, 16 and 24 are presented. As seen from Fig. 2] (left), at a
fixed value of the temperature the chiral condensate increases as the volume is increased and this volume dependence is
stronger at low temperature than at high temperature. The volume dependence of the disconnected part of the chiral
susceptibilities is shown in Fig. [ (right). The peak location of the disconnected susceptibilities, which defines the
pseudo-critical temperature, shifts to higher temperatures and the peak height decreases when the volume increases.
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FIG. 3: Same as Fig. [2 but for mq = 0.0009375 corresponding to m» ~ 80 MeV in the continuum limit.

Corresponding results for the volume dependence of (1/;1/)>q and Xgq,4isc Obtained for the lightest quark mass value,
mg = 0.0009375 (m, =~ 80 MeV) are shown in Fig. Bl The pattern seen in the volume dependence of the chiral
condensate and the chiral susceptibility is similar to the one shown for my, = 0.00375 (m, ~ 160 MeV) in Fig.[2 In
particular, we note that also for this small quark mass value the peak height of the chiral susceptibility decreases with
increasing volume.

This volume dependence is consistent with the expected volume dependence in the presence of a non-vanishing
symmetry breaking field [32,[33]. In a finite volume chiral symmetry is not broken, i.e. the chiral condensate vanishes
in the chiral limit at any value of the temperature. However, when taking first the infinite volume limit and then the
chiral limit the chiral condensate can approach a non-zero value. One thus expects that for small values of the quark
mass the condensate will increase as the volume increases and the volume dependence is larger at low temperatures
than at high temperatures, because the asymptotic value of the chiral condensate is larger at low temperatures than
at high temperatures. As the condensate will drop to zero in any finite volume, it also varies more rapidly with quark
mass, which is reflected by the larger peak height of the chiral susceptibility in a finite volume.

B. Phase structure in the current quark mass window

As noted in the previous section we find in the entire range of quark masses analyzed by us that the peak height
of the chiral susceptibility decreases with increasing volume. There is no hint for an increase of the peak height
with volume, which is what one would expect to happen in the vicinity of a second or first order phase transition.
This indicates that there is no first order phase transition in the system with values of the quark mass down to
mg = 0.0009375.

This is also supported by an analysis of the volume dependence of histograms for the chiral condensate. In Fig. [
such histograms are shown for the chiral condensate at our lightest quark mass my, = 0.0009375 calculated for two
different volumes, i.e. Ny = 16 at § = 5.8 and Ny, = 24 at § = 5.85, which are close to the corresponding pseudo-
critical couplings for this value of the quark mass, B.(m,) ~ 5.78 for Ny = 16 and S.(m,) ~ 5.86 for N, = 24.
There is no evidence that a double peak structure, which would be indicative for the appearance of a first order phase
transition, would develop in these distributions as the volume increases. Thus there is no evidence for two co-existing
phases.
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FIG. 4: The histogram of chiral condensates near 3. with mq = 0.0009375 at 8 = 5.800 on 16* x 6 (left) and at 8 = 5.850 on
24% x 6 (right) lattices .

8 T T T . T
Byy m =230 MeV —x—
7t m;=160 MeV —v— 1
m;=130 MeV
6L m;=110 MeV —=— ]
mn:90 MeV —a—i
m =80 MeV —e—
5r crossover —— 1
z@ h
4 j + 1
d [ * 2 i v
3
* 3 é E H ¥ x
2 L 4

5.8 5.825 5.85 5.875 5.9 5.925 5.95 5975 6 6.025
B

FIG. 5: The Binder cumulant of chiral condensates obtained from datasets with various values of pion masses.

We also analyzed the Binder cumulant By, of the chiral condensate at all values of the quark masses. By, is
defined as follows
YAV
5, = OE )
((0pe)?)?
where 6ynp = np — (1) gives the deviation of the chiral condensate from its mean value on a given gauge field
configuration. From different distributions of 1) in different phases the value of By, can be obtained and can be
used to distinguish phase transitions. For a first order phase transition, By, = 1; for a crossover By, ~ 3; for a
second order transition belonging to the 3-d Z(2) universality class, By, ~ 1.6. As seen from Fig. [ the values of
B, obtained from chiral condensates with different quark masses all lie around 3. There is a tendency for the lowest
quark mass to give values smaller than 3 close to the crossover region. However, this clearly is not conclusive. Thus
also the analysis of Binder cumulants presented in Fig. Bl suggests that 3-flavor QCD with pion masses ranging from
230 MeV to 80 MeV corresponds to systems with a smooth crossover transition.
In summary, all observables discussed above show no evidence for a first order phase transition in 3-flavor QCD
with quark masses m, ranging from 0.0075 down to 0.0009375.

C. Estimate of the critical pion mass

As discussed in the previous subsection we conclude that there is no first order phase transition even for quark
masses as small as mg = 0.0009375 (m, =~ 80 MeV). However, we may test whether the chiral observables for different
quark masses follow some specific scaling behaviors arising from the proximity of a chiral critical point. If such specific



lattice dim. | mg | Be(mq) |Xqaise/T" | (9)g/T°
16°x 6 | 0.0075 |6.00(3) | 92(4) 15(2)
243 6 | 0.00375 |5.941(8)| 155(6) | 14.3(7)
16°x 6 | 0.00375 | 5.88(2) | 177(8) | 18(2)
122x 6 | 0.00375 | 5.77(2) | 220(11) | 24(2)
10°x 6 | 0.00375 | 5.70(2) | 246(10) | 27(1)
243 6 | 0.0025 |5.92(2) | 241(11) | 14(2)
24%% 6 | 0.001875 | 5.90(1) | 309(14) | 13(1)
24%x 6 | 0.00125 | 5.87(1) | 463(21) | 14(1)
24%% 6 |0.0009375 |5.854(7)| 649(28) | 14.0(7)
16°x 6 |0.0009375| 5.77(1) | 737(35) | 17(1)

TABLE II: A list of the pseudo-critical gauge coupling f.(m,) and the peak height of the disconnected chiral susceptibility
Xg.dise/ T? as well as the chiral condensate at the pseudo-critical gauge coupling (P)g/ T3 for various quark masses and volumes.

scalings are found to hold for a window of quark masses then one can estimate bounds on the critical value for the
pseudo-scalar Goldstone mass. As we do not know the value of the critical quark mass in 3-flavor QCD, it is at
present not possible to determine the proper order parameter, e.g. from linear combinations of the chiral condensate
and the gauge action, M = 1) + 5S¢ [10]. At present we thus cannot perform a scaling analysis based on the
construction of the magnetic equation of state, c.f. Eq. (Bl). Instead, we will try to make use of the scaling behavior
of the disconnected part of the chiral susceptibility at the pseudo-critical gauge coupling (temperature), i.e. we will
use Eq. (I2)) to estimate the critical pion mass.

First of all we need to determine the values of chiral observables at the pseudo-critical values, S.(m,), of the gauge
coupling where the disconnected susceptibility peaks. We performed cubic spline fits to xq.aisc/T?. Since we generally
have about 8 data points (8 values) at each quark mass we mostly use three knots in the spline fit to keep a larger
number of degrees of freedom, i.e. larger or equal to 3. Two of the knots are fixed at the boundary of the S-range and
the third knot is varied within the S-range. The fit results for chiral condensates and susceptibilities we have shown in
the figures of this paper, e.g. in Fig. [Tl have been obtained by choosing the third knot such that the resulting x?/d.o. f
is closest to unity. To determine the pseudo-critical couplings, 3., we performed cubic spline fits for the disconnected
part of the chiral susceptibilities using the bootstrap method, where fits with x?/d.o.f closest to unity are chosen.
The value and error of the disconnected part of the chiral susceptibility at 8. is obtained in the same way. The value
0. for different quark masses and lattice sizes, the peak height of the disconnected part of the chiral susceptibility
Xq.dise/T? and the value of the chiral condensate at S, (7,/;1/)>g /T3, are listed in Table[[ll We also estimated systematic
uncertainties of our fits by performing cubic spline fits of the disconnected part of the chiral susceptibility with the
third knot chosen such that the x?/d.o.f is farthest away from unity. This results in values for 8. and X dise/ T? that
are within the uncertainties of those listed in Table [Il Note that the current way of performing spline fits also brings
in some artifacts, e.g. the unphysical dips seen in the right plots of Fig. [l and Fig. Blnear the smallest -values. These
dips can be cured by relocating the knots. However, the resulting changes of 3.(my), @1/1); and xg g4, are small and
well included within the uncertainties mentioned before.

Since in 3-flavor QCD the scaling variables are mixtures of Ag and Am (c.f. Eq. [@)) also the scaling behavior of
the order parameter in the quark mass becomes complicated due to this mixture. In the immediate vicinity of the
critical point, the t-direction i.e. the line h = 0 is defined as the tangent to the pseudo-critical line [10]. In the limit
AB — 0 the mixing coefficient B can then be determined from

dBc(mq) _
qu =-1/B. (15)

The dependence of the pseudo-critical coupling, B.(mq), on the quark mass is shown in Fig.[fl Shown also in Fig.
are two fits using as ansatz the leading linear term in Eq. (1)) in two different fitting ranges. These fits obviously
yield an upper bound on the absolute value of the mixing parameter B. From these fits we find that B is in the range
of —0.038 < B < 0. Thus the scaling behavior of the chiral observables will be described by corresponding relations
in Egs. (I2) and ([I3). However, the mixing is small. This has consequences for the scaling of e.g. the peak in the
chiral susceptibility. Although for any B < 0 the peak height will diverge with the critical exponent ~, this behavior
sets in only for very small values of the quark mass. In general one will see an effective exponent ~.r¢, which will
closely resemble the situation at B = 0, i.e. 7Yeyr =~ 1 —1/§. This can be seen from the fits to the peak heights of
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FIG. 6: (. as a function of quark mass m,. The red solid and blue dashed lines represent linear fits using an ansatz of
—myg/B + ¢ with and without the data point at the heaviest quark mass, respectively.

disconnected chiral susceptibilities with an ansatz of b(m, — mg)¥<// where 7.y is a fit parameter. The fit results
are shown in the left plot of Fig. [l The fit to the entire quark mass region is denoted by the purple solid line and
it gives x?/d.o.f = 0.88 and (m,vess)=(0.0004(1), 0.78(6)). We also investigate the dependence of fit results on
the fit range. A fit leaving out the largest quark mass (denoted by the red solid line) yields x?/d.o.f = 0.44 and
(mg, Yesr)=(0.00012(19)), 0.95(11)) while the fit leaving out the two largest quark masses (denoted by the blue solid
line) gives x?/d.o.f = 0.004 and (m¢,vess)=(0.0004(2), 0.70(1)).
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m, m,

q q

FIG. 7: The inverse of the maxima of the disconnected chiral susceptibility versus the bare quark mass, mg4. The solid lines
and dashed lines show fits based on a scaling ansatz b(mg —mg)“*?°™™ and b(mg)**?°"“"" | respectively. The fit results shown
in the left plot were obtained using an exponent of v.rs as a free parameter while in the right plot the exponent being fixed
to 1 —1/6 . The fits with different upper limits for the fit range in the quark mass, i.e. 0.0075, 0.00375 and 0.0025 are also
shown. The black triangles represent the data points for smaller volumes, i.e. Ns=16 with mq = 0.0009375 and N, = 16, 12
and 10 with m4 = 0.00375. For more details see discussions given in the text.

We thus have fixed ye¢s to 1 — 1/§ in the following analysis. In the right plot of Fig. [l we show the fit results for
T?/Xq.disc by using the ansatz b (m, — mg)l_l/ % The critical quark mass mg can easily be obtained from the intercept
of the fitting function and the quark mass axis. The fit to the whole quark mass region has a x?/d.o.f.=0.67. It is
shown in the right plot of Fig.[[llabeled by the purple solid line. The estimated critical quark mass is m{ = 0.00035(3)
with only the uncertainty from the fit. This corresponds to m& ~ 50 MeV. We also consider uncertainties arising
from the fit range, i.e. the validity range of the scaling ansatz used for our fit. We did this by fitting to data without
the data point at the largest quark mass, i.e. m, = 0.0075. The x?/d.o.f. which resulted from the fit (denoted as
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the red solid line) without the data point at my, = 0.0075 remains almost the same. It gives a similar critical quark
mass value m¢ = 0.00037(4). While omitting the third heaviest quark mass in the fit results in a very small x*/d.o. .
i.e. 0.07. Nevertheless the obtained mg = 0.00032(2) is consistent with previous two estimates within errors. We also
tried to fit the data with an ansatz motivated by the scaling behavior in the 3-dimensional Z(2) universality class but

1-1/6

¢. The ansatz thus is T2/X2,disc =bmg with only one fit parameter b.

with a vanishing critical quark mass mg

Such a fit obviously cannot describe the data at all 4, as can be seen from dashed lines in the right plot of Fig. [7
However, an ansatz of bm,*’ can describe the data well when the largest two quark masses are excluded from the fit

as shown in the left plot of Fig. [l We thus cannot rule out that mg can actually be zero.

In Fig. [ we also show T2/ Xg,disc OPbtained for different volumes at the second highest and the smallest quark masses
as the black triangles. Since 72/ Xg.disc reduces with decreasing volume, it is expected that effects arising from a finite
volume overestimate mg, i.e. in the thermodynamic limit mg becomes smaller. Note that in our current simulations
with Ny = 24 even for the lightest quark mass the finite volume effects are expected to be less than 10% on TQ/XZ.disc
and consequently the change in the estimate of my in the thermodynamic limit is moderate. With the limitations of
finite volume effects and the fit results shown in Fig. [[, at present, we can only provide an estimate for the upper
bound of the critical pion mass, m, ~ 50 MeV °. This result is compatible with that obtained from calculations using
the stout action on Ny = 6 lattices [19].

30
o5 | <Py —E— |
15
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15 ¢ W @ ]
10 1
750 F B - ‘ 4
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o 1 1 1 1 1 1 1
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008
m
q

FIG. 8: A simultaneous joint fit using a 4-parameter ansatz to both light quark chiral condensate and the disconnected part of
its susceptibility at (..

To have a better understanding of the uncertainties in the estimate of mg we also take into account possible
contributions arising from the regular part of chiral observables, i.e. for the chiral condensate we use a fit ansatz of
the form a;(mg — mg)l/ S+ ag(mgy — mg) + a3. Here, az includes contributions from an m,-type additive ultraviolet
divergent term, as well as the regular part of the chiral susceptibility, and a non-vanishing as reflects that the chiral
order parameter is not the correct order parameter and will approach a non-vanishing value at (m;, B.) . Since this
involves four fit parameters and we only have six data points corresponding to the six different quark masses, we
performed a joint fit to both the chiral condensate and the disconnected part of the chiral susceptibility. For the
fit to the disconnected part of the chiral susceptibility we assume that the singular behavior of chiral condensate is
completely encoded within the disconnected chiral susceptibility, and not partly within the connected part of the
chiral susceptibility. Further, the disconnected chiral susceptibility does not contain 1/a? power-law divergences,
and we assume that any additional contribution from the regular part of the chiral condensate to a diverging chiral
susceptibility can be neglected. Thus, for the disconnected chiral susceptibility we use as a fit ansatz a1/9 - (mq —

m¢)/9=1. Results from such a combined fit are shown in Fig. Bl This yields a; = 8.6(2), m& = 0.00035(3) and

4 In the case mg=0 one would, of course, expect that O(N) critical exponents are more relevant than the Z(2). These critical exponents,

however, are quite similar and would not change the conclusion given here.
5 We will nevertheless show in Appendix B the fit results with a critical exponent of v which supports current upper bound of mg.
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az=11.8(4) with x?/d.o.f = 0.46. The value of a; is consistent with §/b where b = 0.55(1) is obtained from the fit
shown in the right plot of Fig.[ll The current estimate of myg is within the upper bound we obtained before, and the
nonzero value of ag is certainly consistent with a nonzero value of mg. The consistency can be understood since the
chiral condensate is not a true order parameter as discussed in the Appendix A. This estimate on my is consistent
with what we obtained from the fit shown in Fig. [l We also performed similar joint fits by taking into account a
regular contribution to the disconnected chiral susceptibility with an ansatz a1/6(mq — mg)l/ 9=1 4 a4. Within errors,
the fitted values of a; and m. were found to be consistent with the previous case while a4 turned out to be vanishingly

small compared to as.

V. CONCLUSION

We carried out calculations for 3-flavor QCD using the HISQ action on N; = 6 lattices. We used six values of pion
masses in the mass range 80 MeV < m, < 230 MeV. From the study of chiral condensates and chiral susceptibilities
we found no direct evidence for the existence of a first order chiral phase transition in this pion mass region. Assuming
that the quark masses used in this study lie within the critical scaling window of the anticipated chiral critical point
of the 3-flavor QCD, we investigated 3-d Z(2) scaling behaviors of the chiral observables. Relying on these scaling
studies, we were able to estimate an upper bound of the critical pion mass, i.e. m, < 50 MeV. As pointed out before,
estimates of critical pion masses tend to yield smaller values as one approaches closer to the continuum limit, either
by going to finer lattice spacings or through using improved actions. While, in future, it will be essential to carry out
lattice QCD calculations for smaller quark masses and closer to the continuum limit to establish the first order chiral
phase transition region of 3-flavor QCD, and it is likely that this region will remain bounded by the critical pion mass
estimated in the present study. The estimated smallness of the critical pion mass for 3-flavor QCD suggests that the
first order chiral phase transition region of 3-flavor QCD might have little influence on the phase structure of physical
QCD, both for zero and non-zero baryon chemical potential.
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Appendix A: General behavior of order parameter and chiral condensate

We want to discuss here the scaling behavior of the chiral condensate and its susceptibility at a possible critical
point in the coupling - quark mass plane which belongs to the 3-dimensional Z(2) universality class. At this critical
point the chiral condensate itself is not a true order parameter, but is part of a mixture of operators that define the
true order parameter M.

The behavior of the order parameter M for this phase transition as a function of the quark mass at different values
of temperature is depicted in the left plot of Fig. At fixed temperature the order parameter M decreases when
decreasing the external field h. From Eq. (@) it follows that this corresponds to a decreasing quark mass,

mg = hoh +mg — B(B - fc) . (16)

The h = 0 line is indicated in Fig. @by a dashed (red) line. For B < 0 the lines of constant temperature, i.e. constant
B, will end for h = 0 at coordinates of (M > 0,m, < mg) in the M — m, plane in the symmetry broken phase where
B < B and at (M = 0,my > myg) in the symmetry restored phase where 8 > .. In particular at T' = T.(m, = mj)
and mg = mg the line of constant temperature ends at M = 0 marked by a big blue dot in the left plot of Fig.
When changing the external field h from positive to negative values at T' < T,(mg = mg) the order parameter M
will change discontinuously, i.e. this temperature range corresponds to the first order transition region in 3-flavor
QCD. Finally at temperatures lower than the critical temperature in the chiral limit, i.e. when T' < T.(mq = 0) no
phase transition occurs, irrespective of the value of quark mass. For any value of the quark mass the system is in the
spontaneously broken phase.
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FIG. 9: Left: The order parameter M of the phase transition in the 3-flavor QCD as a function of quark masses at different
temperatures. Right: Same as the left plot but for the chiral condensate. Here Tc(my) is the (pseudo-) critical temperature of
QCD with different values of quark masses mg. The red dashed line indicates the line of vanishing external field, h = 0, and
the blue dots mark the location of the critical point at T' = T.(myg).

The situation is similar for the quark chiral condensate (1)4), which obviously is not the order parameter for 3-flavor
QCD. However, for small values of the mixing parameter B, it is a dominant component of the order parameter. We
sketch its behavior in Fig. [l (right). Of course, the relation between m and h given by Eq. (@) remains the same
in this case. However, the y-coordinate for the line corresponding to h = 0 gets distorted because (v) stays finite
at the critical point (8., m.), which is marked also by a big blue dot in the right hand part of Fig. @ From this it
is apparent that also for T' > T.(m, = mg) and m, > m the chiral condensate (1p1)) does not vanish at h = 0 as it
is not the proper order parameter. The h=0 line is also indicated by a dashed line in the figure. Also note that at
the temperature corresponding to the chiral limit (T" = T.(mq = 0)) the chiral condensate drops from a finite value
directly to zero.

In general we have no direct access to the order parameter itself, which needs to be constructed from e.g. a linear
combination of the chiral condensate and the gauge action. For our purpose, however, it is sufficient to relate the
chiral condensate and its susceptibility to the singular part of the free energy introduced in Eqgs. @) and (). For the
contribution of the singular part of the free energy to the chiral condensate we then obtain

<J)¢>sing = hl/éfG(t; h) 3 (17)

with ¢ and h introduced in Eqs. (8) and (@), respectively. For A = B = 0 the function fg(t, h) reduces to the scaling

function fg(z). However for A £ 0, t as well as h depend on the quark mass and fc thus receives contributions from
partial derivatives of both arguments of fging

ottt = —(14 1) () - L 22 206)

5 ~ Bbom, 0z
B 1 z h Ofs(z)
= (14 5) 00 - g5 (ase5 —1) 57
_ fg(z)—Ah“’aji;iz)?—s : (18)

with w =1 —1/8¢. In general, the singular part of the free energy thus does not lead to a simple scaling form of the
chiral condensate. It receives corrections to scaling, which relative to the h-dependence of the chiral condensate, are
suppressed by a factor h¥ ~ hl/2.

Similarly we can analyze the scaling properties of the chiral susceptibility,

O(y)
= i 19
q amq ( )
The singular contribution to x, can then be obtained from Eq. (IJ),
sin 6 ’%[;w sin 1 —17
Xq ¢ = < > 4 = _hl/[s 1fX(ta h) ) (20)

8mq h,o



13
with
. ho ho\ 2
Folt,h) = Fu(e) + AR EP1<z>+(Ah“—> (). (21)

and

Pil) = f5(2) = (0t DI+ 251,

Py(z) = —f{(2). (22)

One thus finds that the chiral susceptibility diverges in the vicinity of the critical point just like the order parameter
susceptibility, i.e. x4 ~ h'/9=1 as shown in Eq. @™@.

In order to make sure that the scaling arguments given in connection with Eq. (I2]) are valid also for a pseudo-critical
coupling extracted from the location of a peak in the chiral susceptibility rather than the true order parameter M,
we also need to check that the locaton of this peak corresponds to a constant value of the scaling variable z. I.e. in
the chiral limit the peak is located at some position z = z.. Ignoring the corrections to scaling in Eq. (20) we may
determine the location of the peak of x, at fixed quark mass. We need to solve

0 = ()

(i) (- 52

Obviously for B = 0 the peak of x, at fixed quark mass corresponds to the peak of f, (z), i.e. z,. For B # 0 Eq. (23) is
a function of the scaling variable z aside from some corrections to scaling that are proportional to h*. The location of
the peak in the chiral susceptibility thus is controlled by a value of the scaling variable z = z, up to some corrections
to scaling that vanish in the limit A~ — 0. For small values of B we can determine z. by expanding around z = z,, i.e.

Az/zy=2c/7—1=B(1/§ — 1)fX(Zp)/ (Z;%f;(zp)(%zp};_s - %))

f(z) (23)

Appendix B: Mixing coefficient and effective critical exponent

As seen from Eq. (), the dominant term determining the relation between AS and Am in the limit AS — 0 is
proportional to B, which will be small in QCD when the critical quark mass is small. Outside a small asymptotic
scaling region the second term in Eq. (1)) thus will be dominant and x s may show an effective scaling controlled by
the exponent 1 — 1/4. To illustrate this we consider the simple scaling form

XEE o O ((1 + B*)AB — B (20/7 (1 + B2)Aﬂ)ﬁ6) ' (24)

where we used Eqs. (I0) and () to express the external field h, introduced in Eq. (@), in terms of AS only.

We show in Fig. [0l the effective exponent 7. describing the behavior of Xﬁjak as function of AS. This shows that

we may expect to find a rather complicated scaling behavior of Xﬁf}ak. We can see that as long as the value of B is

small the effective exponent is much closer to 1 — 1/§ rather than v in most cases that might apply to our current
investigation .

As discussed above and also in Section [V (] the effective critical exponent is expected to be rather close to 1/6 — 1.
We nevertheless would like to check the uncertainties in the estimate of the critical quark mass arising from the
critical exponents. We thus use an ansatz of b(mg, — mg)? to fit the inverse of the disconnected part of the chiral
susceptibilities at 8.(mg). The fit result is shown in Fig. [Tl All the fits to the data sets with all the masses, without
the heaviest mass point and without two heaviest mass points prefer negative values of mg which can be seen clearly
from the intercept of the solid lines with the = axis.
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FIG. 10: The effective scaling exponent, vyess = — ln(xﬁ’\f}ak)/ln(Am)7 extracted from the peak value of the order parameter
susceptibility obtained from Eq. (24]). Here .y = v when B=0. Left: For zo/z, = 1 and several values of the mixing coefficient
B. Right: For B = —0.05 and several different values of zo/zp.
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