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Abstract

Ongoing astronomical efforts extract physical properties of black holes from electro-
magnetic emissions in their near-vicinity. This requires finding the null geodesics which
extend from the near-horizon region out to a distant observatory. In general these are
given by elliptic integrals which are often studied numerically. In this paper, for the
interesting special case of extremally spinning Kerr black holes, we use an emergent
near-horizon conformal symmetry to find near-superradiant geodesics analytically in
terms of elementary functions.



1 Introduction

In the coming decades, LIGO [1], the Event Horizon Telescope [2] and a number of other
experiments [3-5] are expected to advance observational black hole astrophysics to a qualita-
tively new level of precision. The phenomenology of black holes is based on the Kerr solution
which describes neutral rotating black holes in vacuum general relativity. A large number
of observed black holes, especially supermassive ones in active galactic nuclei, are thought
to be rotating very fast [6,7]. Therefore extreme Kerr, which is rotating at the maximally
allowed theoretical limit, is of particular observational relevance.

From a purely theoretical perspective extreme Kerr is also of particular interest for several
reasons. An enhanced conformal symmetry group of the geometry emerges as the horizon
is approached [8,9] which greatly constrains and simplifies the gravitational dynamics in
the near-horizon region. This is known as the Kerr/CFT (Conformal Field Theory) cor-
respondence, because the same symmetry group appears in two-dimensional CFTs. The
conformal symmetries imply a variety of qualitatively new and potentially observable phe-
nomena [10-20]. At the quantum level, they have conjectural implications for black hole
information [9,21,22]. More generally, the extreme Kerr black hole is a critical point in the
Kerr family of astrophysical black holes and hence worthy of special attention.

Recently the Kerr/CFT correspondence has been used to compute explicit analytical
gravitational waveforms for extreme-mass-ratio-inspirals in the near-horizon region of near-
extreme Kerr black holes [10,11,15,16]. It has also been used to analytically solve the
equations of force-free electrodynamics which are expected to govern the near-horizon mag-
netosphere [12,14,17,18].

In this paper we lay the groundwork for an exploration of the consequences of Kerr/CFT
on electromagnetic emissions from the near-horizon region of an extreme Kerr black hole.
The intense frame-dragging in this region leads to the expectation that such emissions peak
near the superradiant bound, at which the ratio of the angular momentum to the energy
is the Schwarzschild radius. We solve analytically, to leading order in the deviation from
the superradiant bound, the equations for null geodesics that connect emission points in the
near-horizon region of an extreme Kerr to observation points in the region far from the black
hole.! Using geometric optics these are trajectories of photons which start near the horizon
and end at the telescope. Our solutions are obtained in terms of elementary functions only.

Previously such geodesics were only known in terms of elliptic integrals and their inverse
functions and were often studied numerically. For a general Kerr space-time [23] collects

the basic results in terms of elliptic integrals and [24,25] obtain the null geodesics in terms

'The r, ¢ and ¢ equations are solved generically while the 6 equation is solved only in special cases.



of elliptic and generalized hypergeometric functions respectively.? These general results
in terms of elliptic functions are highly complex and numerical codes [27-29] have been
developed for astrophysical applications which require inversion with respect to various of
their arguments.

The results in this paper may be useful for the study of a variety of problems related to
observations of electromagnetic radiation which originates from or passes through the near-
horizon region of extreme black holes. For example, we may use them to compute the profile
of iron line emissions from the near-horizon of an extreme Kerr, which have been extensively
analyzed in [30-34]. We also hope to apply the equations derived herein to other potential
observables such as extreme black holes silhouettes or orbiting hot spots.

The rest of the paper is organized as follows. In section 2 we set up the problem and
give our conventions. In section 3 we solve for the radial null geodesic motion in the r — 6
plane and in section 4 we do the same for the motion in the r — ¢ and r — ¢ planes. Section

5 summarizes the results and discusses future directions.

2 Geodesic equations
The Kerr metric in Boyer-Lindquist coordinates 2% ~ (£, 7,6, ¢) is given by:

ds? = gabdx“dxb
A /oL . N2 sin?6
= _E (dt — asin® 9d¢) + 7

A N2 H2
((f2 +a?)dg— adt) + 'Ozdf? 4 pRde?, (2.1)

A =7 —2M7 +a*, p* =7+ a’cos’h.

This describes neutral rotating black holes of mass M and angular momentum J = alM.

The general form of the geodesic equation for z%(7) with affine parameter 7 is
O + T8.0,2°0,2° =0, gu0,x°0,2" = —p?, (2.2)

where ¢ = 0 for null geodesics and p = 1 for time-like geodesics. In the Kerr space-time

there are three additional conserved quantities along every geodesic:
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2For a recent review of analytical solutions for geodesics in various black hole space-times see [26].



E and L are the energy and axial angular momentum. The Carter constant ) here is

constructed from the Killing tensor (square of Killing-Yano),

A

Y, daxtdx® = a®cos?6 [A_z
p

5 [sin® 6
+7r 7

R ~2
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(adf — (P + a2)d<5)2 + ﬁ2d92] . (2.4)

These conservation laws enable integration of the geodesic equation into the form [35]

i ¢ e
N
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3 :/ abr’ +(L—ab)(A—a )df’+/ Leot ¥ by (2.6)
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P2 2 A g2 ? 2E 20
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where
~ A A 2 2 ~ 7 7
R = (E(r’2 +a?) — La) - A (,u27"/2 +(L—aBE)* + Q) g (28)
O = Q—cos’d <a2(,u2 — E?) + L*/sin? 6”) : (2.9)

The integrals are understood to be path integrals along the trajectory. At every point of the
trajectory the conditions R>0 , © > 0 must hold but the signs of dr',df’ and \/E , \/6
change at corresponding turning points in such a way that dr'/ V'R and d¢' / V6 are always
positive.

In this paper we consider null geodesics,
p=0, (2.10)

in the extreme Kerr space-time,
a= M, (2.11)

which are near the so-called superradiant bound:

A

Am1- b« (2.12)
OME

In this case we will find that, to leading order in A, the radial integrals in (2.5—2.7) are
soluble in terms of elementary functions. As already noted by Bardeen in [36], A = 0 is

a special point in the parameter space of extreme Kerr geodesics and one expects many



photons emitted from the near-horizon region to have small \. It is therefore gratifying that
this case is explicitly soluble.

It is convenient to introduce the dimensionless Bardeen-Horowitz coordinates,

~ ~

f P-M

A t
t—ma ¢—¢—ma i (2.13)
The near-horizon region is then r < 1, and the metric takes the form [§]
d 2
ds? = 2M2T(0) (—r2dt2 + TZ + 6% + A(0)*(do + rdt)2) o (2.14)

where T'(0) = (1 + cos?6)/2,A(0) = 2sinf/(1 + cos®#) and the subleading corrections are
suppressed by powers of r. The leading term displayed on the right hand side solves the
Einstein equation on its own. It is referred to as the Near-Horizon Extreme Kerr or ‘NHEK’
metric and has an enhanced symmetry group [8,9]. The coordinates (2.13) are particularly
well-suited for studying near horizon physics in extreme and near-extreme Kerr. For exam-
ple, they may be used to resolve the prograde circular photon and innermost stable orbits
whose Boyer-Lindquist radial coordinates degenerate in the extreme limit with that of the
horizon (see e.g. the appendix in [16]). We are interested in trajectories of photons emitted
near the horizon and observed by a distant telescope. These are geodesics which start at
(tn, Tn, O, ) with 7, < 1 in the NHEK region and end at (¢f,7¢, 6y, ¢5) with ry > 1 in the
far asymptotically flat region.

In the null case F may be scaled out of the geodesic equation, whose solutions are labeled

by A and the convenient dimensionless shifted Carter constant

2 . Q o 2
=3 i <41 =X+ X%, (2.15)
where the last inequality expresses positivity of the kinetic energy in a local frame. We will
show below that, given (2.12), a geodesic that originates in NHEK and reaches out to the
far asymptotically flat region must have a positive ¢>. We will take ¢ > 0 and hold it fixed
while expanding in small A\. Motion in the equatorial plane has ¢ = v/3.

In terms of the coordinates (2.13) and parameters (2.12) and (2.15) the geodesic equations
(2.5—2.7) become:
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where

= A 4 (P 8N — AN 80 402, (2.19)
3—q*+cos’0 —4(1 — N)*cot? 6, (2.20)
= P4 + 3+ 4N +4), (2.21)
= 4 T 41+ N7+ 4. (2.22)

N & © =
I

The integrals in (2.16—2.18) are of elliptic type and are often manipulated numerically.
In this paper we will perform the radial integrals analytically to leading order in small A
using the method of matched asymptotic expansions (MAE) for all geodesics extending from
the near to the far region. Our solutions are obtained in terms of elementary functions only.

We will proceed in the small A regime by dividing the spacetime into two regions:

Near Region r<1, (2.23)
Far Region 7> V. (2.24)

The two regions overlap in the
Overlap Region VA<r<1. (2.25)

We now proceed to solve the equations in the near and far regions and match the solutions

in the overlap region.

3 The r—6 motion

In this section we solve the radial integral

Trdr
[= / et (3.1)

to leading order in A via MAE. Given (2.12) we have that

R~ +4r° 4+ ¢%r® + 8Ar + 402, (3.2)
In the near region (2.23) we have
Ro(r) = R(r < 1) = ¢*r* + 8\r 4+ 4%, (3.3)
while in the far region (2.24) we have
Ri(r) = R(r > V) = r2(r* +4r + ¢*) . (3.4)
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We first check the conditions under which small A geodesics in the near and far regions
connect. Turning points in the radial motion occur at the zeroes of R(r). In the far region

these are located at
’/’f:t:—2:l: 4—q2. (35)

If ¢® is positive, this has no turning points with positive r. On the other hand, if ¢* is
negative, there is a turning point at positive r, and the geodesic bounces off the black hole

before it penetrates the near region. We therefore take
>0, (3.6)

ignoring the measure zero case ¢ = 0. In the near region the zeroes are at

Tnte = % (—2 + 4 - q2) . (3.7)
q

Since 0 < ¢?> < 4 to leading order in ), the square root is always a positive number less
than 2. Hence there is a positive root if and only if A is negative. In that case, a geodesic
emanating from the horizon will turn around before it reaches the far region at r ~ v/A.
This is due to the fact that photons on such trajectories exceed the superradiant bound.
On the other hand, there are two turning points, and if the geodesic originates in the near
region but outside both turning points, » > 7,4, it can reach the far region. Hence A can
have either sign but geodesics with negative A\ cannot get all the way to the horizon.

To leading order in A the near and far radial integrals can now be performed explicitly:

/Ti%:éln<q\/m+q2r+4)\>+cn, (3.8)
I;(r) = / % = —éln% <q,/Rf(r) + ¢*r + 27"2) +Cy, (3.9)

where C,,, Cy are integration constants. In the overlap region (2.25) we have:

1 4N

I(r) = §<lnr+ln2q2—l—q0n+q2—r—l—...), (3.10)
1 9 2r

Ie(r) = p Inr — In2q ‘l‘(]Cf_?‘l—... : (3.11)

Matching I,, = Iy in the overlap region we find:
2
Cp=C,+=-In2¢. (3.12)
q

The integral (3.1) is given by I = I¢(ry) — I,,(1,) and using (3.8), (3.9), and (3.12) we find:

I= L In (gD + ¢*ro +4X) (¢Dy + 215 + ¢%)
g Aqhry

, (3.13)



where,

1
D, = \/R,(rn) = V@2 +8\r, +4)2, D; = T—\/Rf(rf) = \/rj% +4ry+¢%.  (3.14)
!

4 The r—¢ and r—t motion
Given (2.12) we have that

O =~ P+ 4r?+3r+4), (4.1)
T =~ 7' +4r° +7r% + dr + 4, (4.2)

and we can perform the radial integrals for the 7—¢ and r—t motion in (2.17) and (2.18),

o [T @) . . Tf&r
I _/m e L e 8 (4.3)

via MAE as follows.

In the near region (2.23) we have
O, (r)=0(r<l)=3r+4x, T,(r)=T(r <1)=4r+4\, (4.4)

while in the far region (2.24) we have
Os(r)=D(r > VN =r(P2+4r+3), Ti(r) =T >VA) =r(® +4r2 + 7r +4). (4.5)

All integrals are now doable:

ey = [ %dr’ - gln (qm + P+ 4>\> - (4.6)
—2111% (\/W+2r+2/\> +C?,

I?(r) _ " %dr’ = —g ln% (q\/% +¢*r + 2r2) + (4.7)
+21n% <\/m—l—r2+2r) +%\/%+C¢,

IH(r) = T%dr' = —%\/ﬂrwq, (4.8)

Ii(r) = ' %dr’ = —7q2qg_ 8 lm%2 (qmjt r+ 2r2) + (4.9)

1 / 9 ¢r—4
+21n;< Rf(T’)—l-T’ +2T)+W Rf(T’)—FC;,



where C9, C’?’t are integration constants. In the overlap region (2.25) we have:

I°(r) = % (31n7‘ +3In2¢° + ¢ (CY —2In(q +2)) — w +.. ) : (4.10)
IP(r) = é(Slnr—31n2q2+q (C;?+21n(q+2)) +q2+2(2q272_3)r +) J(4.11)
o) = —% (%2—ch+§+%+.”), (4.12)
= - <§ - 7q2q; AN el s _qf) n2g" 8 _ (4.13)
—q (C}+2ln(q+2)) — 4(q4—332+6)7’ —l—) ,
so matching I%! = If’t in the overlap region we find:
cy = Cﬁ+gln2q2—4ln(q+2)—q, (4.14)
c. = ¢ - % Il _qf) 2" —8 21n(q +2) ~ C" — % , (4.15)

where in the last line we have used (2.12). The integrals (4.3) are given by ! = I]?’t(rf) -
I%%(r,) and using (4.6—4.9) and (4.14—4.15) we find:

= —g I (D + s+ 43) (4D + 20 + ) (4.16)
f

1
+21In — (D, + 2, + 2)) (Df+rf+2)+Df+§1n2q2—41n(q+2)—q,
q

T'n
74> —8
@

1
I' = 2In(Dj+ry+2)— In— (¢Dy +2r; + ¢°) (4.17)
!

2
q°ry —4 1 q
D —D,, — —.
* q*ry f+>\rn A

In the special case of motion confined to the equatorial plane the geodesic equations reduce
to (2.17) and (2.18) with the @ integrals dropped. In this case the shifts in the azimuthal
angle ¢ and time t are given by ¢; — ¢, = —(1/2)I?| _ 5 and t; —t, = (1/2)I"|_ 3

respectively, or explicitly:

3.1
br—bn = iln—(\/ﬁl)n%—?)rn%—él)\) (V3D;+2ry +3) (4.18)
2 ’/’f
1 1 V3
—lnr—(Dn—l—2rn+2)\)(Df—l—7’f+2)—§Df—\/§ln6—l—2ln(\/§—l—2)+7,
13 1
tr—t, = Im(Dj+r;+2) ——=In— (V3D; +2r;+3 4.19
i (Dy+ri+2) =% rf( g+ 2y ) (4.19)
—4 1
+3Tf D, + \/é

D — 5+
6rp 7 2Ar, 2



with D, = Dyl,_5 = \/3r2 +8X\r, +4X2 Dy = Dyl _ 5 = (/1 +4r;+3. These are
equations which relate an endpoint of an equatorial null geodesic near the horizon (t,, 7y, ¢n)
to its endpoint in the region far from the black hole (¢, 7, ¢5) and the associated constant

A along the geodesic.

5 Conclusion

In this paper we studied null geodesics in the extreme Kerr space-time. We used the method
of matched asymptotic expansions to integrate, to leading order in the deviation from the
superradiant bound, all radial integrals in Carter’s integral geodesic equations. The key
equations derived in this paper are (3.13), (4.16), and (4.17).

In the special case of motion confined to the equatorial plane we derived the equations
(4.18, 4.19) which relate an endpoint of a null geodesic near the horizon to its endpoint in
the region far from the black hole and the associated angular momentum constant along the
geodesic.

For geodesics which move in the 6 direction we note that positivity of the shifted Carter
constant ¢* (derived in (3.6) for all geodesics which connect between the near and far regions)
restricts the values of # that these geodesics may possibly explore. This is because © > 0 then
implies 3+cos? —4 cot? @ > 0 which means that # must lie between 6, = arccos 23— 3 ~
47° and ™ — 6y =~ 133°. This fact has been derived previously from an analysis of the NHEK
geodesics alone in [37].

The key equations derived in this paper, (3.13), (4.16), and (4.17), are expressed in
terms of elementary functions only. This is a critical improvement over previous results in
the literature which were only known in terms of elliptic functions and their generalizations.?
It enables one to solve explicitly for various parameters appearing in the integral geodesic
equations, a step that is often necessary for various applications.* For example, solving the
null geodesic equations studied in this paper for a fixed observer far from the black hole
and using the geometrical optics methods of [38,39] one may obtain various observables
related to propagation of electromagnetic radiation from the near-horizon region of extreme
black holes. These include broadened Fe Ko emission lines [40] and images of hot orbiting
spots [41].

3Given the complexity of the previous general results it would be a useful crosscheck to recover the present
simple expressions for small deviation from the superradiant bound in extreme Kerr as a limit of the general
expressions contained in [24,25].

4Consider e.g. the r — § equation (2.16) and suppose one wants to solve it for the angular momentum
parameter A. Since, to leading order, the  integral does not depend on A, using equation (3.13) this amounts
to solving a simple quadratic equation for A.



Finally, it is worth mentioning that while in our expansion in small A\ we have been
keeping ¢? fixed and finite, all of the equations and statements derived in this paper are also
true for the case of small ¢* provided that it remains ¢> > v/\. In this case the only thing
that needs to be modified are the definitions of the near region (2.23) to r < min (1, ¢*) and
the overlap region (2.25) to VA < r < min (1, ¢?).

Acknowledgments

We are grateful to Sam Gralla and Alex Lupsasca for useful conversations. This work was
supported in part by NSF grant 1205550, Templeton foundation award 52476, and the Sir
Keith Murdoch Fellowship.

References

[1] The Laser Interferometer Gravitational-Wave Observatory (LIGO),
http://www.ligo.org.

[2] The Event Horizon Telescope (EHT), http://www.eventhorizontelescope.org

[3] The Advanced Telescope for High ENergy Astrophysics (ATHENA), http://www.the-

athena-x-ray-observatory.eu
[4] The Square Kilometre Array (SKA), http://www.skatelescope.org
[5] The Evolved Laser Interferometer Space Antenna (eLISA), http://www.elisascience.org

6] C. S. Reynolds, “Measuring Black Hole Spin using X-ray Reflection Spectroscopy,”
Space Sci. Rev. 183, no. 1-4, 277 (2014) doi:10.1007/s11214-013-0006-6 [arXiv:1302.3260
[astro-ph. HE]].

[7] L. Brenneman, “Measuring Supermassive Black Hole Spins in Active Galactic Nuclei,”
d0i:10.1007/978-1-4614-7771-6 arXiv:1309.6334 [astro-ph.HE].

8] J. M. Bardeen and G. T. Horowitz, “The Extreme Kerr throat geometry:
A Vacuum analog of AdS(2) x S**2” Phys. Rev. D 60, 104030 (1999)
doi:10.1103/PhysRevD.60.104030 [hep-th/9905099].

[9] M. Guica, T. Hartman, W. Song and A. Strominger, “The Kerr/CFT Correspondence,”
Phys. Rev. D 80, 124008 (2009) doi:10.1103/PhysRevD.80.124008 [arXiv:0809.4266
[hep-th]].

10



[10] A. P. Porfyriadis and A. Strominger, “Gravity waves from the Kerr/CFT corre-
spondence,” Phys. Rev. D 90, no. 4, 044038 (2014) doi:10.1103 /PhysRevD.90.044038
[arXiv:1401.3746 [hep-th]].

[11] S. Hadar, A. P. Porfyriadis and A. Strominger, “Gravity Waves from Extreme-
Mass-Ratio Plunges into Kerr Black Holes,” Phys. Rev. D 90, no. 6, 064045 (2014)
doi:10.1103/PhysRevD.90.064045 [arXiv:1403.2797 [hep-th]].

[12] A. Lupsasca, M. J. Rodriguez and A. Strominger, “Force-Free Electrodynamics around
Extreme Kerr Black Holes,” JHEP 1412, 185 (2014) doi:10.1007/JHEP12(2014)185
[arXiv:1406.4133 [hep-th]].

[13] A. Strominger, “Conformal symmetry in the sky,” Talk, 2014 Dirac Medal Ceremony,
Oct 9, 2014, https://www.youtube.com/watch?v=iPAd52B-K8k&t=50m10s

[14] A. Lupsasca and M. J. Rodriguez, “Exact Solutions for Extreme Black Hole Magne-
tospheres,” JHEP 1507, 090 (2015) doi:10.1007/JHEP07(2015)090 [arXiv:1412.4124
[hep-th]].

[15] S. Hadar, A. P. Porfyriadis and A. Strominger, “Fast plunges into Kerr black holes,”
JHEP 1507, 078 (2015) doi:10.1007/JHEP07(2015)078 [arXiv:1504.07650 [hep-th]].

[16] S. E. Gralla, A. P. Porfyriadis and N. Warburton, “Particle on the Innermost Stable
Circular Orbit of a Rapidly Spinning Black Hole,” Phys. Rev. D 92, no. 6, 064029
(2015) doi:10.1103/PhysRevD.92.064029 [arXiv:1506.08496 [gr-qc]].

[17) G. Compere and R. Oliveri, “Near-horizon Extreme Kerr Magnetospheres,”
Phys. Rev. D 93, no. 2, 024035 (2016) Erratum: [Phys. Rev. D 93, no.
6, 069906 (2016)] doi:10.1103/PhysRevD.93.069906, 10.1103/PhysRevD.93.024035
[arXiv:1509.07637 [hep-th]].

[18] S. E. Gralla, A. Lupsasca and A. Strominger, “Near-horizon Kerr Magneto-
sphere,” Phys. Rev. D 93, no. 10, 104041 (2016) doi:10.1103/PhysRevD.93.104041
[arXiv:1602.01833 [hep-th]].

[19] S. E. Gralla, S. A. Hughes and N. Warburton, “Inspiral into Gargantua,” Class. Quant.
Grav. 33, no. 15, 155002 (2016) doi:10.1088/0264-9381/33/15/155002 [arXiv:1603.01221

[gr-qc]].

[20] M. Casals, S. E. Gralla and P. Zimmerman, “Horizon Instability of Extremal Kerr Black
Holes: Nonaxisymmetric Modes and Enhanced Growth Rate,” arXiv:1606.08505 [gr-qc.

11



[21]

[22]

[23]

[24]

[25]

[33]

I. Bredberg, C. Keeler, V. Lysov and A. Strominger, “Cargese Lectures on
the Kerr/CFT Correspondence,” Nucl. Phys. Proc. Suppl. 216, 194 (2011)
d0i:10.1016/j.nuclphysbps.2011.04.155 [arXiv:1103.2355 [hep-th]].

G. Compere, “The Kerr/CFT correspondence and its extensions: a comprehensive re-
view,” Living Rev. Rel. 15, 11 (2012) [arXiv:1203.3561 [hep-th]].

S. Chandrasekhar, The mathematical Theory of Black holes, Oxford University Press,
Oxford, 1983.

E. Hackmann, Geodesic equations in black hole space-times with cosmological constant,
PhD thesis, Universitt Bremen, 2010.

G. V. Kraniotis, “Precise analytic treatment of Kerr and Kerr-(anti) de Sitter black
holes as gravitational lenses,” Class. Quant. Grav. 28, 085021 (2011) [arXiv:1009.5189

[gr-qc]].

C. Lammerzahl and E. Hackmann, “Analytical Solutions for Geodesic Equation in Black
Hole Spacetimes,” Springer Proc. Phys. 170, 43 (2016) [arXiv:1506.01572 [gr-qc]].

K. P. Rauch and R. D. Blandford, “Optical Caustics in a Kerr Spacetime and the Origin
of Rapid X-ray Variability in AGN,” Astrophys. J. 421, 46 (1994) doi:10.1086/173625

C. Fanton, M. Calvani, F. de Felice and A. Cadez, “Detecting Accretion Disks in Active
Galactic Nuclei,” PASJ 49, 159 (1997) doi:10.1093/pasj/49.2.159

J. Dexter and E. Agol, “A Fast New Public Code for Computing Photon Orbits in a
Kerr Spacetime,” Astrophys. J. 696, 1616 (2009) doi:10.1088/0004-637X/696/2/1616
[arXiv:0903.0620 [astro-ph.HE]].

A. Laor, “Line profiles from a disk around a rotating black hole,” Astrophys. J. 376,
90 (1991). doi:10.1086/170257

K. Beckwith and C. Done, “Iron line profiles in strong gravity,” Mon. Not. Roy. Astron.
Soc. 352, 353 (2004) doi:10.1111/j.1365-2966.2004.07955.x [astro-ph/0402199].

M. Dovciak, V. Karas and T. Yaqoob, “An Extended scheme for fitting x-ray data with
accretion disk spectra in the strong gravity regime,” Astrophys. J. Suppl. 153, 205
(2003) doi:10.1086/421115 [astro-ph/0403541].

L. W. Brenneman and C. S. Reynolds, “Constraining Black Hole Spin Via X-ray Spec-
troscopy,” Astrophys. J. 652, 1028 (2006) doi:10.1086,/508146 [astro-ph/0608502].

12



[34]

[35]

[36]

[38]

[39]

[40]

[41]

T. Dauser, J. Wilms, C. S. Reynolds and L. W. Brenneman, “Broad emission lines
for negatively spinning black holes,” Mon. Not. Roy. Astron. Soc. 409, 1534 (2010)
doi:10.1111/j.1365-2966.2010.17393.x [arXiv:1007.4937 [astro-ph.HE]].

B. Carter, “Global structure of the Kerr family of gravitational fields,” Phys. Rev. 174,
1559 (1968). doi:10.1103 /PhysRev.174.1559

Y

J. M. Bardeen, “Timelike and null geodesics in the Kerr metric,” in Proceedings, Ecole

d’Et de Physique Thorique: Les Astres Occlus : Les Houches, France, August, 1972,
edited by C. DeWitt and B. S. DeWitt.

A. M. Al Zahrani, V. P. Frolov and A. A. Shoom, “Particle Dynamics in
Weakly Charged Extreme Kerr Throat,” Int. J. Mod. Phys. D 20, 649 (2011)
do0i:10.1142/S0218271811018986 [arXiv:1010.1570 [gr-qcl].

C. T. Cunningham and J. M. Bardeen, “The Optical Appearance of a Star Orbiting an
Extreme Kerr Black Hole,” Astrophys. J. 183, 237 (1973).

C. T. Cunningham, “The effects of redshifts and focusing on the spectrum of an accre-
tion disk around a Kerr black hole,” Astrophys. J. 202, 788 (1975).

A. P. Porfyriadis, Y. Shi and A. Strominger, in progress.

S. E. Gralla, A. Lupsasca and A. Strominger, in progress.

13



