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We examine the effect of the stress tensor of a quantum matter field, such as the electromagnetic
field, on the spectrum of primordial gravity waves expected in inflationary cosmology. We find
that the net effect is a small reduction in the power spectrum, especially at higher frequencies, but
which has a different form from that described by the usual spectral index. Thus this effect has a
characteristic signature, and is in principle observable. The net effect is a sum of two contributions,
one of which is due to quantum fluctuations of the matter field stress tensor. The other is a quantum
correction to the graviton field due to coupling to the expectation value of this stress tensor. Both
contributions are sensitive to initial conditions in the very early universe, so this effect has the
potential to act as a probe of these initial conditions.

PACS numbers: 98.80.Cq, 04.30.-w, 04.62.+v, 05.40.-a

I. INTRODUCTION

The possible roles of quantum stress tensor fluctuations of a conformal matter field in inflationary cosmology were

explored in Refs. [1–3]. The basic hypothesis is that vacuum fluctuations of the energy density, or other stress

tensor components, during inflation can lead to additional density or tensor perturbations beyond those due to the

nearly Gaussian fluctuations of the inflaton or graviton fields, which are the dominant source of perturbations in

inflationary models. One of the usual features of inflationary models is the relative lack of dependence upon initial

conditions. This arises because adequate inflationary expansion will redshift and dilute pre-existing matter, so a

generic quantum state tends eventually to become indistinguishable from the Bunch-Davies vacuum of de Sitter

spacetime. However, the effects of quantum stress tensor fluctuations exhibit a strong dependence upon the initial

conditions, and tend to grow with increasing duration of the inflationary expansion. In particular, the contributions

to the density perturbations [1, 2] and the tensor perturbations [3] are proportional to the scale factor change between

an initial time and the end of inflation. At first sight, this violates Weinberg’s theorem [4], which states that loop

corrections can grow at most logarithmically in the scale factor during inflation. However, a more careful analysis

shows that there is in fact no contradiction. One picks a perturbation with a given wavelength at the present time, and

then traces it back to the initial time, when it becomes a perturbations with very short wavelength, which is inversely

proportional to the scale factor change during inflation. However, the magnitude of stress tensor fluctuation effects

increases as the relevant length scale decreases. The stress tensor fluctuation contribution can typically be written

as a double integral over conformal time of the stress tensor correlation function. Thus, increasing the duration of

inflation leads to increasing values of the integrals of the stress tensor correlation function, because shorter proper

wavelength modes are giving the dominant contribution, not because anything is accumulating as inflation progresses.
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Another way of saying this, is that the the dominant contribution is always large, but is not growing in time. Thus,

it is misleading to refer to these contributions as “secular terms”.

The main purpose of the present paper is to perform a more careful analysis of the tensor perturbations due to stress

tensor fluctuations which was begun in Ref. [3]. The analysis in this reference was criticized by Fröb, et al. [5], who

noted correctly that an important contribution was omitted. In addition to the passive fluctuations of the graviton

field due to stress tensor fluctuations, there is also a correction to the active fluctuations of the graviton field which

is of the same order. Fröb, et al. propose a method for calculating the combined effect of both contributions which

leads to a result which does not depend upon the duration of inflation, and infer that the two contributions have

cancelled one another. In the present paper, we propose a rather different approach in which each contribution is

computed separately, with initial conditions imposed by a switching function. This function describes the switch-on

of the coupling of the matter stress tensor with the graviton field. We do not find cancellation between the passive

and active fluctuation effects, but rather a nonzero one loop correction to the graviton power spectrum.

The outline of the paper is as follows: Section II will discuss averaging of quantum fields with switching functions

of time. Section III will review free gravitons in an expanding universe, and Sec. IV will introduce some formalism

for describing the effects of a quantum matter field. Section V will compute the correction to the graviton power

spectrum coming from matter stress tensor fluctuations. These are the passive fluctuations of gravity driven by the

fluctuating stress tensor. The part of the power spectrum coming from loop corrections to the graviton field, the

modified active fluctuations, is treated in Sec. VI. The combination of both effects is discussed in Sec. VII, and shown

in our approach to be nonzero, and dependent upon the details of the switching function. In general, it has the

effect of slightly reducing the overall power spectrum. Some numerical estimates, and the possibility of observing this

reduction will be discussed. Our results will be summarized and discussed in Sec. VIII.

II. SWITCHING FUNCTIONS IN QUANTUM FIELD THEORY

In interacting quantum field theory calculations of scattering amplitudes, it is common to appeal to adiabatic

switching of the coupling constants of the theory. This allows the theory to be non-interacting in the past and in the

future, and allows a well defined S-matrix to connect the asymptotic states. Here the term “adiabatic” means that

the scale of any time dependence in the coupling constants is long compared to any other time scales in the theory.

The details of the time dependence usually need not be specified.

There is a different type of switching required in treatments of the fluctuations of quantum stress tensor operator.

The fluctuations of a local field operator are not defined, as the moments of such an operator will diverge if they are

not zero. However, the time average or spacetime average of a local stress tensor operator does have finite moments,

and can have a meaningful probability distribution in a given quantum state, as discussed in Refs. [6–8]. Here we

briefly review the basic ideas, and describe the role which they will play in the present paper. Let T be a stress

tensor operator component, such as energy density, which has been renormalized to have finite expectation values.

In Minkowski spacetime, this means a normal ordered operator. In curved spacetime, it means an operator which

has been regulated and renormalized, as will be reviewed in Sec. IV. Although the local operator T may have finite

expectation values in physically realizable states, its fluctuations are not well defined because its higher moments, 〈Tn〉
for n ≥ 2 typically diverge. The physical implication of this divergence is that the fluctuations of a local operator,

such as energy density at a single spacetime point are infinite and hence not meaningful. However, if we average T

over a finite time or spacetime interval, then the fluctuations do become well defined.
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Let

T̄ =

∫ ∞
−∞

s(t)T (t) dt (1)

be the average of T at a given spatial point with respect to a smooth (C∞) switching function s(t), which satisfies

s(t) → 0 for t → ±∞. Now the moments of T̄ become finite, and a meaningful probability distribution may be

defined [6–8]. The effect of the time averaging described by s(t), is to suppress the contribution of high frequency

modes to the moments. Averaging in space alone at a single time is not adequate to produce this suppression, but

averaging in both space and time has qualitatively the same effect as does time averaging alone. One may view the

averaging of a stress tensor operator as describing its measurement process in a given physical situation, where the

details of the situation define the switching function. An example of this was discussed in Ref. [9], which treats the

effects of vacuum radiation pressure fluctuations on quantum particles near a potential barrier. Here the duration of

the switching is taken to be determined by the time which the particle spends in the vicinity of the barrier, and the

form of the switching function to be defined by the shapes of both the barrier and the wavepacket of the particle.

Similar ideas were applied in Ref. [10] to the fluctuations of the quantized electric field. Most of the above discussion

of averaged stress tensor operators, which are quadratic in the quantum field operator, applies to linear quantum

fields, such as the electric field. The primary difference is that the stress tensor probability distribution is sensitive

to the functional form of the switching function, whereas the probability distribution for the electric field is always

a Gaussian, and depends primarily upon the width of the switching interval. In Ref. [10], it was shown that if this

switching time is taken to be the time which a charged particle spends in the vicinity of a potential barrier, then

the resulting electric field fluctuations produce a change in the scattering amplitude which approximately agrees with

that given by the one loop vertex correction to the scattering amplitude. This agreement supports the hypothesis

that the details of a given physical situation can define the appropriate switching function.

In the present paper, we are concerned with the coupling of a quantized matter field stress tensor with gravity,

specifically with the tensor perturbation of an expanding universe. This coupling is mediated by Newton’s constant,

which will be assumed to be time-dependent in the early universe. This time-dependence produces both of the types

of switching discussed above, the switching of the coupling constant of the theory, and time-averaging of the quantum

stress tensor operator. The functional form of the switching and its physical origin are not specified, but assumed to

arise from some processes in the early universe which are not yet understood. Several specific choices will be explored

in Sec. VII A.

III. FREE GRAVITON TWO-POINT FUNCTIONS AND POWER SPECTRA

A. Tensor metric perturbations in spatially flat Robertson-Walker spacetimes

We start with a brief review of the propagation of gravitational waves in a spatially flat Robertson-Walker universe,

described by the background metric

ds2 = −dt2 + a2(t)
(
dx2 + dy2 + dz2

)
= a2(η)

(
−dη2 + dx2 + dy2 + dz2

)
, (2)

where t is comoving time and η is conformal time. Let the perturbed metric tensor be

gµν = γµν + hµν , (3)
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where the background metric, Eq. (2), is γµν and hµν is the perturbation. We may impose the transverse, trace-free

(TT) gauge conditions

hµν ; ν = 0 , hµ
µ = h = 0 , hµνuν = 0 , (4)

which reduce the metric perturbations to two transverse physical degrees of freedom, corresponding to the polarizations

of the gravitational wave. Here the semicolon denotes the covariant differentiation with respect to the background

metric γµν , and uµ = δut is the four-velocity of a comoving observer.

It was shown by Lifshitz [11] that in the absence of sources, the mixed tensor of the metric perturbation hµ
ν in this

gauge satisfies the scalar wave equation in the spatially flat Robertson-Walker universe,

�hµ
ν = 0 , (5)

where the scalar wave operator � in the metric Eq. (2) takes the form

� =
1√
−γ

∂µ

(√
−γ γµν∂ν

)
, (6)

with γ denoting the determinant of the background metric γµν . This implies that gravitational waves behave like

a pair of free minimally coupled massless scalar fields in the the spatially flat Robertson-Walker universe [12]. In

general. we may write the solution to Eq. (5) as a sum of plane wave modes, which are of the form

εµ
ν(k, λ) eik·xfk(η) , (7)

where x = (x, y, z), k is a wave vector, and λ labels the independent polarizations. The gauge conditions, Eq. (4),

imply that the polarization tensor εµ
ν satisfies

kµεµ
ν = 0 , εµ

µ = 0 , and uµεµ
ν = 0 . (8)

When the wavevector k is in the z-direction, the two independent polarization tensors have very simple forms:

(+) : εx
x = −εyy =

1√
2
, (×) : εx

y = εy
x =

1√
2
, (9)

while other elements vanish. The temporal part of the mode function, fk(η), satisfies

∂η

(
a2∂ηfk

)
+ k2a2 fk = 0 , (10)

and hence depends upon the functional form of the scale factor a(η) and upon k = |k| , but is independent of

polarization and of the direction of k. The mode function, fk(η), is normalized by imposition of the Wronskian

condition

fk(η)∂ηf
∗
k (η)− f∗k (η)∂ηfk(η) =

i

a2(η)
. (11)

With this normalization, we may write the free graviton field on the spatially flat Robertson-Walker background as

ĥ
(1) j
i (η,x) = 2κ

∫
d3k

(2π)
3
2

2∑
λ=1

εi
j(k, λ) âkλ e

ik·x fk(η) + H.c. (12)

The graviton creation and annihilation operators âkλ, and â†kλ obey

[âkλ, â
†
k′λ′ ] = δλλ′δ(k− k′) . (13)
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Here

κ =
√

8πGN =
√

8π `P , (14)

where GN is Newton’s constant, `P is the Planck length, and units where c = ~ = 1 are adopted. The factor of

κ in ĥ
(1) j
i (η,x) arises because the effective energy momentum tensor for gravitons is quadratic in ĥ

(1) j
i (η,x) and

proportional to κ−2. (See the discussion in Sec. IV A.) In addition, we require that the zero point energy of a given

graviton mode, which is an integral of the effective energy momentum tensor, have its usual form of one-half of the

angular frequency of the mode, which is independent of κ.

The above mode expansion defines a vacuum state |0〉 by âkλ|0〉 = 0, for all k and λ. However, this vacuum state is

not uniquely defined, as there are an infinite set of mode functions fk(η) which satisfy both Eqs. (10) and (11). This

is the usual ambiguity of defining particles in curved spacetime. We will not attempt to address this ambiguity for a

general scale factor, but will focus on the special case of de Sitter spacetime.

B. Gravitons in de Sitter Spacetime

de Sitter spacetime may be represented as a spatially flat Robertson-Walker universe, Eq. (2), with

a(η) = − 1

H η
, (15)

where H is the Hubble parameter and −∞ < η < 0. The set of coordinates covers one-half of global de Sitter

spacetime, but this is more than enough for inflationary cosmology, where η can be restricted to run over a finite

range. With this choice of scale factor, the solutions of (10) may be expressed in terms of Hankel functions as

fk(η) = H
(π

4

) 1
2

η3/2
[
c1H

(1)
3/2(kη) + c2H

(2)
3/2(kη)

]
, (16)

where the Wronskian condition implies

|c2|2 − |c1|2 = 1 . (17)

Each allowed choice of c1 and c2, which may be functions of k, leads to a different definition of the graviton vacuum

in de Sitter spacetime. The Bunch-Davies vacuum arises when c2 = 1 and c1 = 0. For massive or nonminimally

coupled scalar fields, the Bunch-Davies vacuum is also the de Sitter invariant vacuum state. It is an attractor state in

the sense that inflation redshifts the particle content of other states, and causes them to approach the Bunch-Davies

vacuum. However, the Bunch-Davies vacuum does not exist in a strict sense for massless, minimally coupled scalar

field or for the graviton field. This is due to an infrared divergence in the two-point function. For free gravitons, this

function is defined by

11Ki
j
k
l(x, x′) = 〈0|ĥ(1) ji (x)ĥ

(1) l
k (x′)|0〉 , (18)

and contains an integral of the form ∫
d3k eik·(x−x

′) fk(η) f∗k (η′) . (19)

For the Bunch-Davies vacuum, fk(η) = uk(η), where

uk(η) = H
(π

4

) 1
2

η3/2H
(2)
3/2(kη) = i

H

(2k3)
1
2

(
1 + i kη

)
e−i kη . (20)
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Because |uk(η)| ∝ k−3/2 as k → 0, the integral in Eq. (19) diverges logarithmically at its lower limit. One resolution

of this problem is to modify the state slightly for very long wavelength modes [13]. This may be done by allowing c1

and c2 to have the Bunch-Davies values for k > kC , but to vary for k < kC so as to avoid an infrared divergence in

Eq. (19). So long as kC is below any graviton wavenumber with which we are concerned, this infrared finite state is

indistinguishable for the Bunch-Davies vacuum. We will adopt his viewpoint here, and use Eq. (20) as the graviton

mode function.

Now the mode expansion of the graviton field operator in de Sitter spacetime becomes

ĥ
(1) j
i (η,x) = 2κ

∫
d3k

(2π)
3
2

2∑
λ=1

εi
j(k, λ) âkλ e

ik·x uk(η) + H.c. . (21)

C. Power Spectra

It is well-known that a power spectrum can be defined as a Fourier transform of a correlation function. In the

spatially flat Robertson-Walker universe, Eq. (2), let K(x, x′) = K(x − x′, η, η′) be a field correlation function, or

two-point function. Here we assume a state with spatial translation symmetry in writing K as a function of x − x′.

Define the power spectrum at time η by a spatial Fourier transform along an equal-time hypersurface, η′ = η:

P (k, η) =
1

(2π)3

∫
d3u eik·uK(u, η, η) . (22)

Note that in cosmology, the term “power spectrum” often refers not to P (k, η), but rather to

P(k, η) = k3 P (k, η) . (23)

(Here we use a definition of P which differs by a factor of 4π from that in Refs. [2, 3], but which seems to agree with

many authors.)

If we adopt a quantum state which is close to the Bunch-Davies vacuum as described above, then the spatial Fourier

transform of Eq. (18) leads to the free graviton power spectum

P11(k, η) = 2κ2
∫

d3q

(2π)3
δ(3)(k + q)uq,λ(η)u∗q,λ(η) =

κ2H2

4π3k3
(
1 + k2η2

)
. (24)

We are often interested in this function evaluated at the end of inflation, η = ηr. In this case, we drop the explicit η

dependence in P and write

P11(k) =
κ2H2

4π3k3
(
1 + k2η2r

)
(25)

or

P11(k) =
κ2H2

4π3

(
1 + k2η2r

)
. (26)

The tensor perturbation coming from free gravitons in de Sitter spacetime were discussed in the context of inflationary-

type models by Starobinsky [14], Abbott and Wise [15], and by Allen [16], among others. A recent review of this topic

was given by Guzzetti, et al. [17]. Note that if k2η2r � 1, then Eq. (26) describes a scale invariant spectrum if H is

independent of k. Most inflationary models predict a weak power law dependence, described by the tensor spectral

index, which arises because H is slowly decreasing in time during inflation.
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IV. EFFECTS OF A QUANTUM MATTER FIELD

So far, we have been concerned with free gravitons propagating on a cosmological background spacetime. Now we

wish to introduce quantized matter, which we take to be a conformal field, such as the electromagnetic field, with

stress tensor operator T̂µν . As is well-known, the expectation value of this operator in any quantum state is formally

divergent, and needs to be regularized and renormalized by four counterterms in the Einstein equations [18]. Two

of these counterterms renormalize the cosmological constant and Newton’s constant, respectively. The second two

counterterms are associated with two counterterms in the gravitational action which are quadratic in the curvature.

These may be taken to be the square of the scalar curvature and of the Weyl tensor. After renormalization, 〈T̂µν〉 may

contain contributions from each of the tensors associated with each counterterm. In addition, it will contain a part

with a nonzero trace, the conformal anomaly. If we omit the metric and Einstein tensors from cosmological constant

and Newton’s constant renormalizations, the local geometric part of 〈T̂µν〉 on a Robertson-Walker background may

be written as

〈T̂µν [g] 〉L = c1Hµν + c2Aµν + C Bµν . (27)

Here the tensors Hµν , Aµν and Bµν are

Hµν = −2R ;µν + 2gµνR ; ρ
ρ − 1

2
gµνR

2 + 2RRµν , (28)

Aµν = −4∇α∇βCµανβ − 2RαβCµ
α
ν
β , (29)

Bµν = −2CαµβνR
αβ +

1

2
gµνRαβR

αβ +
2

3
RRµν −RµαRνα −

1

4
gµνR

2 , (30)

where Rµν is the Ricci tensor, R = Rµµ is the scalar curvature, and the Weyl tensor is defined by

Cαβγδ = Rαβγδ −
1

2

[
gαγRβδ − gαδRβγ + gβδRαγ − gβγRαδ

]
+

1

6

[
gαγgβδ − gαδgβγ

]
R , (31)

for the metric tensor gαβ . The tensor Bµν will give the trace anomaly of the conformally invariant field in the

conformally flat spacetime, and its coefficient C takes different values for various conformally invariant fields. On the

other hand, the coefficients c1, c2 of the remaining two tensors are undetermined, and are associated with the two

counterterms which are quadratic in the curvature. In addition to 〈T̂µν [g] 〉L, there can be nonlocal contributions to

〈T̂µν〉, which will be discussed in more detail in Sec. VI B.

We will be concerned with the effects of the fluctuations of the matter stress tensor operator, T̂µν , around its

renormalized expectation value, 〈T̂µν〉. These stress tensor fluctuations will contribute to additional terms in the

graviton field, ĥµν which are higher order in κ than the free graviton field. However, we first discuss the various

expansions which we need.

A. Perturbative expansions

The treatment of gravity waves on a fixed background necessarily involves an expansion of the metric and other

tensors in powers of the metric perturbation. The perturbed metric tensor was defined in Eq. (3). We may expand

the Einstein equations in powers of the perturbations, hµν , using the corresponding expansion of the Einstein tensor:

Gµν = (0)Gµν + (1)Gµν + (2)Gµν + (3)Gµν + · · · . (32)

In the expansion of the Einstein equations, the lowest order is an equation for the background metric, the first order

gives the equation for linear perturbations, Eq. (5), and the second order term describes the backreaction of gravity
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waves on the background, in the limit where the wavelength of the gravity waves is small compared to the local radii

of curvature of the background geometry [19].

However, in addition to this expansion, we will need an expansion of the graviton field in powers of κ, which acts

as the coupling constant for gravity. Write this expansion as

ĥµν = ĥ(1)µν + ĥ(2)µν + ĥ(3)µν + · · · . (33)

This expansion begins at first order, as the free graviton field is already proportional to κ. Note that we use a notation

in which the order in hµν is denoted by a superscript on the left, as in Eq. (32), while the order in κ is denoted by a

superscript on the right, as in Eq. (33).

We will now treat the Einstein equation as an operator relation involving both the graviton field operator, ĥµν , and

the matter stress tensor operator, T̂µν . In the presence of a cosmological constant Λ, the Einstein equation is

Gµν [γ + ĥ]− Λ
(
γµν + ĥµν

)
− κ2 T̂µν [γ + ĥ] = 0 . (34)

Next we expand in both hµν and κ to write{
(0)Gµν [γ]− Λ γµν − κ2 〈(0)T̂µν [γ] 〉

}
+
{
(1)Gµν [ĥ(1)]− Λ ĥ(1)µν

}
(35)

+
{
(1)Gµν [ĥ(2)]− Λ ĥ(2)µν − κ2

(
(0)T̂µν [γ]− 〈(0)T̂µν [γ] 〉

)}
+
{
(1)Gµν [ĥ(3)]− Λ ĥ(3)µν − κ2 (1)T̂µν [ĥ(1)]

}
+ (2)Gµν [ĥ(1)] + (3)Gµν [ĥ(1)] +O(κ4) = 0 .

The first term in braces is zero-th order in the metric perturbation, and its vanishing is the equation for the

background with the expectation value 〈(0)T̂µν [γ]〉 as its source,

(0)Gµν [γ]− Λ γµν = κ2 〈(0)T̂µν [γ]〉 . (36)

In de Sitter spacetime, 〈(0)T̂µν [γ]〉 ∝ γµν and is hence a finite shift in the value of the cosmological constant. The

second term in braces is first order both in hµν and in κ, and its vanishing is the equation for the perturbation. Of the

remaining terms, there are two which do not depend upon the conformal stress tensor. At the classical level, (2)Gµν

describes the backreaction of gravity waves on the background geometry, as noted above. At the quantum level, both
(2)Gµν [ĥ(1)] and (3)Gµν [ĥ(1)] describe graviton loop effects, which we will ignore here.

The third and fourth terms in braces in Eq. (35) are of orders κ2 and κ3, respectively, and may be separately set

to zero, leading to

(1)Gµν [ĥ(2)]− Λ ĥ(2)µν = κ2
(
(0)T̂µν [γ]− 〈(0)T̂µν [γ] 〉

)
, (37)

and

(1)Gµν [ĥ(3)]− Λ ĥ(3)µν = κ2 (1)T̂µν [ĥ(1)] . (38)

Equation (37) relates ĥ
(2)
µν to the fluctuations of the matter stress tensor, and Eq. (38) relates ĥ

(3)
µν to (1)T̂µν [ĥ(1)],

the shift in the matter stress tensor operator due to a first order perturbation of the background. The solutions of

these equations will be discussed in Secs. V and VI, but here we note that both may be simplified in the transverse,

trace-free gauge. We assume that the TT gauge conditions, Eq. (4), apply in each order of the expansion, Eq. (33).

The equation for the first order term in this gauge may be written as

(1)Gµ
ν [ĥ(1)]− Λ ĥ(1)µ

ν = −1

2
� ĥ(1)µ

ν = 0 , (39)
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which is the Lifshitz equation, Eq. (5). Note that the left-hand sides of Eqs. (37), (38), and (39) have the same

functional form. Thus we may express the former two equations as

� ĥ(2)µν = −2κ2
(
(0)T̂µν [γ]− 〈(0)T̂µν [γ] 〉

)
, (40)

and

� ĥ(3)µν = −2κ2 (1)T̂µν [ĥ(1)] , (41)

where � is the scalar wave operator, defined in Eq. (6). In the following sections, we will use these two equations to

calculate the O(κ4) corrections to the gravity wave power spectrum.

B. Graviton Correlation Functions

Let |Ψ〉 denote the quantum state of the combined graviton-conformal field system. As discussed earlier, we take

the gravitons to be in an approximation to the Bunch-Davies vacuum, in which Eq. (20) is the graviton mode function,

and denote this state by |0G〉. The matter field is assumed to be in the conformal vacuum state, |0M 〉, in which the

matter field correlation functions are conformal transforms of the Minkowski space vacuum correlation functions. We

assume that the state of the combined system may be written as a direct product: |Ψ〉 = |0G〉 |0M 〉.
The full graviton corrections function

Kµνρσ(x, x′) = 〈Ψ|ĥµν(x)ĥρσ(x′)|Ψ〉 , (42)

may be expanded in powers of κ using Eq. (33) as

Kµνρσ(x, x′) = 11Kµνρσ(x, x′) + 22Kµνρσ(x, x′) + 13Kµνρσ(x, x′) + · · · . (43)

Here

11Kµνρσ(x, x′) = 〈Ψ|ĥ(1)µν (x)ĥ(1)ρσ (x′)|Ψ〉 = 〈0G|ĥ(1)µν (x)ĥ(1)ρσ (x′)|0G〉 (44)

is the free graviton correlation function defined in Eq. (18). It is independent of the matter state, |0M 〉, and of order

κ2. There is no order κ3 contribution, as 〈0G|ĥ(1)µν (x)|0G〉 = 0. There are two order κ4 terms,

22Kµνρσ(x, x′) = 〈Ψ|ĥ(2)µν (x)ĥ(2)ρσ (x′)|Ψ〉 , (45)

and

13Kµνρσ(x, x′) =
1

2

[
〈Ψ|ĥ(1)µν (x)ĥ(3)ρσ (x′)|Ψ〉+ 〈Ψ|ĥ(3)µν (x)ĥ(1)ρσ (x′)|Ψ〉

]
. (46)

These will be studied in Secs. V and VI, respectively.

V. GRAVITY WAVES FROM STRESS TENSOR FLUCTUATIONS

In this section, we deal with the O(κ2) part of the graviton field, ĥ
(2)
µ

ν , and its contribution to the power spectrum.

Equation (40) reveals that ĥ
(2)
µ

ν describes gravity waves radiated by the fluctuations of the conformal stress tensor.

We impose the initial condition that ĥ
(2)
µ

ν → 0 if the right-hand side of Eq. (40) vanishes, which assumes no incoming

radiation from other sources. Then the solution becomes

ĥ(2)µν = 2κ2
∫
d4x′

√
−γ(x′) GR(x, x′)

(
(0)T̂µν [γ]− 〈(0)T̂µν [γ] 〉

)
, (47)
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where GR(x, x′) is the retarded Green’s function for the scalar wave operator, which satisfies

�xGR(x, x′) = −δ
(4)(x− x′)√
−γ′

. (48)

The spatial Fourier transform of GR(x, x′) is (See, for example, Refs. [1, 3].)

G̃R(η, η′; k) =
H2

(2πk)3
[(

1 + k2ηη′
)

sin k(η − η′)− k(η − η′) cos k(η − η′)
]
, (49)

in de Sitter spacetime. Recall that our normalization for Fourier transforms is given in Eq. (22).

The correlation function associated with ĥ
(2)
µ

ν was defined in Eq. (45). However, the operator ĥ
(2)
µ

ν acts only on

the matter field, so

22Ki
j
k
l(x, x′) = 〈0M |ĥ(2) ji (x)ĥ

(2) l
k (x′)|0M 〉 , (50)

which may be written as

22Ki
j
k
l(x, x′)

=
(
2κ2
)2∫

d4x1
√
−γ(x1)

∫
d4x2

√
−γ(x2) GR(x, x1)GR(x′, x2)Ci

j
k
l(x1, x2) . (51)

Here Ci
j
k
l(x1, x2) is the correlation function for the stress tensor, defined by

Cµ
ν
ρ
σ(x, x′) = 〈0M |(0)T̂µν(x)(0)T̂ρ

σ(x′)|0M 〉 − 〈0M |(0)T̂µν(x)|0M 〉〈0M |(0)T̂ρσ(x′)|0M 〉 . (52)

More precisely, if 22Ki
j
k
l(x, x′) is expressed in the transverse, trace-free gauge, then Ci

j
k
l(x1, x2) is the transverse,

trace-free part of the full stress tensor correlation function, which is best defined in momentum space, as discussed in

Ref. [3].

We now implement the switching of Newton’s constant discussed in Sec. II, and let κ → κ g(η), so that Newton’s

constant becomes proportional to s(η) = g2(η). We require that the switching function, g(η) satisfy the following

conditions: (1) g(η) and at least its first four derivative be finite everywhere; (2) g(η) ≤ 1 everywhere; (3) g(ηr) = 1;

(4) the characteristic interval in conformal time during which g 6= 0 be |η0|, the approximate duration of inflation;

and (5) g(η)→ 0 as η → −∞ sufficiently rapidly that all integrals on η converge at their lower limits. Concerning (1),

we should comment that if we wish to calculate all of the moments of the stress tensor, as needed for the complete

probability distribution, then we must require that g(η) be C∞. Here we are solely concerned with the variance, so

C4 is sufficient..

We can rewrite Eq. (51) as

22Ki
j
k
l(x, x′)

=
(
2κ2
)2 ∫

d4x1
√
−γ(x1)

∫
d4x2

√
−γ(x2) g2(η1)GR(x, x1) g2(η2)GR(x′, x2)Cµ

ν
ρ
σ(x1, x2) , (53)

where now the integrations on both η1 and η2 range from −∞ to ηr, the value of the conformal time on the reheating

surface. Note that the factors of s(η) = g2(η) act to give time averages of the stress tensor operators in the sense

described in Eq. (1). The stress tensor correlation function in an expanding universe may be obtained from that in

Minkowski spacetime, C
(M) ν
µ ρ

σ(x1, x2), by a conformal transformation,

Cµ
ν
ρ
σ(x1, x2) = a−4(η1)C(M) ν

µ ρ
σ(x1, x2) a−4(η2) . (54)
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Note that the conformal symmetry is broken by the conformal anomaly, the appearance of a nonzero trace of

〈0M |(0)T̂µν(x)|0M 〉. However, the conformal anomaly contribution cancels in the stress tensor correlation function, so

we may still use Eq. (54).

We next take a spatial Fourier transform of Eq. (53). The Fourier transform of the right-hand side may be

expressed as an integral of products of the Fourier transformed retarded Green’s function, G̃R(η, η′; k), and stress

tensor correlation function, C̃µ
ν
ρ
σ(η1, η2;k). The result is P22(k), the contribution to the power spectrum from stress

tensor fluctuations:

P22(k) =

∫
d3R

(2π)3
22Ki

j
k
l(x, x′) eik·R

∣∣∣
η=η′=ηr

(55)

=
(
2κ2
)2

(2π)6
∫ ηr

−∞
dη1

∫ ηr

−∞
dη2 g

2(η1)G̃R(ηr, η1; k) g2(η2)G̃R(ηr, η2; k) C̃µ
ν
ρ
σ(η1, η2;k) .

In the transverse, trace-free gauge, when the wave vector points along the z-axis, the relevant components of the

stress-tensor correlation function will be C̃x
y
x
y, C̃x

x
x
x, and the terms obtained by permutations of the indices. In

this case, these correlation functions are equal, that is, C̃ ≡ C̃× = C̃+, so we drop the polarization label and write

the stress tensor correlation function in Minkowski spacetime, appearing in Eq. (55), as

C̃(M)(η, η′; k) =
1

1280π5

(
d2

dτ2
+ k2

)2 [
− sin kτ

τ
+ π δ(τ)

]
, (56)

with τ = η− η′. The derivation of this result is given in the Appendix. Next we consider separately the contributions

of the two terms in brackets in the above expression.

A. Delta Function Term

The contribution of the δ(τ) term in Eq. (56) to P22 is proportional to

I =

∫ ηr

−∞
dη1

∫ ηr

−∞
dη2 g

2(η1)G̃R(ηr, η1; k) g2(η2)G̃R(ηr, η2; k)

×
(
d2

dη21
+ k2

)(
d2

dη22
+ k2

)
π δ(η1 − η2) . (57)

By the change of the variables from η1, η2 to u = η1 + η2 and v = η1 − η2 and with the help of integration by parts,

we can write I in the form

I =
π

2

∫ 2ηr

−∞
du

∫ 2ηr−u

u−2ηr
dv δ(v) (58)

×
(
d2

dv2
+ k2

)2 [
g2
(
u+ v

2

)
G̃R

(
ηr,

u+ v

2
; k

)
g2
(
u− v

2

)
G̃R

(
ηr,

u− v
2

; k

)]
.

There is no surface term because δ(n)(v) = 0 when v 6= 0. When the switching function g varies much more slowly

than does the retarded Green’s function G̃R with respect to u and v, we can pull the switching function outside the

differential operators, arriving at

I ' π

2

∫ 2ηr

−∞
du

∫ 2ηr−u

u−2ηr
dv δ(v) g2

(
u+ v

2

)
g2
(
u− v

2

)
(59)

×
(
d2

dv2
+ k2

)2 [
G̃R

(
ηr,

u+ v

2
; k

)
G̃R

(
ηr,

u− v
2

; k

)]
.
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If we perform first the differentiations and then the v-integration, and drop terms which oscillate rapidly in the

remaining integral, then we have

I ≈ π k4
(
1 + k2η2r

) H4

(2πk)6

∫ ηr

−∞
dη′ g4(η′) . (60)

We are primarily interested in contributions which grow as the switching interval increase, but terms which oscillate

on a scale of order 1/k will remain constant, and hence may be ignored.

B. Remaining Contribution to P22

The contribution to P22, coming from the sin kτ term in Eq. (56), is proportional to the integral,

J = −
∫ ηr

−∞
dη1

∫ ηr

−∞
dη2 g

2(η1) G̃R(ηr, η1; k) g2(η2) G̃R(ηr, η2; k)

×
(
d2

dη21
+ k2

)(
d2

dη22
+ k2

)
sin k(η1 − η2)

η1 − η2
. (61)

Note that with this definition, P22 may be expressed as

P22 =
1

5
π κ4 (I + J). (62)

We again change the variables to u and v, and introduce the function N(v)

N(v) ≡
(
d2

dη21
+ k2

)(
d2

dη22
+ k2

)
sin k(η1 − η2)

η1 − η2
=

(
d2

dv2
+ k2

)2
sin kv

v
. (63)

We note that N(v) is sharply peaked at v = 0, with N(0) ∼ O(k5), within an interval |v| ∼ O(k−1), and then it

falls off to zero very rapidly when v � k−1. On the other hand, the product G̃R(ηr, η1; k)G̃R(ηr, η2; k) is regular

and finite, but oscillates very fast with respect to u and v for large values of k. This implies that the bounds of the

integral over v in Eq. (61) can be extended from u− 2ηr ≤ v ≤ 2ηr−u to −∞ < v <∞. Since the switching function

barely changes within the central peak of N(v), we can move the switching function g(u±v2 ) out of the v-integral and

evaluate it at v = 0. This will give

J = −1

2

∫ 2ηr

−∞
du

∫ 2ηr−u

u−2ηr
dv g2

(
u+ v

2

)
g2
(
u− v

2

)
G̃R

(
ηr,

u+ v

2
; k

)
G̃R

(
ηr,

u− v
2

; k

)
N(v)

≈ −1

2

∫ 2ηr

−∞
du g4

(u
2

)∫ ∞
−∞

dv G̃R

(
ηr,

u+ v

2
; k

)
G̃R

(
ηr,

u− v
2

; k

)
N(v) . (64)

This approximation introduces an error of order O(ηr), which results from the regime |u − 2ηr| . O(k−1). It is

negligible compared to the dominant contribution to the integral for the case |ηr/η0| � 1, where |η0| is the approximate

duration of inflation in conformal time.

The product GR(η, η1; k)GR(η, η2; k) contains various terms that rapidly oscillate in u, v, so after carrying out the

integral over v, we only keep terms that grow in u. Hence we find that J becomes

J ≈ −k
4π

2

(
1 + k2η2r

) H4

(2πk)6

∫ ηr

−∞
dη g4(η) . (65)

This result is half of Eq. (60) and it takes a minus sign. Thus the P22 component of the O(κ4) contribution to the

graviton power spectrum becomes, using Eqs. (14) and (62),

P22(k) =
1

10π2

`4P H
4

k2
(
1 + k2η2r

) ∫ ηr

−∞
dη g4(η) , (66)
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which is strictly positive and ∝ |η0|. If the correlation functions are nonsingular, then the positivity of the power spec-

trum is a consequence of the Wiener-Khinchin theorem. However, in quantum field theory, with singular correlation

functions, this conclusion does not necessarily follow, as was discussed in Ref. [20].

VI. THE P13 CONTRIBUTION TO THE POWER SPECTRUM

In addition to P22, which was computed in the previous section, there is another O(κ4) contribution to the power

spectrum, P13. This contribution is the Fourier transform of 13Ki
j
k
l(x, x′), defined in Eq. (46). It is the cross term

in the graviton correlation function between the free graviton field, ĥ
(1)
µν , and ĥ

(3)
µν , which satisfies Eq. (41). We can

view ĥ
(3)
µν as describing the gravitons radiated by the perturbed stress tensor, (1)T̂µν [ĥ(1)]. However, both of these

quantities are operators acting on both the graviton and matter vacuum states. The process of forming 13Ki
j
k
l(x, x′)

will involve taking an expectation value in both vacua. Because the free graviton field, ĥ
(1)
µν , does not act on the

matter vacuum, |0M 〉, we may take the expectation value of Eq. (41) in this state, and write a solution of the resulting

equation as

〈ĥ(3)µν 〉M = 2κ2
∫
d4x′

√
−γ(x′) GR(x, x′) g2(η′) 〈(1)T̂µν [ĥ(1)]〉M , (67)

where we have assumed no incoming solution of the homogeneous equation, and use a notation where 〈 〉M denotes an

expectation value in the state |0M 〉. We have also introduced a factor of g2(η′) to describe the switch-on of Newton’s

constant.

Note that 〈ĥ(3)µν 〉M is still an operator in the graviton state space, and may be expressed in terms of graviton creation

and annihilation operators in an expansion analogous to that for the free graviton field, Eq. (21),

〈ĥ(3) ji (η,x)〉M = 2κ

∫
d3k

(2π)
3
2

2∑
λ=1

εi
j(k, λ) âkλ e

ik·x zk(η) + H.c. (68)

There is a similar expansion for 〈(1)T̂µν [ĥ(1)]〉M , which is an operator in the graviton state space:

〈(1)T̂µν [ĥ(1)]〉M = 2κ

∫
d3k

(2π)
3
2

2∑
λ=1

εi
j(k, λ) âkλ e

ik·x vk(η) + H.c. (69)

We may now construct a compact expression for P13(k) by inserting the mode expansions in Eqs. (21) and (68)

into the expression for 13Ki
j
k
l(x, x′), Eq. (46), and then taking a Fourier transform to write

P13(k) =
κ2

2π3
Re [zk(ηr)u

∗
k(ηr)] . (70)

Note that the mode functions are evaluated at the end of inflation, η = ηr. Thus the mode function zk(ηr) may be

expressed as

zk(ηr) = 2κ2(2π)3
∫ ηr

−∞
dη a4(η) G̃R(ηr, η; k) g2(η) vk(η) , (71)

where G̃R(ηr, η; k) is defined in Eq. (49).

Although 〈(1)T̂µν [ĥ(1)]〉M is an operator in the graviton state space, it may be calculated as the expectation value of

a conformal field stress tensor in an almost conformally flat spacetime. A formalism for this calculation was developed

by Horowitz and Wald [21], and will be briefly reviewed here. See Ref. [22] for more details, especially concerning
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the application of the Horowitz-Wald formalism to gravity waves in de Sitter spacetime. The explicit expression for

〈(1)T̂µν [ĥ(1)] 〉M contains a sum of four tensors,

〈(1)T̂µν [ĥ(1)] 〉M = c1
(1)Hµν [ĥ(1)] + C (1)Bµν [ĥ(1)] + Pµν [ĥ(1)] +Qµν [ĥ(1)] . (72)

The first two tensors, (1)Hµν , (1)Bµν are first-order corrections of the local geometric tensors Hµν and Bµν due to the

metric perturbation ĥ
(1)
µν . Recall that Hµν arises from an R2 term in the gravitational action, so we absorb this tensor

into a renormalization of the coefficient of this term, and set c1 = 0 for our purposes. The tensor (1)Bµν is the first

order perturbation of the conformal anomaly. It was shown in Sec. III of Ref. [22] that this term may be absorbed in

a combination of cosmological constant and Newton’s constant renormalization, so we will not consider it further.

The two remaining terms in 〈(1)T̂µν [ĥ(1)] 〉M are

Pµν = −16παa−2∂̃ρ∂̃σ
[
(1)C̃µρνσ ln(a)

]
, (73)

and

Qµν = αa−2
∫
d4x′ Hλ(x− x′) (1)Ãµν(x′) . (74)

Here (1)C̃µρνσ is the Weyl tensor of perturbed Minkowski spacetime with the perturbation h̃µν = a−2h
(1)
µν , or equiv-

alently, h̃νµ = h
(1) ν
µ . Here (1)Ãµν = −4∂ρ∂σC̃µρνσ is the first order form of Aµν , defined in Eq. (29) for perturbed

Minkowski spacetime. In our case, it has the explicit form

(1)Ãµ
ν(x) = �̃�̃

[
g(η)ĥ(1) νµ (x)

]
, (75)

where �̃ = −∂2η +∇2 is the wave operator for flat spacetime.

The action of the nonlocal kernel Hλ(x− x′) on a scalar function f(x) is described by,∫
d4x′ Hλ(x− x′)f(x′) =

∫
dΩ

∫ 0

−∞
du

[
ln
(
−u
λ

) ∂

∂u
+

1

2

∂

∂v

]
f(x′)

∣∣∣∣
v=0

, (76)

where u and v are null coordinates in x′ for radial null rays with origin at x. The integration

∫
dΩ is performed over

the solid angle spanned by the past lightcone of the point x. The parameter λ in the kernel Hλ(x − x′) arises from

the ambiguity in a renormalized stress tensor; a shift of the value of λ changes the constant c2 in Eq. (27). Note that

Pµν(x) is a local quantity, but Qµν(x) is nonlocal, and depends upon an integral over the past lightcone of the point

x. Now we may write the O(κ3) part of the graviton field as

ĥ(3)µν = 2κ2
∫
d4x′

√
−γ(x′) GR(x, x′)

{
Pµν [ĥ(1)] +Qµν [ĥ(1)]

}
, (77)

and will treat the two contributions in succession

A. Contribution Associated with Pi
j

In the transverse, trace-free gauge, the tensor Pµν(x) defined in Eq. (73) has only spatial components. In de Sitter

spacetime, it may be expressed as

P̂ij(x) =
4πα

a4(η)

{
1

η2

[
�̃ĥ(1) ji (x) + 2 ĥ

(1) j
i, ηη(x)

]
+

2

η
∂η�̃ĥ

(1) j
i (x)− ln(−Hη)�̃�̃ĥ(1) ji (x)

}
, (78)
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where ĥ
(1) j
i (x) is the free graviton field on the de Sitter background given in Eq. (21), but now multiplied by a factor

of the switching function g(η). This leads to the mode expansion

P̂ij(x) = 2κ

∫
d3k

(2π)
3
2

∑
λ

εi
j(k, λ) âkλ e

ik·x v1k(η) + H.c. , (79)

where the function v1k(η) is given by

v1k(η) =
4πα

a4(η)

[
1

η2

( d2
dη2
− k2

)
− 2

η

( d3
dη3

+ k2
d

dη

)
− ln(−Hη)

( d2
dη2

+ k2
)2][

g(η)uk(η)
]
. (80)

The contribution of Pij to the power spectrum comes from the contribution of v1k(η) to zk(ηr) through the integral

in Eq. (71). Denote this contribution by z1k(ηr). We are primarily interested in contributions to P13, which grow at

least as rapidly with increasing duration of inflation, |η0|, as the linear growth found for P22. Terms in the integrand

of Eq. (71) which oscillate as η → −∞ cannot produce such growth, and can be ignored here. Note that uk(η), and

hence v1k(η) are both proportional to e−ikη. Thus only the part of G̃R(ηr, η; k) which is proportional to eikη can

produce a growing contribution to z1k(ηr). Write

G̃R(ηr, η; k) =
H2

2(2πk)3
(
1 + i kηr

)(
i+ kη

)
ei k(η−ηr) + terms proportional to e−i k(η−ηr) , (81)

and drop the second term in this expression. In addition, we note that |kη| � 1 in the region which gives the dominant

contribution to the η-integration, and write

G̃R(ηr, η; k) ≈ H2

16π3k2
(
1 + i kηr

)
η ei k(η−ηr) . (82)

We may combine Eqs. (70), (80) and (82) to write the dominant contribution of Pij to the power spectrum as

κ2

2π2
Re [z1k(ηr)u

∗
k(ηr)] ∝

∫ ηr

−∞

dη

η

[(
g + 5ηg′ + 3η2g′′

)
+ 2 ln(−Hη)

(
2ηg′ + 3η2g′′ + η3g′′′

)]
. (83)

Now we need to examine the rate of growth for large |η0| of each of the contributions to the above integral. Recall

that g(ηr) = 1 and g(η) ≈ 1 for η & η0 = −|η0|, but g and its derivatives vanish faster than any inverse power of η as

η → −∞. Similarly, the derivatives of g vanish at η = ηr. Thus∫ ηr

−∞

dη

η
g(η) ∼ ln |η0| (84)

, ∫ ηr

−∞
dη g′(η) = g(ηr) = 1 , (85)

and ∫ ηr

−∞
dη η g′′(η) = [η g′(η)]

ηr
−∞ −

∫ ηr

−∞
dη g′(η) = −1 . (86)

Similarly, we find ∫ ηr

−∞
dη ln(−Hη) g′(η) = [ln(−Hη) g(η)]

ηr
−∞ −

∫ ηr

−∞
dη

g(η)

η
∼ − ln |η0| , (87)
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−∞
dη ln(−Hη) η g′′(η) = [η ln(−Hη) g′(η)]

ηr
−∞ −

∫ ηr

−∞
dη [ln(−Hη) + 1] g′(η) ∼ − ln |η0| , (88)

and ∫ ηr

−∞
dη ln(−Hη) η2 g′′′(η) =

[
η2 ln(−Hη) g′′(η)

]ηr
−∞ −

∫ ηr

−∞
dη [2η ln(−Hη) + η] g′(η)

∼ −2 ln |η0| . (89)

Thus the contribution of Pij to P13 can only grow logarithmically with increasing |η0|, and is hence subdominant

compared to P22, which grows linearly.

B. Contribution Associated with Qi
j

Now we turn to the contribution to P13 from the nonlocal tensor, Qij . This contribution involves integrations with

two retarded Green’s functions, GR(x, x′) and the function Hλ(x− x′) defined in Eq. (76), The null coordinates used

in this expression may be taken to be u = η′ − η − r and v = η′ − η + r, where r = x′, so that

∂

∂u
=

1

2

(
∂

∂η′
− ∂

∂r

)
,

∂

∂v
=

1

2

(
∂

∂η′
+

∂

∂r

)
. (90)

The function f(x′) in Eq. (76) can be taken to be a graviton mode function of the form f(x′) = eik·x
′
F (η′). We may

choose the coordinates x′ such that the origin is at x = 0, so r = |x′|, and that the z′ axis is in the direction of the

wavevector k. In this case, k · x′ = k z′ = k r c, where c = cos θ′ is the cosine of the polar angle in these coordinates.

Now we have f(x′) = ei k r c F (η′), which leads to(
∂f

∂u

)
v=0

=
1

2
[F ′(η − r)− i k c F (η − r)] ei k r c , (91)

and (
∂f

∂v

)
v=0

=
1

2
[F ′(η − r) + i k c F (η − r)] ei k r c . (92)

Note that along the v = 0 line, u = −2r, so that
∫ 0

−∞du = 2
∫∞
0
dr. We combine these results and perform the angular

integrations to write Eq. (76) as∫
d4x′ Hλ(x− x′)f(x′) =

2π

k

∫ ∞
0

dr [F (η − r) y1(r) + F ′(η − r) y2(r)] , (93)

where

y1(r) =
kr cos kr − sin kr

r2

[
1− 2 ln

(
2r

λ

)]
, (94)

and

y2(r) =
sin kr

r

[
1 + 2 ln

(
2r

λ

)]
. (95)

We can now write Qij in a mode expansion of the form of Eq. (79), but with v1k(η) replaced with v2k(η), given by

v2k(η) =
2πα

k a4(η)

∫ ∞
0

dr [F (η − r) y1(r) + F ′(η − r) y2(r)] , (96)
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where

F (η) =

(
d2

dη2
+ k2

)2

[g(η)uk(η)] . (97)

If we insert Eq. (96) for vk(η) in Eq. (71), the result is z2k(ηr), the nonlocal contribution to zk(ηr). We can use the

fact that F ′(η − r) = −∂/∂r F (η − r) and perform an integration by parts on the second term in Eq. (96), but only

if we initially restrict the range of integration to r ≥ ε > 0. In this case, we have∫ ∞
ε

dr F ′(η − r) y2(r) = F (η − ε) y2(ε) +

∫ ∞
ε

dr F (η − r) y′2(r) . (98)

Note that F (η − r) y2(r) vanishes as r →∞, due in part to the presence of derivatives of g(η − r) in F (η − r). If we

use

y1(r) + y′2(r) = 2k
cos kr

r
, (99)

then we have

v2k(η) =
2πα

k a4(η)
lim
ε→0

[
F (η − ε) y2(ε) + 2k

∫ ∞
ε

dr F (η − r) cos kr

r

]
. (100)

This limit is finite because the ln ε terms from the lower limit of the r-integration and from y2(ε) cancel one another.

Now we may use Eqs. (20) and (97) to write F (η) in terms of derivatives of the switching function, g(η), as

F (η) = c0

[
−8ik3 g′(η) + 4k2 (2− ikη) g′′(η) + 4k2η g(3)(η) + (1 + ikη) g(4)(η)

]
e−i kη , (101)

where

c0 = i
H

(2k3)
1
2

. (102)

Note that there are no terms in the above expression for F (η) which are proportional to g(η) itself. Recall that g(η)

varies from 0 to 1 over an interval in η of order ∆, which may be either of the order of or less than |η0|. In any case,

we require slow switching in the sense that ∆ � 1/k. We can estimate the magnitude of the n-th derivative of g(η)

as being of order 1/∆n. This means that the g(3)(η) and g(4)(η) terms in Eq. (101) are suppressed by factors of k/∆

and (k/∆)2, respectively, compared to the g′′(η) term, and may be ignored. We cannot assess the relative magnitudes

of the g′(η) and g′′(η) terms because of the kη term in the latter, but we can assume that |kη| � 1, and shift the

argument of F to write

F (η − r) ≈ c0
[
−8ik3 g′(η − r)− 4ik3 (η − r) g′′(η − r) + · · ·

]
e−i k(η−r) . (103)

As in the previous subsection, we are concerned with contributions to the power spectrum which grow as |η0|
increases, which can only come from non-oscillatory terms in the η integration. Because F (η − r) ∝ e−i k(η−r), the

form of G̃R(ηr, η; k) given in Eq. (82) will contribute the dominant contribution. Now we may combine Eqs. (71),

(82), (100), (101), and (103) to write

z2k(ηr) ≈ −8π iακ2H2 c0
(
1 + i kηr

)
e−i kηr

∫ ηr

−∞
dη g2(η) η lim

ε→0

{
[2g′(η) + η g′′(η)] y2(ε)

+ 2k

∫ ∞
ε

dr
cos kr

r
ei kr [2g′(η − r) + (η − r) g′′(η − r)]

}
. (104)
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The contribution of z2k(ηr) to the power spectrum is from the quantity

Re [z2k(ηr)u
∗
k(ηr)] = 16πακ2H2 |c0|2 k

(
1 + k2η2r

)
×∫ ηr

−∞
dη g2(η) η

∫ ∞
0

dr
cos kr

r
sin kr [2g′(η − r) + (η − r) g′′(η − r)] . (105)

Note that the y2(ε) term and the ln ε term from the lower limit of the r-integration in z1k(ηr)u
∗
k(ηr) are pure imaginary,

and do not contribute here. This allows us to extend the lower limit of the r-integration to zero. Next note that∫ ∞
0

dr
cos kr

r
sin kr =

1

2

∫ ∞
0

dr
sin 2kr

r
=
π

4
, (106)

and that the dominant contribution to this integral comes from r . k−1. Because the dominant contribution to the

η-integral comes from |η| � k−1, we may use η − r ≈ η in Eq. (105). We may combine this result with Eqs. (70) and

(102) to write the contribution of the nonlocal tensor, Qij to the power spectrum as

P13(k) =
ακ4H4

π k2
(
1 + k2η2r

) ∫ ηr

−∞
dη g2(η) η [2g′(η) + η g′′(η)] . (107)

The integral in the above expression will be shown below to grow at least linearly as |η0| increases. Hence it is the

dominant contribution to P13, as the Pij contribution grows only logarithmically.

It is of interest to compare the structures of the expressions for P22, Eq. (66), and for P13, Eq. (107). We note

that P22 contains four powers of the switching function g(η). This arises because P22 is a double integral of the

stress tensor correlations function, Eq. (55), and each stress tensor operator contributes a factor of g2. In contrast,

P13 contains three powers of g. Of these, a factor of g2 arises in Eq. (67), the relation between 〈(1)T̂µν [ĥ(1)]〉M and

〈ĥ(3)µν 〉M . The remaining factor involving derivatives of g(η) comes from the operator ĥ(1) upon which 〈(1)T̂µν [ĥ(1)]〉M
depends. There is nominally a fourth factor of g in P13, which like P22, is proportional to κ4, but this is a factor of

g(ηr) = 1 coming from ĥ(1)(ηr). Thus we see that for general switching functions, it is not possible for P22 and P13

to cancel one another.

It is also of interest to compare the domains of integration in the spacetime integrations which contribute to P22 and

to P13. Recall that P22 is the spatial Fourier transform of 22K(x, y), the equal time correlation function of ĥ
(2) j
i (x)

with itself, and that ĥ
(2) j
i (x) is given by Eq. (47), which is an integral over the past lightcone of the spacetime point

x. This situation is illustrated in Fig. 1. In contrast, P13 is the spatial Fourier transform of 13K(x, y), the equal time

correlation function of the free graviton field, ĥ
(1) j
i (y), and the third order correction to the graviton field, ĥ

(3) j
i (x).

The latter is given by Eq. (67), an integral over the past lightcone of x of the first order correction to the stress

tensor, (1)T̂µν [ĥ(1)](x′). The dominant contribution to the latter is the nonlocal tensor Qij , which is in turn given by

Eq. (74), an integral over the past lightcone of x′ of a linear functional of the free graviton field, ĥ
(1) j
i (x′′). The net

result is an integration over the interior of the past lightcone of x. This is illustrated in Fig. 2. This also serves to

illustrate that the structures of P22 and to P13 are quite different.

VII. COMBINED POWER SPECTRA

In this section, we discuss the combined O(κ4) contribution to the power spectrum, P4(k) = P22 + P13, and its

correction to the free graviton power spectrum P11(k). We restrict attention to the case where the conformal matter

field is the electromagnetic field, for which

α =
1

320π3
. (108)
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FIG. 1: The structure of the correlation function 22K(x, y), which leads to P22 is illustrated. It involves an integral over the past
lightcones of points x and y of the product of a retarded Green’s function and the fluctuating part of the free electromagnetic
field stress tensor, (0)T̂i

j .

FIG. 2: The structure of the correlation function 13K(x, y), which leads to P13 is illustrated. It is the correlation function of

the free graviton field, ĥ
(1) j

i (y) with ĥ
(3) j

i (x), which is given by an double integral over the interior of the past lightcone of x.



20

We may extend the upper limit of the integration in Eq. (107) to η = 0, as the range ηr < η < 0 will give a

subdominant contribution for large |η0|. After doing this, we may perform an integration by parts and use Eq. (14)

to write P13 as

P13(k) = −
2 `4pH

4

5π2k2
(
1 + k2η2r

) ∫ 0

−∞
dη g(η) η2 [g′(η)]2 . (109)

Note that P13(k) < 0. We may similarly extend the upper limit of the integral in the expression for P22, Eq. (66),

and write the combined power spectrum as

P4(k) = P22 + P13 =
`4pH

4

10π2k2
(
1 + k2η2r

)
I , (110)

where

I =

∫ 0

−∞
dη g(η)

{
g3(η)− 4η2 [g′(η)]2

}
. (111)

The first term in the above integrand comes from the positive P22 part, and the second term form the negative P13

part.

A. Specific Choices of the Sampling Function

Next we examine results for several explicit choices for the switching function g(η).

1. Exponential Switching

Let

g(η) = ep η , (112)

where p > 0. In this case, the effective Newton’s constant is exponentially damped as η → −∞, and we find

I = − 5

108p
≈ −0.046 p−1 . (113)

Here |η0| = p−1 is the approximate duration of the switching in conformal time, so we have linear growth of P4. In

addition, P4 < 0, corresponding to a reduction in the total graviton power spectrum.

A more general exponential-type switching function is

g(η) = e−|p η|
b

, (114)

which leads to

I = − 1

54p

[
8b× 3

b−1
b Γ

(
2b+ 1

b

)
− 27× 2

b−2
b Γ

(
b+ 1

b

)]
< 0 . (115)

A plot reveals that this function is negative for all values of b, and includes Eq. (113) for the case b = 1, and Gaussian

switching when b = 2,
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2. Lorentzian Switching

A more gradual form of switching arises from a Lorentzian function,

g(η) =
1

1 + (η/|η0|)2
, (116)

which yields

I = − π

32
|η0| . (117)

Again P4 < 0, and its magnitude grows linearly with increasing |η0|.

3. A Polynomial, Finite Duration Switching Function

Here we wish to consider a function g(η) which is strictly zero before a certain time, but for which both g(η) and

its first three derivative are continuous. This insures that g and its first four derivatives are finite everywhere. One

such function is

g(η) =


1 , η0 + ∆ ≤ η ≤ 0 ,

gP (τ) , η0 ≤ τ ≤ η0 + ∆ ,

0 , η < η0 ,

(118)

where gP (η) is a polynomial given by

gP (η) = − 1

∆7
(η − η0)

4
[
20 (η − η0)

3 − 70∆ (η − η0)
2

+ 84∆2 (η − η0)− 35∆3
]
. (119)

Here 0 < ∆ < |η0|, so η0 < η0 + ∆ < 0. The switch-on begins at η = η0, and ends at η = η0 + ∆, so ∆ is the duration

of the switch-on.

The result here is

I = −1400η20
429∆

− 19599η0
4199

− 483928444∆

277272567
< 0 . (120)

There are two limits of interest here. First we can hold the ratio ∆/|η0| fixed as |η0| becomes large. In this case, the

magnitude of P4 grows linearly in |η0|, as in the previous examples. A second possibility is to hold ∆ fixed as |η0|
becomes large, in which case the magnitude of P4 grows quadratically in |η0|. The second option corresponds to a

fixed switching interval in conformal time, followed by an increasing interval of inflation.

4. A C∞ Finite Duration Switching Function

Now we examine a function qualitatively similar to the previous example, but which is infinitely differentiable. Let

g(η) =

{
e−

∆
η0 e−

∆
η−η0 , η0 ≤ η < 0 ,

0 , η ≤ η0 .
(121)

As in the previous example, this function switches on at η = η0 and reaches g = 1 at η = 0. If ∆ < |η0|, the

approximate duration of the switch-on is about ∆. In this case, we find

I = − 8η20
27∆

+ |η0|+ 4∆ Ei

(
−4

∆

|η0|

)
, (122)
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where Ei denotes the exponential integral function. This result has the same general behavior found in the previous

subsection. If |η0| becomes large for fixed ∆, then we again have quadratic growth:

I ∼ − 8η20
27∆

. (123)

If we let ξ = ∆/|η0|, then Eq. (122) may be written as

I = |η0| F (ξ) , (124)

where

F (ξ) = − 8

27 ξ
+ 1 + 4ξe4ξ Ei(−4ξ) . (125)

This result holds for all ξ. The asymptotic forms of F (ξ) are

F (ξ) ∼ − 8

27 ξ
, ξ � 1 , (126)

and

F (ξ) ∼ − 5

108 ξ
, ξ � 1 . (127)

A plot indicates that F (ξ) < 0 for all intermediate values. Thus if ξ is fixed and |η0| becomes large, then P4 < 0 and

its magnitude grows linearly with |η0|, as in the previous example.

B. Switching in Comoving Time

It has been convenient in much of our analysis to use the conformal time η as the time coordinate. However, the

proper time for comoving observers is t, the comoving time. During inflation, when a(t) = eHt, these time coordinates

are related by

η =

∫
dt

a(t)
= − 1

H
e−Ht . (128)

Let inflation end at t = tr = 0, or η = ηr = −H−1. If the universe expands by a factor of eN , then inflation begins

at about η = η0 = −H−1 eN , but at t = t0 = −N H−1, a very large range of conformal time corresponds to a much

smaller range of comoving time. In addition, much of the initial change in η corresponds to a small fraction of the

change in t. Let η1/2 = η0/2 be when roughly one-half of the total conformal time interval has elapsed, and let t1/2

be the corresponding comoving time. The elapsed comoving time interval is (t1/2− t0) = ln 2H−1 ≈ 0.69H−1. Thus,

regardless of the size of N , the first one-half of the total conformal time corresponds to less than one e-fold time in

comoving time.

The implication is that apparently slow switching in conformal time is relatively rapid switching in comoving time.

We can illustrate this more explicitly for the case of the exponential switching function, Eq. (112), which we can

express as a functions of t:

g(η(t)) = exp[−pH−1e−Ht] . (129)

The switch-on part of this function is plotted in Fig. 3 for the case p = H/70, corresponding to η0 = 70H−1 or

N = 70 We can see that essentially all of the switch-on occurs in a comoving time interval of ∆t ≈ 6H−1.
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FIG. 3: The exponential switching function, Eq. (129) is plotted as a function of comoving time t for the case p = H/70. This
graph illustrates that g(η(t)) rises from zero to near one in a comoving time interval of ∆t ≈ 6H−1.

This is the comoving time required for about six e-folds. This seems to be a plausible switching interval. However,

the functions discussed in Sec. VII A which describe more rapid switching, such as Eqs. (118) or (121) with ∆� |η0|,
can correspond to a comoving switching time ∆t � H−1. This seems unphysically short. Recall that these rapid

switching cases are also those which give P4 growing quadratically in |η0|. Thus the quadratic growth is probably an

artifact of a too rapid switch-on. This leaves the linear growth behavior as the more reasonable case.

C. Some Estimates

Here we consider some numerical estimates for the correction to the graviton power spectrum. Assume that

I = −β |η0|, where β is a numerical constant of order one, or somewhat less, determined by the switching function.

The total power spectrum, including the quantum corrections computed in previous sections, becomes

PT (k) = P11 + P4 . (130)

It is slightly reduced from the free graviton spectrum P11(k) by the factor

R =
PT
P11

= 1−
β `2pH

2

20

(
k

H

)
S , (131)

where S = H |η0| is the total scale factor increase during inflation. Here we are setting the scale factor to one at the

end of inflation, so a(ηr) = 1 and ηr = −H−1.
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During inflation, the Friedmann equation gives

H2 =
8π

3
`2p ρV , (132)

where ρV is the vacuum energy density. Consider a model with efficient reheating at the end of inflation, so essentially

all of the vacuum energy is converted to thermal energy without significant redshifting. In units where Boltzmann’s

constant is one the reheating temperature TR is given by ρV = N π2 T 4
R/30, where N is the number of degrees of

freedom excited at reheating. This number depends upon unknown details of the particle physics at the reheating

scale, but N ≈ 100 is a plausible guess, as this is the approximate number of degrees of freedom of the Standard

Model of particle physics. In this model, we have

`pH = 1.12× 10−7
√

N

100

(
TR

1015 GeV

)2

. (133)

Consider a gravity wave whose proper wavelength today is λ0, so its comoving wavenumber is

k = a0
2π

λ0
, (134)

where a0 ≈ TR/3K is the present scale factor. Let λ0 = f dH , where dH ≈ 1.3 × 1028 cm is the current horizon size.

We then find

k

H
=

2.7× 10−26

f

√
100

N

(
1015 GeV

TR

)
. (135)

Note that factors of TR which arise from ρV depend upon N , whereas those which arise from a0 do not. We are

interested in perturbations for which f < 1, so k2 η2r � 1 for all realistic choices for TR, and the free graviton power

spectrum, Eq. (25), becomes

P11(k) =
2 `2pH

2

π2 k3
, (136)

or

P11 =
2

π2
`2pH

2 ≈ 2.54× 10−15
(
N

100

) (
TR

1015 GeV

)4

. (137)

Now we may write the magnitude of the fractional change in the power spectrum as

|R− 1| = 1.7× 10−15 β

(
10−3

f

) √
N

100

(
S

1023

) (
TR

1015 GeV

)3

. (138)

This change will be very small unless S is much larger than the minimal value of about 1023 needed to solve the

horizon and flatness problems. However, if S becomes too large, then the perturbation in question will have a proper

wavelength below the Planck length at the beginning of inflation. This initial wavelength can be expressed as

λi =
λ0
S

(
3K

TR

)
. (139)

The status of transplanckian frequency modes is controversial. They play a crucial role in the Hawking’s derivation

of black hole particle creation [23], but it seems questionable that perturbation theory holds for such modes. If we

impose the requirement of no transplanckian modes, so λi ≥ `p, then we find

S

f
≤ 2.1× 1033

(
1015 GeV

TR

)
, (140)

and

|R− 1| ≤ 3.5× 10−8 β

√
N

100

(
TR

1015 GeV

)2

. (141)

In this case, the decrease in the graviton power due to the effects calculated in this paper will be fairly small.
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VIII. SUMMARY AND DISCUSSION

In this paper, we have examined O(`4p) quantum corrections to the tensor power spectrum in inflationary models.

The corrections with which we are concerned come from the coupling of gravitons to a conformal matter field, which

we take to be the electromagnetic field. There are two distinct corrections to the power spectrum. One is P22, which

arises from vacuum stress tensor fluctuations of the matter field. One can view this contribution as being the gravity

waves radiated by the fluctuating stress tensor, or equivalently, the passive fluctuations of the gravitational field driven

by the quantum stress tensor fluctuations. The other contribution is P13, which arises from a modification of the

graviton field in de Sitter spacetime, produced by its coupling to the renormalized expectation value of the matter

field. This can be viewed as a correction to the active fluctuations of the quantized tensor perturbations of de Sitter

spacetime.

A key feature of our approach is the use of the switching function, g(η). This function may be viewed as describing

a switching of the coupling of gravity with the matter field through a time-dependent Newton’s constant. It may

also be viewed as a form of time averaging of the quantum stress tensor operator, which is essential for a meaningful

treatment of quantum stress tensor fluctuations. The viewpoint adopted in this paper is that this averaging is more

than a formal device, and represents actual physical processes associated with the measurement of the stress tensor of

a quantized field. In the case of cosmology, we postulate that it describes some physical effects in the early universe.

These effects are presently not well understood and are associated with a choice of initial conditions.

We find that combined correction, P4 = P22 + P13, depends upon the choice of switching function. This seems

to be required in our approach, because P22 and P13 scale with different powers of g(η), as discussed at the end

of Sec. VI. For all of our explicit choices of g(η), we find P4 < 0, so the effect is a slight reduction in the tensor

power spectrum, compared to the result obtained from consideration of free gravitons in de Sitter spacetime. We

also find that the magnitude of P4 is proportional to the scale factor change during inflation. This is not due to

growth as inflation progresses, but rather is due to decreasing proper wavelength of the perturbation at the initial

time, as this time is made earlier. Recall that we consider a perturbation with given proper wavelength today, so

its proper wavelength at the beginning of inflation depends upon the amount of subsequent expansion. Furthermore,

the dominant contributions to P22 and P13 come from the beginning of inflation, or the initial switch-on interval, as

evidenced by their growth with increasing |η0|, the effective switch-on time in conformal time. The essential physical

reason for this behavior is that quantum stress tensor fluctuations are greater on smaller length scales. This introduces

a breaking of de Sitter symmetry by the initial conditions. The situation described here is quite different from the

usual behavior in inflationary models, where classical perturbations of a given proper wavelength at the beginning of

inflation are more effectively redshifted away by an increasing duration of inflation.

Our conclusions clearly differ from those of Fröb, et al. [5], who find no significant dependence of P4 upon the initial

conditions. This seems to be due to physical inequivalence of our approaches. Fröb, et al. [5] use a rather formal

prescription, which they call an “iε prescription” to select a de Sitter invariant state for the coupled conformal field

- gravity system. Our view is that this prescription is not physically well motivated. In light of the discussion in

the previous paragraph, we argue that one should expect to find the behavior found in this present paper, as well in

Refs. [1–3], where the quantum corrections to the power spectrum depend upon initial conditions.

Our main result is a small decrease in the power spectrum of tensor perturbations which has the linear dependence

upon k given in Eq. (131). Note that this has a distinct functional form from the usual spectral tilt due to weak

dependence of H upon k. The latter effect is due to the effective value of H varying as different length scales leave the

horizon during inflation, which will also be present in our model. This is usually modeled by a factor of the form knT ,
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where nT is the tensor spectral index. The estimates given in Sec. VII C indicate that the quantum corrections to the

power spectrum are small. However, if they can be observed, they could lead to insights about the initial conditions

in the early universe.
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Appendix A: Stress Tensor Correlation Function of the Electromagnetic Field in Minkowski Spacetime

Given the stress tensor of the EM field

Tµν = Fµ
αFαν −

1

4
gµν FαβF

αβ , (A1)

with Fαβ = ∂αAβ − ∂βAα, we may define the correlation function between the stress tensor by

Cµνρσ(x, x′) = 〈: Tµν(x) : : Tρσ(x′) :〉 . (A2)

It is convenient to use the Wick’s expansion to express this correlation function in terms of that of the vector potential

Dµν(x, x′) = 〈Aµ(x)Aν(x′)〉 = −ηµνD(x, x′) , (A3)

if we choose the Lorentz gauge and the space is flat and unbounded, and D(x, x′) is the corresponding correlation func-

tion of the minimally coupled, massless scalar field. Here ηµν is the Minkowski metric with ηµν = diag(−1,+1,+1,+1).

When the EM field is in its vacuum state, the stress tensor correlation function takes the form [24]

Cµνρσ = 4 (∂µ∂νD) (∂ρ∂σD) + 2ηµν (∂ρ∂λ)
(
∂σ∂

λD(0)
)

+ 2ηρσ (∂µ∂λ)
(
∂ν∂

λD
)

− 2ηµσ (∂ν∂λD)
(
∂ρ∂

λD
)
− 2ηνσ (∂µ∂λD)

(
∂ρ∂

λD
)
− 2ηνρ

(
∂µ∂λD

(0)
) (
∂σ∂

λD
)

− 2ηµρ (∂ν∂λD)
(
∂σ∂

λD
)

+
(
ηµρηνσ + ηµσgνρ − ηµνηρσ

)
(∂λ∂κD)

(
∂λ∂κD

)
. (A4)

In particular, the xyxy–component of Eq. (A4) is explicitly given by

C(x, x′) = Cxyxy(x, x′) =
[
∂2tD(x, x′)

]2
+
[
∂2zD(x, x′)

]2
−
[
∂2xD(x, x′)

]2
−
[
∂2yD(x, x′)

]2
+ 2
[
∂x∂yD(x, x′)

]2
− 2
[
∂t∂zD(x, x′)

]2
=

2

π4

(
τ2 − Z2

)2 −X4 − Y 4 + 6X2Y 2[(
τ − i ε)2 −R2

]6 , (A5)

where D(x, x′) is the Wightman function of the free massless scalar field φ in Minkowski space,

D(x, x′) = 〈φ(x)φ(x′)〉 =
1

4π2

1

−(τ − i ε)2 +R2
, (A6)

and we introduce the shorthand notations R2 = X2 +Y 2 +Z2 with X = x−x′, Y = y−y′, Z = z−z′, and τ = t− t′.
The spatial Fourier transformation of this two-point function is defined by

C̃(τ ;k) =

∫
d3R

(2π)3
C(τ,R) eik·R . (A7)
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To simplify the calculations, we assume that k = k êz, and use the polar coordinate decomposition. Let ρ2 = X2+Y 2,

with X = ρ cosφ and Y = ρ cosφ. We find the Fourier transformation Eq. (A7) reduces to

C̃(τ ;k) = − 1

20π6

∫ ∞
−∞

dZ ei kZ
1[(

τ − i ε
)2 − Z2

]3 . (A8)

Next we would like to rewrite the integrand in Eq. (A8) before evaluating the integral with the residue theorem,

C̃(τ ;k) =
1

40π6

∫ ∞
−∞

dZ

[
d2

dZ2

ei kZ(
Z − τ + i ε

)3
]

1

Z + τ − i ε
. (A9)

Since k > 0, we can close the contour of Z on the upper complex Z plane, in which there is only one simple pole

Z = −τ + i ε. Applying the residue theorem gives

C̃(τ ;k) =
1

40π6
2π i

[
d2

dZ2

ei kZ(
Z − τ + i ε

)3
]
Z=−τ+i ε

= − 1

1280π5

(
d2

dτ2
+ k2

)2
i e−i k(τ−i ε)

τ − i ε
. (A10)

The expression next to the differential operators can be recast into the form

i e−i ω(τ−i ε)

τ − i ε
= i e−i ω(τ−i ε)

[
P
(

1

τ

)
+ i π δ(τ)

]
=

[
sinωτ

τ
− π δ(τ)

]
+ iP

(cosωτ

τ

)
. (A11)

Therefore the real part of Eq. (A10) will yield Eq. (56)

C̃(τ ;k) =
1

1280π5

(
d2

dτ2
+ k2

)2 [
− sin kτ

τ
+ π δ(τ)

]
. (A12)

Note that this result differs in two ways from the correlation function given in Ref. [3]. First, we have corrected the

overall numerical coefficient. Second, we have included the delta function term, which arises from the use of τ − iε,
as opposed to τ , in the Wightman functions, Eq. (A6).
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