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We present the derivation of second-order relativistic viscous hydrodynamics from an effective
Boltzmann equation for a system consisting of quasiparticles of a single species. We consider
temperature-dependent masses of the quasiparticles and devise a thermodynamically-consistent
framework to formulate second-order evolution equations for shear and bulk viscous pressure corrections. The main advantage of this formulation is that one can consistently implement realistic
equation of state of the medium within the framework of kinetic theory. Specializing to the case
of one-dimensional purely-longitudinal boost-invariant expansion, we study the effect of this new
formulation on viscous hydrodynamic evolution of strongly-interacting matter formed in relativistic
heavy-ion collisions.
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I.

INTRODUCTION

Relativistic fluid dynamics has been widely applied to
study space-time evolution of the strongly-interacting,
hot and dense matter created in ultra-relativistic heavyion collisions at the Relativistic Heavy-Ion Collider
(RHIC) in BNL and the Large Hadron Collider (LHC)
in CERN; for reviews see [1–5]. Multiple successes of
the pioneering studies employing ideal fluid dynamics to
describe experimental data at RHIC led to establishing
the paradigm of perfect-fluidity of the created new phase
of matter called the quark-gluon plasma (QGP) [6] and
raised questions about its fast thermalization [7]; see also
§1.3 in Ref. [8]. The universal existence of the viscous effects in nature [9–11] as well as the increasing precision
of flow measurements at the LHC suggested necessity of
inclusion of the dissipative effects in the fluid dynamic
modelling and resulted in a rapid development of the formulation of relativistic viscous hydrodynamics [12–28].
Much of the research in the field of heavy-ion collisions
has been devoted to the extraction of the thermodynamic
and transport properties of the QGP medium encoded
mainly in its equation of state, shear viscosity η, and
bulk viscosity ζ [29–38].
The successes of viscous fluid dynamics in explaining
a wide range of collective phenomena observed in highenergy heavy-ion collisions have been initially attributed
to the proximity of the created QGP state to the local thermodynamic equilibrium. This assumption plays
a key role in the formulation of the theory of relativistic
hydrodynamics as it is usually constructed as an orderby-order expansion around equilibrium state in powers of
thermodynamic gradients, where ideal hydrodynamics is
of zeroth order. The first-order relativistic Navier-Stokes
theory [39, 40] involves parabolic differential equations
and therefore suffers from acausality and instability. The
second-order Israel-Stewart theory [41–43] leads to hyperbolic equations which restores causality but may not
guarantee stability [44, 45].
The procedure outlined above indirectly sets the for-

mal applicability limits of the resulting theory, making it questionable when the dissipative corrections
are large [46]. Interestingly, recent findings within the
gauge/gravity duality framework [47], as well as, in
the effective kinetic theory approach [48] show that, in
practice, the relativistic viscous hydrodynamics behavior
in heavy-ion collisions sets in quite early, even though
the system is far from equilibrium – the phenomenon
commonly known as the hydrodynamization of the system. These observations suggest that the applicability of
the viscous hydrodynamics may be broader than previously expected.
In order to describe the collective behaviour of the
QGP within fluid dynamics, one needs to incorporate its
properties through the transport coefficients and equation of state. In principle, the two should be treated as
an external input in the hydrodynamic equations, and
extracted from the experimental data. As, in general, it
is a highly non-trivial task, one usually follows different
methodology. Since the full information on the properties
of nuclear matter produced in heavy-ion collisions should
follow from the fundamental theory of strong interactions, namely Quantum Chromodynamics (QCD), one
may try to incorporate into hydrodynamics the results of
ab-initio calculations of thermodynamic and transport
quantities performed in the framework of lattice QCD
(lQCD) [49–53]. However, it turns out that in contrast
to the classical Navier-Stokes theory the form of the relativistic viscous hydrodynamics equations is not universal
and strongly depends on the underlying microscopic theory used to derive them [12–28, 54–59]. Moreover, in the
phenomenologically interesting regime the lQCD calculations of transport properties are still plagued by large
uncertainties [60, 61].
In view of the above problems, one typically resorts to
a simple microscopic theory, such as the kinetic theory,
to derive the hydrodynamic evolution equations. Subsequently, in order to incorporate realistic properties of
the strongly-interacting matter in the hydrodynamic evolution, equation of state and transport coefficients ob-
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tained from lQCD are implemented. However, the latter
procedure inadvertently fixes the parameters of the microscopic theory, introducing effective interactions which
were not taken into account in the derivation of the hydrodynamic evolution equations. These inconsistencies
eventually lead to the violation of thermodynamic relations in such a system.
In the specific case of relativistic kinetic theory for a
single particle species, the equation of state is fixed by
the particle mass. Using this simple formalism it is not
possible to fit exactly the temperature scaling of energy
density and pressure given by lQCD as one may only
select the most convenient effective mass. In order to
improve the fit, one may consider temperature (medium)
dependent particle masses, which, in a thermodynamically consistent framework, lead to a non-ideal equation
of state [62–65]. This is achieved by introducing an extra
contribution to the energy-momentum tensor which can
be physically interpreted as a mean field. While this procedure is equivalent to the introduction of the notion of
interacting quasiparticles in the microscopic theory, only
in specific limits they can be considered actual quasiparticle excitation of the fundamental theory [63].
Once an effective quasiparticle kinetic theory is constructed which can reproduce any thermodynamically
consistent equation of state, hydrodynamic evolution
equations should be derived by coarse graining this theory. To the best of our knowledge, this has not yet been
done. In this paper, we derive evolution equations for
second-order viscous hydrodynamics for a system of single species of quasiparticles from an effective Boltzmann
equation in the relaxation time approximation. Specializing to the case of transversally homogeneous and boostinvariant longitudinal expansion, we study the effect of
this new formulation on the evolution of strongly interacting matter formed in high energy heavy-ion collisions.

II.

QUASIPARTICLE THERMODYNAMICS

Let us consider a system of ideal (non-interacting)
uncharged particles of a single species. Within kinetic
theory, the equation of state of such a system depends
parametrically only on the mass of the particle [66]. In
order to describe an arbitrary equation of state, one
can consider temperature-dependent masses of the particles, m(T ) [67]. Such an idea may be physically sound,
for instance, when considering high-temperature QCD.
In this case resummed perturbative calculations suggest
that the system is made of partons with thermal masses
m(T ) = gs T , where gs is the strong coupling [68]. However, these particles do not correspond to any real excitations of the underlying fundamental theory, especially close to the crossover region. While introducing
a temperature-dependent mass leads to some degree of
freedom in choosing the equation of state of the system,
unfortunately, it violates basic thermodynamic identities
[62].

A possible way to restore thermodynamic consistency
at global equilibrium is to introduce additional effective
mean field through a bag function B0 (T ) to account for
the fundamental interactions giving rise to the in-medium
masses [62]. The latter may be included in the Lorentz
covariant way by modifying the definition of the equilibrium energy-momentum tensor [63, 69–72]
Z
T0µν = dP pµ pν f0 + B0 (T ) g µν ,
(1)
where g µν = diag(1, −1, −1, −1) is the metric tensor, f0
is the equilibrium distribution function, pµ is the quasiparticle four-momentum and B0 (T ), called the bag pressure/energy, is a function which can be determined by
requiring thermodynamic consistency. In the above equation, dP is the Lorentz covariant momentum integration
measure defined as
Z
Z
d4 p
dP =
2 Θ(p · t) (2π) δ(p2 − m2 ),
(2)
(2π)4
where Θ is the Heaviside step function, tµ is an arbitrary
time-like four-vector, p · t ≡ pµ gµν tν and p2 ≡ p · p.
The equilibrium energy density and pressure can be
defined as
1
E0 = u · T0 · u, P0 = − ∆ : T0 ,
(3)
3
where ∆µν = g µν − uµ uν with ∆µν uν = 0 and uµ , which
will be defined in Sec. III, is the fluid four-velocity satisfying u2 = 1. We also introduced the following notation
A : B ≡ Aµν Bµν for the Frobenius product. The thermodynamic relation
dP0
E0 + P0
=
,
dT
T
is guaranteed to be satisfied if [62]
Z
dB0 + m dm dP f0 = 0.

(4)

(5)

The latter relation can be seen explicitly for the case of
Maxwell-Boltzmann distribution [73],
f0 = g exp[−β(u · p)],

(6)

where g is the degeneracy factor and β ≡ 1/T . In this
case the equilibrium energy density and pressure is given
by
i
gT 4 z 2 h
3K
(z)
+
zK
(z)
+ B0
(7)
E0 =
2
1
2π 2
gT 4 z 2
P0 =
K2 (z) − B0 ,
(8)
2π 2
where Kn (z) are the modified Bessel functions of second
kind of order n and z ≡ m/T . The temperature derivative of pressure is given by


dP0
gT 3 z 2
dm
dB0
=
4K2 (z) + zK1 (z) −
K1 (z) −
dT
2π 2
dT
dT


Z
E0 + P0
dB0
dm
−
+m
dP f0 ,
(9)
=
T
dT
dT
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which leads to Eq. (5) in order to satisfy the thermodynamic relation given in Eq. (4).
III.

NON-EQUILIBRIUM AND BOLTZMANN
EQUATION
A.

Off-equilibrium mean field and the
energy-momentum conservation

For the general non-equilibrium case, we propose the
energy-momentum tensor of the form
Z
µν
T = dP pµ pν f + B µν ,
(10)
where in equilibrium we require B µν |eq = B0 g µν . With
f → f0 , the above equation reduces to Eq. (1) in equilibrium. We now split B µν into equilibrium and nonequilibrium parts,
B µν = B0 g µν + δB µν ,

(12)
(13)

where Π is the bulk, π µν is the shear pressure correcµ ν
2 µν
1
µ ν
tion, and ∆µν
αβ = 2 (∆α ∆β + ∆β ∆α − 3 ∆ ∆αβ ) is the
symmetric traceless projector orthogonal to uµ .
The energy-momentum conservation equation requires
that the four divergence of energy-momentum tensor
should vanish, i.e., ∂µ T µν = 0. The four-divergence of
T µν in Eq. (10) reads
Z 4
d p
∂µ T µν = ∂µ B µν +
2Θ(p · t)(p · ∂)δ(p2 − m2 ) pν f
(2π)3
Z
+ dP pν (p · ∂)f.
(14)
Rewriting the Dirac delta function in the above equation,
h
i
µ
(p · ∂)δ(p2 − m2 ) = m (∂µ m) −∂(p)
δ(p2 − m2 ) , (15)
µ
where ∂(p)
is the gradient with respect to the quasiparticle momenta, the energy-momentum conservation leads
to
Z
∂µ B µν + m ∂ ν m dP f
Z
h
i
+ dP pν (p · ∂)f + m (∂ ρ m) ∂ρ(p) f = 0.
(16)

The Boltzmann equation for temperature-dependent
particle masses can be written as [63, 74]
(p · ∂)f + m (∂

ρ

m) ∂ρ(p)

f = C[f ],

Note that the last term in the above equation corresponds
to the first moment of the collision kernel, which may not
vanish for a system of quasiparticles with temperaturedependent masses1 .
Using the equilibrium condition, Eq. (5), we write
the four-momentum conservation requirement for nonequilibrium quantities
Z
Z
∂µ δB µν + m ∂ ν m dP δf + dP pν C[f ] = 0, (19)
where δf ≡ f − f0 . In the present calculation, we assume
the collision kernel to be given by the relaxation-time
approximation [75],

(11)

where δB µν has to be fixed by requiring energy and momentum conservation. The dissipative quantities are defined as
1
Π ≡ − ∆ : (T − T0 ) ,
3 

µν
µν
αβ
π ≡ ∆αβ T αβ − T0αβ = ∆µν
,
αβ T

where C[f ] is the collision kernel. Substituting the above
equation in Eq. (16), we obtain
Z
Z
µν
ν
∂µ B + m ∂ m dP f + dP pν C[f ] = 0.
(18)

(17)

C[f ] = −

(u · p)
δf,
τR

(20)

where τR is the relaxation time.
In order to have a well defined kinetic framework, it is
necessary to define the fluid four-velocity uµ and effective
temperature T . Since in the present work we do not
consider conserved charges, the natural choice for the
fluid four-velocity is the Landau frame definition [75]
uµ T µν = Euν .

(21)

It is important to note that in the present quasiparticle
framework, the collision kernel defined in the relaxationtime approximation, Eq. (20), does not fix the local rest
frame. Indeed, even in equilibrium, the mean field contribution to the energy and momentum B0 can be significant. The quasiparticle excitations can exchange fourmomentum with the mean fields and therefore they are
not required to satisfy vanishing first moment of the collision kernel. Sources of four momentum from the kinetic
contribution of T µν are acceptable as long as they are
compensated with an opposite source on the dynamic
B µν component.
Temperature of the system is defined through the
matching condition
Z
E = E0 ⇒
dP (p · u)2 δf + u · δB · u = 0, (22)
which is equivalent to fixing the effective local temperature T in order to reproduce the energy density of the system using the equilibrium relations. As a consequence,

1

Quasiparticles may not be the only carriers of energy and momentum.
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the first-moment of the collision kernel in the relaxationtime approximation can be written as
Z
1
1
dP (p · u)pν δf =
uµ δB µν .
(23)
−
τR
τR
Therefore, the condition to satisfy energy and momentum
conservation, Eq. (19), becomes
Z
1
∂µ δB µν + m ∂ ν m dP δf +
uµ δB µν = 0.
(24)
τR
After some straightforward algebra it is possible to show
that for δB µν = 0, the above equation reduces to
−3 m (∂ ν m) Π = 0.

(25)

Since we are interested in the case of temperaturedependent particle masses where bulk viscosity is nonvanishing, we conclude that, in general, δB µν 6= 0 in order
to keep the energy and momentum conserved.
We note that in Ref. [76] (see also Ref. [77]), the Authors also consider the out-of-equilibrium contribution,
δB µν 6= 0, in order to obtain a set of equations for
anisotropic hydrodynamics within a quasiparticle kinetic
framework. They assume δB µν to be proportional to the
metric tensor, similar to the equilibrium case, for which
the first moment of the collision kernel vanishes. While
this is a convenient choice for anisotropic hydrodynamics
at the leading order, where one can make certain approximations on the shape of the distribution function,
in the present paper we prefer to have an extended algebra in order to fix δB µν by using only the constraints
obtained from energy-momentum conservation. Moreover, in Refs. [76], the definition of effective temperature
out of equilibrium fixes the kinetic contribution to the
proper energy density (the quasiparticle contribution, opposed to the bag contribution, which can be interpreted
as mean fields). Since this kind of quasiparticle do not
correspond to any known excitation, we prefer not to use
them to define the effective temperature. We therefore
consider a standard Landau matching in which the effective temperature is defined using the full energy density.
B.

Ansatz for δB µν and its evolution equations

In order to specify the form of δB µν , we first note that,
in general, the symmetry of T µν restricts δB µν to have
ten independent components. However, the conservation
of energy and momentum leads to only four constraints.
Therefore one has to reduce the number of independent
degrees of freedom in δB µν to four. In the present work,
we make an ansatz for δB µν of the form,
δB µν = b0 g µν + uµ bν + bµ uν ,

(26)

where bµ is orthogonal to the fluid four-velocity, i.e.
u · b = 0. Therefore, the matching condition, Eq. (22),
leads to
Z
dP (p · u)2 δf = −b0 ,
(27)

while the definition of bulk viscous pressure and shearstress tensor in Eqs. (12) and (13) reduces to
Z
1
Π = − ∆αβ dP pα pβ δf − b0 ,
(28)
3
Z
π µν = ∆µν
dP pα pβ δf.
(29)
αβ
It is interesting to observe that in the above equations,
compared to its usual definition for a system of particles
with constant masses, the definition of bulk viscous pressure receives a correction from δB µν . On the other hand,
the definition of shear-stress tensor remains unchanged.
For non-vanishing masses, Eq. (28) leads to
Z

1 
(30)
dP δf = − 2 3Π + 4b0 .
m
Using the above relation along with Eq. (26) in the fourmomentum conservation requirement for non-equilibrium
quantities, Eq. (24), we get
∂ ν b0 + θ bν + ḃν + (∂ · b)uν + (b · ∂)uν


∂ν m 
1 
−
3Π + 4b0 +
b0 uν + bν = 0, (31)
m
τR
where we have defined Ȧ ≡ u · ∂A and θ ≡ ∂ · u. The
projection along and orthogonal to uµ leads to a set of
relaxation-type equations for the components of δB µν

b0
ṁ 
3Π + 4b0 + b · u̇ − ∂ · b,
(32)
=
τR
m


bµ
∇µ m
ḃhµi +
=
3Π + 4b0 − ∇µ b0 − θ bµ
τR
m
− (b · ∂)uµ ,
(33)
ḃ0 +

where ∇µ ≡ ∆µν ∂ν and ḃhµi = ∆µν ḃν . It is interesting to
note that in the above equations, the relaxation time for
b0 and bµ is the same as the Boltzmann relaxation time.
In order to replace the ṁ and ∇µ m by Ṫ and ∇µ T in
Eqs. (32) and (33), we decompose the energy-momentum
tensor in the hydrodynamic degrees of freedom,
T µν = Euµ uν − (P + Π)∆µν + π µν ,

(34)

where P = P0 (T ) is the hydrostatic pressure (the equilibrium contribution), which depends only on the effective temperature and it is not an additional degree of
freedom. The projection of the energy-momentum conservation equation, ∂µ T µν = 0, along and orthogonal to
uµ leads to
Ė = − (E + P) θ − Π θ + π : σ,
µ

µ

µ

µ

∇ P = (E + P) u̇ + Π u̇ − ∇ Π +

(35)
∆µα ∂β π αβ .

(36)

α β
where σ µν ≡ ∆µν
αβ ∇ u is the stress tensor. Since one can
always express E and P in terms of T using the matching
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condition, Eq. (22), and the equation of state, we can
further rewrite the above equations as


Πθ − π : σ
Ṫ
= − c2s θ +
,
(37)
T
E +P


∇µ T
Π u̇µ − ∇µ Π + ∆µα ∂β π αβ
= u̇µ +
,
(38)
T
E +P
where we have used the thermodynamic relation, Eq. (4),
and the definition of squared speed of sound, c2s = dP/dE.
Using Eqs. (37) and (38) to rewrite ṁ/m = κ Ṫ /T and
∇µ m/m = κ∇µ T /T and substituting in Eqs. (32) and
(33), we get


Πθ − π : σ
b0
2
= − κcs θ +
ḃ0 +
τR
E +P


× 3Π + 4b0 + b · u̇ − (∂ · b),
(39)


bµ
Π u̇µ − ∇µ Π + ∆µα ∂β π αβ
ḃhµi +
= κ u̇µ +
τR
E +P


× 3Π + 4b0 − ∇µ b0 − θ bµ − (b · ∂)uµ ,

where
5
β I3,2 − c2s (E + P) + κc2s m2 β I1,1 ,
3
βπ = βI3,2 ,

βΠ =

b0 = −3 τR κc2s Π θ,
IV.

bµ = 3 τR κ Π u̇µ .

(41)

DISSIPATIVE EVOLUTION EQUATIONS

In order to derive second-order evolution equations for
the dissipative quantities, we start with the ChapmanEnskog-like iterative solution of the Boltzmann equation,
Eq. (17). The first-order solution is given by [63]
i
τR h
ρ
δf1 = −
(p · ∂)f0 + m (∂ρ m) ∂(p)
f0 .
(42)
(u · p)
In the following, for simplicity, we restrict ourselves to
classical Maxwell-Boltzmann distribution for the equilibrium distribution function, Eq. (6). Using Eqs. (37) and
(38), one gets [63]

 


1 2
1
f0 βτR
p − m2 κ c2s −
− c2s (u · p)2 θ
δf1 =
(u · p)
3
3
f0 βτR
+
(p · σ · p).
(43)
(u · p)
We can now proceed to obtain the first-order equations
for the dissipative quantities. Using Eq. (43) in Eqs. (28)
and (29), and keeping terms which are first-order in gradients, we get
Π = −βΠ τR θ,

π µν = 2 βπ τR σ µν ,

(44)

(46)

and the shear and bulk viscosities are given by the following relations βπ τR = η and βΠ τR = ζ, respectively.
In the above equations, the integral coefficients In,q are
defined as
Z
(−1)q
q
dP (u · p)n−2q (p · ∆ · p) f0 . (47)
In,q ≡
(2q + 1)!!
Note that while the form of βπ in Eq. (46) is identical2
to that obtained for the constant mass case [57], βΠ in
Eq. (45) is different. Using Eq. (44) in Eq. (43), we obtain
the first-viscous correction to the distribution function,
δf1 = −

+

(40)
where we introduced κ ≡ (T /m)(dm/dT ). Note that, at
first order in the gradient expansion, we get b0 = 0 and
bµ = 0, which is consistent with the results of Refs. [64,
65]. Up to second-order, we find

(45)

f0 β
(u · p)βΠ
"
#
 

1
1 2
2
2
2
2
p − m κ cs −
− cs (u · p) Π
×
3
3
f0 β
(p · π · p).
2(u · p)βπ

(48)

The above expression for δf1 will be used to derive the
second-order evolution equations for dissipative quantities.
For the formulation of second-order viscous hydrodynamics equations for π µν and Π, we adopt the method
developed in Ref. [16]. We consider the co-moving derivative of dissipative quantities from Eqs. (28) and (29),
Z
1
Π̇ = − (u · ∂) dP (p · ∆ · p) δf − ḃ0 ,
(49)
3
Z
π̇ hµνi = ∆µν
dP phα pβi δf,
(50)
αβ (u · ∂)
αβ
αβ
where X hµνi ≡ ∆µν
and Ẋ hµνi ≡ ∆µν
. Reαβ X
αβ Ẋ
arranging the Boltzmann equation, Eq. (17), in the
relaxation-time approximation, Eq. (20), we get
i δf
1 h
ρ
δf˙ = −f˙0 −
(p · ∂)f + m (∂ρ m) ∂(p)
f − (.51)
(u·p)
τR

Using δf = δf1 in the right hand side of the above equation, substituting in Eqs. (49) and (50) and performing
the integrations, we arrive at the second-order evolution
equations for bulk viscous pressure and shear-stress tensor
Π
Π̇ = −
− βΠ θ − δΠΠ Πθ + λΠπ π : σ,
(52)
τΠ
π µν
π̇ hµνi = −
+ 2βπ σ µν + 2πγhµ ω νiγ − τππ πγhµ σ νiγ
τπ
− δππ π µν θ + λπΠ Πσ µν ,
(53)

2

In the sense that it corresponds to the simple substitution
βπ (m, T ) → βπ (m(T ), T ), from the fixed mass case to the quasiparticle one.
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where ω µν ≡ 21 (∇µ uν − ∇ν uµ ) is the vorticity tensor.
The transport coefficients obtained here are:


5
2 I1,1
δΠΠ = − χ − 1 − κm
c2s
9
I3,1
"

1 βκc2s m2
+
1 − 3c2s (βI2,1 − I1,1 )
3 βΠ
#
 2
2
− 1 − 3κcs m (βI0,1 + I−1,1 ) ,
(54)
λΠπ
τππ
δππ
λπΠ



β
2 I1,1
(2I3,2 − 7I3,3 ) − 1 − κm
c2s ,
=
3βπ
I3,1
4β
=2−
I3,3 ,
βπ
5 7 β
β
= −
I3,3 −
κc2 m2 (I1,2 − I1,1 ) ,
3 3 βπ
βπ s
2
= − χ,
3

(55)

(57)

− 1−

m (I1,2 − I1,1 ) .

(71)

We observe that by using the series expansion of
Ki,0 (z) = K0 (z), the above recursion relation can be
employed to evaluate Ki,m (z) up to any given order in z.
V.

#
2

This identity can also be written in integral form
Z z
Ki,m−1 (z 0 )dz 0 .
Ki,m (z) = Ki,m (0) −

(70)

(58)


1 − 3c2s (I3,2 − I3,1 )


d
Ki,m (z) = −Ki,m−1 (z).
dz

(56)

"

3κc2s

which has the following property

0

where
β
χ=
βΠ

where the z-dependence of Kn is implicitly understood.
Here the function Ki,m is defined by the integral
Z ∞
dθ
Ki,m (z) =
exp(−z cosh θ),
(69)
m
0 (cosh θ)

(59)

As expected, in the constant mass limit, κ → 0, the above
transport coefficients match exactly with those obtained
in Ref. [57]. Note that functions In,q used here are equiv(R)
alent to (−1)q IN,q from Ref. [57] with n = N − R.
The integral coefficients can be obtained in terms of
modified Bessel functions of the second kind, Kn (z),


gT 5 z 5 1
(K5 − 11K3 + 58K1 ) − 4Ki,1 + Ki,3 ,
I3,3 =
210π 2 16
(60)


5 5
gT z
1
(K5 − 7K3 + 22K1 ) − Ki,1 , (61)
I3,2 =
2
30π
16
gT 5 z 3
K3 = T (P0 + E0 ) = T 2 S0 ,
(62)
I3,1 =
2π 2
gT 4 z 2
I2,1 =
K2 (z) = P0 + B0
(63)
2π 2
i
gT 4 z 2 h
I2,0 =
3K
(z)
+
zK
(z)
= E0 − B0
(64)
2
1
2π 2 

gT 3 z 3 1
I1,2 =
(K3 − 9K1 ) + 3Ki,1 − Ki,3 , (65)
30π 2 4


gT 3 z 3 1
I1,1 =
(K
−
5K
)
+
K
(66)
3
1
i,1 ,
6π 2
4


gT 2 z 2 1
I0,1 =
(K
−
3K
)
+
K
(67)
2
0
i,2 ,
6π 2
2
i
gT z h
I−1,1 =
K
−
2K
+
K
(68)
1
i,1
i,3 ,
6π 2

IMPOSING LATTICE QCD EQUATION OF
STATE

In order to solve the energy-momentum conservation
equations, Eqs. (35) and (36), coupled to the relaxationtype equations for the dissipative quantities, Eqs. (52)
and (53), one has to impose the equation of state of the
system. This is necessary to fix the temperature dependence of the thermodynamic quantities like energy density and pressure, as well as the transport coefficients,
Eqs. (45)-(46) and Eqs. (54)-(59). For this purpose it
is sufficient to define the temperature dependence of the
quasiparticle mass, m(T ), extracted for the microscopic
theory in question. In this case one may follow the prescription employed in Refs. [63, 76].
We consider finite-temperature lQCD equation of
state at zero baryon chemical potential computed by
the Wuppertal-Budapest collaboration [51]. To correctly
match the energy density and pressure given in Eqs. (7)
and (8) with that of lQCD at asymptotically large temperatures (Stefan–Boltzmann limit), we fix the degeneracy factor to be
g=


π4
4(Nc2 − 1) + 7Nc Nf ,
180

(72)

where for the number of colors and flavors we choose
Nc = 3 and Nf = 3, respectively. Using Eqs. (7)
and (8) one finds that the equilibrium entropy density,
S0 = (E0 +P0 )/T , as expressed in Eq. (4), is independent
of the bag pressure, B0 . Therefore it is the most convenient quantity which can be used to determine m(T ) by
numerically solving

 

g
m(T )
m(T )
S0 (T )
K3
=
,
(73)
2π 2
T
T
T 3 lQCD
where right hand side of the above equation is evaluated
using lQCD results [51].
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FIG. 1. (Color online) Temperature dependence of the quasiparticle mass (a) and the bulk, βΠ , and shear, βπ , first-order
transport coefficients (see Eqs. (45) and (46)) scaled by E0 +P0
(b) in the case of standard second-order viscous hydrodynamics with lQCD equation of state (vHydro) and the present formulation of quasiparticle second-order viscous hydrodynamics
(QvHydro).

For numerical convenience, we use analytic fit to the
lQCD results for the interaction measure (trace anomaly)
[51]
h h
h2 i
I0 (T )
1
+
=
exp
−
(74)
T4
T̂
T̂ 2



f0 tanh(f1 T̂ + f2 ) + 1
h0
×
+
,
1 + h3 T̂ 2
1 + g1 T̂ + g2 T̂ 2
with T̂ ≡ T /(0.2 GeV). Following Refs. [76, 77], the
parameters for the fit function are chosen as follows: h0 =
0.1396, h1 = −0.18, h2 = 0.035, f0 = 2.76, f1 = 6.79,
f2 = −5.29, g1 = −0.47, g2 = 1.04, and h3 = 0.01.
Using Eq. (74), the equilibrium pressure is obtained by
performing the integral
P0 (T )
=
T4

Z
0

T

dT I0 (T )
,
T T4

(75)

while the energy density is calculated from the relation
E0 (T )
P0 (T ) I0 (T )
=3
+
.
T4
T4
T4

(76)

To obtain B0 (T ), one may use the relation expressing
thermodynamic consistency, Eq. (5), which reduces to
dB0 (T )
gT 3 z 2
dm
=−
K1 (z)
.
2
dT
2π
dT

(77)

The above equation can be solved numerically using the
boundary condition B0 = 0 at T ' 0.
In order to compare with the usual viscous hydrodynamic results obtained using lQCD equation of state, we
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FIG. 2. (Color online) Temperature dependence of the bulk
(a) and shear (b) second-order transport coefficients in the
case of standard second-order viscous hydrodynamics with
lQCD equation of state (vHydro) and the present formulation
of quasiparticle second-order viscous hydrodynamics (QvHydro).

use the standard prescription of matching speed of sound
squared c2s obtained from kinetic theory and lQCD to
extract m(T ). In this method, one commonly uses a
small-m/T expansion for the second-order transport coefficients [37, 78]. It is important to note that this naive
prescription is not only thermodynamically inconsistent
but also incompatible with the small-m/T expansion;
see Fig. 1 (a). However, using equation c2s (m(T )/T ) =
c2s (T )|lQCD , one can extract m(T ), exactly, via the relation [57]
s


3(E0 + P0 ) 1
m(T )
2 ,
=
−
c
(78)
s
T
c2s P0
3
where, P0 and E0 are taken from parametrization of the
lQCD results, Eqs. (75) and (76). The extracted m(T )
is then used to evaluate the transport coefficients which
appear in the viscous evolution equations (52) and (53).
In the following, we refer to this prescription as the standard viscous hydrodynamics (vHydro).
In Fig. 1 (b) we show the temperature dependence of
bulk, βΠ , and shear, βπ , first-order transport coefficients
(see Eqs. (45) and (46)) scaled by E0 + P0 for vHydro approach (thin blue lines) and for the present framework of
quasiparticle viscous hydrodynamics (QvHydro) (thick
red lines). We observe that although the quasiparticle
mass is significantly different for the case of vHydro and
QvHydro formulation (see Fig. 1 (a)), the first-order coefficients are quite similar. In Fig. 2 we show the similar
comparison performed for the second-order transport coefficients. In this case we see that there are substantial
differences in the two cases for all the transport coefficients. In the next Section, we study the effect of these
differences in the case of one-dimensional boost-invariant
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expansion of the viscous QCD medium.

Η S = 1 H 4 ΠL
QaHydro
QvHydro
vHydro

0.9

1
(79)
Ė = − (E + P + Π − π) ,
τ
Π
βΠ
Π
πs
Π̇ +
=−
− δΠΠ + λΠπ ,
(80)
τΠ
τ
τ
τ


1
2
πs
4 βπ
πs
Π
−
τππ + δππ
+ λπΠ , (81)
π̇s +
=
τπ
3 τ
3
τ
3
τ
2 ςς

where πs ≡ −τ π . The transport coefficients appearing
in the above equations are given in Eqs. (45)-(46) and
Eqs. (54)-(59), and the integral coefficients are given in
Eqs. (60)-(68).
We note that for the results presented here we choose
equal bulk and shear relaxation times, τπ = τΠ = τR .
Identifying the first-order constitutive relations, Eq. (44),
as the Navier–Stokes equations, we obtain

-1

0.8

RΠ

In order to quantify the effect of the present formulation of quasiparticle second-order viscous hydrodynamics, we consider transversely homogeneous and purelylongitudinal boost-invariant, the so-called Bjorken, expansion [79]. The latter may be applicable to the earlytime evolution of the viscous QCD matter in the very
center of the heavy-ion collision. With this symmetry it
is convenient √
to use Milne coordinates, xµ = (τ, x, y, ς),
where τ ≡
t2 − z 2 , ς ≡ tanh−1 (z/t) and gµν =
diag(1, −1, −1, −τ 2 ). One may check that in such a case
the fluid becomes static, uµ = (1, 0, 0, 0).
In this case the energy-momentum conservation equations, Eqs. (35) and (36), together with the equations for
the dissipative quantities, Eqs. (52) and (53), reduce to
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FIG. 3. (Color online) The proper-time evolution of the ratio
of longitudinal pressure to transverse pressure. In the inset
we present the respective proper-time
evolution
of the inverse
p
√
Reynolds number Rπ−1 = π : π/P0 = 3/2 πs /P0 .
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FIG. 4. (Color online) The proper-time dependence of the
bulk viscous pressure scaled by the equilibrium pressure.

In the above equation, we have defined η̄ ≡ η/S and
used S ' S0 . One can safely make this approximation,
because S = S0 + O(δ 2 ), which leads to third-order corrections in Eqs. (80) and (81) that can be ignored.
To study the evolution of the viscous QCD matter, we
numerically solve Eqs. (79)-(81) with the transport coefficients given in Eqs. (45)-(46) and Eqs. (54)-(59), and
supplemented with the lQCD equation of state, as described in Section V. For the initial conditions we choose
T (τi ) = 0.6 GeV, πs (τi ) = 0 and Π(τi ) = 0, where the
initial proper time is τi = 0.25 fm. The initial temperature and thermalization time roughly correspond to those
attained at the LHC. To study the effect of the equation
of state in the entire physically interesting temperature
range, and to compare with other results available in the
literature, we perform the evolution to extremely late
times, τf = 500 fm. For the value of shear viscosity
to entropy density ratio, we consider the lower bound
η/S = 1/(4π). We compare our results (QvHydro) with

that obtained using quasiparticle anisotropic hydrodynamics (QaHydro) formulated in Ref. [76], and the standard second-order viscous hydrodynamics (vHydro).
In Fig. 3, we present the proper-time evolution of the
ratio of longitudinal pressure, PL = P0 + Π − πs , to
transverse pressure, PT = P0 + Π + πs /2, obtained using
QaHydro (purple dotted curve), the present formulation
of QvHydro (red solid curve) and vHydro (blue dashed
curve). We observe that, at early times, the predictions
concerning PL /PT evolution within QvHydro and QaHydro are more in agreement compared to vHydro evolution. This feature is more evident in Fig. 4, where we
show the proper-time dependence of the bulk pressure
Π scaled by the equilibrium pressure for the three cases.
We see that, at early times, QaHydro and QvHydro lead
to a similar increase of the scaled bulk pressure as compared to the vHydro result. We note, that the propertime evolution of temperature resulting from these three

τR =

η̄S0
.
βπ
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hydrodynamic formulations is the same up to the 0.5%
accuracy.

VII.

SUMMARY AND OUTLOOK

In this paper, we have presented a first derivation of
the second-order relativistic viscous hydrodynamics for
a system of quasiparticles of a single species from an effective Boltzmann equation. We allowed the quasiparticles to have temperature-dependent masses and devised
a thermodynamically-consistent framework to formulate
second-order evolution equations for the shear and bulk
viscous pressure corrections. The formulation presented
here is capable of accommodating an arbitrary equation
of state, such as those obtained from lattice QCD calculations, within the framework of kinetic theory. It is important to maintain this consistency when one is using transport coefficients derived from kinetic theory for hydrodynamic simulations of QCD matter. Finally, we studied
the effect of this new formulation in the case of onedimensional purely-longitudinal boost-invariant expansion of viscous QCD medium formed in ultra-relativistic
heavy-ion collisions.
Looking forward, it would be interesting to consider
lQCD equation of state with non-zero chemical potential
in the present calculation. This will require current conservation equation and evolution equation for dissipative
charge current. Deriving the transport coefficients for
particles obeying quantum statistics is another problem
worth investigating. Moreover, since, as shown here, the
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