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Abstract

We compute the vacuum polarization of a massless minimally cou-
pled scalar field in a background given by a black hole with subtracted
geometry. Extending previous results for the horizon of rotating black
holes with no charge, we obtain an analytical expression for the vac-
uum polarization that is valid throughout the spacetime and for ar-
bitrary rotation and charge parameters. The vacuum polarization di-
verges at the inner horizon and the quantum state cannot be extended
to the inside of it.

1 Introduction

Quantum field theory in curved spacetime is a semiclassical approximation
to quantum gravity that describes the behavior of quantum fields in gravita-
tional backgrounds. It has a wide range of physically important applications,
notably in inflationary cosmology [1] and in black hole evaporation [2]. Since
the particle concept is usually ambiguous or inapplicable on curved back-
grounds, attention is often given to local covariant observables such as the
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vacuum polarization 〈φ2〉 and the stress energy tensor 〈Tµν〉. The second of
these has more direct physical relevance as the source for the backreaction
of the matter fields upon spacetime. The vacuum polarization, however, is
important as a preliminary step for the computation of 〈Tµν〉, as well as on
its own right as a direct scalar probe of quantum fluctuations and as affecting
e.g. symmetry breaking computations.

There is a long history to the attempts to compute vacuum polarization
in black hole backgrounds, starting with Candelas’ evaluation at the horizon
of a Schwarzschild black hole [3]. For asymptotically flat static black hole
solutions, Candelas’ methods cannot be extended beyond the horizons but
techniques for numerical evaluation have been developed [4]. For the Kerr
and Kerr-Newman black holes analytical results are only available at the
horizon pole [5]. Numerical evaluations throughout the horizon were first
obtained in [6], and recently a method for numerical evaluation throughout
the spacetime was outlined in [7, 8]. Analytic results throughout the space-
time are available in three dimensions and with AdS asymptotics [9, 10] but
are generally impossible in four dimensions, where even with AdS asymp-
totics numerical evaluations are required [11].

In this paper we will show that an exact expression for the vacuum polar-
ization 〈φ2〉 of a massless, minimally coupled scalar field is in fact obtainable,
throughout the black hole spacetime, for the class of black holes known as
subtracted geometry. Subtracted geometry black holes [12, 13, 14, 15] are so-
lutions of the bosonic sector of N=2 STU supergravity coupled to three vector
multiplets. (The general asymptotically flat black holes of the STU model
were constructed in [16, 17, 18].) The subtracted black hole metric can be
obtained by subtracting some terms in the “warp factor” of the original black
hole metric in such a way that the massless minimally coupled scalar wave
equation becomes separable and analytical solutions are obtainable. This
subtracted black hole metric effectively places the black hole in an asymp-
totically conical box and mimics the “hidden conformal symmetry” [19] of
the wave equation on rotating black holes in the near-horizon, near-extremal,
and/or low energy regimes, which is a key motivator for the Kerr/CFT con-
jecture (see e.g. [20]). The energy density of the matter fields in this new
geometry falls off as second power of radial distance, thus confining thermal
radiation. The classical near-horizon properties of the subtracted black hole
are the same as the original black hole ones; in particular, the classical ther-
modynamics of the subtracted black hole is analogous to the standard one
[21], although loop corrections to the horizon entropy differ [22]).

2



The horizon vacuum polarization was studied for static subtracted black
holes in [23] and for rotating uncharged subtracted black holes in [24]. In
this paper we extend the results of [24] in a twofold way. Firstly, we allow
for general values of the four charge parameters associated to the subtracted
metric, in addition to angular momentum, thus considering the most general
possible subtracted black hole solution. Secondly and most importantly, we
compute the vacuum polarization throughout the spacetime, both outside
and inside the horizon, instead of just at the horizon. This method we use is
to compute first the Feynman Green’s function of the massless scalar on this
background and then take the coincidence limit, adding suitable counterterms
to cancel the arising divergences. The Green’s function is in turn computed
by dimensional reduction from the five-dimensional AdS3 × S2 spacetime,
in which the subtracted geometry can be embedded. As we will show, the
quantum state defined by this procedure is the subtracted geometry version
of the Hartle-Hawking thermal vacuum.

This paper is organized as follows. In the Section 2, we first introduce the
subtracted black hole metric and its five-dimensional embedding, and then
discuss the Green’s function on this background. In Section 3 we take the
regularized coincidence limit in the Green’s function, obtaining an expression
for the vacuum polarization that is our main result. In Section 4 we discuss
particular cases and limits of this expression, and in the final concluding
section we summarize the results and discuss prospects for future work.

2 Green’s function on general subtracted

black hole background

2.1 The subtracted geometry

The general four-dimensional axisymmetric black hole metric is given by:

ds2
4 = −∆−1/2G (dt+A dϕ)2 + ∆1/2

(
dr2

X
+ dθ2 +

X

G
sin2 θ dϕ2

)
. (1)

The quantities X,G,A,∆ are all functions of r and sin θ only (and depend
on the mass, rotation and charge parameters). For a given conventional
(asymptotically flat) black hole solution with mass M , angular momentum
J , and up to four charge parameters QI , we can construct a corresponding
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subtracted black hole solution by modifying only the so-called warp factor
∆(r, θ). Specifically, a subtracted black hole geometry is given by:

X = r2 − 2mr + a2 ,
G = r2 − 2mr + a2 cos2 θ ,
A = 2maG−1 sin2 θ [(Πc − Πs)r + 2mΠs] ,
∆ = (2m)3r(Π2

c − Π2
s) + (2m)4Π2

s − (2m)2(Πc − Πs)
2a2 cos2 θ , (2)

where the black hole parameters are encoded as:

QI =
1

4
m sinh 2δI , (I = 0, 1, 2, 3) ,

M =
1

4
m

3∑
I=0

cosh 2δI ,

J = ma (Πc − Πs) , Πc =
3∏
I=0

cosh δI , Πs =
3∏
I=0

sinh δI . (3)

In a conventional black hole the warp factor is a fourth-order polynomial in r;
for example, the Reissner-Nordstrom metric is obtained setting a = 0, δI = δ
in X,G,A above and ∆ = (r+2m sinh δ)4, whereas the subtracted Reissner-
Nordstrom metric has ∆ = (2m)3[r(Π2

c − Π2
s) + 2mΠ2

s] instead. In both the
original and the subtracted case the horizons, specified by X = 0, are at:

r± = m±
√
m2 − a2 . (4)

Subtracted black holes are solutions of the bosonic sector four-dimensional
N = 2 supergravity coupled to three vector supermultiplets; the detailed
form of matter fields supporting the geometry is given in [13, 14]. An impor-
tant feature of subtracted black holes is that they have a natural embedding
in AdS3 × S2 [25]. The BTZ black hole metric can be written as:

ds2
BTZ =−

(R2−2
+)(R2 −R2

−)

l2R2
dt23 +

l2R2

(R2 −R2
+)(R2 −R2

−)
dR2

+R2

(
dϕ3 +

R+R−
lR2

dt3

)2

, (5)

which is locally isometric to AdS3 with radius l. Consider the 5d manifold
with metric

ds2
5 = ds2

BTZ + ds2
S2 , ds2

S2 =
l2

4

(
dθ2 + sin2 θ dϕ̄2

)
(6)
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To obtain the 4d subtracted black hole metric in the (t, r, θ, ϕ) coordinates
as given above in (1), we first need to make the identifications:

ϕ̄ = ϕ− 16ma(Πc − Πs)

l3
(z + t)

R2 =
64m2R2

0

l4
[
2mr(Π2

c − Π2
s) + 4m2Π2

s − a2(Πc − Πs)
2
]

R± =
8mR0

l2

[
m(Πc + Πs)±

√
m2 − a2(Πc − Πs)

]
ϕ3 = z/R0 ; t3 = (l/R0)t ; l = 4m(Π2

c − Π2
s)

1/3 (7)

where R0 is an arbitrary lengthscale. Then we can write:

ds2
5 =

Q2

√
∆
ds2

4 +
∆

Q4
(dz +A2)2 , (8)

where ∆ is given above in (2), and:

A2 =
Q3[4m2ΠcΠs + a2(Πc − Πs)

2 cos2 θ]

2m(Π2
c − Π2

s)∆
dt+

Q32ma(Πc − Πs) sin2 θ

∆
dϕ

Q = 2m(Π2
c − Π2

s)
1/3 = l/2. (9)

2.2 The Green’s function

The Green’s function of a massless, minimally coupled scalar field on AdS3×
S2 (with radii l,l2 respectively) has been computed in [26]. It takes the form:

G5(x, x′) =
1

8
√

2π2l l22

ζ

[2ζ2 − 1− cos γ]3/2
, (10)

where ζ = ζ(x, x′) and cos γ = cos γ(x, x′) are related to the AdS3 and the
S2 distances respectively:

ζ(x, x′) =
∆X2

2l2
+ 1

cos γ(x, x′) = cos θ cos θ′ + sin θ sin θ′ cos(ϕ̄− ϕ̄′) (11)

where ∆X2(x, x′) is the distance in the Minkowski space with signature (−−
++) where AdS3 is embedded.
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The Green’s function on the subtracted black hole background can be ob-
tained by setting l = 2l2, expressing G5(x, x′) in the (t, r, θ, ϕ, z) coordinates,
and then integrating over the embedding coordinate z:1

G4(t, r, θ, ϕ; t′r′, θ′, ϕ′) =
1

2
√

2π2l3

∫ +∞

−∞
dz

ζ(z; 0)

[2ζ2(z; 0)− 1− cos γ(z; 0)]3/2

(12)
Here the dependence of ζ and cos γ on the eight coordinates that G4 depends
on is kept implicit. The full form of ζ(t, r, z; t′r′, 0) differs depending on which
of the six possible combinations of the three ranges of the black hole radial
coordinate (0, r−), (r−, r+), (r+,+∞) is the one where (r, r′) fall into. For
example, in the external region where both r, r′ > r+ and for t = t′, we have

ζ(t, r, z; t, r′, 0) =
1

r+ − r−

[
[
√

(r − r−)(r′ − r−) cosh(c+z)

−
√

(r − r+)(r′ − r+) cosh(c−z)
]

(13)

where

c± =
16m2

2(1 + α2)l3
[
(1 + α2)(Πc + Πs)± (1− α2)(Πc − Πs)

]
, α ≡ a/r+

(14)
For the other six possible combinations of radial ranges, (13) gets sign changes
at the square roots, as well as cosh functions changed to sinh when the
points fall in different ranges. The exact form of ζ for each range of the
two radial coordinates is given in the Appendix. α will be instead of a as
a more convenient rotation parameter in the rest of the paper; its value is
constrained to the range 0 ≤ α ≤ 1.

Setting ϕ = ϕ′ as well as t = t′, we obtain that the Green’s function for ra-
dially and polarly separated points on the subtracted black hole background
is given by:

G4(r, θ; r′, θ′) =
1 + α2

128π2m2(Πc + α2Πs)

∫ ∞
−∞

du
ζ[

ζ2 − (1+cos γ)
2

]3/2
(15)

1This works because ∂z is a Killing vector of the 5d manifold, and because the extra term
A2 in the metric is a one-form Kaluza-Klein gauge potential and thus the transformation
dz → dz +A2 when integrating does not alter the Jacobian.
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where we have changed variables to u = c+z. It is also convenient to use a
dimensionless radial coordinate with origin at the outer horizon:

x ≡ r − r+

r+ − r−
. (16)

Note that x = −1 corresponds to the inner horizon if there is one and to the
singularity if there isn’t. In this notation, the ζ and cos γ functions appearing
in (15) read:

ζ =
√

1 + x
√

1 + x′ coshu−
√
x
√
x′ cosh(λu) λ ≡ α2Πc + Πs

α2Πs + Πc

(17)

cos γ = cos θ cos(θ′) + sin θ sin(θ′) cos(2cu) c ≡ α(Πc − Πs)

Πc + α2Πs

(18)

As noted above, this exact form of ζ holds only when we are in the exterior
region with x, x′ > 1; the form for general (x, x′) is given in the Appendix.

Note that setting Πc = 1, Πs = 0, θ = θ′, x = 0, x′ = ε in (15), after a
change of variables w = sinhu we recover eq. 18 from [24], which corresponds
to the Green’s function with radial separation at the horizon of subtracted
Kerr. In the cited reference this was computed as a sum over modes solving
the 4d Euclidean wave equation, with no reference to the 5d embedding man-
ifold. This provides a nontrivial validity check for our dimensional reduction
procedure. Since the modes used in [24] correspond to the “Hartle-Hawking”
Green’s function, which is thermal with temperature T = κ+/2π as seen by
co-rotating observers, we conclude that the dimensional reduction procedure
from the AdS3×S2 vacuum Green’s function results in the Euclidean thermal
co-rotating vacuum of the four-dimensional black hole. The outer horizon’s
surface gravity thus related to the temperature is given by:

κ+ =
1

4m

1− α2

Πc − α2Πs

(19)

To close this section, we remark that the integral in (12) is ill-defined for
certain values of the eight 4d coordinates. The cases in which this happens
can be separated into two kinds. Firstly, when both r and r′ are larger than
r− (i.e., none of the points lies within the inner horizon) the integral goes
over a lightcone singularity if the points in the underlying 5d manifold are
timelike separated. The Green’s function is perfectly well defined when the
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separation is spacelike, though, and the definition of G4 for timelike separa-
tion is achieved by analytic continuation with the usual iε prescription for the
Feynman Green’s function.2 Since we will compute the vacuum polarization
by coincidence limit from a spacelike separation, this need not concern us
further. Secondly, when either point has r < r−, the integral goes over a sin-
gularity whether the separation is timelike or spacelike. We interpret this as
meaning that the quantum state under consideration cannot be meaningfully
extended to this internal region. This is in accordance with the situation for
the Green’s function for the BTZ black hole in three dimensions [27] as well
as with the well-known instability of the inner horizon under perturbations
in general 4d black holes [28, 29].

3 Evaluation of 〈φ2〉
We will use angular point splittng to compute the vacuum polarization. Set-
ting x = x′ in (15), using trigonometric identities the Green’s function can
be recast as:

G4(θ, θ + ε) =
1 + α2

64π2m2(Πc + α2Πs)
Iε (20)

Iε =

∫ ∞
0

du
ζ(u)

[∆ε(u)]3/2
(21)

ζ(u) = (1 + x) coshu− x cosh(λu) (22)

∆ε(u) =ζ2(u)− 1 + sin2 θ sin2(cu/2) + sin2(ε/2)

+ (cos θ sin ε− 2 sin θ sin2(ε/2)) sin2(cu) (23)

Even though derived here from the expression in the exterior region, the form
of ζ given in (22) is valid now for any value of x, as shown in the Appendix.
Equation (20) therefore gives the Green’s function for polar point-splitting
in the whole spacetime, although the result is ill-defined in the inner horizon
internal region x < −1 as discussed above.

2This is analogous to how the vacuum Green’s Function in d-dimensional Minkowski
space can be obtained integrating over the embedding dimension the Green’s Function in
(d+1)-dimensional Minkowski space, analytically continuing the integral when it includes
a lightcone singularity.
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Our general strategy for evaluating the ε→ 0 limit explicitly is analogous
to the one deployed in [24]. We first split the integral in two subintervals,
(0, η) and (η,+∞), with η = ε1/3. In the lower interval, the integrand is ex-
panded in a way such that the integral can be evaluated analytically with a
controlled error. In the upper one, ε can be set to zero in the integrand with-
out affecting the final result. The divergences are thus isolated and cancelled
with appropriate counterterms coming from the Hadamard expansion of the
two-point function, leaving an explicit analytic expression for the vacuum
polarization in the coincidence limit.

Considering first the upper interval, let us call Gε(u) the integrand in
(21), and let G0(u) = Gε=0(u) and ∆0(u) = ∆ε=0(u). We claim that:

I>ε ≡
∫ ∞
η

duGε(u) ∼
∫ ∞
η

duG0(u) (24)

where ∼ stands for equality up to terms vanishing in the limit ε → 0. The
reason is that the error involved in this replacement can be written as:∫ ∞

η

du
ζ(u)

[∆0(u)]3/2

1− 1[
1 + sin2(ε/2)+(cos θ sin ε−2 sin θ sin2(ε/2)) sin2(cu)

∆0(u)

]3/2

 (25)

and since ∆0(u) = O(u2) at small u and is divergent at large u, it follows
that the term having it as denominator is bounded by a constant of order ε,
and thus the integral is of order ε1/3.

The last integral in (24) is still divergent as η → 0, but the divergence is
easily isolated explicitly by adding and subtracting the leading terms in the
expansion of G0, evaluating explicitly the added terms, and taking η → 0 in
the subtraction. This leads to:

I>ε ∼
1

2ε2/3(1 + c2v2 + x− λ2x)3/2

− 4c4v2 + (λ2 − 1)2x(1 + x) + 4c2v2(1 + x− λ2x) ln ε

24(1 + c2v2 + x− λ2x)5/2

+

∫ ∞
0

du

[
ζ(u)

[∆(u)]3/2
−

(
1

u3(1 + c2v2 + x− λ2x)3/2

+
4c4v2 + (λ2 − 1)2x(1 + x) + 4c2v2(1 + x− λ2x)

8u(1 + u)(1 + c2v2 + x− λ2x)5/2

)]
(26)
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where for compactness we introduce the notation v = sin θ. The upper
interval’s contribution is therefore one term divergent as ε−2/3 and two finite
terms (one of which is expressed as an integral).

In the lower interval, we expand the numerator and denominator in the
integrand:

I<ε ≡
∫ η

0

du
ζ

∆
3/2
ε

∼
∫ η

0

du
ζ̃

∆̃
3/2
ε

, (27)

where ζ̃ is the expansion of ζ to the second order in u around u = 0, and
∆̃ε the expansion of the ∆ε(u) to the fourth order in u around u = 0. The
error involved can be shown to vanish in the limit ε → 0. The integrand

now being a combination of terms of the form ((u2 + A2)(u2 +B2))
−3/2

and

u2 ((u2 + A2)(u2 +B2))
−3/2

, the integral can be expressed in terms of the
elliptic functions E(y, k) and F (y, k) where y = arctan(η/A) and k = 1− A2

B2 .
This result is then expanded for small ε using formulas from [30], giving:

I<ε ∼ −
4

ε2
√

1 + c2v2 + x(1− λ2)
− 2c2v

√
1− v2

ε(1 + c2v2 + x− λ2x)3/2

− 1

2ε2/3(1 + c2v2 + x− λ2x)3/2

+
(−4c4v2 − (λ2 − 1)2x(1− x) + 4c2v2((λ2 − 1)x− 1)) ln ε

12(1 + c2v2 + x− λ2x)5/2

+
1

48(1 + c2v2 + x− λ2x)5/2
×[

(λ2 − 1)x(−7− 3x+ λ2(3x− 1) ln(1 + c2v2 + x(1− λ2)))

+4(6− 2c4v2(−5 + v2) + 14c2v2(1 + x− λ2x))

+x(10 + x(4 + ln 8) + λ4(−2− ln 2 + x(4 + ln 8))− λ2(1 + x)(8 + ln 64) + ln 128)

+((λ4 − 1)x+ 3c2v2(1 + c2 + x− λ2x)) ln(16(1 + c2v2 + x− λ2x))
]

(28)

The accuracy of this expression in the ε → 0 limit can be verified numeri-
cally. Note that the ε−2/3 divergence cancels with that of (26), and we are
left with quadratic, linear and logarithmic divergences. These are cancelled
subtracting from the Green’s function the Hadamard expansion [31]:

Gdiv =
1 + 1

12
Rµνσ

,µσ,ν

8π2σ
− 1

96π2
R ln(µ2σ) , (29)
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where µ is an arbitrary mass scale. We express the halved squared geodesic
distance σ in terms of the coordinate separation ∆Xµ = xµ − x′µ (which in
our case is −εδµθ ) using the expansion:

σ =
1

2
gµν∆x

µ∆xν + Aµνρ∆x
µ∆xν∆xρ +Bµνρλ∆x

µ∆xν∆xρ∆xλ + · · · (30)

Here Aµνρ and Bµνρλ have expressions terms of derivatives of the metric,
provided explicitly in [32]; see also [33]. Writing Gdiv in terms of ε gives
linear, quadratic and logarithmic divergences that match exactly those of
the sum of (26) and (28) (including the prefactor in (20)). There is also
an additional finite piece coming from terms of Gdiv that are O(1) in ε.
Combining all the pieces the full expression for the vacuum polarization is:

〈φ2〉 = lim
ε→0

(G4(θ, θ + ε)−Gdiv(θ, θ + ε)) =
1 + α2

64π2m2(Πc + α2Πs)
×{

1

48(1 + c2v2 + x− λ2x)5/2

[
4
(

6− 2(−5 + 4λ2 + λ4)x− 2c4v2(−5 + v2 − 6 ln 2)

+ (λ2 − 1)2x(ln 8 + x(4 + ln 8))− 2c2v2(−1 + (λ2 − 1)x)(7 + ln 64)
)

+ 3
(

4c4v2 + (λ2 − 1)2x(1 + x) + 4c2v2(1 + x− λ2x)
)

ln(1 + c2v2 + x− λ2x)

]
+
(

4c2 + (λ− 1)(λ− 1 +
√

4c2 + (λ− 1)2)
)

×
2c4 + (λ− 1)3(λ− 1 +

√
4c2 + (λ− 1)2) + 2c2(λ− 1)(2λ− 2 +

√
4c2 + (λ− 1)2)

24
√

2
√

4c2 + (λ− 1)2
(

2c2 + (λ− 1)(λ− 1 +
√

4c2 + (λ− 1)2)
)

(1 + c2v2 + x− λ2x)5/2

×

[
4
(
c2(4− (21 + 19c2 + λ2)v2 + 5c2v4)− 3− λ2

)
− (λ2 − 1)x

(
λ2 − 25 + c2(16− 80v2)

)
− 13(λ2 − 1)2x2

]

+

∫ ∞
0

du

[
ζ(u)

[∆(u)]3/2
−

(
1

u3(1 + c2v2 + x− λ2x)3/2

+
4c4v2 + (λ2 − 1)2x(1 + x) + 4c2v2(1 + x− λ2x)

8u(1 + u)(1 + c2v2 + x− λ2x)5/2

)]}
. (31)
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This is the main result of the paper, expressing the vacuum polarization of
a quantum massless minimally coupled scalar field in a subtracted geometry
black hole spacetime, any value of the mass, rotation and charge parameters,
in terms of which α, λ and c were defined above in (14), (17) and (18)
respectively. The expression is valid for any values of the angular coordinate
v and for all values of radial coordinate x outside the inner horizon (x ≥
−1). The result has several explicitly evaluated terms and one expressed
as an integral with no closed form, but easily evaluated numerically. This
expression is correct up to a term of the form CR(x), where C is an arbitrary
number, and the Ricci scalar R is R(x) = R̃/32m2, with:

R̃ =
3(1 + α2)2(Πc − Πs)

2

[−2α2ΠcΠs(v2 − 1) + Π2
c(1 + α2v2 + x− α4x) + Π2

s(α
2v2 − x+ α4(1 + x))]5/2

×
[
4α2(π2

c + α2Π2
s)v

2 + (α2 − 1)x((α4 − 1)(Πc + Πs)
2 + 4α2v2(Π2

s − Π2
c))

+ (α2 + 1)(α2 − 1)2(Πc + Πs)
2x2
]
. (32)

In the next section we will compare with previously known results, as well
as examining particular limiting values and discussing their physical signifi-
cance.

4 Discussion

The first check on our result (31) is whether it agrees with the results in [24]
when evaluated at the outer horizon of a Kerr black hole. This implies setting
λ = α2, c = α Πc = 1, Πs = 0, and x = 0. Since the calculation in the cited
reference was done by radial point splitting leading to a differently structured
result, the comparison is not possible term by term but only between the total
results. Numerical evaluation of the u-integral in each result shows that both
results are indeed equal throughout the horizon, up to a multiple of the Ricci
scalar R (in other words, the difference between both results divided by R is
a θ-independent constant).

A more direct comparison is available in the static case. Setting c = α =
0, x = 0, and λ = Πs/Πc, the u-integral in (31) becomes elementary and we
obtain an explicit formula for the vacuum polarization at the outer horizon
of general static black holes:

〈φ2〉
∣∣∣
r+,α=0

=
Π2
c − Π2

s

768π2m2Π3
c

, (33)

12



0.2 0.4 0.6 0.8 1.0
sin(θ)

0.1

0.2

0.3

0.4

64π2 m2 ϕ2

Figure 1: (64π2m2)〈φ2〉 at the Kerr-Newman horizon, for a/r+ = α = 0.75.
The charge parameter δ takes the values 0, 0.2, 0.4, 0.7 and 1 for the dotted,

small-dashed, medium-dashed, large-dashed and full lines respectively.

This matches the results obtained in [23].
We are now in position to extend both these previous results to obtain

the vacuum polarization at the horizon of a fully general subtracted black
hole, with both rotation and charge parameters being nonzero. For simplicity
we exhibit the result only in the subtracted Kerr-Newman case, where there
is a single charge parameter δ and Πc = cosh4 δ, Πs = sinh4 δ. The result
of evaluating (31) in this case for x = 0 is plotted in Figures 1 and 2 as a
function of v = sin θ for different combinations of the rotation and charge
parameters.

It can be seen in Figure 1 that increasing the charge at fixed angular
momentum lowers the vacuum polarization, making it vanish in the limit
δ →∞. In Figure 2 it is seen that lowering the angular momentum at fixed
charge flattens the angular profile as we approach the spherically symmetric
static limit. Though the plots are presented for a particular value of the
arbitrary constant multiplying R, these qualitative features are independent
of it.

Let us now consider the vacuum polarization beyond the horizon. In the
static case with at least one vanishing charge δI , in which Πs = 0 and a = 0,
we can obtain a simple closed-form expression for the vacuum polarization as
a function of x. This is easiest done not from our expression (31) but taking
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Figure 2: (64π2m2)〈φ2〉 at the Kerr-Newman horizon, for δ = 0.4
(corresponding to Q/M = 0.66). The rotation parameter α = a/r+ takes

the values 0.75, 0.4, 0.2, and 0 for the dotted, small-dashed,
medium-dashed and full lines respectively.

a step back to evaluate the u-integral in (24). The parameters α, c, λ are all
0, so we have:

G0(u) =
ζ(u)

[∆0(u)]3/2
=

(1 + x) coshu− x
[((1 + x) coshu− x)2 − 1]3/2

(34)

Then (24) can be computed in closed form and, after joining with the explic-
itly computed terms from (28) and (29), we obtain:

〈φ2〉
∣∣∣
α=Πs=0

=
1

768π2m2Πc

−12− 8x+ 6(2 + x)
√

1 + x+ 3x2
(
−2 + ln

(
256(1+x)

2+x+2
√

1+x

))
4x(1 + x)3/2

(35)
This does not include the arbitrary R term, which takes the form of an
arbitrary constant times

R
∣∣∣
α=Πs=0

=
3x

32m2Πc(1 + x)3/2
(36)

Asymptotically at large x, both R and the other contributions to 〈φ2〉 behave
as x−1/2. Hence the form of the decay is universal but the constant in front
of it is not. At the outer horizon, R = 0 and 〈φ2〉 = (768π2m2Πc)

−1.
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Figure 3: (768π2m2Πc)〈φ2〉 as a function of x for α = 0 = Πs. The constant
multiplying R(x) in the arbitrary term added to (35) is set as −π2m2Πc.

The singularity is approached as x → −1. In this limit, the singularity
the vacuum polarization diverges as:

〈φ2〉
∣∣∣
x→−1

∼ 1

768π2m2Πc

(
C − 3 ln(1 + x)

(1 + x)3/2
+O (1 + x)−1

)
(37)

where C is an arbitrary number.
Figure 3 exhibits the x-dependence of 〈φ2〉 for Schwarzschild (and other

Πs = 0 static black holes), as given above in (35), with the plot scaled to have
the horizon value 1. Note that this plot corresponds to a particular value of
the added R-term, and that only the behaviors at the singularity and at infin-
ity are physical (as well as the horizon value, since R(x = 0) = 0). However,
note as well that the behavior near the singularity is universal since the C-
term is subdominant in (37). The vacuum polarization diverges at the space-
like singularity of Schwarzschild (and other static black holes with at least one
vanishing charge) with the leading divergence being − ln(y)/256π2m2Πcy

3/2,
where y = 1 + x is the dimensionless radial coordinate (timelike in the inner
region) translated to vanish at the singularity.

It is natural to inquire about a comparison between the vacuum po-
larizations beyond the horizon for subtracted Schwarzschild and for stan-
dard Schwarzschild. A simple analytical approximation to the latter (in the
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Hawking-Hartle state) was developed by Page and Whiting [34] and reads

〈φ2〉Sch
PW =

1

768π2m2

(
1 +

2m

r
+

4m2

r2
+

8m3

r3

)
(38)

This approximation is reliable up very close to the singularity [35]. It is seen
that 〈φ2〉 in standard Schwarzschild goes to a constant asymptotic value
(characteristic of thermal radiation) very far from the black hole, while in
the subtracted case it vanishes.3 As for the divergence approaching the sin-
gularity, insofar as the Page-Whiting approximation provides the right order
of magnitude it is seen that the divergence is stronger (∼ y−3) in standard
Schwarzschild than in subtracted Schwarzschild.

For black holes with two horizons, the vacuum polarization is well-defined
only up to the inner horizon. As an example, the result for the subtracted
Kerr black hole with α = 1/2 is plotted in Fig. 4 (at the equatorial plane
θ = π/2). Note that the vacuum polarization diverges as the inner horizon
(x = −1) is approached. Other cases with two horizons, such as subtracted
Kerr-Newman, behave in a qualitatively similar way.

5 Conclusions

The main result of this paper, given in equation (31), is an analytical expres-
sion for the vacuum polarization of a massless, minimally coupled scalar field
in the general subtracted four-dimensional black hole background. The re-
markable features of the result are its validity throughout the spacetime from
the inner horizon to the asymptotic boundary, and its validity for black holes
with arbitrary charged and rotation parameters. To our knowledge, this is
the first such expression ever obtained in four-dimensional black holes.

We have shown that the result correctly recovers previous evaluations
at the subtracted static and Kerr horizons [23, 24] and reduces to a simple
closed-form expression (35) valid in the subtracted Schwarzschild case. In

3A heuristic explanation is that the order of magnitude of the Page-Whiting approxi-
mation is given by the κ2Ω−2 where κ is the surface gravity and Ω2 the conformal factor
relating the metric to an ultrastatic metric with g00 = −1. Standard Schwarzschild is
asymptotically flat, but subtracted Schwarzschild is not and in it Ω−2 vanishes asymp-
totically. However, in any case the Page-Whiting approximation is derived for Einstein
spaces and conformally coupled fields, so there is no reason to expect it to be accurate in
our case.
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Figure 4: (64π2m2)〈φ2〉 at the equatorial plane as a function of the
dimensionless radial coordinate x for the subtracted Kerr black hole with
α = 1/2. The divergence at x = −1 corresponds to the inner horizon.

this case the vacuum polarization diverges at the singularity. In the general
case, it diverges at the inner horizon, and the Green’s function characterizing
the quantum state is ill-defined in the inner region.

We expect the techniques we used to evaluate 〈φ2〉 to be extendable to
the computation of the stress-energy tensor 〈Tµν〉. If this computation is
achieved, it could be used to study the backreaction of the quantum field
upon the geometry in an analytical way. Among other questions, this would
illuminate the quantum effects near the singularity. Moreover, our general
expressions for the Green’s function (provided in the Appendix) can also be
used to probe quantum effects in this geometry in other ways, such as the
response of a particle detector.
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A Full expression for the Green’s Function in

each region

The expression for the Green’s function on the 4-dimensional subtracted
metric, as an integral of the five-dimensional Green’s function on AdS3×S2,
was provided above in (12) and reads:

G4(t, r, θ, ϕ; t′r′, θ′, ϕ′) =
1

2
√

2π2l3

∫ +∞

−∞
dz

ζ(z; 0)

[2ζ2(z; 0)− 1− cos γ(z; 0)]3/2

(39)
where ζ and cos γ are given in (11) (their dependence on the 4d coordinates
is suppressed). The expression of cos γ in terms of the four-dimensional
coordinates plus z is always obtained replacing ϕ̄ in it with the first line of
(7), but the expression of ζ is more complicated and differs depending on the
values of r, r′. To express it in a succinct way it is convenient to define the
auxiliary coordinates:

T =
R+t3 − lR−ϕ3

l2
(40)

Φ =
lR+ϕ3 −R−t3

l2
(41)

defined in terms of the 3d BTZ coordinates and the parameters R± defined
in (7). Using for the radial coordinate the dimensionless x as defined in (16),
the AdS3 distance function ζ takes the following form:

ζ11 =
√

1 + x
√

1 + x′ cosh(Φ− Φ′)−
√
x
√
x′ cosh(T − T ′)

ζ22 =
√

1 + x
√

1 + x′ cosh(Φ− Φ′) +
√
−x
√
−x′ cosh(T − T ′)

ζ33 = −
√
−1− x

√
−1− x′ cosh(Φ− Φ′) +

√
−x
√
−x′ cosh(T − T ′)

ζ12 =
√

1 + x
√

1 + x′ cosh(Φ− Φ′)−
√
x
√
−x′ sinh(T − T ′)

ζ13 = −
√

1 + x
√
−1− x′ sinh(Φ− Φ′)−

√
x
√
−x′ sinh(T − T ′)

ζ23 = −
√

1 + x
√
−1− x′ sinh(Φ− Φ′) +

√
−x
√
−x′ cosh(T − T ′) (42)

Here the substcripts 1,2,3 label respectively the region external to the outer
horizon (x > 0), the middle region (−1 < x < 0) and the region internal to
the inner horizon (x < −1), so that for example ζ12 is to be used for comput-
ing the Green’s function when x > 0 and −1 < x′ < 0. Using the relations in
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(7) together with (40, 41), this is enough to express fully the Green’s function
in terms of four-dimensional coordinates, the subtracted black hole parame-
ters, and an integrated-upon variable z. As mentioned at the end of Section
2.2, the z-integral has to be found through analytic continuation when the
points are in the middle/outer regions and timelike separated; on the other
hand, it is completely undefined when one of the points is in the inner region
x < −1, owing to the failure of the quantum state to be defined in this re-
gion. It is easily checked that with only θ-separation the Green’s function is
given by (20-23) in both the external and the middle region, which validates
our computation of the vacuum polarization in Section 3.
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[13] M. Cvetič and F. Larsen, “Conformal Symmetry for Black Holes in Four
Dimensions,” JHEP 1209, 076 (2012) [arXiv:1112.4846 [hep-th]];
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