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We consider, for the first time, correlations between produced quarks in p-A collisions in the
framework of the Color Glass Condensate. We find a quark-quark ridge that shows a dip at An ~ 2
relative to the gluon-gluon ridge. The origin of this dip is the short range (in rapidity) Pauli
blocking experienced by quarks in the wave function of the incoming projectile. We observe that
these correlations, present in the initial state, survive the scattering process. We suggest that this
effect may be observable in open charm-open charm correlations at the Large Hadron Collider.

I. INTRODUCTION

The ridge correlation observed in p-p collisions at the Large Hadron Collider (LHC) has been in the center of
interest of the heavy-ion community for several years. First seen in high-multiplicity collisions by the CMS [1] and
ATLAS [2] collaborations at the LHC, similar correlations have been subsequently observed by all four large LHC
experiments in p-Pb collisions [3], and much more detailed studies of the properties of these correlations are available
today. Even more exciting, recently data by ATLAS [4] and CMS [5] suggest the existence of the ridge in p-p events
with multiplicities close to those in minimum bias collisions, both at /s = 2.76 and 13 TeV.

Two main lines of explanations are discussed at present. One is based on a collective (hydrodynamic?) behavior of
the system produced in the collision [6] in an analogous manner as in heavy-ion collisions. The other one is based on
the Color Glass Condensate (CGC) [7-9] framework to describe high-energy Quantum Chromodynamics in a weak
coupling but nonperturbative regime. Within the latter, a quantitative description of the data is achieved [10] in the
“glasma graph” approach [11, 12] which ascribes the origin of the correlations entirely to the structure of the initial
state. Other mechanisms within the CGC framework [13, 14] exist as well (see also other proposals in [15]). Though
it is likely that both mechanisms, corresponding to final and initial state effects, are contributing to the correlations
(probably in different transverse momentum ranges), the new p-p data mentioned above make the hydrodynamical
description somewhat questionable and the possible initial state origin of the correlations more credible.

Within the ”glasma graph” approach, we showed recently [16] that the physics underlying this contribution is the
Bose enhancement of gluons in the projectile wave function. The effect is long range in rapidity since the CGC wave
function is dominated by the rapidity integrated mode of the soft gluon field.

A natural question to ask, never addressed in detail before, is whether quarks (or antiquarks) in the CGC are also
subject to correlations. One expects quarks to experience Pauli blocking, and thus the probability to find two identical
quarks with the same quantum numbers in the CGC state should be suppressed. Such suppression, if it exists, should
be observable experimentally. One anticipates this effect to be significantly smaller than for gluons, since quarks in
the CGC wave function are generated only via gluon splitting, and thus their number is O(«ay) suppressed. This
makes quark pair correlation an O(a?) effect. Nevertheless, since the relevant coupling constant is not very small,
the effect may be observable, and is thus a worthwhile subject of study. This is the aim of the present work.

An interesting question is, in particular, whether the Pauli blocking effect is long range in rapidity or not. The
answer is not obvious a priori, since although the quarks themselves are produced via splitting off rapidity invariant
gluons, the splitting probability itself depends on the rapidity of the quark and the antiquark. This is one of the
questions we want to study in this paper. As we will show, the Pauli blocking effect is indeed present, but it is short
range in rapidity. Another interesting, albeit somewhat technical point, is what is the relevant N, dependence. We
will find that the suppression of Pauli blocking with respect to Bose enhancement is not O(a?) but rather O(a2N,),
which is quite moderate for ag ~ 0.2 and N, = 3.

A natural candidate for the observation of such effects is open charm-open charm correlations that are expected to



be less gluon-dominated than light hadrons.? Data from the LHCb collaboration [17-19] exist on such process. LHCb
provides the cross sections but in the forward rapidity region - while our approach is suitable for the central rapidity
region, and correlations have not been analyzed until now. These data are currently discussed in the context of single
versus multiple parton interactions in collinear and kp-factorization, see e.g. [20, 21] and [22] respectively. Another
interesting possibility would be the contribution of quark-quark correlations to the difference between the azimuthal
correlations of equal and opposite sign charged particles, which have been measured to be of similar magnitude in
p-Pb and Pb-Pb collisions at the LHC [23]. Naturally, one would expect Pauli blocking to contribute only to the
equal sign charged particle correlations, and decrease them at A¢ = 0.

The paper is organised as follows. In Section 2, we derive the expression for the number of quark pairs in the CGC
wave function to lowest order in as. We show that it contains a correlated part which suppresses the number of pairs
at like values of transverse momenta - the Pauli blocking contribution. This contribution is short range, in the sense
that it decreases as a function of the rapidity difference between the two quarks. However, the natural exponential
decrease is tempered by a rather high power of rapidity difference. As a result, this contribution can be sizeable even
for significant rapidity separations. In Section 3, we consider the double inclusive quark production in a scattering
process. We concentrate on the kinematic regime where the saturation momentum of the target is relatively small,
so that the initial state correlations have the best chance of being reflected in the spectrum of particles produced in
the final state. We show that the basic features of quark pair correlations in the wave function are indeed preserved
by the production process. There are, however, some important differences, which we comment on. Finally, Section
4 contain a short discussion of our results. Details of the calculations are presented in the Appendices.

II. PAULI BLOCKING IN THE PROJECTILE WAVE FUNCTION

Throughout this paper we will be working in the standard CGC framework, following the conventions in [24]. We
consider a left moving target that is described by the Weizsicker-Williams field a®(z) and its saturation scale is
denoted by Q7. On the other hand, the right moving projectile whose wave function describes the distribution of the
soft Weizsédcker-Williams gluons accompanying the valence color charge density p®(z) and we denote the saturation
scale of this projectile as QQs. The production of soft gluons from the valence charges is treated eikonally. The sea
quarks are produced in this wave function from the soft gluons by perturbative splitting. This splitting is not eikonal,
and full perturbative kinematics is retained in the calculation.

The distribution of the color charge densities will be, for simplicity, taken from the McLerran-Venugopalan [25]
model. Again for simplicity, we will assume translational invariance of the projectile wave function in the transverse
space. This, as always, will lead to a spurious d-function structure of some of the correlated cross section, which in
a realistic case is smeared by the inverse size of the projectile. Additionally, we will be working in the leading N,
approximation.

A. Quark contribution to the wave-function

Let df and d denote quark creation and annihilation operators, while d' and d are those of the antiquark. Pertur-
batively the quarks and antiquarks appear in the light-cone wave function of a valence charge either via instantaneous
interaction, or via splitting of a soft gluon, see details in Appendix A. The quark-antiquark component of the light
cone wave function of a "dressed” color charge density is given by?

dktda d?p d?q _
|U>5 =(1 - 94 Ka) V) +92 /W [<31552(k+7p7Q7a) dl?(quafJ) dl‘j(p*,p)} v}, (2.1)

where |v) denotes a valence state, g is the Yang-Mills coupling, x4 is a constant (virtual correction) ensuring the
correct normalisation of the dressed state, and ~,d are color indices. The value of k4 is unimportant for us in this
paper. We define the longitudinal momentum fraction « as

pt=ak™, ¢"=akT, a=1-q, (2.2)

1 The heavy quark mass needs to be included in the calculation for open charm-open charm correlations. This effect adds technical
complexity to the calculation. Therefore, it is neglected in this exploratory work and left for future studies.

2 In addition, the state to this order in perturbation theory contains one-gluon and two-gluon components. We do not indicate those
explicitly, as they do not contribute to correlated quark production.



with & the momentum of the parent gluon that splits into a quark and an antiquark. The splitting amplitude ( is
given by

a d2k a
) = [ 5 ) G (2.3

where 7 are the generators of SU(N,.) in the fundamental representation. Here,

¢ = oM + ¢, (2.4)
where
2acx
d)g)sz (kapv q; Oé) = _55152 W(2ﬂ-)26(2) (k - D - q) (25)
and
1 _ _ .
¢g?)52 (k,p, q; Oé) = m {2(10{k2 — (ak Y + ak - q) + 210’3k X p} (27T)2(5(2) (k —p— q) (26)
Thus,
Bsrsa (ks . 63 0) = Gsysa (ky pi ) (27)6 P (k= p — ) (2.7)
with
1 B .
¢5152(I€,p; a) = 2 [dp2 ¥ Oé(k _p)g] { - [ak "p+ ak - (k _p)] + 210’3]€ X p} (28)

The ¢(!) term comes from the instantaneous interaction, while ¢(2) from the soft gluon splitting. To probe quark-
quark correlations we are interested in the two quark-two antiquark component of the dressed state. We will adopt
the same strategy as was used in the glasma graph calculation. That is, we focus on terms enhanced by the charge
density in the wave-function. Thus, at the lowest order it is given by

|v)P = virtual +

g* / diktda &2 &g dk*dB d>q &°q 29)

2 (2m)3 (27)3

€L o S (L . te = Fte = 3T 716 (Rt =
x |: 5/15/2(I€+,p/,p/7O[)C;erz(kJr,q/,q/,ﬂ) ds/l (akJr,p/) ds/z (Oszr,p/) dl?(ﬂkJr,q/) diz(ﬂkJr,q/) |1)>

B. Pauli blocking

Our first order of business is to calculate correlations between the quarks in the CGC wave function. In the next
Section, we will see how these correlations translate into correlations between particles produced in a collision.

Our aim is to calculate the average of the number of quark pairs in the wave function that is formally defined, see
e.g. [26], as

dN __ L bt ok oyt (ot + + D
dp+d2pdq+d2q - (27‘()6 <4 <U|da,sl (p 7p)d5,52(q 7Q) dﬂ,sz(q 7Q) da,Sl (p 7p) |U>4 >P ) (210)

i.e. first, we need to calculate the expectation value of the "number of quark pairs” in our dressed state |v)2, and
then, average over the color charge densities in the projectile.
The final result, derived in Appendix B, reads

dN _ 1 8 2 27, 927 327 / .a c(1)\ b d /7
e~ [ EREEELET (o 1) B O D1

X {tr(TaTb)tI'(TCTd)(I)Q(k, ;)@ (k, 15 q) — tr(70707¢ 7N Dy (k, 1, K, 1 p, q) }, (2.11)



where p®(k) and p®(k) are the color charge densities in the amplitude and p°(l) and p(l) are the color charge densities
in the complex conjugate amplitude. The rapidities are defined as m1 = In(pg /p*) and 72 = In(pd /¢T), with pj some
reference +-momentum. The functions ®9 and ®4 are defined respectively as

q)Q(kalap) = / / 2 Z ¢51,S2 k » Dy p Oé) (bsl 52(l p,p a) (212)

S§182
and

s 7 . dadf
o4k, LEGpg) = Y / BT e m)(a T aen ) (2.13)

51,52,51,52

d2pl d2 q * _/, * 7 —/
X / (27T) ( ) ¢S152(l€ p p Of) ¢S152(k q q ﬁ) ¢51§2(l7p7q 76) ¢§152(17Q7p ,Of).

The integrals represent ”inclusiveness” over the antiquarks. The integrals over p, g reduce the number of J-functions
to two, so that in general we can write

S dodp
Ok, Lk pg) = Y / B Fen—m) (o T aenm) (2.14)

S1 82, 81 52

X Py (kD) G5,5,(k,q; 8) 0% 5, (k—q+p,p; B) ok o (k+q—p,q; )
x (2m)20P (1 -k —q+p) 20)26P (1 -k +q—p).

The quark pair density has two contributions. One contribution is proportional to ®4 and the other is proportional
®yP,.%* However, in the large N, limit the interesting part of the contribution is given by ®,. The diagrams
that correspond to ®a®, yield an uncorrelated contribution which is O(N2) and correlated terms O(NZ2). On the
other hand, the leading ®4 term is O(N?2), and, thus, dominates the correlations. The N, counting of the diagrams
originating form ®9® is illustrated on Figures 1, 2 and 3.

ki —pL

FIG. 1: The uncorrelated contribution originating from (®2)?. We work at large N. where gluons are represented as double
lines, and the short vertical lines indicate that it corresponds to an observed particle. Arrows indicated the color flux while
momenta flow from left to right.

3 The contribution proportional to ®4 comes with a minus sign due to the anticommutation relations between the quark and antiquark
creation and annihilation operators. Therefore it is due to Pauli blocking. This fact will also be apparent in that it results from an odd
number of quark loops, in contrast to the ®o®Po contribution.

We would like to emphasize at this point that the ®4 contribution has rapidity dependence while the ®o contribution is independent of
rapidity. These rapidity dependent denominators stem from the integrations over the longitudinal momenta. The fact that ®4 is rapidity
dependent is simply because ®4 mixes the longitudinal momenta of the quarks and antiquarks between the two different gg-pairs in the
wave function, as opposed to the factorized (®2)? contribution. This is the origin of the short range rapidity nature of the quark pair
density.
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FIG. 2: The first correlated contribution of order N? originating from (®2)2.

pL W
R

ki —p1
o
E‘L E‘L

iﬂ —qL

FIG. 3: The second correlated contribution of order N7 originating from (®2).

We will, from now on, concentrate solely on the leading N, contribution and will only consider the diagrams
containing ®4, see Figure 4. The leading NN, contribution to the correlated quark pair density in the projectile wave
function is given by

AN (p, g;m1,72) g° / 2, 27 g 7 e e
= - Ak d®k d*1d2 {p®(k)p° (k) p"(1)p* (1
Ppqdm iz | oogeg | (27) (0" (k)p°(k)p"(1)p* (1))
X y(k, 1k, I p, q) tr{rT"7°7"}. (2.15)

From this point on, we assume the McLerran-Venugopalan (MV) model [25] for averaging over color charge densities.?
Within this model the correlators of p factorize a la Wick into two point correlators. Additionally, we assume
translational invariance of the CGC wave function. This is not an entirely realistic assumption, since such invariance
is certainly broken on the scales of the size of the hadron. However, for relatively large transverse momenta the error
introduced by this assumption should not be important. Within this framework, the basic contraction is given by

(p*(k)p"(p)) p = (2m)2 12 (k) 6 6 (k + p). (2.16)

5 Note that we have also assumed the MV model for the averaging over the color charge densities in the (®2)? contribution to discuss its
N, counting.
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FIG. 4: The basic graph contributing to the correlated quark production in the CGC.

We take in the following p?(k) to be approximately constant for large momenta, p?(k) = p? for k? > Q?, with Q, the
saturation momentum, and vanishing at small momenta, 12(0) = 0. The latter condition is equivalent to requiring
that only globally color neutral configurations contribute to the hadronic ensemble. The spatial scale of the color
neutralization in our ensemble is Q;!. We assume that this vanishing is fast enough to regulate, at least, quadratically
divergent integrals by cutting them off at Q.

There are two contractions of p that contribute at large N, (x O(N3)), see Figures 5 and 6, and a third subleading
one (ox O(N,)) that is shown in Figure 7. The two leading contractions, to which we restrict hereafter, produce two
distinct transverse momentum dependences:

31 6@ (p—q) 6D (0), P 5P (k—k—q+p) s (0). (2.17)
We now consider these two contributions,
. dadp .
O (K, k: = 2m) 12 (k) 12 (k) 6P (p — q)6?
tekra= ¥ / T e 2 W) R 8 (- 5 0)
X Osys, (k05 Q) b5,5, (K, p; B) &% 5, (k,p; B) %4, (k,p; ) (2.18)
and
Wk kpg= 3 / do 4 (2 (K) ik + g - p)SP(E — k — g+ p) 5O)(0)
4N I (B + Bem=n2)(a + aenz—m)

81,82, 51 52
X sy, (K, D3 ) D515, (k +q — P g5 B) b5,5, (k.03 B) 65,4, (k + ¢ — p, ¢ @) (2.19)
In both cases the spin structure becomes simple, and the trace over the spin indices can be taken explicitly. Thus,
! dadf 2m)* 2 (k) p?(k
q)4 (k kp? ) 6(2)(]?—(])(5(2)(0)/ 2 — ~ — AT A =022 ( ) 2(2)’ 2( ) 7. 212
o (B+ Bem—mn)(a+ aem=—m) k*kap® + a(k — p)?]*[Bp® + B(k — p)?]
_ == = = 2 - -
X {[ak-p+ak~ (k —p)]* + 4 [K*p? — (k-p)ﬂ}{[ﬂk-erﬂk- (k—p)]” +4 [k — (k-p)Q]} (2.20)

and

dovdp (2m)* 2 p* (k) p*(k +q—p)
B+ Bem—z)(a + aenz—m) kA (k + q — p)*lap? + a(k — p)?]

{a6k4 + [a(B = B) + Bla — a)] K2k - p+ 4k2p?

OF (k,k;p,q) = 0P (k — k — g+ p) 5(2)(0)/1
o (

1
X[Bp2+ﬁ(k—p)][6q +B(k p)?] [ag® + ak — p)?]
+[(@=a)(B—-8) —4] (k- p)* H{aBlk+q—p)* + [a(B - B) + 8@ —a)] (k+q—p)*(k+q—p) -

+4(k+q—p)P’¢ + [(@a—a)(B-p)—4][(k+q—p) -(J]z}- (2.21)
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FIG. 5: The leading order in N, source contraction that corresponds to the contribution ®3' .
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FIG. 6: The leading order in N, source contraction that corresponds to the contribution ®F.

The correlated contribution clearly does not vanish. We will not calculate the integrals involved exactly. However,
it is possible in a relatively simple way to estimate the result in the following kinematics. We will take the rapidity
difference between the two quarks to be relatively large, 71 — 2 > 1, and the two transverse momenta to be of the
same order and much larger than the saturation momentum, |p| ~ |¢| > Q. This estimate will answer the two basic
questions: what is the sign of the correlation and how far in rapidity difference does it extend?
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FIG. 7: The subleading in N. source contraction not considered in this paper.



The calculation is presented in Appendix C. The final result is

dNT (p, q;m1,m2)

] S o pt g NI
dzpdzqdnldTm correlated

~ n2—"n —
BERCLEN =) pigt? 4

2572 p? 2
{ 5 ¢t {m — e +1n @} 5 (g —p)

(p—q)?

(5P -9’ - (-9’ qfIn 02

+7 [3 +(m — 772)?*1} } (2.22)
where S = (2m)26(2)(0) is proportional to the transverse area of the hadron.

The first thing to note is that the correlated contribution is negative, which conforms to our expectation based
on the physics of the Pauli blocking. Second, the correlation is formally short range in rapidity since it decreases
exponentially as a function of the rapidity difference. However, the rate of this decrease is tampered by the fourth
power of 177 — 72, so that in practical terms the correlation may extend fairly far in rapidity. Lastly, we note that the
first term in Eqn. (2.22) is proportional to 62 (p — ¢). The technical reason for it is our assumption of translational
invariance of the projectile wave function. The actual width of this d-function-like contribution should be of the order
of the transverse size of the projectile. One may, in principle, expect that in the double inclusive quark production
the d-function is smeared by the saturation momentum of the target. However, as we will see and briefly discuss in
the next Section, this turns out not to be the case.

III. PAULI BLOCKING AND PARTICLE PRODUCTION

In this Section, we calculate the double inclusive quark production in the CGC approach. We concentrate on the
linearized approximation which is appropriate to p-p scattering and is the direct analog of the so-called ”glasma
graph” calculation for gluon production.

A. The production cross section

The formal expression for the inclusive quark pair production emission reads

do 1 - .
dptd2pdgtd?q = (2m)6 (v]2 Staf [djx,sl (er,p) d;a,sQ(quaQ)dB&(quaQ) da,s; (erap)] QSQT|U> . (3.1)

Here S is the eikonal S-matrix operator and €2 is the unitary operator which (perturbatively) diagonalizes the QCD
Hamiltonian, in the CGC approximation, to the order in o in which the ground state contains two quarks as in Eqn.
(2.9). The explicit form of the operator 2 can be found in Appendix D. Note that in Eqn. (3.1), the averaging over
the projectile color charge densities and averaging over the target fields are implicit.

Let us define the coordinate space amplitudes (see Figures 8 and 9):

¢51152 (ZC, Zv 5; Oé) = / eik.erip.ZJrip.E(bSl,Sz (kapvl_); Oé) ) (32)
k.p,p
1 .
Do (,y; 21, 205 2, k) = / do Z By ,50 (T, 21, 23 0) B, 5, (Y, 22, 2 @) otk (z1—22) (3.3)
0 81 S2

and

da dp
8+ Bem*nz)(a + 5[6772*771)

1
(1)4(‘r7y5:fag;zlaZQazlv’gQ;sz;k?p) = Z eiik.(217Z2) e*ip'(51*52)/ (
0

51,52,51,52

X ¢51752($721,2;06) (b:ljz (y7227w76) (]551752(,@,21,1;};6) ¢§1752(g7'§275; CY) . (34)
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FIG. 9: The graph for the ®4 contribution in coordinate space.

In terms of these amplitudes the quark pair production cross section can be written as

do g / / Lo ar N By el ol
- 5 (0" (@)p" (@)p ()" (9)) P
dp Bpdnz &g 2m)" Joyag ) 2 e et w)

><<(I>2(5Ua Y; 21, 22, 2, p) o (T, 3 21, 22, W5 q)

x tr {7 = S5 (@)Sr ()7 SEE)Ir* — SE () Sr(2)7° S} (22)]}
< tr{[r" = S5(@)Sr(z)r S @) = S47@)Sr (@)r*S](22)] |

— Oy(x,y,2,7; 21, 22, 21, 225 Z, 03 D, q)

X“{T — 4 (2) Sk (21)7" SE(2)][7° — S5 (y) Sk (w)7°Sh(22)]
b

— S5(@)Sr(E) SE@))[r = S @) Sr()SE )] ) (3.5)

where each of the S-matrices is defined in terms of the color field of the target as S(x) = exp{igt®a®(x)}, with t* the
color matrices in the corresponding representation. Note that the color field of the target can be written in terms of
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its color charge density as

0 () = g ()4 (0) (36)

A certain disclaimer is due here. This expression Eqn. (3.5) is not complete. It does not contain terms associ-
ated with the fragmentation of two physical projectile gluons that scatter and split into ¢g pairs in the final state,
corresponding to 0H999 and g4, see Appendices A and D. Including such terms would make the final expres-
sions cumbersome and not very illuminating. We do not believe that these fragmentation contributions can produce
correlated pairs, and will thus work with the simplified expression Eqn. (3.5).

To get a rough idea of the actual magnitude of the correlations predicted by Eqn. (3.5), we now expand the
scattering matrices to leading order in the target color charge density. This approximation is formally the same as
employed in the glasma graph calculation of gluon production. Although it misses some effects, in particular due to
a possible domain-like structure of the target fields, it does include correlated production due to correlations in the
projectile wave function.

The large N, counting in Eqn. (3.5) is identical to that discussed in the previous section. We thus concentrate only
on the &4 term as before. We define A as

Aachd _ <tr{[7’a— S50 (x)Sp (1) SL(Z)][7° — S (y) Sk (0)7° ST (22)]

% 1" = SY@)Se(z)T S @)1 - S @S () SE )] ) (3.7)
Expanding each of the S-dependent factors in terms of the target color field o defined as S(z) = exp{igt®a®(x)},
with ¢® the color matrices in the corresponding representation, we obtain

At = gt [{rr 0 (@) - o (2)] = 7700 (1) — o (o) H7 [0 (9) — 0 ()] = 7740 () — o ()]}

’

{7 o (@) — o (@) = 7" Pla” (@) — o E)HT 07 (5) — o (2)] - 7 et @) — T ()} |), . (39)

We now consider the projectile and target color charge density contractions. The term A%*? that enters Eqn. (3.5)
is the sum of two different contractions that can be written as

Aacbd _ 5ad60b <AA>T + 5a05bd <AB>T . (3.9)

The type A graph in the wave function calculation was obtained by contracting p® with p® and p® with p°. In order
to obtain the leading-N, contribution to the production cross section with this contraction on the projectile side, we
have to contract the color indices with §*¢'6?¢'. This structure arises from the contractions of the target color fields
and reads, at leading N,

4 NT5
Aar =235 {{la@) - @) [2) - a()] + a@) ~ a(z1)]-[a(@) ~ a(z))r } (3.10)

% {{la(@) - a(@)] - [a(y) - a(@)] + [a@) — a(21)] - [aly) — alz2))7 }-

Analogously, for the type B contribution we have a = ¢ and b = d, and therefore we need a’ = ¢ and b’ = d’ at large
N.. At leading N, this gives

g'N?

<AB>T = 16

{<[a(z) —a(2)] - [a(y) — a(@)] + [a(z) — alz1)] - [aly) — a(Zz)DT} (3.11)
X {<[a(f) —a(w)] - [a(y) — a(2)] + [a(T) — a(z1)] - [a(y) — 0(52)]>T}-

The expressions for (A4)r and (Ag)r have a fairly simple structure. In particular, we can combine the factors
(Ap)r and (A4)r that come from the expansion of the S-matrix with the rest of the expression. This can be done
by inspection. Let us define the following quantities:

[p(k +1,p;0) — ¢(k,p — ;)]
U(k,1,p;a) 6P (p—k — 1+ p),
(
U (k,

U(k,l,p; )
V(k,l,p,pya) =
U (k,1,p; )
U (k,1,p, p; )

[¢k+lp7 a) — ¢k, p; )],
;) 6@ (p—k—1+p). (3.12)
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We can write the A-type contribution to the cross section as

F)A2 (DA% (D)
1474

g?N> 1 /1 da dB
A=— — —
16 (2m)* Jo (B + Bem—m2) (o + qenz—m)

Xtr{ [‘T’(k, Lp,p; )V (k,1,q,p; ) + W (k, 1, p, p; ) ¥* (k, 1, q, p; a)}
X {‘T’(ﬁ, Lg, 3 B)Y* (k,L,p,q: B) + V(k,1,q,q; B)V* (k, L, p, q; ﬂ)} } (3.13)

12 pn75 1 2 2(1.)\2 2(7
— 5@\ (I Ve dadf3 s [ g owr o2 pr BPREAER)N(N(D)
= =600 (p - a) =5 /O RS A= dem_m)(%) 2k d?k d?1 d21 T

xtr{ W0k, Lps ) B (k, 1 ps ) + Wk, ps @)W (ks s )| [W(k, Lps )8 (kLps B) + W (k. s B)W° (k. i B)] |-

_ _ 2I€ 2
/d2kd2kd2ldzld2ﬁd2q(2ﬂ')8ﬂ ( ):u’ (

Analogously, for the B-type we have
g?N5 1 /1 da dp
16 (2m)* Jo (B + Bem—m2)(a + aenz—m)
xted [0k, 1p, 500" (6,1 p,358) + Wk 1, 5 ) ¥ (ks L, )|
<[ U(k L, @ AV (k1.5 0) + Wk La, @ AV (ki La.5io)| }

1 _
_ _5(2) (O)glié\]? / (ﬂ " B . gO;(Clﬁ+ —— )(27‘()4/612]{3 dQIE dQZd2l_:u2(k),u2(k)_)\2(l)/\2( )
0 e’lt 2 « oe'l2 1

x6@D(k+1—-p—k—1+q) tr{ {‘T’(ka Lp; @)W (k,1,p; B) 4+ Y (k, 1, p; ) ¥* (k, 1, p; ﬁ)}

X [@(/5, Lag; B)U* (k1 q; o) + W(k,1,q; B)V* (kL q; 04)} } (3.14)

B=-— 2(k)p* ()M (DA (1)

/d% 4k &2 d*Td?p i2q (2m)BE

In both equations tr denotes now the spin trace. Besides, we have used Eqn. (3.6) in order to write the target color
field in terms of the color charge density of the target and we have used

(T (k)P ()7 = (2m)° N2 (k)§°°6™ (k + p) (3.15)

which corresponds to the McLerran-Venugolapan model to contract the color charge densities of the target.

Note that the A-type contribution to pair production cross section has the 5(2)(p — q) structure, just like the
quark pair density in the wave function. This is somewhat surprising, since one may expect any sharp maximum
in a distribution in the projectile wave function to be smeared by a momentum transfer from the target. However,
in the present case one is dealing with a wave function and final sates with four particles - two quarks and two
antiquarks. It is possible to produce the two quarks without changing their momenta by scattering the antiquarks
out of the incoming wave function. We believe that this is the reason why the d-function is not smeared in the
scattering process. Of course, as stressed above, if we take into account the finite size of the incoming projectile,
this §-function will be smeared on the scale of the inverse proton radius. Note that this contribution is not due to
the Hanbury-Brown-Twiss (HBT) effect, so the radius of the proton would be reflected in the final state radiation
without the HBT effect.

B. The estimates

Like in the previous Section, we now estimate the correlated contribution to production for n; — 72 > 1. We will
consider the situation when the saturation momentum of the target is smaller than that of the projectile, Q7 < Qs.
This is the regime where the correlations existing in the wave function of the projectile are not strongly distorted by
the momentum transfer from the target. We thus expect these correlations to be reflected in quark pair production.

The calculations are performed in Appendix E. There is one interesting element in these calculations which was
not present in the calculations in the previous section. To understand it, consider the explicit expressions for the
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amplitudes which enter Equs. (3.13,3.14) at large rapidity separations:

_ k+1)- k- ) k+1 k
U(k, 1, p; 0) = ](9 (ZJF)Z)Z; + o +2m3{;2(“;i>;)§’ - p;;f}, (3.16)
_ o D Gl=p)  k(i=p) g f (D X (k+l=p) kX (k—p)
Pk Lp D) = e T 1= T Rk —p 3{<k+1>2<k+1—p>2 kQ(k—pV}

w. Kk+D-p  E-(p-1) (k+D)xp kx(p-1)
Uk Lp0) = s e T o e T {p2<k+1>2‘<p—z>2k2}’

\Il(k,l,p;l)__((k—i-l)-(k—i—l—) k-(k—l—l—p)_2i03{(k+l)><(k+l—p) kx(k+l_p)}

k+02(k+1—p)2  K(k+l—p)? k+02(k+1-p2 K(k+l-p)?

These expressions have several poles which give significant contributions upon momentum integrations. The poles
at k = 0 and | = 0 are regulated by the vanishing of ;?(0) and A?(0) respectively. However, clearly the divergence
at k +1 = 0 cannot be regulated by prescribing the behavior of p? or A2. The reason for the appearance of this
divergence is quite clear. As explained above, requiring the vanishing of p?(k?* < Q?) is equivalent to a condition
of global color neutrality of the projectile on transverse distance scales larger than Q;l. The same goes for the
target. However, our eikonal scattering process is equivalent to double gluon exchange in the amplitude without
restriction of color neutrality. Thus, after the scattering, the valence charge of the wave function is not color neutral
anymore. Such scattered colored projectile, when reconstituting its dressed wave function, emits gluons with the
perturbative spectrum in the infrared (IR) which does not know about the color neutrality of the original projectile.
This perturbative Weiszéacker-Williams field of the colored outgoing projectile is the origin of the pole at k +1 = 0.
It is clear, therefore, that the existence of finite )5 cannot regulate this divergence and it can only be regulated by
genuine nonperturbative effects at the nonperturbative IR scale A ~ Agcp. Since the divergence is only logarithmic,
the sensitivity to the IR is not too bad, and we will simply cut off this divergence at A by hand.
The results of the explicit calculation in Appendix E are the following: for the A-type contribution,

Qs
Q2 A2

2507T4912N5 4 A4 Q2QT
16 Q4 QT p4

The calculation for the B-type contribution is rather more lengthy. In Appendix E we present the calculation of
all four terms keeping the leading logarithmic contributions and our final result for the B-type terms reads

B sy 12N§§g4{2(p2 ﬂ;pqi)z)j r'e [(p c_9§Q)2] 1 [l (Q22> +1In (52)] }

L Q_% 444 m2—m _ 2
X —In uAe (m —m2)~. (3.18)

A=-502n) e (ny — 1) In 2L QT In @ (q —p). (3.17)

Thus, our final result in the regime p~qg~p—q> Qs> Qr > A is

do % _ Q
[7d2pd2qdmdng] . S(?w)Q 12N5 QQQT €M () — 772) In (Ag) — (3.19)

o m(Qg;>5@><q_p>+ 0 [ [ ] 5 [ () (5)] )

If we define in the standard way Q% = g*u?, Q% = g*)\?, our final result can be written as

do QQQQ _ QQ 7.‘.3
- = —S(2m)2 N> =52 L en2=m ( — o) In | =L ) — 3.20
[d2pd2qdmdn2]w”elmd (2m) ¢ 4gt € (m —mn2)"In A2 ) pt ( )

507 Qi \ <2 997 200" +¢°)* +1°¢° (r—a)?] , 9Q: 'S P’
X{ (i) a0+ [P | i [ () + <Q2)]}'

The § -function in the first term is an artefact of our use of the translationally invariant approximation for the
projectile proton wave function. In a more careful treatment we expect it to be smeared over the scale of the inverse
proton size.

Our result for particle production Eqn. (3.19) has a similar structure to the pair density in the projectile wave
function Eqn. (2.22). However, it has some significant differences. The first thing to note is that, although Eqn.
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(2.22) at large An = 1, — 12 has an enhancement factor (An)*, the production cross section Eqn. (3.19) has only a
factor (An)?. The second important difference is that the decrease at large transverse momentum is faster for the
production cross section. The second contribution in Eqn. (3.19) has the overall power p~8, as opposed to p~° in
Eqn. (2.22). The first, 6-function term has the same power dependence p~%, but the prefactor in Eqn. (3.19) is
proportional to u2A?, as opposed to u* in Eqn. (2.22). These general features are quite expected, since the number
of correlated pairs produced in the final state has to be smaller than the number of pairs present in the incoming
wave function. Recall that, similarly, the single inclusive particle production decreases at large momentum as p~4,

while the number of partons in the wave function decreases only as p~2. In this sense, our results are consistent with
expectations.

IV. CONCLUSIONS

In this paper we calculate, for the first time, quark-quark correlated production in the CGC approach. We find that
there is a depletion of pair production at like transverse momenta due to the Pauli blocking effect. A parallel quantum
statistics effect for gluons, the Bose enhancement, was discussed previously in connection to the ridge correlation.

In contradistinction with the Bose enhancement for gluons, Pauli blocking is short range in rapidity. The effect
decays exponentially with the rapidity difference between the two produced quarks. This exponential decrease,
however, is tempered somewhat by a factor quadratic in the rapidity difference, resulting in a dip at An ~ 2. Besides,
the effect turns out to be parametrically O(a?N,) relative to gluon-gluon correlations, which for realistic values of
as ~ 0.2 and N, = 3 results in a mild suppression factor. Thus, it is possible that the effect is big enough to be
observable.

It would be extremely interesting to device a measurement which could separate the part of the particle production
which originates predominantly from the quarks in the wave function. One possibility that comes to mind would
be to measure open charm-open charm correlations. The two charmed hadrons in the final state are more likely
to originate from the charm component in the incoming hadron wave function rather than from hadronization of
gluons. It is thus likely that the weight of the Pauli blocking effect in such an observable is more significant than
for unidentified charged particles. Whether it is possible to separate this short range in rapidity effect from the jet
fragmentation contribution is another important question. Although the nature of the two effects is very distinct,
it may be experimentally challenging to distinguish between the two. Similar considerations hold for the difference
between the azimuthal correlations of equal and opposite sign charged particles.

Even though the measurement of the Pauli correlations may require a considerable effort, to our mind this effort
is well worth making. Given that our knowledge of the hadronic wave function is rather rudimentary, this seems to
be a very interesting opportunity to probe its structure well beyond the average observables that determine parton
density functions, transverse momentum distributions and generalized parton densities.
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Appendix A: Light Cone Hamiltonian

In this Appendix we present the Light Cone Hamiltonian calculation of the dressed perturbative state used in
Section 2. In our notation, see [24], the light-cone components of four-vectors read p* = (p™,p~,p), so p represents
the transverse momentum.
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The free part of the Light Cone Hamiltonian (LCH, see [27]) is

dit 2k K2 N
HO_/k+>O o r 2k @ KR al(RTL ) (A1)

+d2

p p 7 7
—— [dl, ,(pT.p)das(pT dl,  (pt.p)das(p™
23 [ T g " D s 0) + 200 sl 0],

where a,a' are gluon annihilation and creation operators, a and a are color indices in the adjoint and fundamental
representations, respectively, and ¢ and s polarisation and helicity. This defines the standard free dispersion relations:

k2 p2

Eg:k :2k—+’ Eq:p :ﬁ

(A2)

To zeroth order the vacuum of the LCH is simply the zero energy Fock space vacuum of the operators a, d and d:
aq|0) =0, dpl0) =0, Jp|0> =0, Ep=0.
The normalized one-particle states to zeroth order are

1
PREE
(ki b, ko, b, ) = 0% 635 62 (ks = k) (kT — k),

k™ k,a,i) = al Tkt k) |0),
It __ 1 a oot
PP 8) = iz des (07 0) 10);
(T p1, @, 51|33 D2y By 52) = ap 05,5, 02 (p1 — p2)3(pf — p3). (A3)
The full Hamiltonian contains several types of perturbations,
0H = 0H? + §H9% + ...

By --- we denote terms that include the soft gluon sector, which is of no relevance for the present work. p denotes
the color density of the background field.

Interaction with the background field

Recall that we are interested in approximate eigenstates of the Hamiltonian in the presence of the background color
charge density due to valence partons. The interaction with the background charge is comprised of three terms

0HP = 0HPY + §HPIT + oHPI9 | (A4)

The last term is of no interest to us since it does not involve quarks. The remaining ones are

< dkt d%k gk;
P9 — ki v fa g+ a(_ a1+ a
o /0 21 (2m)? \/_|k+|3/2 [al (KT, k) p"(—k) +ai (K™, k) p*(k)|, (A5)
dk*d% dptd®p ¢?
Paq + 4 ot o "
o Z/ pT; )2 [d (07 p) g dy (KT = pTL k= p) p(=k) + hc. (A6)

Here p is a charge density operator, corresponding to the valence or hard degrees of freedom and depending only
on transverse coordinates, and 77, the color matrices in the fundamental representation. These charges satisfy the
SU(N) algebra:

[p"(x), p* ()] = i f p°(x) 6P (x — ), [p*(k), p°(p)] = i F**p°(k + D). (A7)
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Quark-gluon interaction

The quark-gluon interaction responsible for quark production reads

dpt &Ppdkt &%k
SHIY = g8, Z /23/2 276 (k)12 okt — p) 5152(k+ k,p™,p)

51,82
x af (k" Ry dl o, (0" p) dl (6 = k= p) + D (A8)
with the vertex I' defined as
kz o-p g (k - p)
i + + — _ i_ S0
F5152(k 7k7p 7p) - XS2 |:2 p (k+ —er) XSI (Ag)

and the spinors x,—1/2 = (1,0) and x,—_1/2 = (0, 1) satisfying

Xll 1Xs, = Oy 505 XLUBX@ = 25105, 55- (A10)

1. DMatrix elements

In order to calculate the perturbative wave function one needs the following matrix elements:

<O|a (k*,k) 5Hp‘7|0) gki
_ (0ldas, (¢, q) dps, (T ,p) H?19|0) 978
P49 ()) — — al
(qq|s H"4710) an) G )’ (=P — @)0s1s
_ (0|das, (07, p)dps, (aF, @) HalT (K, k)[0)
H99| ) — i
I‘Zslsg(k-i_?k?p-‘r?p)

8 (p+q -k +q" — k7).

= 9Tap 83/2(f)1/2

With these matrix elements, using the standard perturbation theory we obtain the wave functions, Equs. (2.1,2.9)

Appendix B: Derivation of the pair density

In this Appendix we present the derivation of the pair density and show how we define ®5 and ®, that is used in
the calculations.

Let us start with the formal definition of the pair density which is given in Eqn. (2.10). Here, p* and ¢+ are the
longitudinal momenta, p and ¢ are the transverse momenta of the quark pair in the wave function. First, we need to
calculate the action of two quark annihilation operators on the dressed state which is given explicitly in Eqn. (2.9):

3 . 1 dkTd2p' 25 . dktd2q d2q
a5 (g )d (0 p)lo)D = L / d

— €/L/k+ /sl k+ i
2g (271')3 (271')3 s 52( PP 70[) ’I"17"2( y4q s aﬂ)

€ _ Y =7 7 _, - T _
xds, (q*,a)ds, (0", p)dty (ak™ p)dT ), (BRY, o )dl; (k™. p')d (BE Y, @)|v) . (BI)
We use the anticommutation relations for the quark creation and annihilation operators

{d (k%,k),dIS (a7, q)} = (2m)%0“65,5,0(kT — ¢7)0P (k — q) (B2)

) Yso
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in order to simplify Eqn. (B1) and we get

; g 1 dktd2p'd2p | dkTd2q dg . )
dsz(q+7Q)ds1 (p+,p)|1)>f = 594/da (277')3 dﬂ (277')3 5152(k+,p )<T17‘2( / q/vﬂ)

{ @58, 80" — 60D (p ) (20800, a — B0 (g — )
—(2m)36" 6,5 6(q" — k)P (q — p')(27m)? 64784y, 6 (pT — BET)IP (p — Q’)}
xdly (ak®, o) (B8R, )) - (B3)

It is now straight forward to calculate the quark pair density by simply calculating the overlap of Eqn. (B3) with its
Hermitian conjugate which gives

dN 1 1 5 / g dk+ d2p/d2f)/ dktd? q/d2 q/ ” dl+d2p”d2ﬁ” dﬂ” dlTd? q//d2 q//
= — (0}
dp* Ppdgt g~ (2m)° 47 @n)? @n)? 2n)? (2r)?

XC oy (5,03 @), (R, 5 B)G (U B )G (T, 0 B7) (2m) 2

x {5“6551535@# — @k )3 (p— )6 60,0, 0(a" — BRI (g — )

87 05,,8(a" — akF)0) (g — )55, 80T — BED)OA (p— ) |

x {5“’6/5515;/5 (p* = @"17)0P (p — ") 8, d(gt — B'17)0P (g — ¢")

—6" b, 0(gt — a"1)6@ (g — ") 8, 8T — BT (p — q”)}

x (uldly (BT, q")dgy (aUF, p")dl; (akt, p)di2 (BRT, ) |o). (B4)

Using the anticommutation relations for the antiquark creation and annihilation operators, we get another set of
d-functions from the last line of Eqn. (B4). Hence, the quark pair density reads

dN - 1 1 8 /d dk+d2p/d2]5/ dk+d2q/d2q/d 9 dl+d2p”d2]5” dﬁ” dz+d2q//d2(j//
(2m)? (2m)?

dptd2pdqtd?q  (2m)S e dp (2m)3 (2m)3
XCE g (60 B )G, (B0, @3 B)C (0 B3 )G (g, 75 87 (2m) B
1 {804,807 — @k )P (p = )5 b0r, (" — BED)IP (g = )
—6"6,,5 (g — ak)6® (¢ — p)0* 64, 6(pT — BET)SP (p—q )}
{696,500t = 81D (p = )6 By dla™ — BT8P (g~ q)
—0% 8y d(qt — &"1H)6P (g — p")6"V b4, S (T — BITH)SP (p — q”)}
) {61844, 0(0" 1 — akT)OD (B — )07 61, (8T — BET)OD (@ — ")
—8""01, (01" — BEF)IPD(F — )67 8,1, 0 (BT — k)6 (7 — q")}. (B5)

We now substitute the definition of the ¢-functions that is given in Eqn. (2.3) and integrate over all the longitudinal
momenta, the longitudinal momentum fractions o’ and 3”, and all the transverse momenta except p’ and q’. After
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all this, the quark pair density reads

AN /d " 2k 2k d2 d?T
_— (8]
dpTdPpdgtd?q ~ (2m)2 (2m)2 (2m)? (2mr)?

1 1 1 a_c b_d —/, 1. /. .
X{@_Bp+ (1 T %) N (1 N I@)tr(T TW(TTD) Psy 50 (K 0, D5 Q) Pryry (B, 4, G 7B)¢slsg(l .0 a)¢7"1’l"2(l q,q 75)

a5 &3 p" (ko (B)p (1) (1)

1 1 1
agqt +aptpt 4 Saqt

tr(TaTchT )¢5152 (k7 p7 ]5/, a)¢7‘17‘2 (]%7 Q7 (jl7 ﬁ)

+ +
. . ap . -, Bq
<6 (Laom Y i, (1t ) } (86)

At this point one should note that the momentum fractions that appear in second term can be further simplified by
realizing that

+ 1— vat
q_ - agt+apt aq (B?)
pt _ept  apt
agt+apt

which simply shows that the momentum fraction between the pairs is indeed «. A similar argument is also true for
the other momentum fraction that appears in the last line of Eqn. (B6). Then, we can write the quark pair density
in the wave function as

dN 1

1 1. 7 .a 7.\ AC 7
dp* Epdqd?q (2w)498p+q+/ PREREVEL ()" (B)p" ()" (D) (BS)

tr(7%7¢) [ dov ¢5152 (k,p, 0’5 )%, o, (L, B @) | | te(°77) [ dB iqlmmz(/%q,(j’;ﬁ)@m(ﬁq,@';ﬁ)
(2m)

a_c b d dadp *p d*q -
—tr(rror"T )/ (a q_+) (ﬂ+ﬂp+) / o) 2n)2 5 Os1ss (B, 0,05 Q) briry (K4, 05 B) 97, 6, (1 4, 5 @) 95,1, (1 p,q,ﬁ)}.

After defining 7, = In(p{ /p*) and 72 = In(pg /qT), and using Eqns. (2.12, 2.13) for the definitions of ®; and ®,
respectively, one gets Eqn. (2.11).

Appendix C: Estimate of the pair density in the wave function

In this Appendix we present the details of the calculation of the quark pair density in the CGC wave function
discussed in Section II.
Consider first ®3:

01 (p.q) = 6P (p — )5 (0)em /0 dzgﬂ (;l:; (;l:;z (ZW)Q#Q(Z;W)QHQ(M (C1)
2{(k - p)* + 4[k?*p* — (k- p)°H{[k - (k — p)]* + 4[K?*p* — (k- p)°]}
pi(k —p)* '

The integral naively is quite badly divergent. Let us understand what regulates the divergencies:

e The « integral. This logarithmically divergent integral is clearly regulated at o ~ e~ . Thus it yields a factor
m—1n2. B

e The 3 integral is clearly regulated at § ~ "2~ and results in an identical factor n; — ns.

e The k integral

Iy = /d% 164(/27(—)29)4{%- (k —p)* + 4[k*p® — (k- p)*]}.
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This dlverges logarlthmlcally at k= pand k = 0. As it is clear from Eqn. (2.20), the divergence at k = p is regulated
at (k —p)? ~ Bp? ~ e Mp?. It is cut off in the ultraviolet (UV) by the values (k — p)? ~ p?. Thus the "pole” at
k —p =0 in actual fact gives the contribution to the integral of order

57 p? p? 5T

I}~ o
2 p2 ne772*771p 2 p

B = (771 772),
where the numerical factor follows from the angular integration in the terms involving k- p. The pole at k=0is
regulated by vanishing of 4?(0) and is cut off at k? = Q2. In the UV the integral is cut off at k% ~ p?. Then this pole

contributes

51

2 ~ M P

so that the total result is

12

57TM2 p2
Iy, 7—2<771_772+1HQ—g .

e The k integral

o= [k B ) a2~ (o)),

This diverges at &k — 0 and &k — oo. The IR divergence is again regulated by Q,, while the UV divergence, as is clear
from Eqn.(2.20) is regulated at k* ~ Lp* ~ em=72p? With the same angular integral as before, we find

57ru p?
1
2 p? (771 772+an>

Overall, we find that, to leading logarithmic accuracy at large . — 12,

Iy ~

4 »? 2
B 50— 500 ey e [ -+ L] ()
p! Q3
Interestingly, although the correlation decreases with rapidity, the exponential decrease is dampened by the fourth
power of the rapidity difference. It therefore could be numerically quite significant up to relatively large rapidity
differences.
Now let us consider the ®F term. In the same kinematic regime, we have

, Pk &k mm [ dadB (2m)p (k) (2m)° 2k + g —
27 (pq) = 207(0) / (27m)2 (27)2 e kgt / oeBﬂ(k4)(ku+(q>£p))4(l;f(—pJ)r“;]o?qf)

% (K20 p+ap?) =50k p)*) {(k+a—p)? [(k+a—p) g +4¢°] =5((k+q-p) -} (C3)

The difference now is that there is only one integral over k. This integral gets contributions from three poles:
k=0, p—gq, p. The first two are regulated by the appropriate ;2, while the last one, as before, is regulated by the
denominator at (k — p)? ~ e~ max(p?, ¢?). In the UV all the integrals are regulated by a scale of order p — q. The
contributions of the first two poles give

D3 (p,q) ~

_ 4 3 D —q 2

me T (i —772)2195— o1 {5p ¢ —(pq)? - (p—q)zp-q}ln( Q2)

The third pole gives
put
me T (g — nz)gmp q.
Thus, finally,
B (2) N2—m 2 7T,u 2 2 (p - Q)2

Py (p,q) =~ 6'2(0)e™ M (11 — n2) pE {5pq —(p-q) ]—(p—Q)p~q}1n7+(m—nz)p~q (C4)

Putting together Eqn. (C2) and Eqn. (C4) gives Eqn. (2.22).
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Appendix D: The diagonalizing operator ()

To calculate particle production in the CGC approach one requires the knowledge of the operator €2, which di-
agonalizes the LCH to a given order in perturbation theory [28]. The operator € in our case can be represented
as

1= Qg Qqq ngqa (Dl)

where (2, and €2y, come from the diagonalization of the perturbations 0 H”9 and §H” 99 respectively:

Q, = exp { i / 2 b7 () / #ﬁw a0t 2) + a}a(ktx)]} (D2)

a,nd
qq — p g ol k D) p ( ) 5(])52( 5 ) .S ( k ) B.s ( k ) - h (I):;)
SZ ex T ( ) 0 d(¥ X (5 , I,Z,Z,(¥ a , (0% 72' d , (0% ,Z .C. .

In these expressions, the integration over the +-momenta has to be done in a region [koe¥?, koe¥| [28] with ko some
cutoff that separates soft from fast modes, and the “classical” field b; is the Weizsdker-Williams field of the color
charge density p*:

—ik; g 2, (T —y)i
b (k) = g —— p*(—k), b = = [ dy—== p™(y). D4
() =0 Gt ), W) = o [ d (D4)
Since the perturbations H?9 and H”%? involve different degrees of freedom, and to leading order these degrees of

freedom do not interact, at this level the diagonalizing operator is simply the product of the two.
Finally, the operator 2,44, diagonalizes the gluon-quark interaction. This is performed perturbatively with the result

. dp*t dPpdk*td?k . . T,
Qgqq = exp {gTaﬂ /23/2 (2m)6 (k+)1/2 O™ —p )ﬁ

x {a?(k+,k) dl o (T .p)dl (kT —ptk—p) + h-C-] } (D5)

As explained in the text, we do not take into account in the production cross section the contributions from two
gluons splitting into two quark-antiquark pairs after scattering from the target. For that reason, we do not need to
include the perturbations H”99 and the entire gluon sector in the diagonalization process.

Appendix E: Estimate for pair production cross section

In this appendix we present the calculation of the pair production cross section discussed in Section 3. As indicated
before, our estimates are valid in the kinematics n1 > n9, |q| ~ |p| ~ |¢ — p| > Qs > Qr > A, with A some
nonperturbative scale.

1. The A-term

It is simplest to look at the A-term, Eqn. (3.13). There are four integrals involved, and each one factorizes into the
product of (k,1) and (k,[) integrals. Let us consider them separately.®

6 In the rest of the appendix we introduce a shorthand notation: fk = f d%k.
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First, we consider

Il—/kJWN(k,l,p,O)F (E1)
-/ u?(kw(w3{[<k+z>-p]2+<k-p>2_2[<k+1>-p1<k-p>
e B pr ) (RHDA k4 k2(k +1)?

+4

(k4 1 — (k1) g | K22 = (kop)® (kD) Kp* —[(k+1) -] <k-p>”
(k+1)* k4 k2(k +1)2 '

The integral is dominated by the "poles” at k =0, =0 and k+ [ = 0. The first two divergences are regulated, as
before by the vanishing of ;2 and A\? below their respective saturation momenta. The third pole is quite interesting
and it has some physics in it. Its origin is explained in the text. This divergence is regulated by the genuine
nonperturbative scale A.

Let us first integrate over the part of the phase space I2 < Q2. In this regime we can expand the integrand in [/k.
We have

; (Lp)? ko) (k-? (k- p)(k-Dp-1)
[k, lop, OF :2{ p4Z4 i 1;4]4;8 e PikS £
1 x p)? kx n)2(k-1)2 I x k x k-1
B >}7 (E2)
[ A0wwipor=2rmd: (63)
Qz<iz<qz | QT
and
KIN2(1 5r212)2 1 2
//2<12<Q2 )4 ()|\P(k,l,p70)|2 - 7T52 p 1 ST . (E4)

In the rest of the phase space we perform the k integral first. It is saturated by the two poles, k = 0 an k = —[. Each
one of the terms also is formally UV divergent, but this divergence cancels between all the terms. We approximate
the integrals by

k —+ Z) p] 7T'u 6771*7721)2
2(k k4D -2 In——— E5
[t e ~ e S (E5)
k -p) M em—nzp2
2(k ( ~ In ———
‘/klj’ ( ) p4k4 2 n Qg 9
. . N1 =12 92
/ 2yl D Pl k-] Mm¥_
Thus we find
1>@. o 5T / Ny, ST 9 (E6)
1 - p2 ~Q l4 AQQ? - pQQg A2 :
All in all,
5 2/\2 4
APl S WC (E7)

rPQ @GN
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Now let consider the second integral

I =/le|W(k,l,p,o)|2 (E8)
:/ p? (R)N*(1) 2{[(k+l) p)? LE (-1 G lEAD pl[E- (p—1)]
ke 1 p*(k+1)* (p—1)*k* p*(p — 1)2k2(k +1)?
(k+ 0% —[(k+0)-p°  Kp-D*—[k (p-01>
i ik + D) - (= 1)k

G+ Kp-(p—Ol = [(k+1) (p—D][k-p]
p*(p = )?k*(k +1)? '

Again, first we consider 2 < Q2. The algebra is longer, but the final result is the same:

))\2( ) o 5T M2)\2 Q?
Uk, ~ 1 . E
//2<l2<622 | ( P )l Q2 p2 nQ2T ( 9)

In the rest of the integral, integrating over k we obtain

\2(1 1 M —N2p2 1 M1 —N2p2
Ié>Qs ~ 57Tu2/ 0 l— In < P + In & b
>Qs

N R R R o

p-(p=1) enmp?
-2 1 . E1
Pp—n P (B10)
Since the integral is dominated by | ~ Qs < p, the difference between I, and I; is negligible, and we obtain
522 )\2 Q2
1>Qs o 7l1>Qs . 2T H A~
1 ~ [ ~ pQQg In 2 (E11)
and, thus,
52 2 A2 Q!
IQ ~ Il ~ pQQg In Q2 A2 (E12)
Now it is the turn of
2(B)N2() -
h= [ SO P (B13)
:/ pEXQ k) ktl=p)? [k-(k=p ,[k+)-(k+1=p)k-(k=p)
kiU (k+l=-p)*k+D*  (k—p)*k! (k+1—=p)*(k +1)*k*(k — p)*
GO = — () G- K== [k (b= p)
(k+1—p)*k+1)* (k —p)*kt

kD K [k +1—p)- (k= p)] = [(k+01) - (k —p)] [<k+1—p>-k1”
(k+1—p)2(k—p)2k3(k+1)? '

We have seen that I; did not have a term proportional to 1/Q32, which means that the integral over [ did not receive
a large contribution from the region I ~ Q7 despite the factor 1/I* in the integrand. The reason was that the rest
of the integrand vanished at [ = 0. The integral I3 superficially has the same property. However one has to be more
careful. Expanding the integrand of I; in powers of | was justified for [ < Qs, since it was equivalent to expansion in
[/k and by definition k > Q5. However in I3 this is not the case, since k — p is not bounded from below by @, but
instead by A. Thus even if [ ~ Q7 and Qr < Qs, we cannot formally expand the integrand of I3 in powers of [. We
have to examine the range [ ~ Q7 separately.

Let us consider the second and third lines in Eqn. (E13). The first and second terms are equal to each other, since
one can change variables k — k 4+ , and this does not affect p? for values of k close to p that dominate the integral.
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These two integrals in k are logarithmic in the whole range |k — p| > A. On the other hand, the last integral in line
three is only logarithmic for |k — p| > Qr, assuming that [ ~ Qp. Thus Qr provides a UV cutoff on the logarithmic
integral in the first two terms. Therefore the region [ ~ Qr does give the leading contribution in this integral. The
same is true for the last two lines in Eqn. (E13), since the integrals are very similar. We thus obtain

N 5muA2(1) QF 1072\ Q3
13_/721 Ag_ 0L In A_g (E14)
Finally, the last integral:
_ [ HR)N()

I4 - /k,l lil‘l’(k,l,p, )l (E15)
,/ 12 (k)N (1) 2{[(’<r+l)-(i<r+l—p)]2 " (k- (k+1—p) oMk D) - (k+1—p)l[k-(k+1—p)]
S 14 (k+1—p)k+1)4 (k+1—p)ik? (k+1—p)*(k+1)2k2
| G DR A=) (B4 D) (=P | R+l [k (h+1-p)

k+1—p)ik+1)* (k+1—p)ikt

kD K (k41 p)? [k 4D (k41— p) [<k+l—p>-k]”
(k+1—p)*k2(k +1)? '

In this expression, clearly the pole at k + 1 — p = 0 does not give a contribution when [ ~ @Qp, since in this case
k41~ k, and the three terms in the second and third lines of Eqn.(E15) cancel each other. The contribution will be
proportional to /2, which means the result will not have a factor 1/Q%. It is thus parametrically smaller than I3, and
can be neglected,

I, < Is. (E16)
Thus, for the A-contribution we get

S 50mig PN it A X Q3G o,

A= _
(27T) 16 Q4 T p*

n =P Fotn e g ), (B17)

2. The B-term

Now let us analyse the B-term, Eqn. (3.14). This calculation is more cumbersome. We need to analyze all four
terms in Eqn. (3.14).
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The first term to be estimated reads

g = /k RPN DN s 41— F - T e (B s 0) T (. L D (E L 1)T* (B 1. 4:0)}

oLl 1474
_ 12 (B> ()N (DN (D) < o
- 2[c,k,l,l A 0k +1=-p=—k=I+q) (E18)
X{([(k+l)p_k'p]|:(k+l)-(k+l—p) }
(k+0)2p?  k2p?| [(k+D2k+1-p)? kX k )
{(k Dx(k+l-p) kx(k—p

)
(k+1)2(k + 1 — p)? k2(l~c p2]>

)
(k+D-q k-q][(k+D-(k+l-q) k-(
><(L’?JH_)QCJ2 - %qu] {(E D(k+1-q)? & }

l)><2q_k><q] [(k Dx(k+1—q) kx(k—q)D
(
(

k+02(k+1-q)? k2 (k—q)?
E4+1) x (k+1-p) _kx(k—p)}
+0)2(k+1—p)? k2(k — p)?

) (k+1—p) k-(k—p)} {(k+l)><p_k><p}
) (k+0)2p*  k2p?

First, one can see that this contains no leading contribution from 1,1 ~ Q7. Consider for example the first factor:

k+D)-p k-pl[k+D-(k+1-p) k-(k—p)
[(/Hl)?p? - k2p2] [(k+z>2(k+1—p)2 = _p)z} ' (E19)

For | ~ Qp, we can expand in [/k. The first factor then is immediately proportional to . To this order in [/k we can
also take k + 1 = k in the first factor of the first term in the brackets. In the remainder of the terms, as long as k is
far from the pole at p, we can set k = p, since the only contribution can come from the pole at £ = p. The factor
then becomes

k+D)-p k-pl[(k+)-(k+l-p) k-(k—p)| _ lp[p(k+tl-p) p-(k—p)
{(k+l)2p2_k2p2H ]N ’ [ ( } (E20)

(b4 D2+ 1= Kk —p)?

*(k+1-p? p*(k—p)?
The same can be done with the [, k dependent factor

(k+D-q kq[G+D) -(k+l-q k-(k—q_ l-q[qg-(k+l-p) g (k+1-1-p)
{@H‘)Qq? W] {@:H‘)Q(hi—qv P(é—qv}” S [(k+z—p>2q2 il 1o J(EQ”

where we have used the constraint imposed by the §-function. We can shift the integration variable k — k — [, and
the k-integral then becomes

p-(k—p) p-(k—l—p)Hq-(k—p) q~(/€—l——P>}N l'pl'qq'p1n<mm{lz’l_2}).(E22)

l-pl-gq
_ _ _ .

e Lﬁ(/ﬂ -p)? PPk—1-p?] [¢(k-p)? @(k—1-p)?
In this symmetric form, it is clear that the logarithmic behavior of the integrand at £ ~ p is cutoff in the UV by the
smallest of [ and [. However, the subsequent integral over [ and [ vanishes because, apart from the explicit factor

4
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(I-p)(I-q), the rest of the integrand is invariant under independent rotations of I and /. This, of course, does not mean
that no contribution at all comes from the region 12,12 < Q2. To obtain such a contribution one needs to expand one
order further in I/k and [/k, and it therefore can result, at most, in a logarithmic dependence on Q7. Nevertheless,
there is still a possibility that | > Qs, but | ~ Qr, which would contribute to order 1/Q%. In fact, these are exactly
the terms that are interesting to us, since they give a contribution comparable to those from the A-term.

Now we integrate over k first, and k second. The first integral is trivial - it just realizes the §-function. After that
we are left with integrals that, as before, have poles. The poles for the k integration are:
L Pli k= 0,
o P k+1=0,
e Py k+1—p=0,

o Py: E+Z:k+é—p+q:0,
e P k=k+1l—-1l—p+q=0.
e The k£ =0 pole
Computing the coefficient of the k£ = 0 pole (as usual assuming k;k; — %25”»), we get
l,
{ —p+a)-(l—-p) (I-l-p+a)- (l—l_—p)]
—p+a?(-p? (—T-p+q?(—1-p)
(-p+a)?¢* (-l-p+a?¢® | [I-p+a?(U-p? (-I-p+q?(l—1-p)?
» Lot (7). o) e )
rit A0 PPA\R ) L0 -p+9?]; " LU-T-p+a2] )
The k integral yields
1 2
The integral over [ now picks the two poles in the parenthesis in Eqn. (E23). The result reads
2 —q)? 12
~ T 4ln[(p QQ)}ln<—2).
(p - Q) Qs A
The last integral over [ yields
1, 2 2
/_IENQ_QI (A2>' (E26)
is obvious from the first line in Eqn. (E23), and therefore is not going to yield any 1/Q% term. We will ignore similar
contributions in the following.

Let us be very schematic.
1 1 l— . l—1— .
Pl—/ 2§___< > {( p+q)2%_( ! p+q)2ﬂ (E23)
kit 20 (-p+a)?¢ (I-1-p+q)Pq
( (
(i
{ I-p+a)xqg (—I-p+q) xq] {a—pm x(l-p) (I—l-p+q)x (H‘—p)} }
Here, the subscript denotes the scale of the integrand at which the logarithmic integral is cutoff in the UV.
i (@) { 7=l [Tl )
In + = E25
/ <Q2 (=p+a?]; LU-l-p+a?]; (20
There is an additional contribution to the [ integral, coming from [ ~ Q,. However, this contribution is of order I? as
Finally,

97 1 1 (P—a?] 1 T
B PE -0 ln[ Q? }Q_%ID<F>' (B21)

Note that we get no contribution of order 1/(Q%Q2%), but only 1/Q%. On the other hand, for p = ¢ our calculation
yields a strong peak. We have assumed here that [p — ¢| ~ [p| ~ |g|, and thus the exact form of the contribution at
lg — p| ~ Qs is beyond the present accuracy.

e The k£ + 1 =0 pole
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The corresponding coefficient reads

31 1 1
P = 2———,
° /k,u 2p214l4(<k+l)2>
( i}

p
P
_ 4[(‘1—?) xq (¢-p—1) Ty {(q—p) x(=p) _(g—p-1)x (—pjl_)}
(a—=p?¢*  (¢—p 2L (g —p)p? (@-p-0D*(p+1)?

9 1 1 < 1 ) ( 1 >
L Q9L 1 _ 7 (E28)
ki AP\ (k+02 ), \(+p—9)?) . ps

where the lower limit in the second integral is @, since the pole is in k, which is limited by p?(k). Here the [ integral
is pinned to the pole and not to [ = 0, however the [ integral is free to wander all the way down to Q7. Thus we get
for P the result up to a factor of 1/2 identical to P,

Py = %Pl . (E29)

e The k+1—p =0 pole
This pole is a little different, since the contribution comes from different terms. Recall that this also corresponds to
k+1—q=0. It reads

1 L (p=0-p\p (k+l-p) Ixp px(k+l-p)
= 2/19,1,1@ KF N p2(p—l)2) el el ) EApT —p)2}
X[(i_(q—l)-q>q-(k+l—p)_4 [xq q><(k+l—p)]

¢ ¢Plg-0?) Pk+1-p)? ¢(1—q? ¢(k+1-p)?
Ki_(p—l)-p)pX(kH—p) Ixp p-(k+l—p)]

P pre—0?) p(k+1-p)?  p*p—12p*(k+1-p)?
X[(L (q—l)-q)qx<k+l—p>+ [xq q-<k+1—p>]

2 @Elq-02) @h+i-p? " @l-q? ¢k +1-p)?

: -1 (¢—1)- ! [
~ 2/19,1,1% <(k+ll—p)2)p [ng‘*qi {[1 - Z()p—l)ﬂ {1 - ?q—l_)ﬂ +4(pi§))2 (qilg)2 H '

This expression has the following redeeming feature: It is clear that it does not bring any factors of the form 1/ Q2 or
even 1/Q?, since, for any | < p, [ < ¢, the integrand is proportional to /2/?. Thus, this contribution can be neglected
relative to P; and P,

+4

(E30)

Ps< P, Ps. (E?)l)

e The k=0 and k + [ = 0 poles
The contribution of these poles is, by symmetry, identical to P, and P» respectively.
Thus, our result for J; is

9 6 1 —¢)?71 1 2
Jp = 7r3§p2q2 ) In {(p qu) ] @ In (%) TN (E32)
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The second term in the B-type contribution reads

_ P2 (k)2 ()N (DN(D) (o) o ET
J2_/M” 0 (k+1—p—k—1+q)

R 14[4

sctr {0 (k, 1, p; 0) 0 (k, 1, p; 1) W (K, I, ¢; 1)W* (K, 1, ¢; 0) }

2/ wEREERN DN s g~ F T4 g) (E33)
k

i 1474
X{([(k—l—l)-p_ k- p} {(k+l) (k+1—p) _k-(k—p)]
k+02p2 K22 [(k+02(k+1—p)? K2 (k—p)?

4 (k+)xp kxp (k+D)x(kE+1l—p) kx(k-p)
a [ Hk+l 2(k+1— )2_k2(k—p)2]

(k+1)%p?

y {(/H)-q q—l)Hk+l (k+1—q) k-(k+ l—q)]
k+02¢2 R(q—02| |(k+02(k+1—q)? k2(k+1—q)?
_4[(k+)><q_k><( )H(kH) (k+l—q)_k><(k+l—q)]

(k+022  K2(q—02] [ (k+0D2(k+1—q)?2 K(k+1—q)?
(k+0-p k-p][(k+)x(k+l-p) kx(k-p)
+4<[(k+l)2p2_k2p2H(k + 0k +1-p)? k2/€—p2]

+[(k+l)-(k+l—p)_k-(k—p)}[(k—i—l)xp_kxp]
(k+02(k+1-p)? kk-p* | [(E+1)* kp?
y {(EH_)-(J_E (q—l)][(__+__)><_(15+_l_—q)_15_><_(/5+_l—q)]
E+022 R(q—12| | (k+12(k+1-q2 K(k+1-q)?2
[(12;+z‘).(12+z‘—q) k (k:+l_—q)] {(E—l—l__)xq_kx(q—l)])}

(k+D2(k+1—q? k(k+1—q)?
We first integrate over k and then over k. The first integral is trivial to perform by using the d-function. In the
second integral, the leading contribution comes from four different poles: P, : k=0, Py : k+1=0, Py: k+1=0 and

P4 : ]% =0.
The contribution arising from the first pole reads

B 31 1 /(1 (-p+a)-qa_ (-l-p+q)-(a-1)
A=z am (k?){{a—pw)?q? T T 5
x{(l—p+Q)-(l—p)_(l—l—p+q( )]
(=p+a?(l-p? (-l-p+9?l-p)7
_4[(l—p+q)><q_(l—l_—p+Q)><(q—_l)}
(-pr+9?¢? (-l-p+q9?-1)?
X[(l—erQ)X(l—p)_(l—l—p+q)><(l—p)]
(=p+a@?(l=-p? (-l-p+q?l-p?]][

The integration over k is given by Eqn. (E24). On the other hand, the integration over I picks up two poles:

91 1 12 1 1 1 1
P, :271'/ ———_1n<—) —[ } + = { = ] . E35
' L Ap? U\ Q3 {q2 (=p+a?]; (=D [(U-l-p+a?]; (59
Finally, the integration over | gives

9 1 1 (p—q)?] 1 2 91 1 p—q?]1 1 2
Prm2r /4pq (p—(J)“ln{ Q? ]l__l <A2>+22/4p (p—(J)“ln{ 2 ]1__4(1_—61)2111<F>(E36)
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The integration over [ for the first term is exactly the same as Eqn. (E26). However, in the second term, the
integration over [ picks up the pole at | = ¢ and gets an extra factor ¢* instead of Q3 in the denominator. Thus, it
is suppressed with respect to the first term and can be neglected at the accuracy that we perform the calculation.
Then, the P; contribution to the Bs-type terms reads

9 1 1 —-q)?] 1

4p2¢2 (p— Q)4n{ Q2 @ "

The contribution from the pole at k£ + [ = 0 to Bs-type terms is very similar to the contribution of the same pole
to the Bi-type terms and it reads

pQ_Q/MJSLi[( 1 }{{(q p)-4q (q—zz;—{_)-(q—_l_)}{(q—p%(—p)_(q—p—l_)_'(—p)

P =27

Wit p? [ (k+1)2 (4 p)2q (@a—p—-02(a—-0?] [ (¢—p)*p? (¢ —p—1)%p?
L la=p)xq (g—p-0)x(g-1 p)_(q—p—l_)X(—p)
! { (@=p?2¢*  (¢-p- 2( —1)? ] [ (q—p—1)*p? ] } (53%)

Integration over [ picks up a pole at (I +p — ¢) = 0 and one gets

91 1 1 1
p=2] - — -
: k,l,f4p4ll [(k‘H) } [(H'p_q)QL?s,p—q
91 1 (—a?) 1 (QF
ot () .

For the Bs-type terms the pole Py : k+1=0 and P; : k + [ = 0 are symmetric under the exchange p <> ¢. Thus, we
can immediately write the P53 contribution to these terms as

01 1 (-0 1 (@
B= 2 = 1“{ o ]QTl < T>‘ (E40)

The last pole that contributes to the Bao-type terms is Py : k = 0, and it reads

_ 31 1 (1 (—q+p)-p (—g-I+p)p
P4_2/k,l,l211 g —1)? (/@)l{[(l—qﬂo)p (l—q—l+p)2p2}
[(l—qﬂo)-(—q)_(l—q—lﬂo) Q )}
(—q+p3l-9q? (—q—Il+pQ(—-q-1)?
_4[(l—q+p)><p_(l—q—l+p)><p}
7 2
(

(I—q—1+p)?*p?

x(—q) (—q=l+p)x(I-q-1)
[(l__q—Fp)Q(l_—q)z (Z_—Q—l—i-p)Q(l_—q—l)?} } (E41)

After integrating over k and renaming [ <+ [, one realizes that the integration over [ picks up three poles:

Pi=n | s (%){31 {m] SETT [(l—l—lqﬂﬂ)} )

+[ﬁ“(§‘%><f+g g?lz)“‘(( 1‘)> (<—)Z>2(12l_)]}'

Note that after integrating over [ and [, the leading contribution will come from the terms where there are no extra
poles in the integration over [. Thus, the leading contribution of P4 comes from the pole at [ +p — ¢ = 0 and the pole

at | —q=0,
N2 2 72
re [ g [t s (@) e () 4
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Finally, the integration over [ is straightforward to perform and the P, contribution to the B-type terms reads

pr e Y] (@) ()

Q7
Adding all contributions, we get

(E44)
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gt \Q2) (@ \A?

(EA5)

C. B3
The third term in the B-type contribution reads

2(B) 2 ()N (DA% (1 = =
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)

2(k)p2(k)A2(1 » o
_ /k’l)lmm(lzﬁ() 2 >(k+l_p_k_l+q)

(E46)
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H-p k-(p=1) E+1)x(k+1—0p)
1)%p? k2(p—l)2] { k+1)>2(k+1—p)?

(
[ l)-(k—i—l—p)_k-(k—l—l—p)][(k—i—l)xp_kx(p—l)])
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K2k —q)?] L (k+02* K¢
As in the case of Bi-type and Bo-type terms, we also integrate over k by using the d-function to calculate the Bs-type
terms. Then, the integration over k picks up four poles: P; :

k=0,P:k+1=0, Ps:
The contribution from P; reads

_ 31 1 1 (l-p+q)-q (-p-Il+q)-q

P1_2/kzz214f4( —1)? (W)z{[(l—pﬂz)%? (l—p—l+q)2q2]
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kE+1l=0and Py :k=0.
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The integration over k is straight forward to perform. On the other hand, integration over [ picks up three poles:

31 2 31 1 31 1 1
Pi=or | Gph (@){ ) SE T (T, =1

+[ 1 ] [(i_ (q—l)-q> (iJr (a0 ~l> 4 la=D xqq—lx(—l)}

(=027 (\¢® (¢=0%¢) \¢& (¢—1)P (¢—=0%¢ (¢—1)*7

Note that, as in the case of Ba-type terms, the leading contribution will come from the terms with no extra poles for
the [ integration. Thus, after performing the [ integration, the P; contribution reads

91 1 (r—9)? P\ 1 I?
P =2 1 —1 =In{+=|. E49
' 7T/4q {(p—CJ)‘*n[ @ |7 Q? Ve (E49)
Finally, the integration over [ is straightforward to perform and the result gives
91 1 =91 1, (2 1 QT
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Now, let us calculate the contribution from the pole at P, : k + [ = 0 to the Bs-type terms,
31 1 1
Py = 2/ —— [7] E51
2 k,lj 2 l4 4 p2 (k + l)2 1 ( )
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After performing all the integrals we get
9 1 1 (p— q)Q} 1 < 2 >
Py ~ 278 ln[ —In(=L). E53
’ 4p%¢? (p—q)* Q7 Q7 \A? (1555)

The contribution from the pole Ps : k +1 = 0, can be obtained directly from the result of P, with the exchange of
p < ¢ due to symmetry. However, Eqn. (E53) is symmetric under the exchange of p and ¢. Thus, the contribution
from the pole Ps is equal to the contribution from the pole Ps.

The last contribution to the Bz-type terms is coming from the pole Py : k = 0 and it reads

— 311 (—=g+p)-p (-l-q+p)-(p-1
P4_2/k,l,12144q2( ){[(1 q+p)?p? (l—l—q+p)2(p_l)2] (E54)
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21

(I—q+p?* (—1l—q+p>2p-1)?

(l—q+p?(l-9q* (-l—q+p)>2(1-

After performing the integration over k and renaming [ <+ [, one can easily see that the integration over [ picks up

two poles:
31 1 12 31 1 3 1 1
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The second term in the brackets picks up two poles when integrating over [ and it gives a suppressed contribution
with respect to the first term, thus can be neglected. Then, the leading contribution comes from the first term in the

brackets and after integrating over I and I, we get

9 1 1 (p— Q)T <Q2 )
Py =~ 27" In [ In (=L E56
! 4p’¢ (p—q)* Q2 Q% \ A (E36)
Adding all contributions together, we get
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d. By

The fourth term in the B-type contribution reads

22 (R)N2 (DN (D - -
k,k,L1

xtr {(k, 1,p; 0)0*(k, 1, p; 1)V (k, 1, q; 1)¥*(k,1,q;0) }

2 2(1))\2 2(71
:/k 12 (k) (z]?z:x\ DX 51— p—F—T44) (E58)

)-p_k-(p—l)][(k+l)-(k+l—p)_k-(k+l—p)}
2 K2(p—02] [(k+D2(k+1-p)? k2 (k+1-p)?

_4[(k+l)xp ( )] [(k—i—l)x(k—i—l—p)_kx(k—i—l—p)}
n 2 G021 —p2 R+l pp

)

_4{(/5 _)xq_l;:x(q l_)} [(k—l—l) (k—i—l_—q)_l;:x(lg—l—l_—q)]
D22 K2(q—02] [ (k+D2(k+1—q)2 k2(k+1—q)?

)-p k-(p—l)H

2p2 K2(p —1)2

(k+D)x(k+l—p) kx(k+1—p)
(k+02(k+1—p)?2 k2(k+z—p)2}

+{(kz - (E+1-p) k-(k—l—l—p)] {(k—i—l)Xp kx(p—l)]

(k+02(k+1—p2 KE+1-p2] [ (k+0D2p2 k@p-1)?

" [(k—i—l) g k-(¢=1) [(k—l—)x(k—i—l—q)_kx(k—i—l q)]
(k+0)2¢2  k2(q—02| | (k+D2(k+1—q)% k2(k+1—q)2

There are again four pole contributions: Py : k=0, P : k+1=0, P53 : k+1=0and P;: k =0. However, By-type
terms are symmetric under the exchange (k,l,p) <> (k,[,q). Thus, for these terms we only need to calculate the P
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and P, contributions. So, let us start with the P; contribution:
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The integration over [ picks up two poles:
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Note that the second term in the brackets has a double pole when integrating over [ and it does not pick up a factor
of Q% in the denominator after the integration over I. Thus, it is suppressed with respect to the first term in the
bracket and can be neglected. Hence, the leading contribution comes from the first term and after performing the [
integral, we get

po~osdt 1 _In [(pc_ggqq le In (Ci_zg) (E61)

As we have argued before, the Py contribution is identical to P; when p and ¢ are exchanged. Thus, we can write the
result of Py as

91 1 (p—q)?* 1 2
Pt et [P e (55) (E62)

The contribution from the pole at k + 1 = 0 can be written as

31 1 1
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Integrating over all the variables we get

Px s <p—1q>41“{(p_®2]i1“ (l) (E65)

S
The contribution from Pis is identical to P, when p and g are exchanged. Thus, Ps reads
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Adding all contributions together, we get

Ty 32 P + 3} 5 ! ~In [(p —_ qq Qig In (Q—QT) % (E67)
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