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We discuss a supersymmetric generalization of the Sachdev-Ye-Kitaev model. These are quantum
mechanical models involving N Majorana fermions. The supercharge is given by a polynomial ex-
pression in terms of the Majorana fermions with random coefficients. The Hamiltonian is the square
of the supercharge. The N’ = 1 model with a single supercharge has unbroken supersymmetry at
large N, but non-perturbatively spontaneously broken supersymmetry in the exact theory. We ana-
lyze the model by looking at the large N equation, and also by performing numerical computations
for small values of N. We also compute the large N spectrum of “singlet” operators, where we find
a structure qualitatively similar to the ordinary SYK model. We also discuss an N = 2 version.
In this case, the model preserves supersymmetry in the exact theory and we can compute a suit-
ably weighted Witten index to count the number of ground states, which agrees with the large N
computation of the entropy. In both cases, we discuss the supersymmetric generalizations of the

Schwarzian action which give the dominant effects at low energies.



I. INTRODUCTION

The Sachdev-Ye-Kitaev (SYK) models (or their variants) realize non-Fermi liquid states of matter without quasi-
particle excitations [1-4]. They also have features in common with black holes with AdSs; horizons [5, 6], and this
connection has been significantly sharpened in recent work [7-25].

In this paper, we introduce supersymmetric generalizations of the SYK models. Like previous models, the
supersymmetric models have random all-to-all interactions between fermions on N sites. There are no canonical
bosons in the underlying Hamiltonian, and in this respect, our models are similar to the supersymmetric lattice
models in Refs. [26-32]. As we describe below, certain structures in the correlations of the random couplings of our
models lead to AV = 1 and N = 2 supersymmetry. Supersymmetric models with random couplings that include
both bosons and fermions were considered in [33].

Let us discuss now the model with A/ = 1 supersymmetry, and defer presentation of the N' = 2 case to Section V.
For the N/ =1 case, we introduce the supercharge

Q=i Y Cippdpiek, (1.1)

1<i<j<k<N

where 1; are Majorana fermions on sites i =1... N,

{y* 97} = 6%, (1.2)
and Cjyji is a fixed real N x N x N antisymmetric tensor so that @ is Hermitian. We will take the Cjj, to be
independent gaussian random variables, with zero mean and variance specified by the constant J:

— 2
Cik =0, C2

where J is positive and has units of energy. As is the case in supersymmetric theories, the Hamiltonian is the square

of the supercharge

H=Q*=Fo+ > Jgnywvty! (1.4)
1<i<j<k<I<N
where
1
Eo = Z Cink s Jigel = 3 an[ijckl]a; (1.5)
1<i<j<k<N a

with [] representing all possible anti-symmetric permutations. Note that the J;;5; are not independent gaussian
random variables, and this is formally the only difference from the Hamiltonian of the non-supersymmetric SYK
models [7, 10-17, 19, 23]. These particular correlations change the structure of the large N equations and lead
to a solution where the fermion has dimension Ay = 1/6. In addition, there is a supersymmetric partner of
this operator which is bosonic and has dimension A, = 2/3 = 1/2 + A;. This large N solution has unbroken
supersymmetry, and we have checked this numerically by comparing with exact diagonalization of the Hamiltonain.
We have also computed the large N ground state entropy from a complete numerical solution of the saddle-point
equations. In the exact diagonalization we find that the lowest energy state has non-zero energy, and therefore,

—aN where « is a numerical constant.

broken supersymmetry. However, this energy is estimated to be of order e
We have also generalized the model to include a supercharge of the schematic form @ ~ 4, and we also solved this
model in the large ¢ limit. We also formulated the model in superspace, and show that the large IV equations have
a super-reparameterization invariance, which is both spontaneously as well as explicitly broken by the appearance

of a superschwarzian action, which we describe in detail.



We have also analyzed the eigenvalues of the ladder kernel which appears in the computation of the four point
function. There are both bosonic and fermionic operators that can propagate on this ladder. There is a particular
eigenvalue of the kernel which is a zero mode and corresponds to the degrees of freedom described by the Schwarzian.
They are a bosonic mode with dimension h = 2 and a fermionic one with » = 3/2. The other eigenvalues of the
kernel should describe operators appearing in the OPE. These also come in boson-fermion pairs and have a structure
similar to the usual SYK case. One interesting feature is the appearance of a boson fermion pair with dimensions
h=1and h = %,
rise to extra zero modes but simply correspond to other operators in the theory.

which is associated to an additional symmetry of the low energy equations. These do not give

We have also analyzed the N = 2 version of the theory. In this case we can also compute a kind of Witten index.
More precisely, the model has a discrete Z4 global symmetry that commutes with supersymmetry, so that we can
include the corresponding discrete chemical potential in the Witten index, which turns out to be non-zero. These
are generically expected to be lower bounds on the large N ground state entropy; it turns out that the largest
Witten index is, in fact, equal to the large N ground state entropy. The model also has a U(1)g symmetry. The
exact diagonalization analysis also suggests a conjecture for number of ground states for each value of the U(1)g
charge. For the § = 3 case, they are concentrated at very small values of the U(1) R-charge, within |Q| < 1/3.

This paper is organized as follows. In section II we define the N' = 1 supersymmetric model, write the large
N effective action and the corresponding classical equations. We determine the dimensions of the operators in
the IR and we derive a constraints imposed by unbroken supersymmetry on the correlators. We also present a
generalization of the model where the supercharge is a product of ¢ fermions and solve the whole flow in the § — oo
limit. In section III we present some results on exact numerical diagonalization of the Hamiltonian. This includes
results on the ground state energy and two point correlation functions. In section IV we discuss the physics of
the low energy degrees of freedom associated to the spontaneously and explicitly broken super-reparameterization
symmetry of the theory. In section V we define and study a model with N/ = 2 supersymmetry. We compute the
Witten index and use it to argue that the model has a large exact degeneracy at zero energy. We also discuss the
superspace and super-reparameterization symmetry in this case. In section VI we discuss the ladder diagrams that
contribute to the four point function. We use them to determine the eigenvalues of the ladder kernel and use it to

determine the spectrum of dimensions of composite operators.

II. DEFINITION OF THE MODEL AND THE LARGE N EFFECTIVE ACTION

To set up a path integral formulation of H, we first note that the supercharge acts on the fermion as

{Qu'y=i > Cipivk, (2.1)

1<j<k<N

We introduce a non-dynamical auxiliary boson b® to linearize the supersymmetry transformation and realize the

supersymmetry algebra off-shell. The Lagrangian describing H is

1 . . i
L= Z §¢Z )t — §W +i Z Cijrb I | (2.2)
i 1<j<k<N

Under the transformation Qv = b, Qb* = 0,1 it changes as

QL=0r [~ v 2 Y Comwiet | +i Y Cipbbut. (2.3)

1<j<k<N 1<j<k<N



This implies that the action is invariant as long as the structure constants Cj; in (2.2) are totally anti-symmetric.

Now we proceed to obtain the effective action. This can be done by averaging over the Gaussian random variables
Ci;x in the replica formalism. In this model, as in SYK, the interaction between replicas is suppressed by 1/N?
so that we can simply average over disorder by treating it as an additional field with time indepedent two point

functions as in (1.3). Averaging over disorder, we obtain

S U J [P , . . .
Seff = /0 dT(i’L/JZa,—’(/JZ — §b‘b’) — ﬁ/o dridms (bl(Tl)bz(Tg)) (wj (m1)¢? (Tg))2+

B , , , .
= 2 [ dndna 00 7) 47 ()0 22) () ). (2.4)

Note that this action contains terms in which the bosons and fermions carry the same index, and which should be
omitted e.g. b*(11)b!(72)Y!(11)¥(12)107 (1)) (12); however they are subdominant in the large N limit, and so we
ignore this issue.

Notice further that the relative coefficient between the last two terms is determined by the supersymmetry

requirement that the structure constants Cj;;, are totally anti-symmetric, so that
(CijeCirjrrr) ~ 04 051 Ogrr + 8ijrOjnr Onir + Oinsr 0gir Oggr + (J < k) (2.5)
The purpose of this section is to discuss the large IV saddle-point equations for the diagonal Green’s functions
Gyy(T1,72) = %W(ﬁ)ﬂ)i(ﬁ)’
Gonlr1,72) = b ()b (), (26)

where we have a sum over i. We will thus drop the last term in (2.4), which only affects the saddle-point equations

fOI‘ the Oﬁ—diagonal Green’s funCtiOnS
,7‘ T 1 2)s

Gun(ri,m) = 3 ()W (), 2.7)

Gy (T1,12) =

We will restore it in a later section IV, where we write the saddle-point equations in a manifestly super-symmetric
fashion.

We introduce the Lagrange multipliers ¥

1= /DGWDEW exp ( - gzww(ﬁﬂ)(wa(ﬁ’TQ) - %W(ﬁ)wi(ﬁ))), (2.8)
and be
1= /DbeDEbb exp ( - gzbb(ﬁ,@)(abb(ﬁ,@) - %bi(n)bi(fg))). (2.9)

As the notation suggests, these Lagrange multipliers will eventually become the self energies. Inserting these factors
of 1 in the fermion path integral with the action (2.4), using the delta functions implied by the integration over

Yyp to express the interaction terms in (2.4), and integrating out the fermions we obtain
7 — /DGd”b’Dzwwe—Seff(G'¢7be72ww72bb)
1
Seﬂ‘(Gw, G, DINR Ebb)/N = —log Pf[aT — Eww(T)] + 3 log det[—l — be(T)] + (2.10)

1
+ 5 /dTlde (S (71, 72) Gy (11, T2) + S (11, 72) Gon (11, 72) — T Gop (11, 72) G (11, 72)°]



which becomes a classical action when N is large. Let us look at the classical equations for the action in (2.10).

Taking derivatives with respect to G and Gy, we obtain

Yy (11, 72) = 2JGop (1, 72) Gy (T1, T2)
Sop (11, 72) = J Gy (11, 72)%, (2.11)

Taking derivatives with respect to ¥y and ¥y, assuming time translation symmetry and going to Fourier space,

we obtain

Gw(iw)_l = —iw — Eww(iw)
Gy (iw) ™t = =1 — Ty (iw), (2.12)

which confirms that 3, ; are the self energies.

In temporal space, the saddle point equations take the form
87—1G¢¢(7’1,7'3) — /dTQ (QJbe(Tl,TQ)G¢¢(Tl,T2)) wa(Tg,Tg) = (5(7’1 — T3)
—Gpp(11,73) — /dTg (JG¢¢(71,T2)2) Gpp(12,73) = 6(T1 — T3), (2.13)

These equations can be solved numerically, and we can see some plots in figure (5). Once we find a solution to

these equations, we can compute the on-shell action, which can be written as

log Z Se 1 1 . ' 1 '
]%] = _ ]\J;f b log2 — Z 3 log [—iwy, G yy (twn)] + Z 3 log Gy (iwy, )
n€half integer n€integer
J B
- Tﬁ/ Gonl(T) G (1) (2.14)
0

where w,, are the Matsubara fequencies for the fermion and boson cases. From this we can compute the entropy
through the usual thermodynamic formula. A plot of the entropy as a function of the temperature can be found in
figure (1).

We can now determine the low energy structure of the solutions of (2.11) and (2.12), as in [1], by making a power
law ansatz at late times (1 < Jr < N)

1 1

wa 0.8 m 5 be 0.8 7-2Tb’ (215)

where Ay and A, are the scaling dimensions of the fermion and the boson. We then insert (2.15) into (2.11), (2.12)
in order to fix the values of A, and A,. Matching the power-laws in the saddle point equations yields only the

single constraint
2A¢ + Ay = 1. (2.16)
As we will see later the dimension can be determined by looking at the constant coefficients. Before showing this,

let us discuss a simpler way to obtain another condition.

A. Supersymmetry constraints

Further analytic progress can be made if we assume that the solutions of the saddle point equations (2.11), (2.12)

preserve supersymmetry. With such an assumption, we now show that the scaling dimensions A, and A can
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FIG. 1. Thermal entropy obtained by numerically solving the large N equations of motion (2.11)(2.12). At high temperatures

we have just the log of the dimension of the Hilbert space, % = %log 2. The zero temperature entropy is approximately
% ~ 0.2745 + 0.0005, where the error is estimated by the convergence of the FFT (Fast Fourier Transform) algorithm. The
analytical result % = %log [2 cos ﬂ (2.33) also lies in this range .

be easily determined. Again, we refer the reader to a later section IV for a full discussion of the supersymmetry
properties of the saddle point equations.

If supersymmetry is not spontaneously broken, then
Gup(11 = 12) = (b(71)b(72)) = (Q(71)b(72)) = (Y (71)Qb(T2))
= O0r, (Y(11)Y(72)) = =07, Gyy(T1 — T2) (2.17)
This relationship together with
Eyy(T1 — 72) = =07, Xpp(11 — 72). (2.18)

is compatible with the saddle-point equations in Section II.
(2.17) together with the ansatz (2.15) leads to

1
Ay =8yt 5. (2.19)
Together with Eq. (2.16), we can now determine the scaling dimensions
1 2
Ay ==, Ap=-. 2.20
=5 b= 3 (2.20)

B. Simple generalization

We now show how to derive the A, = Aer% constraint directly from the saddle point equations without assuming
that the solution preserves supersymmetry.
It is useful to consider a simple generalization of Eq. (1.1) to case where the supercharge @ is the sum over

products of § fermions'. The Hamiltonian H = @Q? involves sums of terms with up to 2§ — 2 fermions. § = 3

)= (@D

1 In detail Q =4 2 Y1 <iacerig Civdz-e in W92 ', with (c? T

J1,J2, 50



corresponds to the case discussed above (1.1).

The large N equations are (2.12) and
21/,1/,(7'1,7'2) = ((j - 1)Jbe(T1,TQ)Gw(Tl,T2)672 s Ebb(Tl,TQ) = JG¢¢(7'1,7'2)(§71 (221)

We can explore them at low energy by making the ansatz

b
; be(7177'2) = |7_12|b2Ab 5 T2 =71 — T2 (222)

wagD(Tm)
|T12|25%

Gl/”/) (Tl) 7-2) =

where by, by are some constants.
Again, if we assume supersymmetry we immediately derive Ay = 1/(2¢) and Ay = Ay + % Doing so without
that assumption requires us to look at the equations for by, and by.

Using the Fourier transforms for symmetric and antisymmetric functions

iwtSg0(t) 2A-1 / iwt _ 2A-1
/dte mE e cr(A)sgn(w)|wl ) dte s cp(A)|w] , (2.23)
cr(A) = 2icos(mA)'(1 —24) ep(A) = 2sin(rA)T(1 — 24) (2.24)
The following relations are useful
2w cosTA 2rsinTA
cr(A)es(l—A)=— ap(A)ep(l —A)=— (2.25)

(1—2A)sinTA’ (1 —2A)cosmA

Then (2.21) , together with the low energy aproximation of (2.12), which is Gy (iw)Xyy(iw) = —1 and ,
Gy (iw)Xpp(iw) = —1, gives the conditions

Jbz,ilbb(tj —1Dep(Ay)er((§—2)Ay + Ap)|w[2E DA+ -2
IbL bpey(Ap)en((§ — 1) Ay)|w] 2@ DAv 282 = ] (2.26)

Matching the frequency dependent part we get the condition A, = 1—(§—1)Ay. The equations for the coefficients

reduce to

N 1 A
o Jbi by (6 — 1) = (1 — 2A,) 2220
mJby (g = 1) = ( w)coswAd, ’

sin(§— 1)Ay

2m by = (2(G— 1)Ay — 1) (2.27)

cosm(G —1)Ay

The ratio between the two equations gives another condition for A, with one rational solution obeying A, =
Ay + %7 which is also independently implied by supersymmetry, see (2.18). In the range where A, and A are both
positive there is a second, irrational solution to the equations which has higher A,. This second solution breaks
supersymmetry, since it does not obey (2.19). It would be nice to understand it further, but we leave that to the
future.

We also see that the low energy equations have a symmetry
Gy = NGy Gy — N7 21Gy, (2.28)

Indeed (2.26) involves only the combination bep_lbb. This symmetry of the IR equations is broken by the UV
boundary conditions that arise from considering the full equations in (2.12).

In fact, the supersymmetry relation (2.18) also fixes this freedom of rescaling, by setting by = 2A,by.



In the end this fixes the coefficients to

Jbi 1 ban 54 by = 1 b tan 3 : 2.29
= = — = = .
v B=e b= =by 0 or ] (2.:29)
This coefficient (for ¢ = 3) is used in the plot of figure 4. Of course the finite temperature version is
2A¢.
m
G =by | ———=
v (T) = by [ﬂsin’}}]

these solutions into the effective action

logZ 1

T

(2.30)
This generalization makes it easy to compute the ground state entropy. In principle this can be done by inserting
2

1 _
log det(aT — de,) — 5 log det(5 — Ebb) + 5 /deT/ [*Ebbib — 2¢¢G¢¢ + JbeG;’zwl
It is slighly simpler to take the derivative with respect to ¢, ignoring any term that involves derivatives of Gy
since those terms vanish by the equations of motion. This gives
logZ J
02 —

(2.31)
i1 w2 i1 T tan 2%
2ﬁ drGuy(17)GYy, log Gy = B(constant) + % Jbpby, = B(constant) + vy (2.32)
Where we inserted (2.30) and used (2.29). The constant term includes UV divergencies which are 8 independent.

This term contributes to the ground state energy?, but not to the entropy. Integrating (2.32) we obtain the ground
state entropy

S 1 1

N=3 log[2cosmAf] = 5 log[2 cos

s
2.33
] (2:33)
where in integrating we used the boundary condition that the entropy should be the entropy of free fermion system

at ¢ = oo, a fact we will check below. For ¢ = 3 this matches the numerical answer, see figure 1.

C. The large ¢ limit
functions as follows

Gyu(r) = 3e() + 5

It is interesting to take the large ¢ limit of the model since then we can find an exact solution interpolating
el ),
zqg‘”‘”( )

between the short and long distance behavior. The analysis is very similar to the one in [17]. We expand the

G =9 —
ob(7) (7) + 559w
first order in the % expansion. This gives 3y (iw) = g—;[sgngw,](iw), and Y (iw) = Q%gbb(iw). Replacing this the
equations (2.21) we find

1

(2.34)
where we neglected higher order terms in the 1/§ expansion. We can then Fourier transform, compute Xy, Zpp to
By = 2600
is

qJ
gop = T eI J=53
where we take the large ¢ limit keeping J fixed. The solution obeying the boundary conditions gy (0) = gyy(8) =0
e9vy — 1 v

(2.35)
v
BT sin(vg +b) pT =

—_— b =
v o)
COS bl
to vanish due to supersymmetry.

(2.36)

2 If we computed it using the exact solution (as opposed to the conformal soution) of the equations we expect the ground state energy



where v, b are integration constants fixed by the boundary conditions. It is interesting to note that the UV
supersymmetry condition gy, = —0rgyy is only approximately true at short distances, distances shorter than the
temperature.

It is also interesting to compute the free energy. Again, this is conveniently done by taking a derivative with

respect to J and using the equations of motion.

logZ B
TN = 2(@4)87(;“‘”"

B
= _ﬁa‘rgwl/}"r=0+ (237)

T=0*
where the first equality holds in general and the second only for large §. Expressing it in term of the parameters in
(2.36) we get

logZ 1 1 v? v . v
=-log2+ — [ —— +vtan - th =
N 2% +4(j2< i anz) Lowith AT =T
1 1 [BT = 2 72
~=log2+ — |2 - 4+ ... f 1 2.
5 log +c§2[4 TR TR ,  for BT > (2.38)

we can also easily compute the small (37) expansion, which, as expected, goes in powers of (37)?. We have used
the entropy of the free fermion system, at 37 — 0, as an integration constant in going from (2.37) to (2.38). The
constant term in the large (8J) expansion agrees with the large ¢ expansion of the ground state entropy (2.33).
The 1/(8J) term can also be obtained form the Schwarzian and this can serve as a way to fix the coeffiicient of the
Schwarzian action at large §. The linear term in 87 represents the ground state energy and it should be subtracted
off.

All these results have the same form as the large ¢ limit of the usual SYK model [17]. This is not a coincidence.
What happens is that the leading boson propagator is simply the delta function in (2.34) which collapses the
diagrams to those of the large ¢ limit of the usual SYK model.

III. EXACT DIAGONALIZATION

This section presents results from the exact numerical diagonalization of the Hamiltonian in Eq. (1.4). We
examined samples with up to N = 28 sites, and averaged over 100 or more realizations of disorder. This exact

diagonalization allows us to check the validity of the answer we obtained using large N methods.

A. Supersymmetry

An important purpose of the numerical study was to examine whether supersymmetry was unbroken in the
N — oo limit. In Fig. 2 we test the basic relationship in Eq. (2.17) between the fermion and boson Green’s
functions. The agreement between the boson Green’s function and the time derivative of the fermion Green’s
function is evidently excellent.

We also computed the value of the ground state energy Fy = (0|QQ|0). Supersymmetry is unbroken if an only
if Fy = 0. We have found that Ej is non-zero in the exact theory, but it becomes very small for large N. Indeed
fig. 3 shows that Ey does become very small, and the approach to zero is compatible with an exponential decrease
of Ey with N. This is then compatible with a supersymmetric large N solution, supersymmetry is then broken
non-perturbatively in the 1/N expansion. The combination of Figs. 2 and 3 is strong numerical evidence for the
preservation of supersymmetry in the N — oo limit (with suppersymmetry breaking at finite V). The ground state
energy can be fitted well by Ey oc e=*%0 with o = 1.9 & .2, which is compatible with o = 2. Here S is the ground

state entropy, (2.33) . This is smaller that the naive estimate for the interparticle level spacing which is e=.
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FIG. 2. Imaginary time Green’s function at 7' = 0 for N = 24 Majorana fermions averaged over 100 samples. The blue solid
line is Gy (7), and the pink dashed line is —9, G (7).

Note that the breaking of supersymmetry is also compatible with the Witten index of this model which is
Tr[(—1)F] = 0. This can be easily computed in the free theory. For N odd we defined the Hilbert space by adding
an extra Majorana mode that is decoupled from the ones appearing in the Hamiltonian.

-4 T T T T T T T T

10} i
o R

12k b\ i

log(E ,/J)

-16 1 1 1 1 1 1 1 1

FIG. 3. Ground state energy as a function of N in a log-linear plot, where we have averaged over 100 samples. The plot is

compatible with an exponential decrease of Ey with N. Notice also the structure in Fy dependent on N (mod 8).

As in Ref. [13], we found a ground state degeneracy pattern that depended upon N (mod 8). The pattern in our
case is (for N > 3)

N (mod 8)|01234567
Degeneracy|2 4444422

(3.1)

For odd N this degeneracy includes all the states in the Hilbert space defined by adding an extra decoupled fermion.
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We also found that the value of Ej has structure dependent upon N (mod 8), as is clear from Fig. 3.

B. Scaling

We also compared our numerical results for the Green’s functions with the conformal scaling structure expected

at long times and low temperatures. From Eq (2.29), with § = 3, we expect that at T = 0 and large 7

. ~ sgn(7) _ . B 1 3
wa(T) = W|JT| 1/3 7 w(T) = WJUT‘ 4/3 (3.2)

Fig 4 shows that Eq. (3.2) is obeyed well for large Jr.

2 0.4
1.8 8,
: —-=-Gi(7|] 0.35
16 1
0.3
1.4 1
1.2 ] 0.25
i
1 1
M 8 - 02
\
08I\ 1 0.15
061 N |
S 0.1
04F Tl - 1
ool . 0.05
O L L L L 0 1 Il 1 Il
0 1 2 3 4 5 0 1 2 3 4 5
Jr Jr

FIG. 4. Imaginary time Green’s function at 7" = 0 for N = 24 Majorana fermions averaged over 100 samples. Left panel:
blue solid line is Gy (7), red dotted-dashed line is the conformal solution Gj,,(7) in Eq. (3.2); right panel: blue solid line is
Gpb(7), red dotted-dashed line is the conformal solution Gj,(7) in Eq. (3.2).

We also extended this comparison to 7' > 0, where we expect the generalization of Eq. (3.2) to

¢/ sen(r) T 1/ . B 1 T 4/3
Gy(r) = (2m/3)1/3 [Jsin (’/TTT):| ’ w(7) = 3(2my/3)1/3 J [Jsin (WTT):| (3:3)

The comparison of these results with the numerical data appears in Fig. 5.

IV. SUPERSPACE AND SUPER-REPARAMETERIZATION

So far, we have seen that the main consequence of supersymmetry was the relationship Eq. (2.17) between the
boson and fermion Green’s functions at 7' = 0. However, as is clear from Eq. (3.3), this simple relationship does
not extend to T' > 0. Of course, this is not surprising, since finite temperature breaks supersymmetry.

Previous work on the SYK models has highlighted reparameterization and conformal symmetries [2, 7, 10, 17]
which allow one to map zero and non-zero temperature correlators. This section will describe how supersymme-
try and reparameterizations combine to yield super-reparameterization symmetries, and the consequences for the

correlators.
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FIG. 5. Imaginary time Green’s function at finite temperature for N = 20 Majorana fermions averaged over 100 samples.
Left panel is Gy (7) while right panel is Gy (7). Solid lines are the exact diagonalization result; dashed lines are conformal
results as in Eq. (3.3); dotted line are large N result by numerically solving Eq. (2.11) and Eq. (2.12). Different colors
correspond to different interaction strength: blue one is 8J = 5; red one is J = 20 and black one is 8J = 200.

As in the SYK model, most of this super-reparameterization symmetry is spontaneously broken. There is,
however, a part of it that is left unbroken by (3.3). This unbroken part includes both a bosonic SL(2, R) group
as well as two fermionic generators, giving an OSp(1]2) global super-conformal group. These super-symmetry
generators are emergent, and are different from the original supersymmetry of the model. In particular, they square
to general conformal transformations of the thermal circle rather than time translations. We will come back to this

point more explicitly later.

A. Superspace

Superspace offers a simple way to package together the degrees of freedom and equations of motion for Eq. (1.4)

while making supersymmetry manifest. Concretely, we define a super-field
U(r,0) = (1) + 6b(T) (4.1)

which is a function of both time and an auxiliary anticommuting variable 6.

Supersymmetry transformations combine with translations into a group of super-translations
T =74+e+0n 0—0 =0+n (4.2)

It is well-known that a Grassman integral of the form

/ dfdTF(0,1) (4.3)

for some function of § and 7 is invariant under super-translation: if we expand F(6',7") = Fy(7') + ' F»(7’) then,

by definition,

/ ag'dr'F(0',7') = / dr' Fy(r') (4.4)



13

and we find that
/deTF(G, T) = /deTF(G +n,7+e+0n) = /dT (Fy(T +€) + o Fi(1 +¢€)) (4.5)

are the same up to total derivatives.

The Lagrangian Eq. (2.2) can be written in a manifestly supersymmetric form
L= /do(f%qﬂpgqﬂ’ — iCy V' WITF) (4.6)
by introducing the super-derivative operator
Dg = 0y + 00- D} =0, (4.7)
which is invariant under super-translations. Indeed,
DgF(t+€e+0n,0+n) =0y F + (0 +1)0F = Dy F(7',0) (4.8)
We can now derive the super equations of motion. Let us define
G(71,01:72,02) = (V(71,601)U(72,62)) (4.9)

This super-field includes both the bosonic bilinears Gy and G, and the fermionic bilinears Gy, and Gyp. The
equations of motions of the disorder-averaged Lagrangian £ can now be expressed in a manifestly supersymmetric

way as
Dy, G(71,01;73,03) + /d72d92(](71,91;7-2,92)(Jg(7-2,92;7'3,93)2) = (01— 03)0(m1 — 73) (4.10)

The right hand side is the supersymmetric generalization of the delta function:
F(01,11)(01 — 02)5(11 — T2) = F(02,72)(01 — 02)0(11 — T2) (4.11)

Some useful super-translation invariant combinations are 6, — 03 and 71 — 72 — 6162, which satisfies Dy (11 — 75 —
6102) = 61 — 05. In a translation-invariant, supersymmetric vacuum of definite fermion number, the solution must
take the form

G(11,01;72,02) = Gyy(11 — 72) + 0102Gop(T1 — T2) = Gy (1 — T2 — 6162) (4.12)

If we use a vacuum that does not have definite fermion number, supersymmetry imposes that Gy, = Gy, so in a

translation-invariant, supersymmetric vacuum (without definite fermion number) we have

G(11,01572,02) = Gyy (11 — T2) + 0Ghy (11 — T2) — 02Gyp(T1 — T2) + 0102Gri (11 — T2)
= Gyy(T1 — 72 = 0102) + (01 — 02)Gyy (11 — 72 — 6162) (4.13)

Of course, the whole derivation of the effective action can be re-cast in superspace, starting from

Suc = [ doar(—5 0 Do¥) + 55 [ty (w0’ (111

and introducing Lagrange multipliers ¥(01, 71; 02, 72) = Zpp(11,72) + - - -

One point to note is that this effective action contains also the fermionic bilinears Gy, Gy, which are important
for making the action supersymmetric. Of course, such terms are also important when we compute correlation
functions, as will be done in section VI. These terms can be consistenly set to zero when we consider the classical

equations, as was done in section II.
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B. Super-reparameterization

We now turn to a discussion of the reparameterization symmetry, discussed previously [2, 7, 10, 17] for the
non-supersymmetric SYK model.
If we drop the first term, the supersymmetric equations (4.10) have a large amount of symmetry: general coor-

dinate transformations
T —7'(1,0) 0 — 6'(r,0) (4.15)
accompanied by a re-scaling
G(71,01; 2, 02) = Ber (6}, 7, 01,71) 3 Ber(6h, 75, 62, 72) G (11, 07; 75, 63) (4.16)

where the Berezinian

(4.17)

/ /
Ber(0',7',0,7) = Ber (aTT 0r6 )

897/ 899/

is a generalization of the Jacobian which encodes the change in the measure dfdr and in the supersymmetric delta
function.

These transformations generalize the usual re-parameterization symmetry of the standard SYK model. They
include two bosonic and two fermionic functions of 7. The second bosonic generator is a generalization of the
scaling symmetry (2.28) and we expect it to be broken by the UV boundary conditions. More precisely, we can

Taylor expand
T{ - Té - 9/19/2 = (01 - 02) (D92Té - 9’2D929/2) + (’7’1 — T2 — 9102) [67—27'2/ - 9/237—29/2 -+ - ] (418)

where the ellipsis indicate higher order terms.
We observe that the short-distance singular behaviour of G(71,61; 72,62) will only be preserved if the coordinate

transformations satisfy
Dyt’' = 0' Dyt (4.19)

and furthermore the square of the Berezinian factors coincide with the coefficient of (79 — 72 —6163) in (4.18), which
simplifies to (Dpf’)? thanks to (4.19).

These constraints define a well known set of transformations: super-reparameterizations. * We will now review
their basic properties and discuss their implications for the low-energy physics.

The supersymmetric generalization SDiff of the reparameterization group Diff can be defined as the set of coordi-
nate transformations (7,6) — (7/,80’) on the super-line which preserve the super-derivative Dy up to a super-Jacobian
factor Dgf':

Dy = Dy’ Dy, (4.20)
The bosonic part of SDiff is the usual diffeomorphism group Diff, acting as

T =7 = f(7) 0 — 6 =+/0-f0, (4.21)

3 The invariance of the equations of motion under the group of general coordinate transformations, rather than super-

reparameterizations only, was noticed independently by E. Witten after we submitted an earlier version of this paper.
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where f(7) is the usual reparameterization. Indeed, Dyt = /0, f and

DeF(f(7),\/Brf0) = \/Br [0y F + 00: fO, F = \/Dr f Doy F (4.22)
In general,
DgF(T/, 9’) = DgT’@,’rF + DgelaéF = D99/D9/F + (Dg’l‘l — 0’D90/) O F (423)

and thus super-reparameterizations are coordinate transformations constrained by
Dot' = 0Dy’ (4.24)

Infinitesimally, the super-reparameterizations, generated by a bosonic function €(7) and a fermionic function 7(7),

1 = €(7) + On(T) 00 =n(t) + g&re(T) (4.25)

A useful parameterization of finite transformations is

o = f(r 4 0n(7)) 0 = VBT (64 0(r) + 50n()dn(r)] (4.26)

This is just the composition of a general fermionic transformation of parameter n followed by a diffeomorphism.

The original supersymmetry transformation (4.2) acts in these variables as
f—f+fen, n—n+e+enn (4.27)

Finally, we note that global super-conformal transformations are generated by super-translations and the inversion

7——>7'/:—l 9—>0/:€ (428)
T T

They form an OSp(1]|2) group with three bosonic generators and two fermionic generators. These are fractional

linear transformations

, _ar+af+b ,  Br+ef+0 (4.29)
et +A0+d et +A0+d ’
with coefficients subject to appropriate quadratic constraints:
(Br+ el +0)(e+08)+ (am + ald +b)(—y + 0c) — (et +v0 + d)(—a + 0a) =0 (4.30)
ie.
ef—ay+ac=0 e+ p54+20y+bc—ad=0 ed —vb+ad=0 (4.31)
Choosing an arbitrary overall scale for the coeflicients we can also write this as
e —a —y 10 0 e B0 10 0
B a ¢ 00 -1|laab|=]00 -1 (4.32)
o b d 01 0 v e d 01 0

We will now show that the Berezinian factor involved the super-reparameterization symmetry of the equation of
motion in Eq. (4.10) without the first derivative term can be simplified to the super-Jacobian factor and thus the

symmetries are compatible with the UV boundary conditions.
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The result follows from a basic fact about superspace integrals: under super-reparameterizations,
/dT’dG’F(T’,H’) = /deGDgH’F (7'(7,0),0'(1,0)) (4.33)
Indeed, the integration measure changes by the Berezinian
' ' / / / '
per (g;:' Z;Z'> —Ber (Dej " v D99’8:998T9’> —Ber <([9);TT’ Z;Z)

! /!
(9;7' 87;[9) _ (Del)—l (8‘,—7—/ _ 87—9/9/)

= (Dg0")~! (Dg7’ — D30'0") = Dyt (4.34)

= (Dg#") " 'Ber (

That means that we can make the equations of motion and effective actions invariant under SDiff as long as we

transform
G(71, 01372, 62) = (Do, 07)5 (Do, 0) 5 G(71, 07: 75, 05) (4.35)

The power becomes % for the generalized model.

This is our proposal for the IR symmetries of the equations of motion
DyG(1,0;7",0") + /dr’d&’g(n ;7,0 (JG(7', 057", 9”)2) =0-0"(r—-1") (4.36)

Under bosonic reparameterizations, Gy and Gy transform independently, with the expected weight. The

fermionic generators, though, mix Gy and Gy, with Gy and Gyy.

C. Super-Schwarzian

For the non-supersymmetric SYK model, following a proposal by Kitaev [7], Maldacena and Stanford [17] showed
that the fluctuations about the large N saddle point are dominated by a near-zero mode associated with reparam-
eterizations of the Green’s function, and the action of the this mode is the Schwarzian. Here, we generalize this
structure to the supersymmetric case. SuperSchwarzians have been previously discussed in [34, 35].

The Schwarzian derivative S[f(7), 7] is a functional of the reparameterization f(7) which vanishes if f(7) is a

global conformal transformation. A direct way to produce S[f(7), 7] is to consider the expression

/ / / /
— 1
0,0, log 1—"2 _ InTi0nTs _ (4.37)

T — Ty (1 —75)2 (11 —m12)?

which vanishes if 7 — 7/ is a global conformal transformation. In the limit 72 — 71 we recover (up to a factor of 6)

the usual Schwarzian

st =123 (J}) (438)
This definition makes the chain rule manifest:
Slg( (), 7] = (0 1) Slg(F(7)), £(0)] + SLF(7), 7] (439)
The expression
DDy log o= 0405 DiriDars 1 (w10)

7'1—7'2—9192 T{—Té—eieé Tl—T2—91(92
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vanishes when (7/,6") are obtained from (7, 8) by a global superconformal transformation. This is evident for super-
translations and easy to check for inversions. Taking another super-derivative D; and the limit (71,61) — (72, 02)

gives us the super-Schwarzian derivative

D¢’ D30’ D¢’

v _ . — /. ’ g 4.41
S[r', 07,0 0 (Do)’ Se(m',0'57,0) + 05, (7",0";7,0) (4.41)

which satisfies a chain rule of the form
S[r",0";7,0] = (DG’)3 S[r",0";7',0'+ S[',0";7,0] (4.42)

The bosonic piece S, reduces to the usual Schwarzian derivative for standard reparameterizations. That means that

the super-space action
_/deGS[T'ﬁ’?T’ 0] = ‘/dTSb(T’,e’;T, 0) =

= —% / dtS(f, )+ +3n'n" = S(f,m)m’ (4.43)

is a natural supersymmetrization of the Schwarzian action. In the second line we used (4.26) to write the action
in component fields. Infinitesimally, f(7) = 7 + €(7), we get $(¢”)? + 7'n”. And around the thermal solution,
with 8 = 27, f(7) = tan %(7)7 we get i(e”2 —€?) 4+ n'n" — Zn’. This contains solutions with the expected time
dependence to be associated to the generators of the superconformal group. The bosonic ones as as in [17]. The
fermion zero modes have a behavior n ~ e**7/2 (or n ~ e*77/8),

The action of supersymmetry on these variables (4.27) would suggest that supersymmetry is always broken since
7 shifts under supersymmetry as a goldstino. More explicitly a configuration that preserves supersymmetry is a
solution that is left invariant under (4.27). For example, consider the configuration f = 7 and 1 = 0, which is the
zero temperature solution and is expected to be invariant under supersymmetry. But we see that this is not the case
since (4.27) shows that the transformation leads to a non-zero value of . However, it is possible to combine this
supersymmetry with one of the OSp(1|2) transformations, which acts as a super translation on t’, 6’ so as to cancel
this term and leave the solution invariant. Thus, the f = 7, n = 0 solution is invariant under supersymmetry. On
the other hand, when we expand around the thermal solution, it is no longer possible to cancel the supersymmetry
variation of 7 at all points on the thermal circle. So supersymmetry is broken in this case. A similar issue arises
with ordinary translations, under 7 — 7+ b. The solution f = 7 is not invariant. On the other hand, if we combine
this translation with one of the SL(2, R) transformations f — f — b, then we find that the combination of the two
leave the solution invariant.

Notice that even though the original supersymmetry of the model is broken by the finite temperature, the
low energy configuration is invariant under a global OSp(1]2) subgroup of all super-reparameterizations. These
transformations involve also fermionic generators, under full rotations along the thermal circle, these generators
pick up a minus sign, compatible with the fermionic boundary conditions on the circle*. The situation is somewhat
similar to the purely bosonic case, where the finite temperature breaks the scaling symmetry in physical time,
but we still have a symmetry of correlators under a full SL(2) symmetry, the symmetry leaving the Schwarzian
invariant.

These zero modes are unphysical and should not be viewed as degrees of freedom of the model. In particular,

when we compute the one loop determinant for fluctuations around the classical large IV solution, their absence from

4 This is conceptually similar to the way in which a 14-1 dimensional supersymmetric CFT preserves supersymmetry in the NS sector.

The preserved supercharges have non-zero energy and momentum.
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the path integral, gives an interesting 5J dependence to the low temperature partition function (1 < gJ < N)

BJ c 1 foemTT
Zl—loop ~ W650+ /(28) — p(E) ~ \/?JQSO+ 2¢E/J (444)

The denominator comes from the three bosonic zero modes and the numerator from the fermionic ones®. Here Sy is
the ground state entropy and the temperature independent contribution to the one loop partition function and the
term ¢/(28J) is the contribution to the free energy coming from the Schwarzian action (¢ is of order N). We have
also indicated the implication for the density of states, which is obtained by integrating over 8 (along a suitable

contour), considering both the saddle point contribution as well as the gaussian integral around the saddle.

V. N =2 SUPERSYMMETRY

This section turns to the generalization to AN/ = 2 supersymmetry. The real fermion 1° is replaced by complex
fermions ¢° and 1;, and the supercharge Q in Eq. (1.1) is replaced by a pair of charges @ and Q. The defining
relations are

{1%,1;]‘}:(5; ) {z/)iv'(/)j}zo ) {'(Zjial;j}zo
Q=i Y  Cipppigh
1<i<j<k<N
Q=i Z C*4pithjaby, (5.1)
1<i<j<k<N
which imply Q% = Q2 = 0. The theory has a U(1)r R-symmetry, under which the fermions 1 and v; carry charges
1/3 and —1/3. As is customary, we normalize the U(1)g charge so that the supercharges carry charge +1. The

supersymmetry acts on the fermionic variables as

[Q,4]=0 Q] =b=i > Ciyap/yt (5.2)
1<j<k<N
The Hamiltonian replacing Eq. (1.4) is now
H={Q,Q}=CP+ Y JHv' v dwiy (5.3)
0,9,k

We note this Hamiltonian has the same form as the complex SYK model introduced in Ref. [10], but now the
complex couplings Ji’;l are not independent random variables. Instead we take the Cj;; to be independent random

complex numbers, with the non-zero second moment

Cijkcz]k — ﬁ (54)

replacing Eq. (1.3).

The subsequent analysis of Eq. (5.3) closely parallels the N/ = 1 case. The main difference is that we now
introduce complex non-dynamical auxiliary bosonic fields b° and b; to linearize the supersymmetry transformations.
The model can also be generalized so that @ is built from products of ¢ fermions so that the Hamiltonian involves
up to 2¢ — 2 fermions.

5 The net prefactor of 3~ 1/2 in (4.44) implies that the partition function |Z (8 + it)| should go like t=1/2 for large times in the “slope”
regime in [36]. Numerically we found that the “slope” is —0.54+0.08 in a regime which is naively outside the regime of validity of our
derivation of (4.44), which can be viewed as an indication that perhaps (4.44) would not receive corrections, as in the purely bosonic
case [36].



19

The equations of motion are a complexified version of the A' = 1 equations. We will describe them momentarily.
The fermion also has scaling dimension A, = 1/(2§) and R-charge 1/§. Notice that the R-charge of ¢ is twice
its scaling dimension, which is as expected for a super-conformal chiral primary field. As is conventional the

U(1)r charge is normalized so that the supercharge has charge one. The U(1)g charge does not commute with

2mir

the supercharges. There is however a Z; group of this U(1) symmetry that acts on the fermions as ¢/ — e~ a o’
which does leave the supercharge invariant and is a global symmetry commuting with supersymmetry. Note that
the quantization condition on the U(1)g charge, Qg, is that §Qgr should be an integer.

This fact enables us to compute an simple generalization of the Witten index defined as

. X - N
W, = TT[(—l)Fe%"QR] _ TT[(—l)FgT'] _ [1 . 62%] _ e’LNﬂ'(g*%) {2 sin ﬂ?} (5.5)
q
where ¢ is the generator of the Z; symmetry, and Qg is the U(1)g charge. In the third equality we have used that
the index is invariant under changes of the coupling and computed it in the free theory, with J = 0. The Witten

index is maximal for r = (¢ & 1)/2 where its absolute value is greatest and equal to
log |WT:L§%1| = N log[2 cos 21@] (5.6)

The right hand side happens to be the same as the value of the ground state entropy computed using the large N
solution, which is the same as (2.33), up to an extra overall factor of two because now the fermions are complex.
In general, these Witten indices should be a lower bound on the number of ground states, and also a lower bound
on the large N ground state entropy (recall that in the N/ = 1 case we had that the Witten index was zero). The
fact that the bound is saturated tells us that most of the states contributing to the large N ground state entropy
are actually true ground states of the model. Thus, in this case supersymmetry is not broken by e~V effects.

We have also looked at exact diagonalization of the theory, and computed the number of states for different values
of the U(1)g charge. ° Let us define the R-charge so that it goes between —N/§ < Qg < N/, in increments of
1/4. We have looked at the case § = 3 and we found the following degeneracies, D(N, Qg), as a function of N and

the charge
D(N,0) = 23N/ D(N,:t%) =3N/2-1 for N even
D(N, j:é) =3W-1/2 for N =3mod4
D(N, i%) =3W-0/2 = D(N, j:%) =1lor 3, for N = 1mod4 (5.7)

And we have D(N,Qgr) = 0 outside the cases mentioned above. Therefore, we see that the degeneracies are
concentrated on states with very small values of the R charge. Of course, these values are consistent with the
Witten index in (5.5) for § = 3.

A. Superspace and super-reparameterization

Generalizing previous discussions, we now expect that the fluctuations about the large IV saddle point are de-
scribed by spontaneously broken A/ = 2 super-reparameterization invariance, which includes a U(1)gr current alge-

bra. The U(1)g is similar to the emergent local U(1) symmetry that is present also for for the non-supersymmetric

6 Recall that the ground states of a quantum mechanics with N/ = 2 supersymmetry are in one-to-one correspondence with the

cohomology of the @@ supercharge. This is easier to compute than the eigenvalues and eigenstates of the Hamiltonian.
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complex SYK [10]. In the low energy effective theory, this local symmetry is broken down to a global U(1), and so
there is an associated gapless phase mode [37].
Consider a A/ = 2 super-line, parameterized by a bosonic variable 7 and a fermionic variables # and #. The

super-translation group consists of the transformations
T =T74+e+0n+0n 060 =0+n 00 =0+7q (5.8)
They preserve the super-derivative operators
D = 9 + 00, D = 05+ 00, (5.9)

Notice the super-translation invariant combination A1 = 71 — 7o — 0105 — 026, which satisfies D; A1 = 6, — 0 and
D1Ay3 = 0; — 5. There is also an obvious U(1) symmetry rotating 6 and 6 in opposite directions.
We can package the complex fermions and scalars into a chiral superfield, i.e. a superfield U’ constrained to

satisfy
DU =0 (5.10)
which is solved by
U(7,0,0) = ' (1 + 00) + 0’ (5.11)

Notice that both the conjugate ¥; and DU are anti-chiral, i.e. are annihilated by D.
The bi-linear G = WU is thus chiral-anti-chiral, annihilated by D, and by D,. The equations of motion:

Dgg(Tﬁ?é; 7'",9”,@’)—|—/d7”d9/§';(7,97é; T',G/,él)(Jg(T’,ﬁl,é/;T",H”é")Q) = (é—é’/)é(T—Gé—T”—&—9”9") (5.12)

are anti-chiral both in the first and the last set of variables. The equations involve the integral of chiral functions of
the middle set of variables over the chiral measure d7’df’ and is thus invariant under supersymmetry. Furthermore,
even the delta function is anti-chiral.

The analysis of re-parameterization invariance proceeds as before. If we consider a general coordinate transfor-

mation, we have
D(;F(T/, 9/, Q_I) = D97’84F+D90’8{9F+D9§’8(;,F = D99/D9/F+D95/D5/F+ (DgT/ — 9_/D99/ — H/Dgé/) 8,’,.F (5.13)
The N = 2 super-reparameterizations are coordinate transformations constrained by

Dy =0 Dyt’ = 60'Dyt’
Dg0' =0 Da7’' = 0'Dgt’ (5.14)
with super-Jacobian factor Dy6’.
These transformations map chiral super-fields to chiral super-fields. The converse is also true. In particular, in
the A = 2 case we do not have the freedom to do general coordinate transformations of 7, 6, § which would violate
the chirality constraints on the superfields. Extra symmetries which generalize (2.28) still appear, thought, and we

will discuss them momentarily.

The bosonic transformations, including re-parameterization and a position-dependent U(1) transformation, are

9/ — eia(T)\/We
0 = e\ /o, (1)
= f(7) (5.15)
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There are also chiral and anti-chiral fermionic transformations

0 =0 +n(r+00)

0 =0

7 =1+ 0n (5.16)
and

0 =0

0 =6+ n(t — 60)

7' =71+0n (5.17)

We can obtain the most general transformation by applying a fermionic transformation followed by a bosonic
transformation. We will come back to that later.

The N = 2 transformations are a symmetry of the (5.12) equations of motion (without the first derivative term)
with

G(71, 01,013 72,05, 02) = (Dg,01)" (Do, 02) ¥ G (71, 0173, 07) (5.18)
Notice that the Jacobian factors are chiral and anti-chiral respectively.
This follows from the observation that the chiral measure drdf ~ d(7 + 00)df transforms with a factor of Dy6’:
o (' +0'0") 0.0’ O (' +0'0") 0.0 0 (' +0'0") 0.0
er (7' + ,) = Ber (' + ,) = (Dgt') " 'Ber (r + )
Op(T' +6'0") 090’ Dy(r" +60'0") Dyt 20 1
= (DO) " (0,7 — 0,00 — 0,0'0") = Dgb’ (5.19)

If we define the auxiliary (anti)chiral variables 7. = 7 4 60, then the A’ = 2 super-reparameterizations can be

thought of as a subgroup of the product of groups of chiral and anti-chiral general coordinate transformations
Ty — 74 (74, 0) 0 — 0'(1+,0)
T =7 (1_,0) 0—0'(r_,0) (5.20)

which satisfy 7/ = 7, — 00 =1 +69.
The (5.12) equations of motion (without the first derivative term) are actually invariant under the larger symmetry
group, with chiral and anti-chiral coordinate transformations acting separately on the two entries of the two-point

function

G(1, 01,0137, 05,05) = (D, 01)% (Dg,0%)5G (11,0575, 05)
G(11,01, 01372, 02,05) = (Dg,07)5 (D5, 05)5G(r{', 0575, 0) (5.21)

with 7”7 = (7/)*, etc. These extra transformations are incompatible with the UV boundary condition.

Global super-conformal transformations are generated by super-translations, U(1) rotations and the inversion

1 0 =, 0
R 00 == 0-0=- (5.22)
T T T
L Obviously, super-conformal transformations only mix 7, with # and
+

T

Observe that the inversion maps 7+ — —

7_ with 8. We can thus write

,  arpt+af+b , P tefd+9
cty +v0+d ety +y0+d
ar_ +af +b . Br_+ef+6
g ar-+af+b g _ Br-+eo+d (5.23)

er_ +740+d er_ +740+d
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These are sensible if and only if 7} — 7/ = 20’0, i.e.
(amy +af + b)(er— + 750 + d) — (ar— + af + b)(cry + 0 + d) = 2(B74 + el + 6)(Br— + &0 + 6) (5.24)
ie.

ac — ac = 243 bd — bd = 266 ac — ay = 2ef
ay—ca =20 ad—by=2e5 by—ad=2e
ad + bé — ad — be = 236 + 263 ad — oy — bé + ad — ay — be = 280 + 2eé — 263 (5.25)

i.e. in matrix form

a c B 0 10 a b a 0 2 0
bdés|]|-100 ¢ d 7 |=|-2z00 (5.26)
a vy oe 0 02/ \-B -6 —¢ 0 0 2z

where x is undetermined and can be set to 1 as a choice of overall normalization of the coefficients. They form an
SU(1,1]1) group with four bosonic generators and four fermionic generators.

The N = 2 super-Schwarzian derivative is

0, D8 9.DY' 0,0'0,0'

10,07,0,0) = v — —-2—== =+ 00S,(7,0,0;7,0,0 2
S(r.0.057.6.6) = —55~ ~ Dy (D6")(DY) +005,(7, 8, 857,6,0) (5:27)
which satisfies a chain rule of the form
S[r",0",0";7,0,0] = (D¢") (D) S[r",0",6";7',6',6'] + S[r',0',6"; 7,0, 0] (5.28)
The super-space action
/de@déS[T’,H’,é’;T,G,@] = /dTSb(T/,el,é/;T,e,é) (5.29)
is a natural A/ = 2 supersymmetrization of the Schwarzian action.
If we parameterize the super-Jacobians as
Dot = p(7 —00)(1+0))  Dz0" = p(T+ 00)(1+6N) (5.30)
so that
0.0 1 A(T + 600)
Dy~ 10 loep(T) + 5=
0.8 1760
— =00, 1 EAALEEEA 5.31
Dyl 8P+ 5o (5.31)
then we have
T a 2 _ 1 _\\2 1 _\\2 1 - 1 -
Sy(7",0",057,0,0) = 97 log(pp) — 5(0r-log(pp))” + 5 (0r log(p/p))” — FOMTIA(T) + S A(T)OA(T) (5.32)

In order to go further, we need to pick a specific parameterization of the general super-reparameterization sym-

metry transformations. If we choose

0" = p(r + 60) (6 +n(T + 66))
0" = p(t — 60) (6 + 7j(T — 66))
7' = f(7) 4+ 0g(1) + 0g(1) + h(7)00 (5.33)
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then we have

g(r —00) + (h(1) + 0-)8 = p(T — 00) (é +7(r — Gé)) (p(T —00) + 2§8T(p(7')77(7'))
0

g(T+00) + (=h(1) + 0, )0 = p(T + 60) (0 + n(7 + 60)) (p(1 + 60) + 200, (p(7)7(7)) (5.34)
9(7) = p(r)p(7)n(7)
g(7) = p(7)p(7)ii(7)
Orf = p(7)p(7) — p(7)0(7) 0 (p(T)n(7)) — p()0 ()07 (p(T)7(T))
h(7) = p(T)n(T)0-(p(7)i1(7)) = p(7)7(7) 0= (p(T)n(T)) (5.35)

The phase p/p = €*(7) controls U(1)g rotations and defines an axion field. The norm pp equals 0, f plus

fermionic corrections:
0. f = p(1)p(r) (1 = (0 — 10,0)71 — (D + i0r0)) (5.36)

Finally, \ = 2@.

Thus the bosonic part of the action consists of the usual Schwarzian plus a standard kinetic term for o, with a
specific relative coefficient:
?f 3

I ol ptl. mn_YJ 2
Sb(7a079a73079)* af 2(

0% f
of

The relation between these two coefficients has some implications for the low energy near extremal thermody-

> —2(8,;0)% + - (5.37)

namics. Setting f = tan g, and setting 7 = 27u/3, where u is physical euclidean time, we get

d 2(0uo — i)?] > %2 [P 4 a2
w [{f,u} - (uU—W)]%J[ﬂ‘F 5#] (5.38)

where we also included a small chemical potential p for the R-charge and we set 0,0 = 0. Small © means that

logZ_%
N J

u < J, and we have Bu that can be of order one. From this we can compute the energy and charge and entropy,
log Z = S — BE + BuQr,

E o2 2, Qr o S 2 1
Foa (2 122), oy, S _uel .
N-° (ﬁ?J“LJ”) A sy (5:39)

and we can express the entropy as a function of the energy and the charge as

S — S, 8a0.E  (Qr\’
= — — (== A
N 7T\/ TN < N (5.40)
where Sy is the ground state entropy. This is correct only for very small values of the energy and the charge % <1
and Qr/N < 1. Recall that we are normalizing the charge of the fermion to Qr = :I:%. This means that the

period of the field o is 0 = o + 27q.

In any charged SYK model (expanded around a zero charge background) we have similar formulas but with an
extra coefficient in front of the (9,0 — iu)? term. N = 2 supersymmetry fixes this extra coefficient.

As in the discussion around (4.44), we can now consider the effects of the bosonic and fermionic zero modes.
Since there is an equal number of boson and fermion zero modes in this case (four of each) we find that there are

no 3 dependent prefactors in the low temperature partition function (1 <« 8J < N)

as [272 2
Z1loop ™~ 63067[ Brau ] (5.41)
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This leads to the following prefactor in the density of states

1
D(E,Qu) = [ dBduse"® 9 2(5, 1) FaE (5.42)
where AS = 5 — Sy is given by the left hand side of (5.40).
In this case we do not expect the result (5.41) to be exact. In fact, already we expect to be multiplied by a sum

over “windings” of the o rotor degree of freedom of the form

DR A (5.43)

VI. FOUR POINT FUNCTION AND THE SPECTRUM OF OPERATORS

FIG. 6. (a) Diagram contributing to a correction to the fermion propagator. Full lines are fermions and dotted lines are
bosons. (b) Correction to the boson propagator. (c) A simple ladder diagram contributing to the four point function in
the fermionic channel, where the intermediate state obtained when we cut the ladder is a fermion. (d), (e), (f) Diagrams
contributing in the bosonic channel, with either a pair of bosons or a pair of fermions. The full ladders are obtained by

iterating these diagrams. These are the diagrams for § = 3 and they look similar in the general case.

The four point function can be computed by techniques similar to those discussed in [7, 12, 17]. We should sum
a series of ladder diagrams, see figure 6. There are various types of four point functions we could consider. The

simplest kind has the form

(0" (11)¢" (r2)9 (73)¢” (74)) (6.1)

In this case the object propagating along the ladder is fermionic, produced by a boson and fermion operator. We
will not present the full form of the four point function in detail, but we will note the dimensions of the operators
appearing in the singlet channel OPE (the 71 — 75 limit). As in [7, 12, 17] these dimensions are computed by using
conformal symmetry to diagonalize the ladder kernel in terms of a basis of functions of two variables with definite
conformal casimir specified by a conformal dimension h. Then setting the kernel equal to one gives us the spectrum
of dimensions that can appear in the OPE. The problem can be sepated into contributions where the intermediate
functions are essentially symmetric or antisymmetric under the exchange of variables. This gives us two sets of

fermionic operators specified by the conditions

L = ko) = 2_1+31“(2—%)F(§+2iq—g)r(i+2%+%)
TA+ DTG -5 - 5TG—%+2)

1 = ko(h) = 2*1+3F(2_?F(%+%‘?_%)F(_%Jr%fr%) (6.2)
PA+3) TG - -G -£+1%)
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From the first and second we get eigenvalues of the form

Bom = =, 3.3211..., 5.2400..., -~ hgm = Ay + Ay + 2m + 7,

| LN | W

3.5659..., 5.5949..., -+ ham =Ny +Ap+2m+1—F, (6.3)

ha,m =

5
Except for h = 3/2 the numbers do not appear to be rational. They approach the values we indicated above for
large m, with small positive ¥, or ¥, for large m. These operators can be viewed as having the rough form 0" ¢
with n = 2m, 2m + 1 respectively.

It is also possible to look at the ladder diagrams corresponding to four point functions of the form (yia)iepiapd).
When we compute the ladders these are mixed with ones with structures like (1/%)*b/b7) or (b'b'b7b7), see figure 6.
So the kernel even for a given intermediate h is a two by two matrix. Diagonalizing this matrix we find that the
operators split into two towers which are the partners of the above one. These bosonic partners have conformal
dimensions given by hg ,, + % and hgm — % for each of the two fermionic towers. Of course, it should be possible
to directly use super-graphs so that we can preserve manifest supersymmetry.

Now, we expect that the case where hy, = 3/2 and its bosonic partner with A = 2 lead to a divergence in the
computation of the naive expression for the four point function and that the proper summation would reproduce
what we obtain from the super-Schwarzian action discussed in section IV C.

The pair of modes with h, = 3/2 and its bosonic partner at h = 1 are more suprising. The origin of the h =1
mode is due to the rescaling symmetry of the IR equations mentioned in (2.28). In fact, one can extend that

symmetry to a local symmetry of the form
Gyt 1) = MON)Gyy(t,t) . Grlt,t') = MO TG (t, 1) (6.4)

which would naively suggest the presence of an extra set of zero modes. However, we noted that this symmetry is
broken by the UV boundary conditions. Of course this was also true of the reparameterization symmetry. However,
(6.4) changes the short distance form of the correlators, which leads us to expect terms in the effective action of
the form J [ dr(\(t) — 1)2, which strongly suppress the deviations from the value of A given by the short distance
solution. Thus, in the low energy theory we do not expect a zero mode from these. Indeed, when we look at the
ladders with the boson exchanges, we see that the basis of functions we are summing over when we express the four
point function should be the same as the one for the usual SYK model, (see [17]). Namely, the expansion for the
four point function can be expressed as an integral over h = 1/2 4 is and a sum over even values of h. Since h =1
is not even, it does not lead to a divergence. Then we conclude that it corresponds to an operator of the theory. It
looks like a marginal deformation, since it has h = 1. In the UV, it looks like the operator corresponds to a relative
rescaling of the boson and fermion field. We think that the transformation simply corresponds to a rescaling of
J, which breaks the original supersymmetry but preserves a new rescaled supersymmetry. We have not studied in
detail the meaning of its supersymmetric partner which is a dimension 3/2 operator.

The case with A/ = 2 supersymmetry leads to similar operators in the singlet channel with zero U(1)g charge.
The fermions have the same dimensions as in (6.2), (6.2), but each with a factor of two degeneracy arsing from
the fact that now we change 1*b* — 1*b* and 1*b*. The the bosonic operators fill a whole A' = 2 multiplet with
dimensions (hs,u, — %, Psms s,m + %) and (hg,m — %7 ha,m,Pa,m+ %) In this model the functions we need to sum over
in order to get the four point function are more general than the ones in the SYK model, since now that the basic two
point function (¢)?(t1)1(t2)) does not have a definite symmetry. So now the expression for the four point function
should include a sum over all values of h, includding both even and odd values, depending on whether we consider
symmetric or antisymmetric parts. Though we have not filled out all the details we expect that by supersymmetry

we will have that the multiplet coming from the symmetric tower with dimensions (1,3/2,2) should lead to the
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superschwarzian while the second one, coming from hg ., also with dimensions (1,3/2,2) should correspond to
operators in the IR theory. As before these arise from symmetries of the low energy equations, namely (5.21). Let

us discuss in detail the ones corresponding to the dimension two operators. The low energy equations have the form
F1 . G—2
G+ Gy =0, Gyp * (4 —1)Gp, G 7 = =0 (6.5)

where * is a convolution and we think of each side as a function of two variables. The right hand side is a delta
function that sets these two variables equal. We also have complex conjugate equations obtained by replacing

Gy < Gy, Gy <> Gy We can then check that the following is a symmetry

Gy = Gy a(rim2) = [ ()R (r2)]% Gy (F(m), h(ra)
Gy — Gl (71,72) = (1) ()12 Gy (h(), £ (72))
Gy = Gpy(rima) = [/ ()W ()| Gy ((71), hi(72)) (6.6)

and similarly for Gg,. If G is a solution of (6.5), then G’ is also a solution. The reparameterizations which are
nearly zero modes of the full problem are those that obey h = f. The ones where they are different, are far from

*

being zero modes of the full problem. The reality condition sets that h(r) = f(7)*. These look similar to two
independent coordinate transformations that preserve conformal gauge in a two dimesional space, with a boundary

condition that restricts them to be equal.

VII. CONCLUSIONS

We have studied supersymmetric generalizations of the SYK model. We studied models with A" = 1, 2 supersym-
metry. Both models are very similar to the SYK system, with a large ground state entropy and a large N solution
that is scale invariant in the IR. In these super versions, the scale invariance becomes a superconformal symmetry
and the leading order classical solutions preserve supersymmetry. These large N solutions were also checked against
numerical exact diagonalization results. Asin SYK, there is also an emergent superconformal symmetry that is both
spontaneously and explicitly broken. This action gives the leading corrections to the low energy thermodynamics
and should produce the largest contributions to the four point function. Besides the ordinary reparameterizations,
we have fermionic degrees of freedom and, in the ' = 2 case, a bosonic degree of freedom associated to a local U(1)
symmetry, which is related to the U(1)g symmetry. A similar bosonic degree of freedom arises in other situations
with a U(1) symmetry, such as the model studied in [10]. Here supersymmetry implies that the coupling in front the
schwarzian action is the same as the one appearing in front of the action for this other bosonic degree of freedom.
This fixes the low energy thermodynamics in terms of only one overall coefficient, see (5.38).

We also analyzed the operators in the “singlet” channel. These operators have anomalous dimensions of order
one. Therefore, in these models, supersymmetry is not enough to make those dimensions very high.

In the N = 1 case, the exact diagonalization results allowed us to show that the ground state energy is non-zero

2% This means that supersymmetry is non-perturbatively broken. On the other hand, in

and of order Ey x e~
the N' = 2 case, supersymmetry is not broken and there is a large number of zero energy states which matches
the ground state entropy computed using the large N solution. Furthermore, these zero energy states can have
non-zero R charge, but with an R charge parametrically smaller than N, and even smaller than one.

These results offer some lessons for the study of supersymmetric black holes. In supergravity theories there
is a large variety of extremal black holes that are supersymmetric in the gravity approximation. The fact that
supersymmetry can be non-perturbatively broken offers a cautionary tale for attempts to reproduce the entropy

using exactly zero energy states (see eg. [38, 39]). Of course, in situations where there is an index reproducing the
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entropy, as in [40], this is not an issue. The authors of [41] have argued that the ground states of supersymmetric
black holes carry zero R charge, where the R charge is the IR one that appears in the right hand side of the
superconformal algebra. In our case there is only one continuous U(1)g symmetry and we find that the ground
states do not have exactly zero charge. A possible loophole is that the R-symmetry appearing in the superconformal
algebra leaves invariant the thermofield double, not each copy individually. Perhaps a modified version of the
argument might be true since in our case the R charges are relatively small. Also the discrete chemical potential
we introduced in (5.5), looks like a discrete version of the maximization procedure discussed in [41]. It seems that
this is a point that could be understood further.

Another surprise in the model is the emergence of additional local symmetries of the equations, beyond the
ones associated to super-reparameterizations. Similar symmetries arise in some of the non-supersymmetric models
discussed in [42]. A common feature of these IR symmetries is that they change the short distance structure of the
bilocals. Namely, they change the functions G(¢,t") even when ¢ — #'. Since this is a region where the conformal
approximation to the effective action develops divergencies, we see that now these divergencies will depend on the
symmetry generator. For this reason these symmetries do not give rise to zero modes, but are related to operators
of the IR theory. Amusingly, in the N' = 2 case we also have an additional reparameterization symmetry of this
kind. This symmetry together with the usual reparameterization symmetry look very similar to the conformal
symmetries we would have in two dimensional AdSs space in conformal gauge.

We can wonder whether we can get models with A/ > 2 supersymmetry. It would be interesting to see if one
can find models of this sort with only fermions. A model with A" = 4 supersymmetry that also involves dynamical

bosons was studied in [33].
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